Acta Mathematica Sinica, English Series
2000, Jan., Vol.16, No.1, p. 85-98 Acta Mathematica

Sinica, English Series
© Springer-Verlag 2000

Composition Operators on the Bloch Space

of Several Complex Variables

Jihuai Shi Luo Luo
Department of Mathematics, Unwversity of Science and Technology of China,
Heifei 230036, P. R. China
E-mail: shijh@ustc.edu.cn  lluoQustc.edu.cn Faz: (0551)3631760
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and sufficient conditions for a composition operator C, to be compact on 3(B,) or Bo(Bn).

Keywords Bloch space, Composition operator, Bergman metric

1991MR Subject Classification 32A30, 47B38

1 Introduction

Let 2 be a bounded homogeneous domain in C™. By H(2) we denote the class of functions
holomorphic in Q. Let ¢ : Q — Q be a holomorphic self-map of ; for f € H(Q), denote
the composition f o ¢ by C,f and call C, the composition operator induced by ¢. We are
concerned here with the question of when C, will be a bounded or compact operator on Bloch
space () or little Bloch space Go(2).

More recently, Madigan and Matheson [1] studied the same problem on the Bloch space
B(U) and little Bloch space 3y(U) on the unit disc U. They proved that C,, is always bounded
on B(U) and bounded on Go(U) if and only if ¢ € By(U). They also gave the sufficient and
necessary conditions that C,, is compact on S(U) or Go(U).

In this paper, we prove that C, is always bounded on §(2)(Theorem 1), where Q is a
bounded homogeneous domain in C".

Let B,, be the unit ball of C™, ¢ = (p1,...,¢n) : B, — By, be the self-map of B,,. We
prove that C,, is bounded on fy(B,,) if and only if ¢; € Bo(Bn), j =1,...,n (Theorem 2). We
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also give the sufficient and necessary conditions that C,, is compact on §(B,,) (Theorem 4) or
Bo(By) (Theorem 7).

In what follows, 2 always denotes a bounded homogeneous domain in C™, and B,, the
unit ball of C™. ¢ denotes a holomorphic self-map of Q2 or B,,, and C a positive constant not

necessarily the same on each occasion.

2 The Boundedness of C,

Let K(z,z) be the Bergman kernel function of ; the Bergman metric H,(u,u) on Q is defined
by

" 9logK(z,2) _
H.(u,u) = Z Wug‘uka
dk=1 !

where z € Q and v = (uy,...,u,) € C™.
Following Timoney [2], we say that f € H(Q) is in the Bloch space 3(Q), if || f ||ﬁ(ﬂ) =

sup,cq Qf(2) < oo, where Q¢(z) = sup{M tueld” - {O}} ,and Vf(z) = (%(f),...,

H,(u,u)2
), (V5= T Y

Our first result is the following

Theorem 1  For every holomorphic self-map ¢ of Q, C,, is bounded on 5().

To prove this theorem, we need two lemmas.

Lemma 1 [2, Theorem 2.12]  Let Q be a bounded homogeneous domain in C™ and H,(u,u)
denote the Bergman metric on Q. ¢ : Q — Q is a holomorphic self-map. Then there exists a
constant C' depending only on Q, such that H,.)(J¢(2)u, Jp(z)u) < CH,(u,u) for each z € Q,
where Jp(z) = (B%Ej) denotes the Jacobian matriz of ¢, and Jo(z)u denotes a vector,

whose jth component is (Jo(z)u); =Y 1, ag;fj)uk.

>1sxk§n

Lemma 2 Let Q be a bounded homogeneous domain in C™, f € H(Q). ¢ : @ - Q is a
holomorphic self-map. Then there exists a constant C depending only on Q, such that Q o, (2) <
CQy(p(2)) for each z € Q.

Proof Using the chain rule, we get

V(fop)(z)=(V)(e(2)) Jo(2) . (1)
For v € C™ — {0} and Jo(z)u # 0,
V(fop)eu _ _(VA(E) Je(x)u {Hmw(z)u, Jo(z)w) } |
Houw,w)?  [Hye(Jo(2)u, Jo(2)u))? H(u, v)
From Lemma 1, we obtain

V(fop)@)ul _ . |(VF)(e(2)) - Jo(2)u
H.(uw,u)?  [He)(Jo(2)u, Jo(2)u)]

N=
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If u e C™— {0}, but Jp(z)u =0, then V(fop)(z)u =0 by (1). Thus the inequality (2) implies

Qy(z) = sup {v((% :

uEC"{O}}

—sup{w. uedC

N|=

)
)} — {0}, Jo(2)u # 0}
< Csup { (V) (e(2) - Jo(2)u
[HLP(Z)(JSD(Z)U, Jo(z)u))

u e C"—{0}, Jo(2)u # 0}

W=

The lemma is proved.

Now Theorem 1 is a simple corollary of Lemma 2.

Proof of Theorem 1 Let f € 5(2); by Lemma 2, we have
ICo(Dllse) = [If o ollp@) = sup Qrop(2) < C- sup Qr(e(2)) < C-[fllae)

This means that C,, is bounded on (). This completes the proof.
In [2], Timoney proved that for f € H(B,) and z € B,, Q(z) ~ (1 — |2|?)|V f(z)|. This

means that there exist two positive constants A and B, such that

AQs(2) < (1— 2|V F(2)| < BQy(2) (3)

for every z € B,,.
Thus, f € H(B,,) is in 3(B,,) if and only if

sup (1 — |z|2)\Vf(z)| < 00 .
z€EB,

In [3], Timoney defined that f € H(B,) is in By(B,), called the little Bloch space, if
lim|;|_,; Qf(2) = 0, namely

tim (1- )| V()] = 0. (4)

He also proved the following result in [3]: Let D be a bounded symmetric domain in C™
and not holomorphically equivalent to B,,. If f € (D) and Q¢(z) = 0 as z = 9D, then fis a
constant.

Due to this reason, for any bounded symmetric domain D in C", Timoney defined the little
Bloch space 8y(D) as follows : 3y(D) is the closure in the Banach space 3(D) of the polynomial
functions on D. But when D = B,,, this definition is equivalent to (4) (see [3], p. 8).

The following theorem gives the characterization of ¢ that C, is bounded on £y(By).

Theorem 2  Let ¢ = (¢1,...,%n) be a holomorphic self-map of B,. Then C,, is bounded on
Proof Let C, be bounded on 8y(B,,). It is easy to see that for every j = 1,...,n, the functions
fj(z) = zj belong to Bo(By). Therefore ¢; = fj o = C,f; € Bo(By). This proves that the

condition is necessary.
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Conversely, let ¢; € Bo(B,) for every j = 1,...,n and f € Bo(B,). By the definition of
Bo(By), for a given € > 0, there exists a § > 0, such that Q(z) < € if 2|2 > 1 —§. It follows
from Lemma 2 that Qfo,(2) < Ce if |¢(2)|? > 1 — 6. Thus inequality (3) gives

(1= 2)IV(fop)(2)| < Ce (5)

if [p(2)]2>1-4 .
On the other hand, if |¢(z)|*> < 1 — §, applying chain rule and Cauchy inequality,

(1= 1z)IV(f o @)(2)] <(1 = VAN (1Ver(2)] + -+ + [Vepu(2)])
|

| |-
(1—|o(2) 2)5|( le(2)l (1= 2P (Vi (2)| + - + |Veon(2)))

MIo@ oy vin @)+ 4 190u().

AN

Since ¢; € Bo(B,), j =1,...,n, the right side of the above inequality tends to 0 as |z| — 1.
Combining the above statements together, we get (1 — |2]?)|V(f o ¢)(2)| — 0 as |z| — 1. This

completes the proof of Theorem 2.

3 The Compactness of C,

In this section, we first give a sufficient condition that C, is a compact composition operator
on (), then we will prove that this sufficient condition is also necessary for 8(B,). To do

this, we need the following useful lemma.

Lemma 3 C, is compact on B(Q2) if and only if for any bounded sequence {fi} in B(2) which
converges to 0 uniformly on compact subset of 2, we have || fr, o ¢ ”ﬁ(ﬂ) — 0, as k — oo.

Proof Let B denote the closed unit ball in 5(2) and suppose {fx} is a sequence of functions
in B. We wish to show that the image sequence {C, fi} has a convergent subsequence.

Fix zp € Q, without loss of generality, suppose fi(z0) = 0, || f& ||ﬁ @ <L E=1,2,...
For given r > 0, take z € Q with p(z,z9) < r, where p(z,29) denotes the Bergman distance
between zy and z. Let v : [0,1] — Q be a geodesic (in the Bergman metric) with v(0) = 2o and
(1) = z. Then

|fe(2)] = | fu(2) = fu(20)| = | f(v(1)) = fr(~(0))]

/|fkov (t)]dt = /\ka ¥ (1)l dt

< [ @ubnt 0.+ 0 < / 00 (3 (07 )

=p(z,20) <1 .

Since every compact subset K of Q is contained in {z € Q : p(z,29) < r} for some r > 0, it

follows that the sequence {fy} is uniformly bounded on every compact subset of . Montel’s
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theorem picks out a subsequence {fi,} that converges uniformly on compact subsets of Q to a

holomorphic function g. We claim that g € 3(2). Indeed, for each z € Q,
Qq(2) = lim Qy, (2) <sup| fu [lg <1 -
—o0

By the definition of 3(£2), we get g € 8(2) and || g || 5y < 1. Thus the sequence {fi, — g} is
bounded in B(2) and fr, — g — 0 uniformly on compact subset of Q. The hypothesis of the
lemma ensures that || Cy,(fr, — 9) [|g)— 0 as desired.

Conversely we assume that C,, is compact, which means that C,,(B) is a relatively compact
subset of (). We are further given a sequence {fi} that lies in rB(the ball of radius r) and
converges to zero uniformly on compact subsets of 2. We have to show that || C, fi ||3)— 0,
and for this it suffices to show that the zero function is the unique limit point of the sequence
{Cyfr} (for the Bloch norm). Since the set {C, fi} is relatively compact, there must be a
function fo € B(Q) with limp 00 || Cofr — fo llp@)= 0. Fix zo € Q, for each z € Q with
p(z,20) < r; without loss of generality, suppose fo(29) = 0. Using the same method as in the

proof of the sufficiency, we get

Cofi(2) = fo(2) = (Co fi(20) = fo(20))| < || Co fr = fo ll g(a

Therefore

1Cofi(2) = fo(2)| < | Cofk = fo llgq) - 7+ Co fr(20)]
but C,fr — 0 uniformly on compact subsets of . Therefore, fy(z) = 0 for each z € Q. We
finish the proof.

The following theorem gives a sufficient condition that C, is compact on 3(€2).

Theorem 3 Ify : Q — Q is a holomorphic self-map, then C, is compact on 3(Q) if for every
e > 0, there exists a § > 0, such that H¢(Z)({T{i((z7325]¢(z)u) < € for allu € C™ — {0} whenever
dist(¢(z),00) < 6.

Proof By Lemma 3, it is enough to show that if {f;} is a bounded sequence in §(2) which

converges to 0 uniformly on compact subsets of 2, then || fr o ¢ ”,6(9) — 0.

Let M = sup,|| fx [ 5q)
< (GM)2 for all u € C™ — {0} if dist(¢(z),09) < §. By Lemma 2,

Qpop(2) < Qo (0(2)) - sup { {Hﬂz)““"(z)“’ J“’(z)“)] Y ueon- {0}} |

Hy2) (Je(2)u,Jp(2)u)

= (u,u)

. For given € > 0, there exists a § > 0, such that

H,(u,u)

It follows that Qy,0,(2) < €, if dist(¢(2),0) < 6.
On the other hand, it is easy to see that

inf{(Hw(u,u))% :Jul = 1, dist(w, 8Q) > 5} =m>0.

So

(V) ()l (VA ul (VAW (V) ()]

|-
(Ho(u,u)2 = (Ho(ww)?  (Ho(fg, @) = m

u" |u
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if dist(w,99Q) > 6. Now the hypothesis that {fi} converges to zero uniformly on any compact
subset of Q implies Qy, (w) — 0 uniformly for dist(w,dQ) > ¢ as k — oo. From this and
Lemma 1, for large enough k, Qy,0,(2) < € if dist(p(2),0Q) = 6. Hence, || fr 0 ¢ ||5q) < € for
large k. The proof ends.

The following theorem shows that if Q2 = B,,, the condition of Theorem 3 is also necessary.
We conjecture that for a general bounded homogeneous domain 2, the condition of Theorem 3

is still necessary and sufficient, but the proof of necessity is so difficult that we cannot give it.

Theorem 4  Let ¢ : B, — B,, be a holomorphic self-map. Then C, is compact on 3(B,,) if
and only if for every e > 0, there exists a § > 0, whenever dist(p(z),0By,) < 6, such that

Hy oy (Jo(2)u, Jo(2)u) .
H,(u,u)

(6)
for allu € C™ —{0}.

Proof We only need to prove that condition (6) is necessary.
Now assume that condition (6) fails, then there exists a sequence {z? }in B,, with |p(27)| — 1
as j — 0o, u/ € C™ — {0}, and an ¢y > 0, such that

Hy i) (Jp(20)uw!, Jp(27 )u?)
— >
H.,;(u?,ul) = €0 (7)

forall j=1,2,....

Using the condition (7), we will construct a sequence function {f;} satisfying the following
three conditions:

(i) {f;} is a bounded sequence in G(B,);

(i) {f;} tends to zero uniformly on any compact subset of B,,;

(iii) [|Cp fjlls # 0, as j — oo.
This contradicts the compactness of C, by Lemma 3.

To construct the sequence of functions {f;}, we first assume that

o) =rjer, G=1,2,.... (3)
where e; = (1,0,...,0) € C™. Denote Jyp(z/)u/ = w’ and write w/ = (w!, @) where @7 =
(w%, ...,w}) € C"1. We will construct the functions according to two different cases:

;i w
1° If for some 7, —‘T—]I— < 3] then set

S S
fi(z) =log(1 — e_“(l_”)zl) —log(1—2), 9)

where a > 0 is any positive number.

2° If for some j, \/l% > l‘iji‘f, then set
J
HiE) =Bt e ) {1 e 07z - (1 - 2)7E (10)
where a > 0 and Gi = arg wi, k=2,...,n. If wi = 0 for some k, replace the corresponding

term e~ %% zi by 0.
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For the functions defined by (9), it is easy to check that {||f;|/g} is bounded and {f;}

converges to 0 uniformly on compact subsets of B,,. We now prove that ||C,, f;||g # 0. In fact,
by (7)

V(f o 0)(29)u)
1CoFilly = 11£ 0 ¢l > Qpop(s7) > B 2PRZI
g o= H . (ud, )]}
(e TeE {Hap(zf)(Jw(Zj)yj,J@(Zj)uj)}i
{Hapos) (Jp(29 )0, Jip (23 )ud) } 2 Hes(w, )

— . (V) (rsen)w]
= Ve (Hyyer (w, wi))3 (1)

It is well known that the Bergman metric of B,, is

() = O 410

(1—122)?
Therefore
2 j 12 ~712 2 i12 " .
H,.o, (0 w?) = (L = i) (fwr* + @) + rjlwi ") _ P |wi|® )
Tj€1 ) (1—7‘2)2 ].—’]"2 (]__7"2)2
J ; :
So | |
1 . . 7 J ) 7
He, (w’,w?) < 2] i < 1 |iU;-2

P 2 .
1/1—1“? 1_Tj J

Now (11) gives

1 —r2 .
[|Cy fills = V/e€o - |w—]] (Vi) (rjed)w’|
1
_ Ve (1—12) dfi(rjer)
2 J 821
€0 1 e_a(l_rj)
= 2 '(I_TJZ) 1,7,._1 —a(1—7;)p.
j —€ 7T
VB |, (et
- 2 1-— e*a(lf""j)'rj

Since

)

_ . \e—a(l—ry)
lim [1— (L= rj)e } ® 2o

j—o0 1— e_”(l_rf)rj 1 +a

so ||C, fillg 7 0 and {f;} satisfy the conditions (i),(ii) and (iii).
For the functions defined by (10), since
9fi(z) _ 1, _ipi —ip? e~e(1=r3) 1
o 20 mtooreE)g - ’

—ema(l=mi)z)8 (1 —z)%

06(2) _ o} ! 1 fey
0z, (1 — e=all=rs)z;)3 z)’ e
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hence
of;(z) 1
1—|zP) | === < o1 - |2 4+t |znl) - -
(1) | 22| < O = =)l o)
1 1
C(l—|z)(1—|n)2 ———— <C
(1—Ta])?
and 5 )
(1—|z|2) M SC(17|Z\2)-71§C, k=2,...,n.
92 (1 —|zl)z

This proves that {||f;||s} is bounded. It is clear that {f;} converges to 0 uniformly on compact
subsets of B,,. Finally we prove that ||C, f;|/g /4 0 as j = co. Now

< fi)(rse)w’]
C .
1o silly 2 Ve - ( e
> V° von |(ij>(rje1)wf\

|wJ|

+

2
1 —r? afj(r]el) S dfj(rjer) wi
Oz 2 0z, n

|
o o o
~

: ‘(1 —e ) TE (1)

1 1-— Tj
1—ea-"i)p;
1
2

. . 1—7r; 1
Since lim; o0 (ﬁ) = =, 80 |Coufills # 0.
In a general situation, if ¢(27) # rje;, we use the unitary transformation U, to make

¢(z7) = rje1U;, for j = 1,2,.... A direct computation gives

(Jwi] + -+ |wh])

(M

v
B

" ‘

V(foU)(z)= (VHEUU', Huy(w w)=H,(Uw Uuw),

Vgi(p())w!| _ [V(g; 0 Uj)(rie)Ujw’|
(Hy(ony(wi, w))2 — Hy o, (U'wd Uwi)
Now g; = fj o UJTI, j=1,2,..., is the desired function sequence. The proof is completed.
When n = 1, the Bergman metric of the unit disc U is H,(u,u) = a |‘\|2)27 2eU, ueC.

Hence

Hoo) (¢ (2)u, ¢ (2)u) _ { 1—|2? }2 0 (2)]2
H.(u,u) 1 lo(2)]? ’
where ¢ is a holomorphic self-map from U to U. Thus, from Theorem 4 we obtain Theorem 2
in [1].
Theorem 4 gives the sufficient and necessary condition that C, is compact on 3(B,). But
Condition (6) is expressed by the Bergman metric of B,,, and is not convenient for application.
The following sufficient conditions or necessary conditions are perhaps more convenient for

application.
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Theorem 5 Let ¢ : B,, — B, be a holomorphic self-map and ¢ = (¢1,...,¢n). If for every
€ > 0, there exists a § > 0, such that

1|z
1—p(2)[?

whenever |p(z)| > 6, then C, is compact on B(B,,).

(IVer(2) + -+ [Ven(2)]) < e

Proof Using the chain rule, we get

1= [2)V(f o @)(2) = (1= [2/*) (VI (#(2) - To(2).

Using the Cauchy inequality on the right side of the above equality, we obtain

(L= IV(f o @)(2)] <(1 = [zP)V(IVer(2)]2 + - + [Veu(2) DIV ) (0(2)]

(= PNVerl + -+ Veal) 1y oo .
e (1= e @PITN @)

The remaining proof is similar to that of Theorem 3, and we omit it. This completes the proof.

IN

Theorem 6 Let ¢ : B, — B, be a holomorphic self-map and ¢ = (¢1,...,9,). If C, is
compact on B(By,), then for every e > 0, there exists a § > 0, such that

(Ve L Ve Y
(1_Z|)<1—|901(Z)|2+ +1—|son(z)|2>< (12)

whenever |¢(z)| > 4.

Proof Assume (12) is false, then there exist a sequence {2*} C B,, and some €y > 0, such that

9 Vi (zF Y, (2F

for all k and as k — oo, w® = ¢(zF) = ¢ € dB,,. Let & = (&1,---,&,). We first prove that there
exists some index j with |§;| =1 and {, = 0, k # j. In fact, if |§;| < 1 forall i =1,...,n, since

Hoy ) (Jo(2)u, Jo(2)u) > %7

by Lemma 1, we get (lz‘lzlzlzj(‘z(if)(l‘;)‘lulz < Cforallue C"—{0}. Set u; =e; = (0,...,1,...,0),
the ith coordinate being 1 and the others 0, i = 1,...,n. Then (1 — |2|?)|Vy;(2)| < C -
1—|p(2)|?, i=1,...,n. This implies that

(1 - |2*)[Vei(z*)] <C. V1I-le(zh)? 0 (14)

e 21 I e (Al

as k — oo, i =1,...,n. This contradicts (13).

Without loss of generality, we now assume that §& = (&,...,&.) = (1,0,...,0). Since
& =---=¢&, =0, it follows from (14) that
(1= [£*P)IVi(2Y)]
1 —Jei(2%)[?

=0, ask—o00,i=2,...,n,
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k2 Sk .
% > 2. Let fr(z) = log ﬁ Then fi(z) converges to

fo =log lj—zl uniformly on compact subsets of B, and || f ||ﬁ is bounded. But

and for large k,

1 1
].Og —_— — 10g

1Cefx = Co follg =
® 2 B 171115"(,01 1— ¢

B
wk 1
L—|wk2  1—wh
(L= )IVer (M) e
1= |wf]? 2

> (1= ")V (M)

This contradicts the compactness of C, by Lemma 3. This completes the proof.
For n =1, from Theorems 5 and 6, we obtain Theorem 2 in [1] again.
Now we turn to the discussion of the compactness of C, on By(B,). First we introduce a

useful lemma.
Lemma 4 A closed set K in Bo(By) is compact if and only if K is bounded and satisfies

lim sup(1—|z|*)|Vf(2)|=0. (15)
|z]| =1~ fEK

Proof Assume K is compact on So(B,). Then for every e > 0, there exist finite open sets of
ﬂO(Bn)7 B
Ulfe) = {f €Bo(Ba) = Ifi=flly <5} + i=1oil,

such that K C U§:1 U(fi,e). Since f; € Bo(By), 1 =1,...,1, it implies that there exists an r,
0 < r < 1, whenever |z| > r, such that (1 — |2|?)|Vfi(z)| < & for i =1,...,1. If f € K, then
for some f;,, 1 < iy <, with ||f — fi,[| 4 < 5. Therefore, when [2] > r,

A~ =PIV SN~ fiallg + A~ |2V i (2) < €.

This establishes (15).

Consider the other side, if K is a bounded set on §y(B,) and satisfies (15). Let {fi} be
a function sequence in K. By the Montel theorem, there exists a subsequence {f, } of {fi}
which converges to some holomorphic function f uniformly on compact subset of B,,. Due to
the same reason {%L}, i =1,...,n, converges to g—i_ uniformly on compact subset of B,,.
By (15), for every € > 0, there exists an r, 0 < r < 1, whenever |z| > r, such that for all
g € K, (1—1z2*)|Vg(z)| < §. It follows that (1 — [2?)[Vf(2)] < £ if |z| > r. Since {fi,}
converges to f uniformly on |z| < r and {BBJZZ’ (i=1,...,n) converges to g—zfi uniformly on
|z| < r, therefore, for enough large I, sup|,|<,.(1 —|2*)(IVf(2) — V fx,(2)|) < §. Combining the
discussions together, we get lim;_, o || fx, — f||ﬂ = 0 and so K is compact on Fo(By). The proof

ends.

Similarly to Theorem 4, we have

Theorem 7 Let ¢ : B, — B, be a holomorphic self-map. Then C, is compact on Bo(B,,)
if and only if
) Hy ) (Jp(2)u, Jo(z)u)
lim

|z|—1- H,(u,u) =0 (16)
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for allw € C™ — {0} uniformly.

Proof We first prove that Condition (16) is sufficient. Since

Hyy(Jo(2)u, Jo(2)u)
H,(u,u)

1— 2% [Je(z)ul”
eI |u?

where £ = 5 € 0By, it follows from (16) that lim,|_1- (1—|2|*)?|J¢(2)¢]> = 0 for all £ € 0B,
uniformly. Let & = e;. We obtain limp,|_1-(1 — |2]?)|Vg;(z)| = 0. Namely ¢; € 8o(Bn),
j=1,...,n. Here ¢, is the jth component of ¢. Thus C,f € Bo(B,) for each f € Byo(B.,) by
Theorem 2. Let

= > (1= o)1 T )6

A={febo(Bn): |[flls <1}, K=A{C,f: feA}.

Then K is a closed set in 8y(B,). By Lemma 4, we only need to prove

Jim sup (1= |=2)[V(f o)) = 0. (17)
21217 f (s <1

By (16), for given e, there exists an r, 0 < r < 1, such that

V(fep)@u _  [(VI)(e(2) - Jo(2)ul
Hz(ua u)i - [H(P(Z)(JQO(Z)U,JQO(Z)U)]E

for all u € C™ — {0}, whenever |z| > r. Thus Qfo,(2) < €Q(¢(2)) < €||f]|g. Now (17) follows
from (3) immediately.

Conversely, if C,, is compact on o(B,,), but (16) fails, then there exist sequences {27} C B,
{w/} ¢ C™ — {0} and an ¢, > 0, such that |z/| — 1 and

. A 3\ud
Hgo(zy)(J;z(f(l);’ ;;f)cp(z Ju?) > ¢ (18)
forall j=1,2,....

We will use (18) to construct a sequence functions {f;}, such that
(i) f; € Bo(Byn), 5 =1,2,....
i) Iflls<1,5=1,2,....
(i) (1 - 29 P)V(f; 0 9)()] > ey § = 1,2,
This means that C,, is not compact on (y(B,) by Lemma 4.

and

Similarly to the proof of Theorem 4, we may assume that ¢(z7) = rjer, j = 1,2,...,

denote w? = Jp(2/)u’, j = 1,2,.... The following two cases will be considered.

Case 1 |p(2/)|<p<1,as|zi|—=1".
Let fi(z) = e~z 4 e nz,, j=1,2,..., where 9{; = argwi, k=1,...,n. Ifwi =0
for some k, replace the corresponding term e~ %z, by 0.
It is easy to see that Conditions (i) and (ii) are satisfied. To prove (iii), we note that
@ el i

H. J oand) —
R A (BT L (e

2
2-|w1\ .
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Here w’ = (w!, &%), & = (w),...,wi) € C" ', Thus

(1= [P 0 9)()] 2 CQppon(+')
A\
[H. (w )
(V1) () Te(= )|
{Hoon ({2, Tp(z0)ud)}
V) e
(

wi, wI ))

> Cya

1
2

1—/02 ofi(rjer) ; afj(rjer) ;
R T

= Cye(1-p?)- m J|(|w1\+ + |wh])
> Cye(1-p?) .
This proves (iii).

Case 2 |p(2/)| = las|2/| = 1.
Similarly to Theorem 4, we construct { f;} according to the following two different situations:

‘ujjl < ‘w1| then we let f]( ) _ %log(l _ e_a(l_rj)zl)7 a > 0. For fixed

1° If for some j, \/ﬁ <1
J

Js
1 —a(l—rj)
~(1— 2% =0, |2| = 1.

(1= 2IVE(2)] = 3

1
1-— efa(lf"“j)'rj

1 —eel=7i)p,

So f;j € Bo(Bn) for each j. On the other hand,

—_

1
<
1 — |z

(1= PV < 51 = 127) -

So || f;lla(B,) < 1. Thus {f;} satisfies (i) and (ii). The proof of (iii) is similar to that of Theorem

4, we omit it here.

|| [
> )
1—r]2. 177']‘

then we let

2° If for some j,

4 03 i07 ) 1
Fi(2) = (e Pz oo ez, ) (1 - e 5

Vvn
where Gi, k =2,...,n, are the same as in Case 1. The proof that f; satisfies (i), (ii) and (iii)
is similar to that in 1° and Theorem 4, we omit the details. The proof is completed.
Similarly to Theorems 5 and 6, we also have two theorems which are convenient for con-

firming or negating the compactness of C, on Gy(B..).

Theorem 8 Let ¢ : B, — B, is a holomorphic self-map and ¢ = (¢1,...,¢n), Then C,
is compact on Bo(By) if
— |2

lz}i_fﬂf W(Ww(zﬂ -+ [Ven(2)]) =0. (19)
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Proof It is easy to see from (19) that ¢; € Bo(B,,) for every j =1,...,n. Hence C,f € Bo(B.,)
for each f € By(B,). Let A, K be the sets as in Theorem 7. Then

sup (1—[2[")|V(f o p)(2)|

[1£flls<1
(= 2P)(Torl -+ Veul) .
< Tt PR CECIRICAEO
LBVl V) o
8 T~ (P

Now Lemma 4 gives the desired result. This completes the proof.
Theorem 9 Let ¢ : B, — B, be a holomorphic self-map and v = (¢1,...,¢n). If C, is
compact on Bo(By,), then

| o Vel Veul2) \
o (A== (1 S ER |son<z>|2> =0 (20)

Proof Let C, be compact on (y(B,,), but (20) fail. This means that there exist a sequence
27 C B, and an ¢ > 0, such that |2/| = 1~ as j — oo and

-0 (T R) 2 (1)

We first prove that |p(27)| — 17 as |2/] — 17, j — oco. If not, there exists a p < 1 with
le(27)] < p, 5=1,2,.... Thus (21) yields

(L= 172) (IVer(#)] + -+ [Val2?)]) > eo(1 = p?) - (22)

Since C,f € Bo(B,,) for every f € [o(By), this implies ¢; € Bo(B,) by Theorem 2. This is a
contradiction to (22). Let () — & € B, as |z7| — 1~. We have proved in Theorem 6 that

¢ = e¥ey, for some k; without loss of generality, we assume that & = e?’e;. Now (21) implies

(1= FPIVer ()]
P o ER 28)

for large enough j.
Denote ¢q(z7) = w{ and let f;(z) = %log (1- w{zl), 7 =1,2,.... It is easy to check that
every f; € Bo(By) and ||fjllg <1, j=1,2,.... A direct computation gives

. 1 —W .
; 7)== L . 24
v(f] ° 80)(’2 ) 2 1-— |Q01(ZJ)|2VS01(Z ) ( )
It follows from (23), (24) and |w!| — 1~ as j — oo that
- < wl| (1= |27]?)| V(27 €
(1= [ZRV (s 0 p)(=) = Ml A2 FOVaE]

1— o1 (27)[? 5
for large enough j. This shows that C, is not compact on fy(B,,) by Lemma 4. The theorem

is proved.
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It is easy to see that (19) implies (20), but the two conditions are not equivalent. For

ﬂaﬂmmmm=@@+%)g@+%».

It is easy to check that ¢ is a holomorphic self-map of By, Vi(z) = (%,0), Va(z) = (0, %)

example, let

and

So

e (Va0 [Yes(e)]
=17 | 7= 5+ 3
1 — |e1(2)] 1 — |ipa(2)]
Condition (20) is satisfied.
On the other hand, letting z; = 25 = %r, then

>§2(1—|z|2)—>0, El=

e . .
1,|@(Z)|2(|V‘P1( )+ 1 Vea(2)])
oy s A e L[]
2 a\I" T vel T2
_ =
(1-7m)(3+r) ’ ;

This shows that Condition (19) fails.
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