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Abstract A critical problem related to kernel-based methods is how to select optimal
kernels. A kernel function must conform to the learning target in order to obtain mean-
ingful results. While solutions to the problem of estimating optimal kernel functions and
corresponding parameters have been proposed in a supervised setting, it remains a challenge
when no labeled data are available, and all we have is a set of pairwise must-link and can-
not-link constraints. In this paper, we address the problem of optimizing the kernel function
using pairwise constraints for semi-supervised clustering. We propose a new optimization
criterion for automatically estimating the optimal parameters of composite Gaussian kernels,
directly from the data and given constraints. We combine our proposal with a semi-supervised
kernel-based algorithm to demonstrate experimentally the effectiveness of our approach. The
results show that our method is very effective for kernel-based semi-supervised clustering.

Keywords Clustering · Semi-supervised clustering · Kernel methods

1 Introduction

Kernel-based methods enhance the modeling capability of learning algorithms by mapping
data from the input space to a new feature space, usually of higher dimensionality. The key
feature associated with kernel-based methods is the avoidance of an explicit knowledge of the
mapping function. This is achieved by computing dot products in feature space via a kernel
function. Kernel methods have been successfully used to solve classification, clustering, and
regression problems for a variety of applications.

Representative work on supervised kernel learning includes kernel alignment [10], semi-
definite programming [17], multiple kernel learning [2], and hyperkernels [15,20]. Additional
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100 C. Domeniconi et al.

work on tuning parameters for SVMs and kernel Fisher discriminant rules can be found in
Chapelle and Vapnik [7], Wang et al. [28], and in Huang et al. [14]. Recently, a kernel
method for semi-supervised clustering has been introduced [16]. In semi-supervised cluster-
ing, limited supervision is provided as input. Compared to traditional clustering algorithms,
semi-supervised clustering employs both labeled and unlabeled data to obtain a partitioning
that conforms more closely to user’s preferences. Several recent papers have discussed this
problem [1,3,4,8,9,16,19,27,29,31,32]. Typically, supervision is in the form of labeled data
or pairwise constraints. A constraint on a pair of points specifies whether the two points
belong to the same cluster (must-link), or not (cannot-link). Clearly, pairwise constraints can
be induced by labeled data. In many applications, such as information retrieval, a qualitative
measure of similarity between pairs of objects can be made available by the user.

The techniques introduced by Kulis et al. [16] and Yan and Domeniconi [30] extend
semi-supervised clustering to a kernel induced space, thereby enabling the discovery of
clusters with non-linear boundaries in the input space. In Yan and Domeniconi [30], we
derive an optimization criterion to automatically estimate the optimal parameter of a (single)
Gaussian kernel, directly from the data and the given constraints. The approach integrates
the constraints into the clustering objective function, and optimizes the parameter of a
Gaussian kernel iteratively during the clustering process. Another recent technique for learn-
ing kernels is based on an information-theoretic metric learning approach [11]. A Mahalan-
obis distance is learned by leveraging the correspondence between the multivariate Gaussian
distribution and the set of Mahalanobis distances. The kernel function learned is a linear
transformation of the original feature space. The formulation of the learning algorithm can
accommodate a variety of constraints (including must-link and cannot-link), and can be
kernelized.

A critical issue related to kernel-based methods is the “optimal” kernel selection. The per-
formance of a kernel-based method depends critically on the selection of the kernel function,
and the corresponding parameter values. The kernel function must conform to the learning
target in order to obtain meaningful results. While solutions to the problem of estimating the
optimal kernel function and its parameters have been proposed in a supervised setting, the
problem presents major challenges when no labeled data are available, and all we have is a
set of pairwise constraints. This is because the setting of kernel’s parameters is often left to
manual tuning, and the chosen values can significantly affect the quality of the clustering
results [16].

In this paper, we propose a technique for kernel optimization using pairwise constraints
to solve clustering problems. Our objective is to learn a kernel function that maps pairs of
points subject to must-link constraints close to each other in feature space, while mapping
points subject to cannot-link constraints far apart. We propose a new optimization criterion
for automatically estimating the optimal parameters of composite Gaussian kernels, directly
from the data and given constraints. This paper differs from the method introduced in Yan
and Domeniconi [30] in many aspects: the objective function and optimization procedure
introduced in this paper are fundamentally different from those used in Yan and Domeniconi
[30]. Furthermore, here we estimate optimal parameters for composite Gaussian kernels,
while in Yan and Domeniconi [30] a single Gaussian kernel is considered.

Combining multiple kernels is particularly useful for heterogeneous data fusion, as dem-
onstrated in Lanckriet [18] with other kernel-based methods. For example, in genomics, data
are available in a variety of formats: mRNA expression levels are vectors or time series; pro-
tein sequences are strings from an alphabet of 20 symbols; protein to protein interactions are
typically represented as (weighted) graphs; and so on. Similarly, in video retrieval, a shot is
represented as an image, and may be accompanied by subtitles (text) and audio information.
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Composite kernels for semi-supervised clustering 101

In both scenarios, the ability to combine complementary pieces of information can greatly
boost the performance of the knowledge discovery process.

The rest of the paper is organized as follows. Section 2 provides the necessary back-
ground on kernel-based clustering and semi-supervised clustering. Section 3 discusses the
details of our algorithm. Section 4 describes our experimental settings and results, and finally
we provide conclusions and future research directions in Sect. 5.

2 Background

2.1 Kernel KMeans

Let X = {xi }N
i=1 ⊆ �D be a set of N samples with D dimensions. Let φ : �D → �D′

be a non-linear mapping function that maps data from the D dimensional input space to
a D′ dimensional feature space, with D′ > D. The kernel KMeans algorithm generates a
k-partitioning {πc}k

c=1 of X (where πc represents the cth cluster) so that the objective function

k∑

c=1

∑

xi ∈πc

‖φ(xi ) − mφ
c ‖

is minimized. Here mφ
c = 1

|πc|
∑

xi ∈πc
φ(xi ) is the centroid of cluster πc in feature space. The

key issue associated with Kernel-KMeans is the computation of distances in feature space.
The distance of a point xi from mφ

c in feature space can be expressed as:

‖φ(xi ) − mφ
c ‖ = Aii + Bcc − Dic

where

Aii = φ(xi ) · φ(xi )

Dic = 2

|πc|
∑

x j ∈πc

φ(xi ) · φ(x j )

and

Bcc = 1

|πc|2
∑

x j ,x j ′ ∈πc

φ(x j ) · φ(x j ′)

Using the kernel trick, we can represent the dot product of points in kernel space using an
appropriate Mercer kernel K (xi , x j ) = φ(xi ) · φ(x j ) [26]. Since all computations involving
data points are in the form of dot products, the components for distance computation can be
re-written using the kernel trick:

Aii = K (xi , xi )

Dic = 2

|πc|
∑

x j ∈πc

K (xi , x j )

and

Bcc = 1

|πc|2
∑

x j ,x j ′ ∈πc

K (x j , x j ′)
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We note that Aii is common to every cluster, thus we can avoid calculating it, while Bcc must
be calculated once during each iteration.

2.2 HMRF model and kernel-based semi-supervised clustering

In semi-supervised clustering, we are given two sets of pairwise constraints: a set of must-link
constraints M L = {(xi , x j )}, and a set of cannot-link constraints C L = {(xi , x j )}. The goal
is to partition the data into k clusters so that a measure of distortion between each point and
the corresponding cluster representative is minimized, while maximally satisfying the set of
pairwise constraints. Basu et al. [4] proposed a framework for semi-supervised clustering
based on Hidden Markov Random Fields (HMRFs). Considering the squared Euclidean dis-
tance as a measure of cluster distortion, and the generalized Potts potential as a constraint
violation potential, the semi-supervised clustering objective can be expressed as [4]:

Jobj

(
{πc}k

c=1

)
=

k∑

c=1

∑

xi ∈πc

‖xi − mc‖2

+
∑

xi ,x j ∈M L ,li �=l j

wi j +
∑

xi ,x j ∈C L ,li =l j

wi j

where mc is the centroid of cluster πc, M L is the set of must-link constraints, C L is the set
of cannot-link constraints, wi j and wi j are the penalty costs for violating a must-link and a
cannot-link constraint, respectively, and li represents the cluster label of xi .

Kulis et al. [16] extended this framework to kernel-based semi-supervised clustering.
Instead of adding a penalty term for a must-link violation, a reward is given for the satisfac-
tion of the constraint. This is achieved by subtracting the corresponding penalty term from
the objective:

Jobj({πc}k
c=1) =

k∑

c=1

∑

xi ∈πc

‖φ(xi ) − mφ
c ‖2

−
∑

xi ,x j ∈M L ,li =l j

wi j +
∑

xi ,x j ∈C L ,li =l j

wi j (1)

The SS-Kernel-KMeans algorithm with a Gaussian kernel [16] is shown to outperform the
HMRF-KMeans algorithm [4], and SS-Kernel-KMeans with a linear kernel. However, the
setting of kernel’s parameters is left to manual tuning, and the chosen value can significantly
affect the quality of clustering results. Thus, the selection of kernel parameters remains a crit-
ical and open problem when only limited supervision is available. Our approach, discussed
in the next section, tackles this problem.

3 Kernel optimization using pairwise constraints

3.1 Kernel construction

Suppose that K1 and K2 are known kernel functions. Using the closure properties of ker-
nel functions [23], we can construct a new kernel K as a linear combination of K1 and
K2: K = α1 K1 + α2 K2, where α1, α2 ∈ �+. By generalizing to m ≥ 2, we consider a lin-
ear combination of m Gaussian kernels K1, K2, . . . , Km , with unknown spread parameters
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σ1, σ2, . . . , σm , respectively:

K (xi , x j ) =
m∑

l=1

αl exp

(
−‖xi − x j‖2

2σ 2
l

)
(2)

where α1, α2, . . . , αm ∈ �+ and
∑m

l=1 αl = 1. For notational convenience, we group the
parameters α1, . . . , αm, σ1, . . . , σm into a vector θ = (α1, . . . , αm−1, σ1, . . . , σm). We note
that αm = 1 − ∑m−1

l=1 αl . Our goal is to optimize the kernel K with respect to the parame-
ters θ . We formulate K in terms of Gaussian kernels since they are widely used in the litera-
ture, and have shown very good learning properties in a variety of applications. In practice,
m may be set to a small positive integer to allow accurate parameter estimation when the
number of available pairwise constraints is limited. In our experiments, we set m = 3.

3.2 Objective function

We assume that we are given a set of data X = {xi }N
i=1 ⊆ �D , a set M L of must-link

constraints, and a set C L of cannot-link constraints on X . We want to utilize this information
to guide the clustering procedure to discover a partition of the data in X that conforms to the
given constraints. To this end, we want to compute optimal parameter values for the kernel
function given in Eq. (2), using the M L and C L constraints. The idea is then to learn a kernel
that maps pairs of points subject to a must-link constraint close to each other in feature space,
and maps points subject to a cannot-link constraint far apart in feature space. This goal is
achieved by the following objective function:

Fkernel = 1

NC L

∑

(xi ,x j )∈C L

‖φ(xi ) − φ(x j )‖2

− 1

NM L

∑

(xi ,x j )∈M L

‖φ(xi ) − φ(x j )‖2 (3)

where NC L and NM L are the number of cannot-link and must-link constraints, respectively.
The maximization of the above function over the hyperparameter θ implicitly defines

a feature space in which similarity is measured according to the information provided by
the given constraints. Thus, meaningful clustering can be readily achieved in such a feature
space. By expanding the distance computation ‖φ(xi ) − φ(x j )‖2, and using the kernel trick
K (xi , x j ) = φ(xi ) · φ(x j ) and the definition of K given in Eq. (2), we obtain the following:

∑

(xi ,x j )∈C L

‖φ(xi ) − φ(x j )‖2 =
∑

(xi ,x j )∈C L

{
K (xi , xi ) + K (x j , x j ) − 2K (xi , x j )

}

=
∑

(xi ,x j )∈C L

{
m∑

l=1

αl +
m∑

l=1

αl − 2K (xi , x j )

}

= 2NC L − 2
∑

(xi ,x j )∈C L

K (xi , x j ) (4)

Similarly, for must-link constraints we obtain the following:

∑

(xi ,x j )∈M L

‖φ(xi ) − φ(x j )‖2 = 2NM L − 2
∑

(xi ,x j )∈M L

K (xi , x j ) (5)
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By substituting the above into (3), we can rewrite the objective function Fkernel as follows:

Fkernel = 2
1

NM L

∑

(xi ,x j )∈M L

K (xi , x j ) − 2
1

NC L

∑

(xi ,x j )∈C L

K (xi , x j ) (6)

3.3 Optimization algorithm

To maximize the objective function Fkernel given in Eq. (6), we follow gradient ascent. We
consider the definition of K given in (2), and compute the partial derivatives of Fkernel with
respect to θ :

∂ Fkernel

∂θi
= 2

1

NM L

∑

(xi ,x j )∈M L

∂K (xi , x j )

∂θi
− 2

1

NC L

∑

(xi ,x j )∈C L

∂K (xi , x j )

∂θi

Computing the partial derivatives of K with respect to the parameters σl , for
l = 1, 2, . . . , m − 1, gives:

∂K (xi , x j )

∂σl
= αl exp

(
−‖xi − x j‖2

2σ 2
l

)
‖xi − x j‖2

σ 3
l

The partial derivative with respect to σm is:

∂K (xi , x j )

∂σm
=

(
1 −

m−1∑

l=1

αl

)
exp

(−‖xi − x j‖2

2σ 2
m

) ‖xi − x j‖2

σ 3
m

and the partial derivatives of K with respect to the parameters αl , for l = 1, 2, . . . , m − 1,
are as follows:

∂K (xi , x j )

∂αl
= exp

(
−‖xi − x j‖2

2σ 2
l

)
− exp

(−‖xi − x j‖2

2σ 2
m

)

We maximize the objective function Fkernel by performing gradient ascent in parameter
space θ using the above partial derivatives:

θ
(new)
i = θ

(old)
i + ρ

∂ Fkernel

∂θi

where ρ is a scalar parameter that determines the length of the step at each iteration; ρ is
optimized via a line-search method. Line search is performed using a merit function similar
to that proposed in Han [12], Powell [21], and Powell [22]. The resulting gradient ascent
algorithm is summarized in Algorithm 3.1.

Algorithm 3.1 Optimization algorithm.

Step 1: Initialize the vector of parameters θ to an initial vector value θ0.
Step 2: Compute the gradients ∂ Fkernel

∂θi
.

Step 3: Update the components θi of the parameter vector θ according to the rule:
θ

(new)
i = θ

(old)
i + ρ ∂ Fkernel

∂θi
Step 4: Go to step (2) until the maximal value of Fkernel is achieved.
Step 5: Output θ .
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The algorithm produces as output the optimal parameters θ that, when coupled with Eq. (2)
give rise to the optimal kernel. Such an optimal kernel can then be utilized in conjunction with
a kernel-based clustering procedure to determine a partition of the data. In our experiments,
resulting kernels from optimization of Eq. (3) are combined with the objective function
(Eq. 1) in the SS-Kernel-KMeans algorithm [16] to obtain clustering results reported in
Sect. 4.

Our kernel optimization is a constraint optimization problem, where sequential quadratic
programming (SQP) is employed to optimize the kernel parameters. SQP coupled with inte-
rior point methods has a complexity of O(n3) [6], where n denotes the number of parameters
to be optimized. In our case, n is 2 times the number of kernels (i.e., for each Gaussian kernel
we optimize the kernel width and the combination coefficient).

We observe that our optimization procedure can be used to tackle a broad range of prob-
lems. In fact, the learned kernel function K induces a notion of similarity in input space and
can be used as input to any (unsupervised) clustering algorithm. We verified this conjecture
in the second set of experiments we present in this paper.

4 Experimental evaluation

4.1 Datasets

We performed experiments on one simulated dataset and six real datasets.

1. Two concentric: The simulated dataset contains two clusters in two dimensions distrib-
uted as concentric circles (see Fig. 1). Each cluster contains 200 points.

2. Digits: This dataset is the pendigits handwritten character recognition dataset from
the UCI repository [5]. 10% of the data was chosen randomly from the four classes
{3, 6, 8, 9}. This results in 423 points and 16 dimensions.

3. Ionosphere: This dataset is also from the UCI repository [5]. It was collected by a radar
system in Goose Bay, Labrador. The targets were free electrons in the ionosphere. “Good”
radar returns are those showing evidence of some type of structure in the ionosphere.
“Bad” returns are those that do not. The dataset has 34 features and 351 points.

4. Vowel: This dataset concerns the recognition of eleven steady state vowels of British
English, using a specified training set of lpc derived log area ratios.1 Three classes cor-
responding to the vowels “i,” “I,” and “E” were chosen, for a total of 126 points in 10
dimensions.

5. Wine: This dataset is from the UCI repository [5]. The dataset is based on the chemical
analysis of wines grown in the same region in Italy, but derived from three different
cultivars. The total number of wines are 178. The analysis determined the quantities of
13 constituents found in each of the three types of wines.

6. Zip: The Zip dataset [13] includes normalized handwritten digits, automatically scanned
from envelopes by the U.S. Postal Service. The original scanned digits are binary and
of different sizes and orientations; the images have been deslanted and size normalized,
resulting in 16 × 16 grayscale images. The dataset has 256 dimensions, 500 points, and
10 classes.

7. Modis: Modis contains remotely sensed data obtained using a global sensor (Moderate
Resolution Imaging Spectrometer) with high frequency repeat coverage. This dataset has
112 dimensions, 1989 points, and 10 classes. It can be downloaded from http://mow.ecn.
purdue.edu/xz/.

1 http://www-stat-class.stanford.edu/~tibs/ElemStatLearn/.
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Fig. 1 Two concentric data

4.2 Evaluation criterion

To evaluate clustering performance, we use the Rand Statistic index [25,27,29] and the
Normalized Mutual Information (NMI) [24].

The Rand Statistic is an external cluster validity measure that estimates the quality of
clustering results with respect to the underlying classes of the data. Let P1 be the partition
of the data X after applying a clustering algorithm, and P2 be the underlying class structure
of the data. We refer to a pair of points (xu, xv) ∈ X × X from the data using the following
terms:

– SS: if both points belong to the same cluster of P1 and to the same group of the underlying
class structure P2.

– SD: if the two points belong to the same cluster of P1 and to different groups of P2.
– DS: if the two points belong to different clusters of P1 and to the same group of P2.
– DD: if both points belong to different clusters of P1 and to different groups of P2.

Assume now that NSS, NSD, NDS and NDD are the number of SS, SD, DS and DD
pairs, respectively. Then NSS + NSD + NDS + NDD = NPair, which is the maximum number
of all pairs in the data set (NPair = N (N − 1)/2. Here N is the total number of points in the
data set). The Rand Statistic index measures the degree of similarity between P1 and P2 as
follows:

Rand Statistic = (NSS + NDD)/NPair

The Normalized Mutual Information (NMI) is a pairwise similarity measure that quanti-
fies the information shared between two partitions. Let P1 be the partition of the data X into
c1 clusters after applying a clustering algorithm, and P2 be the underlying class structure of
the data comprising c2 classes. Let’s assume n(1)

i represent the number of points in cluster i

of P1, n(2)
j represent the number of points in cluster j of P2, and ni j is the number of points

shared by cluster i of P1 and cluster j of P2. The NMI between P1 and P2 is a value in [0, 1],
and is computed according to the average mutual information between every pair of clusters

123



Composite kernels for semi-supervised clustering 107

in the two given partitions [24]:

NMI(P1, P2) =
∑c1

i=1

∑c2
j=1 ni j log

ni j n

n(1)
i n(2)

j√
∑c1

i=1 n(1)
i log

n(1)
i
n

∑c2
j=1 n(2)

j log
n(2)

j
n

(7)

4.3 Results and discussion

To evaluate the effectiveness of the proposed optimal kernel algorithm, we combine it with
the SS-Kernel-KMeans technique [16]. This technique is described in Sect. 2. We call the
combined approach “SS-Optimal-Kernel-KMeans.” In the experiments, we consider the lin-
ear combination of three Gaussian kernels, i.e. we set m = 3 in Eq. (2). We found that
three kernel functions provide enough flexibility and modeling capability, while keeping the
number of parameters to be estimated low. We also vary the number of Gaussian kernels,
and analyze the quality of the clustering as a function of the number of kernels used. We
initialize the weights αi to equal values, i.e. αi = 1

3 for i = 1, 2, 3. The spread parameters
σi are initialized to the values ri S, where ri is a random number between 0 and 1, and S is
the average of standard deviations of the data computed over each dimension.

We compare our method SS-Optimal-Kernel-KMeans with SS-Kernel-KMeans itself.
SS-Kernel-KMeans requires as input a predefined value for the Gaussian kernel parameter σ

[16]. In the absence of labeled data, parameters cannot be cross-validated; thus, we estimate
the expected accuracy of SS-Kernel-KMeans by averaging the resulting clustering quality
over multiple runs for different values of σ . Specifically, we test the SS-Kernel-KMeans
algorithm with the values of σ 2: 0.1, 1, 10, 100, 1,000, 10,000. We report the average Rand
Statistic and NMI achieved over the six σ values, as well as the average over the best three
performances achieved (SS-Kernel-KMeans-Best3), in order to show the advantage of our
technique. The violation costs wi j and wi j in SS-Kernel-Kmeans are set to N

kC , as in [16],
where N is the number of data points, k is the number of clusters, and C is the total number
of constraints. The value of k is set to the actual number of classes in the data. For both
SS-Kernel-KMeans and SS-Optimal-Kernel-KMeans, the clusters are initialized using the
approach presented in Kulis et al. [4,16]: we take the transitive closure of the constraints to
form neighborhoods, and then perform a farthest-first traversal on these neighborhoods to
obtain the k initial clusters. We ensure that the same constraint information is given to each
competitive algorithm.

Figures 2, 3, 4, 5, 6, 7 and 8 show the learning curves using 20 runs of 2-fold cross-
validation for each data set (30% for training and 70% for testing). These plots show the
improvement in clustering quality on the test set as a function of an increasing amount of
pairwise constraints. To study the effect of constraints in clustering, 30% of the data were
randomly drawn from the training set at any particular fold, and the constraints are generated
only using the training set. The clustering algorithm was run on the whole data set, but we
calculated the Rand Statistic and the NMI only on the test set. Each point on the learning
curve is an average of results over 20 runs.

These results clearly demonstrate the effectiveness of the SS-Optimal-Kernel-KMeans
approach. For all seven datasets, the clustering quality achieved by the SS-Optimal-
Kernel-KMeans is significantly better that the results computed by SS-Kernel-KMeans aver-
aged over the σ values tested. The results provided by the Rand Statistic and the NMI are
consistent. In addition, the SS-Kernel-KMeans algorithm with the optimal kernel also out-
performs the average top three performances of SS-Kernel-KMeans. These results show that
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Fig. 2 Clustering results on Two Concentric data: left Rand Statistic, right Normalized Mutual Information
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Fig. 3 Clustering results on Vowel data: left Rand Statistic, right Normalized Mutual Information
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Fig. 4 Clustering results on Digits data: left Rand Statistic, right Normalized Mutual Information

our technique is capable of estimating the optimal kernel parameter values from the given
constraints. In particular, for the Two Concentric data (see Fig. 2), the SS-Kernel-KMeans
with the optimal kernel effectively uses the increased amount of constraints to learn an almost
perfect separation of the two clusters. For the Digits, Ionosphere, Wine, and Zip data, the
SS-Kernel-KMeans with the optimal kernel provides a clustering quality that is significantly
higher than the one computed by SS-Kernel-KMeans, even when a small amount of con-
straints is available. This behavior is very desirable since in practice only a limited amount
of supervision might be available.
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Fig. 5 Clustering results on Ionosphere data: left Rand Statistic, right Normalized Mutual Information
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Fig. 6 Clustering results on Wine data: left Rand Statistic, right Normalized Mutual Information
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Fig. 7 Clustering results on Zip data: left Rand Statistic, right Normalized Mutual Information

For some datasets, the Rand statistic (NMI) fluctuates. As mentioned earlier, each point
on the learning curves (corresponding to a given number of constraints) is an average of
results over 20 runs. For each run, constraints are generated from scratch. Thus, the observed
fluctuations may be due to a different degree of significance of the chosen constraints for the
problem of kernel learning. Furthermore, the optimization procedure only guarantees local
optima solutions, which depend on the initialization of the vector of parameters [this is the
reason for the low performance achieved by our method on the Modis data when only 50
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Fig. 8 Clustering results on Modis data: left Rand Statistic, right Normalized Mutual Information

constraints are available (see Fig. 8)]. It is possible to mitigate this sensitivity to initialization
by following stochastic gradient ascent.

We observe that our optimization procedure can be used to tackle a broader range of
problems. In fact, the learned kernel function K induces a notion of similarity in input space:
for each pair of points xi and x j , it provides a similarity measure that embeds the given
constraints. As a result, the learned kernel function can be used as input to any (unsuper-
vised) clustering algorithm. In particular, it can be used in combination with unsupervised
Kernel-KMeans.

To verify this conjecture, we ran Kernel-KMeans with the optimal kernel learned through
our optimization algorithm and without enforcing the constraints during the clustering pro-
cess. The results are shown in Figs. 9, 10, 11, 12, 13, 14 and 15. In each case, we plot the learn-
ing curves of Kernel-KMeans with the optimal kernel (without enforcing the constraints),
SS-Kernel-KMeans with the optimal kernel, and (unsupervised) Kernel-KMeans. For
Kernel-KMeans with the optimal kernel, we initialize the clusters using the given constraints,
as is the case for SS-Kernel-KMeans. For (unsupervised) Kernel-KMeans, the clusters are
randomly initialized. In addition, we tested the (unsupervised) Kernel-KMeans algorithm
with the following values of σ 2: 0.1, 1, 10, 100, 1,000, 10,000. The average Rand Statistic
and NMI achieved over the six σ values are reported. Each learning curve was obtained
as in the previous experiments using 20 runs of 2-fold-cross-validation for each data set
(30% for training and 70% for testing).
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Fig. 9 Clustering results without enforcement of constraints on Two Concentric data: left Rand Statistic, right
Normalized Mutual Information
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Fig. 10 Clustering results without enforcement of constraints on Vowel data: left Rand Statistic, right Nor-
malized Mutual Information
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Fig. 11 Clustering results without enforcement of constraints on Digits data: left Rand Statistic, right Nor-
malized Mutual Information
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Fig. 12 Clustering results without enforcement of constraints on Ionosphere data: left Rand Statistic, right
Normalized Mutual Information

Figures 9, 10, 11, 12, 13, 14 and 15 show that both Kernel-KMeans with the optimal
kernel and SS-Kernel-KMeans greatly outperform unsupervised Kernel-KMeans on every
single data set. Furthermore, in support of our conjecture, Kernel-KMeans performs quite
well, and its learning curve is very close to the learning curve of SS-Kernel-KMeans for
the Two Concentric, Digits, Ionosphere, Wine, Zip, and Modis data sets. For the Vowel data
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Fig. 13 Clustering results without enforcement of constraints on Wine data: left Rand statistic, right Normal-
ized Mutual Information
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Fig. 14 Clustering results without enforcement of constraints on Zip data: left Rand statistic, right Normalized
Mutual Information
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Fig. 15 Clustering results without enforcement of constraints on Modis data: left Rand statistic, right Nor-
malized Mutual Information

set, the gap between the two curves is narrow for a small and large number of constraints.
These results support the feasibility of using our optimization technique as a mechanism that
provides an adaptive similarity measure for clustering in general.

Figure 16 shows the Rand Statistic and the NMI as a function of the number of Gauss-
ian kernels used (from one to 10) for four representative datasets: Digits, Wine, Zip, and
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Fig. 16 Left Rand Statistic and right Normalized Mutual Information versus the number of kernels. Top to
bottom: Digits, Wine, Zip, and Modis datasets
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Fig. 17 Left Rand Statistic and right Normalized Mutual Information versus the number of kernels. Results
are averaged across all datasets

Modis. For each dataset, we performed 20 runs and used 100 constraints. The trend fluctu-
ates since the optimization process depends on the initial conditions. For this reason, we also
averaged the results across all datasets (see Fig. 17). On average performance can benefit
from increased number of kernels. However, the optimal number of kernels depends on the
specific problem. Furthermore, results may also depend on initial conditions.

5 Summary

We have proposed a new method for optimizing the parameters of composite kernels for
semi-supervised clustering. Our optimization strategy can be applied to any kernel-based
clustering techniques. We have tested the optimal kernel function computed by our tech-
nique in combination with a semi-supervised kernel-Kmeans algorithm. The experimental
results demonstrate that our technique makes powerful kernel-based semi-supervised clus-
tering approaches practical by providing a mechanism to automatically select critical param-
eters. In our future work, we plan on investigating the use of our technique in combination
with other clustering techniques, such as spectral clustering. We will also study regularized
versions of the proposed objective function to avoid overfitting when a large number of
constraints is available.
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