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Abstract   The self-consistent field theory (SCFT) was employed to numerically study the interaction and interpenetration between two oppos-

ing weak polyelectrolyte (PE) brushes formed by grafting weak PE chains onto the surfaces of two long and parallel columns with rectangular-

shaped cross-section immersed in a salty aqueous solution. The dependences of the brush heights and the average degree of ionization on vari-

ous system parameters were also investigated. When the brush separation is relatively large compared with the unperturbed brush height, the

degree of interpenetration between the two opposing PE brushes was found to increase with increasing grafting density and bulk degree of ion-

ization. The degree of interpenetration also increases with the bulk salt concentration in the osmotic brush regime. Numerical results further re-

vealed that, at a brush separation comparable to the unperturbed brush height, the degree of interpenetration does not increase further with in-

creasing bulk degree of ionization, bulk salt concentration in the osmotic regime and grafting density. The saturation of the degree of interpene-

tration with these system parameters indicates that the grafted PE chains in the gap between the two columns retract and tilt in order to reduce

the unfavorable electrostatic and steric repulsions between the two opposing PE brushes. Based on salt ion concentrations at the midpoint be-

tween the two opposing brushes, a quantitative criterion in terms of the unperturbed brush height and Debye screening length was established

to determine the threshold value of the brush separation beyond which they are truly independent from each other.
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INTRODUCTION

Polyelectrolyte (PE) brushes consist of polymer chains with ion-
izable functional groups densely end-tethered to solid surfaces
by  chemical  bonds  or  physical  adsorption.  When  immersed  in
polar  solvents, e.g.,  water,  the  functional  groups  ionize  and  re-
lease counterions into the solvent,  leading to the stretching of
the grafted polymer chains normal to the grafting substrate and
the formation of a swollen brush-like layer.[1−3] According to the
degree of ionization of the functional groups along the chains,
PE brushes can be classified into two types. The first type is the
strong  PE  brushes  in  which  the  functional  groups  completely
dissociate  and  release  counterions  into  the  polar  solvent.  The
second  type  refers  to  the  weak  PE  brushes  in  which  the  func-
tional groups only partially dissociate with the degree of ioniza-
tion critically governed by the physiochemical properties of the
solution such as the salt  concentration and the solution pH.[4,5]

PE brushes can modify material surface properties and respond
to a wide range of external stimuli. Thus PE brushes have found
a  plethora  of  technological  applications  in  colloidal
stabilization,[6] lubrication,[7,8] sensing  and  actuation,[9] smart

materials,[10] nano-fluidics,[11,12] etc.  Because  of  their  important
applications spanning so many different fields, PE brushes have
attracted significant research interest.[13−39]

Over  the  past  few  years,  the  tribological  properties  of  PE
brushes  have  become  a  focal  point  of  research  due  to  their
potential applications in biological lubrications.[40−48] The ma-
jor  human  synovial  joints  such  as  hips  and  knees  are  prime
examples  of  biological  lubrications.  Some  bio-lubricants  in
these uniquely efficient tribological systems such as hyaluro-
nan  (HA)  and  glycoproteins  are  polyelectrolytes  containing
many  sulfonic  and  carboxylic  groups  on  the  side  chains.  PE
brushes  are  thus  promising  candidates  for  highly  efficient
biomimetic  lubricants  for  artificial  joints.  PE  brushes  have
been shown to be able to provide extremely efficient bound-
ary lubrication owing to the high degree of  hydration of  the
charged segments on the polymer backbones and the excep-
tional  resistance  to  mutual  interpenetration  by  the  com-
pressed yet swollen brush layers.[40−42] Polyelectrolyte brush-
es grafted onto two opposing surfaces can serve as an excel-
lent  model  system  for  the  study  of  lubrications  of  artificial
joints  under  normal  and  shear  forces.[21−27,33−38] Therefore,  it
is not surprising that the interactions between two opposing
PE brushes have attracted considerable research interest.  Ex-
periments and simulations revealed a very low frictional coef-
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ficient  when  sliding  one  PE  brush  relative  to  the  other,  and
showed that the frictional coefficient is directly related to the
interpenetration  depth  of  polyelectrolyte  chains.  Further-
more, it was found that PE brushes can support a much high-
er  normal  load  than  neutral  brushes  for  the  same  degree  of
compression due to the counter-ion osmotic pressure.[8,49−57]

In the studies of the interactions and mutual interpenetra-
tion between two opposing PE brushes thus far, nearly all the
theoretical  and  simulation  studies  dealt  with  the  case  of
strong PE brushes.[21−27,29,50] The case of weak PE brushes has
rarely  been  touched  upon.  Very  recently,  Duan  and  Chen
studied the electrostatics and swelling-shrinking behaviors of
two  opposing  strong  PE  brushes  using  a  newly  developed
phenomenological  model.[58] Distinct  scaling  laws  of  the
brush height in different regimes were obtained. The anoma-
lous shrinkage of the PE brushes with added salt was rational-
ized. Chen and coauthor had previous studied the electroos-
motic  transport  in  PE  grafted  nanochannels  with  pH-depen-
dent charge density.[11,12] In this theoretical study, the degree
of ionization of weak polyacid grafted onto the inner surfaces
of  nanochannels  was  explicitly  taken  into  account.  It  would
be  interesting  to  extend  their  recent  study  of  two  opposing
strong PE brushes to the case of weak PE brushes using their
approach to pH-dependent charge density.

In  this  work,  we  employ  a  continuum  self-consistent  field
theory  (SCFT),  which  explicitly  takes  into  account  the  acid-
base ionization equilibrium, to numerically study the interac-
tion  and  mutual  interpenetration  between  two  weak  PE
brushes  formed  by  grafting  weak  polybase  chains  onto  the
surfaces of two opposing long and parallel columns with rect-
angular  cross-sections immersed in a  salty  aqueous solution.
Compared with molecular simulations, the SCFT offers signifi-
cant  computational  advantages,  especially  for  charged  sys-
tems. Thus, the effects of various system parameters, such as
the grafting density, the chain length, the pH of the solution,
the salt concentration, and the brush separation, on the inter-
action and mutual interpenetration between the two weak PE
brushes  can  be  fully  explored.  These  effects  have  seldomly
been  investigated  systematically  in  molecular  simulations.
The work is  organized as  follows.  In  Section THEORY,  MOD-
EL  EQUATIONS,  AND  NUMERICAL  METHODS,  the  theory
and methods used in the present work are described. Section

RESULTS  AND  DISCUSSION concerning  the  brush  height,
the  interaction  and  mutual  penetration  between  the  poly-
electrolyte  brushes,  the  average  degree  of  ionization  of  the
brushes, as well as the effect of the distance between two op-
posing  PE  brushes  on  the  distributions  of  salt  ions,  are  pre-
sented.  In SUMMARY AND CONCLUSIONS,  the main results
are summarized.

THEORY, MODEL EQUATIONS, AND NUMERICAL
METHODS

In this work, we considered a (semi)grand canonical thermody-
namic  system  comprising  weak  polybase  type  linear  polymer
chains  permanently  and  uniformly  grafted  on  the  surfaces  of
two  long  and  parallel  columns  with  rectangular  cross-sections
immersed in an aqueous solution with mobile point-like mono-
valent  cations  (Na+,  H+)  and  anions  (Cl−,  OH−)  in  contact  with
reservoirs. A schematic diagram and a cartoon of the cross-sec-
tion  of  the  system  are  shown  in Fig.  1(a)  and Fig.  1(b),  respec-
tively.

In reality, the two opposing weak PE brushes immersed in a
salty aqueous solution are three-dimensional and finite-sized
objects. For simplicity and computational convenience, it was
assumed that the two parallel columns are long enough such
that  the  end  effect  can  be  neglected.  Therefore,  the  model
system  can  be  regarded  as  being  translationally  invariant  in
the  direction  perpendicular  to  the  cross-section  of  the  two
columns  (along  the  axial z direction).  Thus,  each  physical
quantity  can  be  viewed  as  a  two-dimensional  one  on  a  per
unit length in the z direction basis. The two weak PE brushes
are symmetric  with respect  to y axis,  and each brush is  sym-
metric with respect to x axis of the system (see Fig. 1a). Here,
Lx, Ly were defined as the system sizes along the x axis and y
axis, respectively. We denoted the distance between the two
brushes as D, the length and width of rectangle-shaped cross-
sections of the substrates as L0 and W0,  respectively. The sys-
tem volume per unit length in z direction is Lx × Ly. The area of
the  cross-section  of  each  substrate  is S = W0 × L0.  At  the  far
left  and  right  sides  of  the  system  along  the x direction，the
system  is  in  contact  with  the  reservoirs,  in  which  a  constant
pH and salt concentration are maintained. It is noted that, for
a  (semi)grand  canonical  thermodynamic  system,  there  is  an
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Fig. 1    (a) A schematic diagram of the rectangle-shaped cross-section of two long columns under study is displayed. The weak polybase
type PE chains are grafted on the surfaces of these two columns which are immersed in an aqueous solution. The far left and right sides
in the x direction are in contact with reservoirs with fixed pH and salt concentration. In the y direction, the periodic boundary condition
was applied.  (b) A cartoon depicting the cross-section of the system including the grafted PE chains and various types of mobile ions.
Note that in the figure, the positive charges along the polymer chains correspond to RNH3

+.
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inflow and outflow of  particles, e.g.,  mobile  ions  and solvent
molecules, through the contact interface between the simula-
tion box and the reservoir,  but the inflow and outflow are in
equilibrium.  In  the  SCF  equations,  the  Poisson-Boltzmann
type equation (Eq. 8) and the modified diffusion equation (Eq.
11) are partial different equations involving the Laplacian op-
erator, zero gradient boundary condition was applied for the
electric potential and the propagators across the interface be-
tween the simulation box and the reservoirs.  Along the y di-
rection,  the same boundary condition could also be applied.
Nevertheless,  in  order  to speed up the numerical  solution of
the  SCF  equations  while  retaining  the  important  physics  of
our problem, the periodic condition was applied along the y
direction.  As  long  as  the  system  size  along  the y direction  is
large enough, the two opposing brushes in the main simula-
tion box are far apart from their periodic images. Then the pe-
riodic  images  will  exert  no  influence  on  the  interaction  and
interpenetration  between  the  two  opposing  brushes.  It  was
found  that,  compared  with  the  boundary  condition  which
corresponds to the two opposing PE brushes in contact with
reservoirs  in the y direction,  adopting the periodic boundary
condition can reduce the system size along the y direction by
one  order  of  magnitude  in  the  low  bulk  salt  concentration
regime.

ϕP = npNρ
−1
0 / [Lx × Ly − 2 ×W0 × L0]

It  was assumed that there are np PE chains per unit length
along  the z direction  uniformly  grafted  onto  the  surfaces  of
the  two  columns.  The  solvent  molecules  and  the  polymer
segments are of the same size with a volume ρ0

−1 = a3.  Then
the grafting density  which expresses  the average number  of
grafted chains per  unit  surface area in the z direction is σg =
np/[4(L0 + W0)].  The  average  volume  fraction  of  the  grafted

chains  is  on  a  per  unit

length in the z direction basis with N denoting the number of
monomers per PE chain.

In the self-consistent field theory for charged polymers, the
multi-chain  many-body  problem  is  simplified  to  an  effective
single PE chain in a mean-field to be determined self-consis-
tently.[5,59−61] Using  the  (semi)grand  canonical  formulation,
Witte  and  coworkers  derived  the  SCF  equations  for  weak
polybase  brushes.[5,59] Other  similar  formulations  which  also
include  the  acid-base  chemical  equilibrium,  have  been  pro-
posed.[62−64] According  to  the  formulation  by  Witte et  al.,[5]

the dimensionless SCF equations which we used in this study
are summarized as follows:

ωP (⇀r ) = χPSNϕS (⇀r ) + η (⇀r ) − Nln {1 − fb + fbexp [−ψ (⇀r )]} (1)

ωS (⇀r ) = χPSNϕP (⇀r ) + η (⇀r ) (2)

ωion (⇀r ) = zionψ (⇀r ) (3)

ϕP (⇀r ) = ϕP

QP
∫ 1

0
dsqf (⇀r , s) qg (⇀r , 1 − s) (4)

ϕS (⇀r ) = ϕb
S exp

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
ωS (x → ±∞) − ωS (⇀r )

N

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ (5)

ϕion (⇀r ) = ϕb
ionexp [ωion (x → ±∞) − ωion (⇀r )] (6)

ϕP (⇀r ) + ϕS (⇀r ) = 1 (7)

−→
∇ ⋅ [ε (⇀r )−→∇ψ (⇀r )] = −N∑

ion
zionϕion (⇀r )−

NϕP (⇀r ) fbexp [−ψ (⇀r )] / {1 − fb + fbexp [−ψ (⇀r )]} (8)

ϕj ϕb
j

ϕP ϕb
P

η(⇀r )
ψ(⇀r )( eψ

kBT
→ ψ)

ε

x → ±∞ ψ → 0

QP = 1
V
∫ d

⇀
rqf(⇀r , 1)

where  and  with j = S, P, and ion are local and bulk volume

fractions  of  solvent  molecules,  monomers  (for  PE  chains,  the
volume-averaged  density  instead  of  was  used),  and  the
dimensionless local and bulk number densities of point-like mo-
bile ions (Na+, H+, Cl−, OH−), χPS denotes the Flory-Huggins inter-
action parameter between monomers and solvent molecules, fb

is  the  bulk  degree  of  ionization  or  the  charge  fraction  of  PE
chains  in  the  reservoir,  is  the  Lagrange  multiplier  to  en-
force the incompressible condition, ωj denotes the conjugate in-
teraction  field  within  the  SCFT  formalism, denotes  the  di-

mensionless electric potential field , zion stand for the

charge  valences  of  the  mobile  ions  and  were  set  to  ±1. More-
over,  stands for the dielectric permittivity of the medium, and
for  simplicity,  it  was  assumed to  be the same as  pure  water  at
room temperature.  Please note that,  as , .  In  Eq.

(4), the single chain partition function .

For  the  weak  base  type  PEs  studied  in  this  work,  it  is
straightforward to show that,

pKW − pH = pKb + log10 [fb/ (1 − fb)] (9)

pKW ≡ −log10 ([H+] [OH−]) pKb = −log10 (Kb)
f(⇀r )

where  and  with
Kb the equilibrium constant. Thus, by adding a strong base, e.g.,
NaOH or a strong acid, e.g.,  HCl to the bulk solution,  the pH of
the  bulk  solution  can  be  adjusted  to  afford  the  desired  bulk
charge fraction fb.  The local  charge fraction of PE chains  is
defined as:

f (⇀r ) = fbexp [−ψ (⇀r )] / {1 − fb + fbexp [−ψ (⇀r )]} (10)

qf(⇀r , s) qg(⇀r , s)
⇀
r

In  Eq.  (4),  the  propagators  and  denote  the

probability  distribution  function  of  the  end-segment  of  a
polymer chain of length s at  with one end (qf (s=0)) free and
the  other  end  (qg (s=0))  grafted  onto  the  substrate,  respec-
tively.  They  both  satisfy  the  following  modified  diffusion
equation:

∂q (⇀r , s)
∂s

= ∇2q (⇀r , s) − ωP (⇀r ) q (⇀r , s) (11)

qf(⇀r , s) qg(⇀r , s)
qf(⇀r , s) = 0

qg(⇀r , s) = 0 qf(⇀r , s) qf(⇀r , s = 0) = 1

qg(s = 0)
qf(s = 1) qg(s = 0)

We applied the same boundary conditions and initial  con-

ditions for  and  as those proposed by Kim and
Masten  for  polymer  brushes  with  a  fixed  uniform  grafting
density  on  the  surface  of  the  grafting  substrate.[65] For  the
present  study,  the  Dirichlet  boundary  condition  was  applied
on  the  surface  of  the  grafting  substrates  with ,

.  The  initial  condition  for  is 
at all computational grids except the surface grids on the sub-
strates. At the first layer of the computational grids away from
the surface of the grafting substrates,  equals the in-
verse  of  at  the  same  grids,  while  equals
zero at all other grids.

The density profile of the PE brushes was examined in the
study.  Due  to  the  symmetry,  we  only  considered  the  left
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brush which was formed by grafting PE chains on the surface
of  the  left  column.  Using  the  propagators  of  the  grafted  PE
chains,  we can obtain the density  profile  of  the left  brush as
follows:

ϕL
P (⇀r ) = ϕP

2QP
∫ 1

0
dsqf (⇀r , s) qg (⇀r , 1 − s) (12)

qf (⇀r , s) qg (⇀r , s)
qg (⇀r , s)

The  boundary  conditions  and  initial  conditions  in  numeri-

cally solving Eq. (11) to obtain  and  in Eq. (12)

are  the  same  as  those  outlined  in  the  preceding  paragraph.

Note that  in Eq. (12) is only related to the left column.

The monomer density  profiles  of  the PE chains  grafted on
the  left  and  right  surfaces  of  the  left  column  were  obtained
similarly using the following expression:

ϕLL
P (⇀r ) = ϕLR

P (⇀r ) = L0

4 (L0 +W0) ϕP

QP
∫ 1

0
dsqf (⇀r , s) qg (⇀r , 1 − s) (13)

qg (⇀r , s)
ϕLL

P

Also,  please  note  that  in  the  above  equation  are

only  related to the left  and right  surfaces  of  the left  column,
respectively.  was used to compute the brush height HL of
the left surface of the left brush. The brush height can be cal-
culated through the following equation:

H2
L =

∫ L0/2

−L0/2
dy∫ −W0−D/2

−Lx/2
dxϕLL

P (x, y) × (−x −W0 −
D
2
)2

∫ L0/2

−L0/2
dy∫ −W0−D/2

−Lx/2
dxϕLL

P (x, y) (14)

The expressions for other surface brush heights have simi-
lar  forms. HR, HT represent  the  brush  height  of  the  right  sur-
face, the top surface of the left brush, respectively. By symme-
try, the brush height of the bottom surface of the left brush is
the same as that of the top surface.

ϕLR
P (⇀r ) was  used  to  compute  the  degree  of  interpenetra-

tion DI between the left and right brushes which is defined as
follows:

DI = ∫ L0/2

−L0/2
dy∫ D/2

0
dxϕLR

P (x, y) /∫ L0/2

−L0/2

dy∫ D/2

−D/2
dxϕLR

P (x, y) (15)

The  average  degree  of  ionization  of  the  monomers  along
the polymer chains grafted on the left or right surfaces of the
left column can be computed as follows:

fL = ∫ f (⇀r ) ϕLL
P (⇀r )d

⇀
r /∫ ϕLL

P (⇀r )d
⇀
r (16)

RESULTS AND DISCUSSION

Rg ≡ a
√
N/6 ≈ 2.89a

Cb
S

In this study, the input parameters for the SCFT numerical stud-
ies are listed in Table 1.  The radius of gyration of a PE chain Rg

was used to non-dimensionalize the SCFT equations for the cur-
rent weakly charged and flexible PE system. The monomer size
a was set to 0.7 nm, which is identical to the Bjerrum length in
water  at  room  temperature.  With  such  a  monomer  size,  the
charge fraction or the average charge in units of e carried by one
monomer can approach 1 and the phenomenon of counterion
condensation can be disregarded.[66] The chain length was fixed
as N=50. Thus . The dimensionless grafting
density which is equal to σga2 was varied from 0.05 to 0.3.  The
dimensionless NaCl salt concentration in the reservoir  is de-

a3

Cb
S =2.1×10−6 Cb

S =3.2×10−2

ϕbNa+ = Cb
S + ϕb

OH− − ϕb
H+ ϕb

Cl− = Cb
S

ε = 6ε0εsakBT/e2

e

fined  as  the  product  of  the  number  density  of  Cl− ions  in  the
reservoir in units of m−3 and  (the volume of one monomer). It
was  adjusted  from  to ,  which  cor-
responds to a bulk salt molar concentration of 1.0×10−5 mol/L to
0.15 mol/L. Please note that for the present polybase brush sys-
tem,  and ,  so  that  the  condi-
tion of charge neutrality inside the reservoir is maintained. The
bulk  monomer  charge  fraction  was  varied  from  0.05  to  0.4,
which  corresponds  to  pH  values  of  10.28  to  9.18  inside  the
reservoir.  In Table  1,  the  dimensionless  dielectric  permittivity

 with ε0 and εs denoting the vacuum permittiv-
ity and the dielectric constant of the system, respectively. In the
expression,  denotes  an  elementary  charge. ε=0.476  corre-
sponds  to εs=78.0  which  is  the  dielectric  constant  of  water  at
room temperature. The system size along the x direction Lx was
varied from 256Rg at low bulk salt concentration to 64Rg at high
bulk salt concentration. The system size along the y direction Ly
was fixed at 32Rg. At 32Rg, the separation between the two op-
posing brushes in our simulation box and their periodic images
along  the y direction  is  24Rg.  Further  increasing  of  the  system
size Ly was found to have no effect on the physical characteris-
tics  investigated in this  study such as  the degree of  interpene-
tration, the brush height and the average degree of ionization.

The Interaction and the Degree of Interpenetration
between the Two Opposing Weak PE Brushes

Cb
S = 2.1 × 10−6 Cb

S = 2.1 × 10−2

We systematically examined the variation of the degree of inter-
penetration of the two opposing weak PE brushes with the dis-
tance of separation between them. A typical example is shown
in Fig.  2.  As  expected,  the degree of  interpenetration between
the two opposing brushes increases with decreasing brush sep-
aration  after  the  onset  of  direction  interaction  between  them.
For the systems corresponding to Fig.  2,  it  was found from the
SCFT  calculations  that  the  brush  heights  of  both  the  left  and
right brushes on the left column remain unchanged if the sepa-
ration  between  the  two  columns  exceeds  about  16Rg.  Such  a
brush height  corresponding to two nearly  independent brush-
es  will  hereinafter  be  called  an  unperturbed  brush  height.  The
unperturbed  brush  heights  are  about  5.7  and  6.4Rg at

 and ,  respectively  (see Fig.  3).
The  two  curves  corresponding  to  high  and  low  bulk  salt  con-
centrations  shown  in Fig.  2 nearly  overlap  with  each  other  ex-
cept  in  the  low  degree  of  interpenetration  regime.  The  appar-
ent difference in DI in the low degree of interpenetration regime
is presumably due to the larger brush height at higher bulk salt
concentration.

Two-dimensional contour plots of the monomer density in

 

Table 1    Input parameters for the SCFT numerical studies.
 

Monomer size (a) 0.7 nm

Chain length (N) 50
Flory-Huggins parameter (χPS) 0.0

Dimensionless grafting density (σg) 0.05–0.3
Dimension of the cross section (W0 × L0) 2 × 8Rg

Bulk monomer charge fraction (fb) 0.05-0.4
Dimensionless dielectric permittivity (ε) 0.4726

Separation between the two brushes (D) 4Rg−48Rg

Acid-base ionization constant (Kb) 10−5

Cb
SDimensionless bulk salt concentration ( ) 2.1×10−6−3.2×10−2
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Fig. 2    Plots of the dependence of the degree of interpenetration
DI on the distance between the two PE brushes at two different bulk
salt concentrations. The other system parameters are fb=0.4, σg=0.1.
Note that D is in units of Rg in the figure.
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Fig.  3    The  brush  heights  of  the  left  surface  (see  definition  in  Eq.
14) are plotted against the bulk salt concentration at different brush
separations.  The  other  system  parameters  are fb=0.4, σg=0.1.  Note
the brush height is in units of Rg.
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Cb
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Fig. 4    The 2D contour plots of the monomer density of two opposing weak PE brushes at two different brush separations (D = 16Rg

and  4Rg for  the  top  and  bottom  figures,  respectively).  The  other  system  parameters  are fb=0.4, σg=0.1, .  The  scales  for
both x and y axes are in units of Rg. The total lengths of the system in the x and y directions are 64Rg and 32Rg, respectively.
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the  system  at  a  large  and  a  very  small  brush  separation  are
shown  in Fig.  4,  indicating  two  nearly  independent  and  two
strongly  interacting  brushes,  respectively.  This  numerical  re-
sult  suggests that,  in the regime where the brush separation
is  greater  than  about  three  times  the  unperturbed  brush
height, i.e., D > 3H, the two PE brushes are well-separated and
independent  from  each  other.  In  the  regime  of D <  3H,  the
two PE brushes are interacting with each other which results
in  compression  and  interpenetration  of  the  two  brushes.  As
shown in Fig.  2,  the degree of  interpenetration is  about 0.16
at  a  brush  separation  of  4Rg.  Noting  that  the  unperturbed
brush height is about 6Rg, such a low value of degree of inter-
penetration  at  a  brush  separation  of  4Rg demonstrates  un-
equivocally  that  the  compression  and  retraction  of  weak  PE
brushes  is  more  dominant  than  the  mutual  interpenetration
when  two  opposing  brushes  are  brought  into  close  contact.
Indeed,  as  can  be  seen  from Fig.  5,  the  brush  height  of  the
right  surface of  the left  brush is  only  about 2.8Rg at D =  4Rg.
Such a phenomenon was also observed in the case of two op-
posing strong PE brushes in our previous SCFT study, as well
as  in  experiments.[54,67] In  the  rest  of  the  paper,  when  refer-
ring to  the left  surface and/or  right  surface of  the left  brush,
the phrase of “the left brush” will be omitted.

Apart from the bulk salt concentration, the grafting density
σg and the bulk degree of ionization fb are two important pa-
rameters  that  could  affect  the  degree  of  interpenetration  of
two  opposing  weak  PE  brushes.  As  shown  in Fig.  6,  the  de-
gree  of  interpenetration  increases  with  increasing  grafting
density.  This  is  due to  the fact  that  a  higher  grafting density
leads to a  higher  degree of  crowdedness and stronger  steric
repulsion  among  neighboring  grafted  chains.  Thus,  the  un-
perturbed  brush  height  increases  with  increasing  grafting
density. On the other hand, compared with the grafting den-
sity, the bulk degree of ionization exerts a much weaker influ-
ence on the degree of interpenetration as illustrated in Fig. 7.

The Behaviors of the Brush Height, the Average
Degree of Ionization of Two Opposing Weak PE
Brushes

The dependence of the brush heights of the left and right
surfaces on various system parameters
The  effect  of  the  bulk  salt  concentration  on  the  height  of  the

weak PE chains grafted on the left surface is shown in Fig. 3. Two
regimes, i.e., the osmotic brush and the salty brush regimes, re-
spectively,  can be clearly identified from Fig.  3.  In the so-called
osmotic brush regime, the brush height increases with increas-
ing bulk  salt  concentration.  This  is  because the local  degree of
ionization of  weak PE chains is  enhanced due to the suppress-
ing  of  the  local  electric  potential  with  added  salt  ions.  On  the
other  hand,  in  the  salty  brush  regime,  the  salt  concentration
gets sufficiently high such that the electrostatic screening effect
of  mobile  salt  ions  becomes  predominant,  although  the  weak
PE  chains  are  fully  ionized  under  such  high  salt  concentration
condition.  Therefore,  the  height  of  weak  PE  brushes  decreases
with  increasing  salt  concentration  in  the  salty  brush  regime.  It
can be also seen from Fig. 3 that, as the two opposing brushes
are brought closer to each other, the curve of brush height ver-
sus  bulk  salt  concentration  shifts  slightly  upwards.  It  is  noted
that when the two opposing brushes are brought together, the
PE chains grafted on the opposing surfaces (interior surfaces) of
the  two  columns  can  escape  from  the  gap  between  the  two
columns by a simple lateral displacement or tilting, thus squeez-
ing and pushing the PE chains grafted on the exterior surfaces
of  the  two  columns  together,  resulting  in  an  increase  in  the
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Fig.  5    The  brush  heights  of  the  right  surface  are  plotted  against
the bulk salt concentration at different brush separations. The other
system parameters are fb=0.4, σg=0.1.
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brush height of the left surface. On the contrary, as shown in Fig.
5,  when  the  separation  between  the  two  opposing  brushes  is
small, the bulk salt concentration has no effect on the height of
the PE chains grafted on the opposing (interior) surfaces of the
two columns. This result is consistent with the non-dependence
of the degree of interpenetration on the bulk salt concentration
at small  separation between the two opposing brushes shown
in Fig. 2. Furthermore, the downward shift of the curves with de-
creasing separation between the two opposing brushes shown
in Fig.  5 demonstrates  that  the  grafted  chains  in  the  gap  be-
tween  the  two  columns  shrink  and  retract  when  the  two
columns are brought closer together.

The brush height  of  the left  surface increases slightly  with
increasing bulk degree of ionization in an almost linear fash-
ion as shown in Fig. 8. In the inset of Fig. 8, the brush height
of the left surface is plotted as a function of the grafting den-
sity, which shows that compared with the bulk degree of ion-
ization, the grafting density exerts a stronger influence on the
brush height. On the other hand, as shown in Fig. 9, when the
two opposing brushes are at the same distance of separation
as  that  in Fig.  8,  the  brush  height  of  the  right  surface  is  al-
most  irrespective of  the bulk degree of  ionization.  When the
two  opposing  brushes  are  relatively  farther  apart, e.g., D =
14Rg,  as  shown in the inset  of Fig.  9,  the brush height of  the
right  surface  increases  with  increasing  grafting  density,  but
eventually levels off at high grafting density. In the high graft-
ing density regime, the grafted PE chains in the gap between
the two columns are strongly stretched which would lead to a
higher  degree  of  interpenetration  between  the  two  oppos-
ing brushes. These chains in the gap would retract and tilt to
avoid  strong  interpenetration,  resulting  in  the  level  off  the
brush height of the right surface in the high grafting density
regime.

The dependence of the average degree of ionization of the
left brush on various system parameters
The average degrees of ionization of the weak PE chains grafted
on the left and right surfaces of the left column were investigat-
ed. It can be clearly seen from Figs. 10 and 11 that the average

degrees of ionization of the weak PE chains grafted on both the
left and right surfaces increase in a linear fashion with the bulk
degree of ionization, and the average degree of ionization of the
weak PE chains on the left surface is slightly higher than that of
PE chains on the right surface. As shown in the insets of Figs. 10
and 11, the average degree of ionization decreases with increas-
ing grafting density. The local degree of ionization is an increas-
ing function of  the bulk  salt  concentration as  illustrated in Fig.
12.  Then the average degree of  ionization is  also an increasing
function  of  the  bulk  salt  concentration  as  shown  in Fig.  13.  As
the two opposing weak PE brushes are brought closer to each
other, the average degree of ionization of the PE chains grafted
on the right surface slightly decreases as illustrated in Fig. 13. On
the  other  hand,  the  average  degree  of  ionization  of  the  PE
chains grafted on the left surface is not affected when the two

 

0.10 0.15 0.20 0.25 0.30 0.35 0.40

3

4

5

6

7

8

H
L

fb

σg=0.1

σg=0.2

0.10 0.20 0.30 0.40
6.0

7.0

8.0

9.0

H
L

σg

 

Cb
S =2.1×10−2

Cb
S =2.1×10−2

Fig. 8    The brush heights of the left surface are plotted against the
bulk  degree  of  ionization  at  two  different  grafting  densities.  The
other  system  parameters  are D =  14Rg, .  In  the  inset,
the  brush  height  of  the  left  surface  of  the  left  brush  is  plotted
against  the  grafting  density.  The  other  system  parameters  are D =
14Rg, , fb=0.4.
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Fig.  9    The  brush  heights  of  the  right  surface  are  plotted  against
the bulk degree of ionization at two different grafting densities. The
other  system  parameters  are D =  14Rg, .  In  the  inset,
the  brush  height  of  the  right  surface  of  the  left  brush  is  plotted
against  the  grafting  density.  The  other  system  parameters  are D =
14Rg, , fb=0.4.
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Fig. 10    The average degrees of ionization of the PE chains grafted
on the left surface as a function of the bulk degree of ionization at
two  different  grafting  densities  are  displayed.  The  other  system
parameters  are D =  14Rg, .  In  the  inset,  the  average
degree of ionization of the PE chains grafted on the left surface as a
function  of  the  grafting  density  is  shown.  The  other  system
parameters are D = 14Rg, , fb=0.4.
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opposing brushes approach each other.

Effect of the Distance between the Two Opposing
Brushes on the Distributions of Salt Ions
Because the monomers of the weak polybase type brushes are
positive charged, Na+ ions should be deleted from the brush re-
gion, while Cl– ions should be enriched inside the brush region.
As shown in Figs. 14 and 15, at large brush separation, e.g., D =
20Rg,  the distributions of salt ions along the x axis are symmet-
ric with respect to each column. Na+ ions are depleted and Cl–

are enriched near the left and right surfaces of each column on
which polymer chains are grafted. As the two opposing brushes
approach each other, the distributions of salt ions in the exteri-
or  region of  the two brushes remain unchanged.  On the other
hand, it can be clearly seen from Figs. 14 and 15 that the Na+ ion
concentration  in  the  interior  region  decreases  with  decreasing
brush separation. The opposite trend was found for Cl– ion. Such

opposite trends of Na+ and Cl– ions in the interior region are due
to  the  fact  that,  as  the  two  brushes  approach  each  other,  the
monomer  concentration  in  the  interior  region  gets  higher.  Al-
though  the  average  degree  of  ionization  of  the  monomers  in
the  interior  region  becomes  slightly  lower  with  decreasing
brush separation (see Fig. 13), the monomer charge density still
gets higher as the two opposing brushes approach each other.
Therefore,  a  higher  Cl– concentration  is  entailed  to  neutralize
the positive charges on the monomers in the interior region be-
tween the two brushes.
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Fig. 11    The average degrees of ionization of the PE chains grafted
on the right surface as a function of the bulk degree of ionization at
two  different  grafting  densities  are  displayed.  The  other  system
parameters are the same as those in Fig. 10. In the inset, the average
degree of ionization of the PE chains grafted on the left surface as a
function  of  the  grafting  density  is  shown.  The  other  system
parameters are the same as those corresponding to the curve in the
inset of Fig. 10.
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Fig. 12    The local degrees of ionization of the weak PE brushes at
the  center  of  the  simulation  box  as  a  function  of  the  bulk  salt
concentration  at  different  brush  separations  are  displayed.  The
other system parameters are fb=0.4, σg=0.1.
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Fig. 13    The average degrees of ionization of the PE chains grafted
on  the  right  surface  as  a  function  of  the  brush  separation  at  three
different  bulk  salt  concentrations  are  displayed.  The  other  system
parameters are fb=0.4, σg=0.1.
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Fig.  14    The  density  distributions  of  Na+ along  the x axis  at
different  brush  separations  are  displayed.  The  other  system
parameters are fb=0.4, σg=0.1, .
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Fig. 15    The density distributions of Cl– along the x axis at different
brush  separations  are  displayed.  The  other  system  parameters  are
fb=0.4, σg=0.1, .
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In  sub-section The  Interaction  and  the  Degree  of  Inter-
penetration between the Two Opposing Weak PE Brushes,
from  the  dependence  of  the  degree  of  interpenetration  be-
tween  the  two  opposing  brushes  on  the  distance  between
them,  it  was  speculated that,  in  the regime where the brush
separation is greater than about three times the unperturbed
brush height, i.e., D > 3H, the two PE brushes are well-separat-
ed and independent from each other.  However,  a careful ex-
amination  of  salt  ion  distributions  along  the x axis  revealed
that  the  concentrations  of  both  Na+ and  Cl– at  the  origin  of
the x axis  are  critically  governed  by  both  brush  separation
and  bulk  salt  concentration.  If  the  two  opposing  PE  brushes
are  truly  independent  from  each  other,  salt  ion  concentra-
tions  at  the  midpoint  between  them, i.e.,  the  origin  of  the x
axis, should the same as the bulk values. It can be clearly seen
from Figs. 14, 16 and 17 that the critical distance between the
two opposing brushes,  beyond which Na+ ion concentration
at the origin is equal to the bulk concentration, increases with
decreasing bulk salt concentration. At  as shown
in Fig. 17, the two opposing brushes should be independent
from each other  if  the brush separation exceeds about 50Rg.
Apparently,  the  electrostatic  screening  effect  of  salt  ions  is
very  important  in  determining  the  threshold  value  of  the
brush  separation  beyond  which  the  two  opposing  brushes
are truly independent from each other.

λ = (4πlB∑ini)−1/2

7 × 10−10

Cb
S =2.1×10−2

Cb
S =2.1×10−3 Cb

S =2.1×10−4

The strength of the electrostatic screening effect of mobile
ions  in  an  aqueous  solution  can  be  quantified  by  the  Debye

screening  length λ which  is  defined  as .  In

this expression, lB denotes the Bjerrum length which is about
 m, ni refers to the number density in units of m-3 of

ion  species i.  At  bulk  salt  concentrations  of ,

 and ,  which correspond to  molar
concentrations  of  0.1,  0.01  and  0.001  mol/L,  the  Debye
screening lengths are 1.0, 3.1 and 10.0 nm, respectively. In the
present  study,  1Rg≈2  nm.  Please  note  that  in Figs.  14−17,
fb=0.4,  which  corresponds  to  a  pH  of  9.18.  Then  the  molar
concentration of OH− is  about 10−5 mol/L.  Therefore,  its con-
tribution to the Debye screening length can be neglected.

Q
4πεr →

Qe−r/λ
4πεr

Because  of  the  electrostatic  screening of  surrounding mo-
bile ions, the electric potential at a distance of r due to a point

charge changes .  Then the electrostatic  effect

caused  by  a  source  point  charge  in  a  salty  aqueous  solution

λ = 0.5Rg, 1.6Rg, 5.0Rg Cb
S =2.1×10−2 Cb

S =2.1×10−3

Cb
S = 2.1 × 10−4

can  be  neglected  if  the  distance  from  the  source  charge  ex-
ceeds about 3 times the Debye screening length. Therefore, it
can be conjectured that if the brush separation between two
opposing  PE  brushes D >  3H +  6λ,  they  should  be  indepen-
dent  from  each  other.  Using H ≈ 6 Rg as  shown  in Fig.  3 and

 at ,  and

, the threshold values of the brush separation
beyond  which  two  opposing  PE  brushes  are  independent
from other were found to be 21Rg, 28Rg and 48Rg for the sys-
tems  corresponding  to Figs.  14, 16 and 17,  respectively.  In-
deed, the proposed formula of D > 3H + 6λ for the brush sep-
aration agrees with the numerical results shown in Figs. 14, 16
and 17 quite well.

SUMMARY AND CONCLUSIONS

In  this  study,  the  self-consistent  field  theory  was  employed  to
numerically  study  the  interaction  and  interpenetration  be-
tween  two  opposing  weak  polyelectrolyte  (PE)  brushes  im-
mersed  in  a  salty  aqueous  solution.  The  dependences  of  the
brush heights and the average degree of  ionization on various
system parameters were also investigated.

The numerical study revealed different dependences of the
degree of interpenetration on system parameters at different
brushes  separations.  When  the  brush  separation  is  relatively
large  compared  with  the  unperturbed  brush  height,  the  de-
gree of interpenetration between the two opposing PE brush-
es was found to increase with increasing grafting density and
bulk  degree of  ionization.  The degree of  interpenetration al-
so  increases  with  the  bulk  salt  concentration  in  the  osmotic
brush  regime.  Such  increasing  trend  of  the  degree  of  inter-
penetration is due to fact that the brush height increases with
these  system  parameters.  Numerical  results  further  showed
that,  at  a  brush  separation  comparable  to  the  brush  height,
the degree of interpenetration does not increase further with
increasing  bulk  degree  of  ionization,  bulk  salt  concentration
in the osmotic regime and grafting density. The saturation of
the degree of interpenetration with these system parameters
indicates that PE brushes shrink, retract and tilt in order to re-
duce unfavorable electrostatic and steric repulsions between
the two PE brushes. Such a saturation of the degree of inter-
penetration has also been observed for two opposing strong
PE brushes.[68] The numerical SCFT study in this work demon-
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Fig.  16    The  density  distributions  of  Na+ along  the x axis  at
different  brush  separations  are  displayed.  The  other  system
parameters are fb=0.4, σg=0.1, .
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Fig.  17    The  density  distributions  of  Na+ along  the x axis  at
different  brush  separations  are  displayed.  The  other  system
parameters are fb=0.4, σg=0.1, .
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strates  unequivocally  that  the compression and retraction of
PE  brushes  is  more  dominant  than  the  mutual  interpenetra-
tion for two opposing PE brushes.

In  this  study,  the  threshold  value  of  the  brush  separation
between  two  opposing  PE  brushes  beyond  which  they  are
truly independent from each other was critically examined. It
was found that the parameter of degree of interpenetration is
insensitive  to  change  of  bulk  salt  concentration  and  thus  is
unable to respond to the electrostatic screening effect of mo-
bile ions. On the contrary, salt ion distributions in the gap be-
tween  the  two  grafting  substrates  are  very  sensitive  to
changes  of  brush  separation  and  bulk  salt  concentration.
Based on salt ion concentrations at the midpoint between the
two  brushes,  a  quantitative  criterion  in  terms  of  the  unper-
turbed brush height and Debye screening length was estab-
lished to determine the threshold value of  the brush separa-
tion  between  two  opposing  PE  brushes  beyond  which  they
are  truly  independent  from  each  other.  Such  a  criterion  was
found to agree with the numerical results quite well.

As  shown in previous studies,  the fluidity  of  the hydration
shells surrounding the charged segments of PE brushes con-
tributes significantly to the extremely low frictional forces be-
tween  charged  polymer  brushes.  As  a  coarse-grained  mean-
field theory, SCFT treats water as a continuum dielectric back-
ground.  Thus,  the  hydration  of  charged  species  and  the  ef-
fect of water on the lubrication between opposing PE brush-
es were completely ignored in the SCFT. These issues can be
much  better  tackled  with  the  Atomistic  Molecular  Dynamics
simulations,  although  much  more  computationally  demand-
ing.
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