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Abstract A surface Σ is a graph in R
4 if there is a unit constant 2-form ω on R

4 such that

〈e1 ∧ e2, ω〉 ≥ v0 > 0 where {e1, e2} is an orthonormal frame on Σ. We prove that, if v0 ≥ 1√
2

on the

initial surface, then the mean curvature flow has a global solution and the scaled surfaces converge to

a self-similar solution. A surface Σ is a graph in M1 × M2 where M1 and M2 are Riemann surfaces,

if 〈e1 ∧ e2, ω1〉 ≥ v0 > 0 where ω1 is a Kähler form on M1. We prove that, if M is a Kähler-Einstein

surface with scalar curvature R, v0 ≥ 1√
2

on the initial surface, then the mean curvature flow has a

global solution and it sub-converges to a minimal surface, if, in addition, R ≥ 0 it converges to a totally

geodesic surface which is holomorphic.

Keywords Mean curvature flow, 2-dimensional graphs in R
4, Self-similar solution
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1 Introduction

For the classical solution of the mean curvature flow of hypersurfaces, Huisken showed in [1]
and [2] that if the initial hypersurface is compact and uniformly convex in a complete manifold
with bounded geometry then it converges to a single point under the mean curvature flow in a
finite time and the normalized flow (area is fixed) converges to a sphere of that area in infinite
(rescaled) time. Ecker and Huisken [3] proved that, if the initial hypersurface is an entire
graph, the mean curvature has a long time solution and the solution of the normalized equation
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converges to a self-similar solution as time goes to infinity. For the higher co-dimensional
case, Altschuler [4] and Altschuler-Grayson [5] studied the curvature flow of curves in R3, they
showed (in [5]) that, if the initial curve is a ramp, then the flow has a long time solution which
converges to a line at infinity.

We consider the motion of an immersed surface in a 4-dimensional manifoldM , F0 : Σ →M ,
moving by its mean curvature in M . That is, we consider a one-parameter family Ft = F(·, t)
of surfaces with corresponding images Σt = Ft(Σ) such that

d

dt
F(x, t) = H(x, t),

F(x, 0) = F0(x),
(1.1)

where H(x, t) is the mean curvature vector of Σt at F(x, t). The area element of the induced
metric gij = 〈∇iF,∇jF〉 on Σt is det(gij)dxdy. It is well known that

d

dt
det(gij) = −|H|2 det(gij).

Logarithmic integration implies that F remains immersed as long as the solution of (1.1) exists.
Let Σ be a 2-dimensional oriented surface and let F0 : Σ → R

4 be an immersion, and denote
Σ0 = F0(Σ). We say that Σ0 is a graph, if there exists a unit constant 2-form ω in R

4 such that

v = 〈e1 ∧ e2, ω〉 ≥ v0 > 0,

for some constant v0, where {e1, e2} is an orthonormal frame on Σ0.
Let ω be a unit constant 2-form in R

4 with respect to which Σ0 is a graph. Let v =
〈e1∧e2, ω〉, where e1, e2 is a normal frame on Σt. Suppose that Σ0 has bounded curvature. We
prove in this paper that if v(x, 0) ≥ v0 >

1√
2
for all x, then Equation (1.1) has a global solution

F. We then consider the rescaled surface Σ̃s defined by

F̃(·, s) = 1√
2t+ 1

F(·, t),

where s = 1
2 log(2t+ 1), 0 ≤ s < ∞. We prove that, if in addition to the above assumption on

v0,
|F⊥|2 ≤ C(1 + |F|2)1−δ

on the initial surface Σ0 for some C > 0, δ > 0, then the normalized flow Σ̃s converges to a
self-similar solution as s→ ∞.

Let M = M1 ×M2 be a Kähler-Einstein manifold, M1 and M2 be Riemann surfaces. Let
ωi be a unit Kähler form on Mi for i = 1, 2. Let Σ be a 2-dimensional oriented surface and let
F0 : Σ →M be an immersion, and denote Σ0 = F0(Σ). In this case, we say that Σ0 is a graph
in M , if

v = 〈e1 ∧ e2, ω1〉 ≥ v0 > 0,

for some constant v0, where {e1, e2} is an orthonormal frame on Σ0.
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We also prove in this paper that, if v(x, 0) ≥ v0 >
1√
2
for all x, then Equation (1.1) has

a global solution F and it sub-converges to a minimal surface, if the scalar curvature of M is
nonnegative it converges to a totally geodesic surface which is holomorphic.

Throughout this paper, summation is taken for all repeated indices.

2 Global Existence in R
4

We assume that F(x, t) satisfies the mean curvature flow equation (1.1). Suppose that H is
the mean curvature vector of the surface F(Σ, t) in M , A is the second fundamental form and
denote the Riemannian metric on M by 〈·, ·〉. In normal coordinates around a point in Σ, the
induced metric on Σt from 〈·, ·〉 is given by gij = 〈∂iF, ∂jF 〉 where ∂i (i = 1, 2) are the partial
derivatives with respect to the local coordinates. Let ∆ and ∇ be the Laplace operator and
the covariant derivative for the induced metric on Σt, respectively. We choose an orthonormal
frame e1, e2, v1, v2 of M such that e1, e2 is a frame of Σt = F(Σ, t), and v1, v2 is a frame of
the normal bundle over Σt. We can write:

A = Aαvα, H = −Hαvα.

Let Aα = (hα
ij), where (hα

ij) is a matrix, the trace and the norm of the second fundamental
form are

Hα = gijhα
ij = hα

ii, |A|2 =
∑
α

|Aα|2 = gijgklhα
ikh

α
jl = hα

ikh
α
ik.

The standard parabolic theory implies that (1.1) has a smooth solution for a short time.
We state it in the following theorem:

Theorem 2.1 Suppose that the initial surface Σ0 has bounded curvature. There exists T > 0
such that (1.1) has a smooth solution in the time interval [0, T ). If maxΣt |A|2 is bounded near
T , the solution can be extended to [0, T + ε) for some ε > 0.

However, in general maxΣt |A|2 becomes unbounded as t→ T . In this section, we will give
a condition to guarantee the global existence of the mean curvature flow (1.1).

In this and the following section, we consider the case where M = R
4.

Let H(X,X0, t) be the backward heat kernel on R
4. Define

ρ(X, t) = 4π(t0 − t)H(X,X0, t) =
1

4π(t0 − t)
exp

(
− |X− X0|2

4(t0 − t)

)
,

for t < t0. We prove a monotonicity inequality, which was essentially proved by Huisken [6]
(also see [3]).

Proposition 2.2 Suppose that F satisfies Equation (1.1), and that f(x, t) is a smooth func-
tion defined Σ× R

+. We have

∂

∂t

∫
Σt

fρ(F, t)dµt =
∫

Σt

(
df

dt
−∆f

)
ρ(F, t)dµt −

∫
Σt

fρ(F, t)
∣∣∣∣H+

(F −X0)⊥

2(t0 − t)

∣∣∣∣2dµt. (2.1)
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Proof It is clear that

∂

∂t

∫
Σt

fρ(F, t)dµt =
∫

Σt

(
∂

∂t
f

)
ρ(F, t)dµt +

∫
Σt

f
∂

∂t
ρ(F, t)dµt −

∫
Σt

fρ(F, t)|H|2dµt

=
∫

Σt

((
∂

∂t
−∆

)
f

)
ρ(F, t)dµt +

∫
Σt

f

(
∂

∂t
+∆

)
ρ(F, t)dµt

−
∫

Σt

ρ(F, t)|H|2dµt.

A straight forward computation leads to

∂

∂t
ρ(X, t) =

(
1

t0 − t
− 1

2(t0 − t)
〈H,X −X0〉 − |X− X0|2

4(t0 − t)2

)
ρ(X, t)

and
∇ exp

(
− |X −X0|2

4(t0 − t)

)
= − exp

(
− |X− X0|2

4(t0 − t)

) 〈X −X0,∇X〉
2(t0 − t)

and

∆exp
(
− |X −X0|2

4(t0 − t)

)
= exp

(
− |X− X0|2

4(t0 − t)

)( |〈X− X0,∇X〉|2
4(t0 − t)2

− 〈X −X0,∆X〉
2(t0 − t)

− |∇X|2
2(t0 − t)

)
.

Note that in the induced metric on Σt, |∇F|2 = 2 and ∆F = H, so we have(
∂

∂t
+∆

)
ρ(F, t) = −

( 〈F− X0,H〉
(t0 − t)

+
|(F − X0)⊥|2
4(t0 − t)2

)
ρ(F, t). (2.2)

Then the proposition follows.
Using Proposition 2.2, one can show the following maximum principle as Ecker-Huisken did

for Corollary 1.1 in [3]:

Proposition 2.3 Suppose that f(x, t) is a smooth function defined by Σ×R
+, which satisfies

the inequality
∂f

∂t
−∆f ≤ a · ∇f,

for some vector field a on Σt. If a0 = supΣ×[0,t1] |a| <∞ for some t1 > 0, then

sup
Σt

f ≤ sup
Σ0

f,

for all t ∈ [0, t1].

Note that the function f does not need to be non-negative.
Let ω be a unit constant 2-form in R

4. As before, we set v = 〈e1 ∧ e2, ω〉.
Lemma 2.4 We have(

∂

∂t
−∆

)
v =

∑
α=1,2

(
(hα

11)
2 + 2(hα

12)
2 + (hα

22)
2
)
v

− (2h1
11h

2
12 − 2h2

11h
1
12 + 2h1

21h
2
22 − 2h2

21h
1
22

) 〈v1 ∧ v2, ω〉.
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Proof We first calculate ∂
∂tei. We have

∂

∂t
ei =

〈
∂

∂t
ei, ej

〉
ej +

〈
∂

∂t
ei, vα

〉
vα

=
〈
∂

∂t
ei, ej

〉
ej −

〈
ei,

∂

∂t
vα

〉
vα

=
〈
∂

∂t
ei, ej

〉
ej −∇iH

αvα −HγCα
iγvα.

Therefore,

∂

∂t
v =

〈
∂

∂t
e1 ∧ e2, ω

〉
+
〈
e1 ∧ ∂

∂t
e2, ω

〉
= − (∇1H

α +HγCα
1γ

) 〈vα ∧ e2, ω〉
− (∇2H

α +HγCα
2γ

) 〈e1 ∧ vα, ω〉.

Recall that ∇iej = −hα
ijvα. We have

∇1v = − (hα
11〈vα ∧ e2, ω〉+ hα

12〈e1 ∧ vα, ω〉) ,

∇2v = − (hα
21〈vα ∧ e2, ω〉+ hα

22〈e1 ∧ vα, ω〉) .
Then,

∇2
1v = −∇1h

α
11〈vα ∧ e2, ω〉 − hα

11〈∇1vα ∧ e2, ω〉+ hα
11h

β
12〈vα ∧ vβ , ω〉

− ∇1h
α
12〈e1 ∧ vα, ω〉 − hα

12〈e1 ∧∇1vα, ω〉+ hα
11h

β
12〈vα ∧ vβ , ω〉

= −∇1h
α
11〈vα ∧ e2, ω〉 − (hα

11)
2〈e1 ∧ e2, ω〉 − hγ

11C
α
1γ〈vα ∧ e2, ω〉

− ∇1h
α
12〈e1 ∧ vα, ω〉 − (hα

12)
2〈e1 ∧ e2, ω〉 − hγ

12C
α
1γ〈e1 ∧ vα, ω〉

+ 2hα
11h

β
12〈vα ∧ vβ, ω〉

and

∇2
2v = −∇2h

α
21〈vα ∧ e2, ω〉 − (hα

21)
2〈e1 ∧ e2, ω〉 − hγ

21C
α
2γ〈vα ∧ e2, ω〉

− ∇2h
α
22〈e1 ∧ vα, ω〉 − (hα

22)
2〈e1 ∧ e2, ω〉 − hγ

22C
α
2γ〈e1 ∧ vα, ω〉

+ 2hα
21h

β
22〈vα ∧ vβ , ω〉.

Noticing that

∇1h
α
21 = ∇2h

α
11 + hγ

11C
α
2γ − hγ

21C
α
1γ , ∇2h

α
12 = ∇1h

α
22 + hγ

22C
α
1γ − hγ

12C
α
2γ ,

we therefore obtain(
∂

∂t
−∆

)
v =

∑
α=1,2

(
(hα

11)
2 + 2(hα

12)
2 + (hα

22)
2
) 〈e1 ∧ e2, ω〉

− (2h1
11h

2
12 − 2h2

11h
1
12 + 2h1

21h
2
22 − 2h2

21h
1
22

) 〈v1 ∧ v2, ω〉.
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This proves the lemma.

Then by Proposition 2.3, we can show the following theorem:

Proposition 2.5 Let ω be a unit constant 2-form on R
4. If v(x, 0) ≥ v0 >

1√
2
for all x, then

v(x, t) ≥ v0 for all t > 0 and x.

Proof It is clear that 〈e1 ∧ e2, ω〉2 + 〈v1 ∧ v2, ω〉2 ≤ 1. By Lemma 2.4, we have(
∂

∂t
−∆

)
v ≥ |A|2

(
v −

√
1− v2

)
= |A|2 2v2 − 1

v +
√
1− v2

.

Assume that t1 is the first point where

inf
Σt1

v = v1,
1√
2
< v1 < v0. (2.3)

It is clear that t1 > 0. Hence we have (
∂

∂t
−∆

)
v ≥ 0,

in Σ × [0, t1]. Applying Proposition 2.3 to −v, we conclude that v ≥ v0 in Σ × [0, t1], which
contradicts (2.3).

Theorem 2.6 Let ω be a unit constant 2-form in R
4 with respect to which Σ0 is a graph.

Suppose that the curvature on Σ0 is bounded. If v(x, 0) ≥ v0 >
1√
2
for all x ∈ Σ0, then Equation

(1.1) has a global solution F.

Proof It suffices to show that maxΣt |A| is bounded for all t > 0. For this purpose, we consider
the functions u1 = 〈e1 ∧ e2, ω + ∗ω〉 and u2 = 〈e1 ∧ e2, ω − ∗ω〉. By Lemma 2.4, we have(

∂

∂t
−∆

)
u1 =

∑
α=1,2

(
(hα

11)
2 + 2(hα

12)
2 + (hα

22)
2
)
u1

− (2h1
11h

2
12 − 2h2

11h
1
12 + 2h1

21h
2
22 − 2h2

21h
1
22

)
u1,

and (
∂

∂t
−∆

)
u2 =

∑
α=1,2

(
(hα

11)
2 + 2(hα

12)
2 + (hα

22)
2
)
u2

+
(
2h1

11h
2
12 − 2h2

11h
1
12 + 2h1

21h
2
22 − 2h2

21h
1
22

)
u2.

Applying Proposition 2.5 and the minimum principle, we get

ui(x, t) ≥ ui(x, 0) ≥ v0 − 1√
2
> 0, i = 1, 2,

because

ui = 〈e1 ∧ e2, ω〉+ (−1)i+1〈v1 ∧ v2, ω〉.
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Setting u = u1 · u2, we have(
∂

∂t
−∆

)
u = 2|A|2u− 2∇u1 · ∇u2 = 2|A|2u− 2

∇u1

u1
· ∇u+ 2

|∇u1|2u
u2

1

.

Let φ = |A|2
u . By Proposition 2.6 in [7], we have(

∂

∂t
−∆

)
φ =

1
u

(
∂

∂t
−∆

)
|A|2 − |A|2

u2

(
∂

∂t
−∆

)
u+ 2∇|A|2 · ∇u

u2
− 2|A|2 |∇u|

2

u3

≤ −2|∇|A||2
u

+ 2∇φ · ∇u
u

+ 2φ
∇u1

u1
· ∇u
u

− 2φ
|∇u1|2
u2

1

≤ 2∇φ · ∇u
u

−∇φ · ∇u
u

+ 2φ
∇u1

u1
· ∇u
u

− 2φ
|∇u1|2
u2

1

− |∇φ|2
2φ

− φ|∇u|2
2u2

≤ ∇φ · ∇u
u
. (2.4)

By Proposition 2.3, we have maxΣt φ ≤ maxΣ0 φ. Therefore |A| is uniformly bounded for
all t, and this implies the desired result.

3 Asymptotic Behavior

In the following theorem, we give an estimation of the second fundamental form:

Theorem 3.1 Let ω be a unit constant 2-form in R
4. Suppose that the curvature on Σ0 is

bounded. If v(x, 0) ≥ v0 >
1√
2
, then maxΣt t|A|2 ≤ C, where C > 0 depends on Σ0.

Proof We set φ = |A|2
u , where u = u1 · u2 is as defined in the proof of Theorem 2.6. By (2.4),

we have(
∂

∂t
−∆

)(
tφ+

1
u

)
≤ t

(
∇φ · ∇u

u
+ φ− 2

|∇u|2
u3

− 2|A|2
u2

+ 2
∇u1

u1
· ∇u
u2

− 2
|∇1|2
u2

1u
.

It follows that (
∂

∂t
−∆

)(
tφ+

1
u

)
≤ ∇u

u
· ∇
(
tφ+

1
u

)
.

On the other hand, Theorem 2.6 asserts that at any finite time t1 > 0 there exists a positive
constant C which may depend on t1 such that |A(x, t1)|2 ≤ C for all x. Moreover, we have
seen in the proof of Lemma 2.4 that |∇u|2 ≤ 2|A|2, and from Theorem 2.5, we can see that
u ≥ v0 − 1√

2
> 0. Therefore, at any finite time t1 > 0, we have supx |∇u

u |(x, t1) <∞; and then,
we conclude the proof of the theorem in view of Proposition 2.3.

The theorem implies that, if the mean curvature flow converges at infinity, it converges to
a plane. However, it may move out to infinity. As in [3], we consider the rescaled surface Σ̃s

defined by

F̃(·, s) = 1√
2t+ 1

F(·, t),

where s = 1
2 log(2t+ 1), 0 ≤ s <∞. The normalized equation then becomes

∂

∂s
F̃ = H̃ − F̃. (3.1)
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It is clear that

ṽ(x, s) = 〈ẽ1 ∧ ẽ2, ω〉 = v(x, t), |Ã|2(x, s) = (2t+ 1)|A|2(x, t) ≤ C,

and it follows that∣∣∣∣F̃(x, s)− 1√
2t+ 1

F(x, 0)
∣∣∣∣ = 1√

2t+ 1
|F(x, t)− F(x, 0)| ≤ 1√

2t+ 1

∫ t

0

∣∣∣∣∂F∂t
∣∣∣∣

≤ 1√
2t+ 1

∫ t

0

|H| ≤ 1√
2t+ 1

∫ t

0

|A| ≤ C.

So, F̃ converges at infinity. In the rest of this section, we will study what equation the limiting
surface satisfies.

Theorem 3.2 Let ω be a unit constant 2-form in R
4. Suppose that the curvature on Σ0 is

bounded. Assume that on the initial surface v(x, 0) ≥ v0 >
1√
2
, and for some C > 0, δ > 0,

|F⊥|2 ≤ C(1 + |F|2)1−δ. Then the rescaled surface Σ̃s converges to a limiting surface Σ̃∞ as
s→ ∞, and Σ̃∞ satisfies the equation

F⊥
∞ = −H∞.

We begin with some computations. Note that F⊥ = 〈F, vα〉vα, where the summation is
taken over α.

Lemma 3.3 We have(
∂

∂t
−∆

)
|〈F, vα〉vα|2 = 2|A|2|〈F, vα〉vα|2 − 4Hα〈F, vα〉 − 2|∇̃(〈F, vα〉vα)|2,

and(
∂

∂s
− ∆̃

)
|H̃+ 〈F̃, ṽα〉ṽα|2 ≤ 2

(
|Ã|2 − 1

)(
|H̃+ 〈F̃, ṽα〉ṽα|2 − 2| ˜̃∇(H̃+ 〈F̃, ṽα〉ṽα)|2

)
,

where ∆̃ is the Laplace operator on Σ̃s,
˜̃∇ is the covariant differentiation on Hom(T Σ̃s ×

T Σ̃s,NorΣ̃s) determined by the covariant differentiation on T Σ̃s and D on the normal bundle,
D is the normal connection for the immersion Σ̃s ⊂ R

4.

Proof By Lemma 2.2 in [7], we have

∂

∂t
〈F, vα〉 = −Hα +

〈
F,

∂vα

∂t

〉
= −Hα + 〈F,∇Hα〉+HγCα

iγ〈F, ei〉+ bβα〈F, vβ〉.

It is clear that
∇i〈F, vα〉 = 〈F, hα

ijej〉+ 〈F, Cβ
iαvβ〉.

So,

∆〈F, vα〉 = Hα − hα
ijh

β
ij〈F, vβ〉+ Cβ

iαC
γ
iβ〈F, vγ〉

+ Cβ
iαh

β
ij〈F, ej〉+∇iC

β
iα〈F, vβ〉+ 〈F,∇ih

α
ijej〉.
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Noting that

∇ih
α
jj = ∇jh

α
ij + hβ

ijC
α
jβ −HβCα

iβ ,

we have (
∂

∂t
−∆

)
〈F, vα〉 = −2Hα + hα

ijh
β
ij〈F, vβ〉 − ∇iC

β
iα〈F, vβ〉

− 2Cβ
iαh

β
ij〈F, ej〉 − Cβ

iαC
γ
iβ〈F, vγ〉+ bβα〈F, vβ〉.

It is clear that

|∇̃(〈F, vα〉vα)|2 = ∇i〈F, vβ〉 · ∇i〈F, vβ〉+ 2Cβ
iα∇i〈F, vβ〉〈F, vα〉

+ Cβ
iαC

β
iγ〈F, vα〉〈F, vγ〉

= ∇i〈F, vβ〉 · ∇i〈F, vβ〉+ 2hβ
ijC

β
iα〈F, ej〉〈F, vα〉

− Cβ
iαC

β
iγ〈F, vα〉〈F, vγ〉.

Therefore,(
∂

∂t
−∆

)
|〈F, vα〉vα|2 = 2〈F, vα〉

(
∂

∂t
−∆

)
〈F, vα〉 − 2∇l〈F, vα〉∇l〈F, vα〉

= 2|A|2|〈F, vα〉vα|2 − 4Hα〈F, vα〉 − 2|∇̃(〈F, vα〉vα)|2.

This proves the identity in the lemma.

Using Equation (3.1), we obtain(
∂

∂s
− ∆̃

)
〈F̃, ṽα〉 = −2H̃α + h̃α

ij h̃
β
ij〈F̃, ṽβ〉 − ∇̃iC̃

β
iα〈F̃, ṽβ〉

− 2C̃β
iαh̃

β
ij〈F̃, ẽj〉 − C̃β

iαC̃
γ
iβ〈F̃, ṽγ〉+ b̃βα〈F̃, ṽβ〉 − 〈F̃, ṽα〉.

By an argument similar to the one used in the proof of Proposition 2.6 in [7], we can obtain:(
∂

∂s
− ∆̃

)
H̃α = −H̃γ h̃γ

ilh̃
α
il + H̃γC̃β

iγC̃
α
iβ + H̃γ∇̃iC̃

α
iγ + 2∇̃iH̃

βC̃α
iβ − H̃β b̃αβ + H̃α.

The inequality in the lemma then follows from a straightforward computation (See the proof of
Proposition 2.6 in [7]).

Lemma 3.4 Suppose that Σ0 satisfies the hypotheses in Theorem 3.2. On Σ̃s, we have

|〈F̃, ṽα〉ṽα|2 ≤ C(s)(1 + |F̃|2)1−δ,

where C(s) depends on s.

Proof Because we need only to show the lemma for a constant C(s) depending on s, it suffices
to prove the inequality for |〈F, vα〉vα|2. We set η(x, t) = |F|2+4t+1. We can easily verify that
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( ∂
∂t −∆)η = 0. Set g = |〈F, vα〉vα| and ηδ = ηδ−1. Applying Lemma 3.3 and using the fact that

|Ã| ≤ C, we obtain:(
∂

∂t
−∆

)
g2ηδ = ηδ

(
∂

∂t
−∆

)
g2 + g2

(
∂

∂t
−∆

)
ηδ − 4g∇g · ∇ηδ

≤ C
(
g2 + 1

)
ηδ + g2ηδ

(
1
ηδ

(
∂

∂t
−∆

)
ηδ + 2η−2

δ |∇ηδ|2
)

− 2∇ (g2ηδ

) · ∇ log ηδ

≤ C
(
g2 + 1

)
ηδ + g2ηδ

(
(δ − 1)δη−2|∇η|2)− 2∇ (g2ηδ

) · ∇ log ηδ

≤ C
(
g2ηδ + 1

)− 2∇ (g2ηδ

) · ∇ log ηδ,

where we assume that 0 < δ < 1 without loss of generality.
Let f(x, t) = e−Ctg2ηδ. Then(

∂

∂t
−∆

)
f(x, t) ≤ −2∇f(x, t) · ∇ log ηδ + Ce−Ct.

From Proposition 2.3, we have

f(x, t)− Ce−Ct ≤ sup
x
(f(x, 0)− C).

Therefore,

|〈F, vα〉vα|2 = g2 ≤ (C + sup
x
(f(x, 0)− C)eCt)η−1

δ

= (C + sup
x
(f(x, 0)− C)eCt)(|F|2 + 4t+ 1)1−δ.

This completes the proof.

Proof of Theorem 3.2

ϕ =
1
ũ
|H̃+ 〈F̃, ṽα〉ṽα|2,

where ũ = 〈ẽ1 ∧ ẽ2, ω + ∗ω〉 · 〈ẽ1 ∧ ẽ2, ω − ∗ω〉. It is clear that(
∂

∂s
− ∆̃

)
ϕ ≤ 2ϕ+ ∇̃ϕ∇̃ũ

ũ
.

For 0 < ε < δ, let G(x, s) = (ηα(F̃))ε−1eβs, where ηα(F̃) = 1 + α|F̃|2. We have(
∂

∂s
− ∆̃

)
ηα = −2α(|F̃|2 + 2),

and (
∂

∂s
− ∆̃

)
G ≤ (β + 2(1− ε)(2α+ 1))G.

It follows that (
∂

∂s
− ∆̃

)
ϕG ≤ 2ϕG−G∇̃ϕ∇̃ũ

ũ
+ ϕ

(
∂

∂s
− ∆̃

)
G− 2∇̃ϕ∇̃G.
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Observing that

−G∇̃ϕ∇̃ũ
ũ

− 2∇̃ϕ∇̃G = ∇̃(ϕG)

(
∇̃ũ
ũ

+ 2
∇̃G
G

)
+ ϕ

(
−∇̃ũ

ũ
+ 2

∇̃G
G

)
∇̃G,

and |∇̃ũ| ≤ C|Ã|, and | ∇̃G
G | ≤ √

α, by choosing α and β sufficiently small, we have

(
∂

∂s
− ∆̃

)
ϕG ≤ −∇̃(ϕG)

(
−∇̃ũ

ũ
+ 2

∇̃G
G

)
.

By Proposition 2.3, we have

sup
Σ̃s

ϕ

(1 + α|F̃|2)1−ε
≤ e−βs sup

Σ0

ϕ

(1 + α|F̃|2)1−ε
.

Letting s→ ∞, we get F⊥∞ = −H∞. This proves the theorem.

4 Global Existence in M1 ×M2

Let M = M1 ×M2 be a Kähler-Einstein surface, M1 and M2 be Riemann surfaces. Let ωi be
a unit Kähler form on Mi for i = 1, 2. In this section we consider the global existence of the
mean curvature flow (1.1) in M .

Let Σ be a 2-dimensional oriented surface and let F0 : Σ →M be an immersion, and denote
Σ0 = F0(Σ). We say that Σ0 is a graph in M , if v = 〈e1 ∧ e2, ω1〉 ≥ v0 > 0 for some constant
v0, where {e1, e2} is an orthonormal frame on Σ0.

Let Σt = F0(Σ, t). Let

J1 = |h2
11 + h1

12|2 + |h2
21 + h1

22|2 + |h2
12 − h1

11|2 + |h2
22 − h1

21|2,

and

J2 = |h2
11 − h1

12|2 + |h2
21 − h1

22|2 + |h2
12 + h1

11|2 + |h2
22 + h1

21|2.
Note that J1 + J2 = 2|A|2. We set u1 = 〈e1 ∧ e2, ω1 + ω2〉 and u2 = 〈e1 ∧ e2, ω1 − ω2〉.
Proposition 4.1 [8] Assume that M =M1 ×M2 is a Kähler-Einstein surface with constant
scalar curvature R, M1 and M2 are Riemann surfaces. Then(

∂

∂t
−∆

)
u1 = J1u1 +R(1− u2

1)u1,

and (
∂

∂t
−∆

)
u2 = J2u2 +R(1− u2

2)u2.

The first identity was proved in [7] (Proposition 3.2). Instead of considering the orientation
{e1, e2, v1, v2}, we consider the orientation {e1, e2, v1,−v2}, and using Proposition 3.2 in [7], we
obtain the second identity.
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As a consequence, we have:

Proposition 4.2 If v(x, 0) ≥ v0 >
1√
2
for all x ∈ Σ0, then ui(x, t) ≥ e−Ct(v0 − 1√

2
) for all

t > 0, x ∈ Σ, and i = 1, 2, where C = max{−R, 0}, R is the scalar curvature of M .

Proof By Proposition 4.1, we have(
∂

∂t
−∆

)
eCtui = eCt(Ji + C +R(1− u2

i ))ui, i = 1, 2.

Note that (Ji + C +R(1− u2
i )) ≥ 0 for i = 1, 2; applying the minimum principle, we conclude

that
eCtui(x, t) ≥ min

x∈Σ
ui(x, 0) > 0, i = 1, 2.

This proves the proposition.

Theorem 4.3 Assume that M =M1 ×M2 is a Kähler-Einstein surface with constant scalar
curvature R, M1 and M2 are Riemann surfaces, Σ0 is a graph. If v(x, 0) ≥ v0 >

1√
2
for all

x ∈ Σ0, then Equation (1.1) has a global solution F. If R ≥ 0, |A| is uniformly bounded for all
t.

Proof Set u = u1 · u2, and by Proposition 4.2, u > 0. By Proposition 4.1, we have(
∂

∂t
−∆

)
u ≥ 2|A|2u− 2∇u1 · ∇u2 − Cu

≥ 2|A|2u− 2
∇u1

u1
· ∇u+ 2

|∇u1|2u
u2

1

− Cu,

where C = max{−R, 0}, R is the scalar curvature of M . Let φ = |A|2
u . By Proposition 2.6 in

[7], we have(
∂

∂t
−∆

)
φ =

1
u

(
∂

∂t
−∆

)
|A|2 − |A|2

u2

(
∂

∂t
−∆

)
u+ 2∇|A|2 · ∇u

u2
− 2|A|2 |∇u|

2

u3

≤ −2|∇|A||2
u

+ 2∇φ · ∇u
u

+ 2φ
∇u1

u1
· ∇u
u

− 2φ
|∇u1|2
u2

1

+ Cφ

≤ 2∇φ · ∇u
u

−∇φ · ∇u
u

+ 2φ
∇u1

u1
· ∇u
u

− 2φ
|∇u1|2
u2

1

− |∇φ|2
2φ

− φ|∇u|2
2u2

+ Cφ

≤ ∇φ · ∇u
u

+ Cφ.

By the maximum principle, we have maxΣt φ ≤ eCt maxΣ0 φ. So |A| is bounded for all finite
time t, and Equation (1.1) has a global solution F. If C = 0, |A| is uniformly bounded for all t.
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5 Convergence at Infinity

In this section, we consider the convergence of the mean curvature flow. We do not require the
ambient space M has a product structure in Theorem 5.2.

Theorem 5.1 Assume that M = M1 ×M2 is a Kähler-Einstein surface with nonnegative
scalar curvature R, M1 and M2 are Riemann surfaces, Σ0 is a graph. If v(x, 0) ≥ v0 >

1√
2
, then

the global solution F(·, t) of Equation (1.1) converges to F∞ in C2 as t→ ∞ and Σ∞ = F∞(Σ)
is totally geodesic.

Proof By Theorem 4.3, we know that |A| ≤ C for all t > 0 and x ∈ Σ. It follows that F(·, t)
converges to F∞ in C2 as t→ ∞. Since

∂

∂t

∫
Σt

dµt = −
∫

Σt

|H|2dµt,

we have
µt(Σt) ≤ µ0(Σ0) and

∫ ∞

0

∫
Σt

|H|2dµtdt ≤ µ0(Σ0).

By Proposition 4.1, we have

∂

∂t

∫
Σt

u1dµt ≥
∫

Σt

u1J1dµt −
∫

Σt

u1|H|2dµt,

and
∂

∂t

∫
Σt

u2dµt ≥
∫

Σt

u2J2dµt −
∫

Σt

u2|H|2dµt.

Integration in t implies that

2µ0(Σ0) + 2
∫ ∞

0

∫
Σt

|H|2dµtdt ≥ min
i,x

ui(x, 0)
∫ ∞

0

∫
Σt

2|A|2dµtdt,

and then ∫ ∞

0

∫
Σt

|A|2dµtdt <∞.

So, there is a sequence ti → ∞, such that∫
Σti

|A|2dµti → 0 as i→ ∞.

It follows that |A∞| = 0, that is, Σ∞ is totally geodesic. This proves the theorem.

Theorem 5.2 Let M be a Kähler-Einstein surface. Suppose that the smooth solution of
the mean curvature flow (1.1) exists on [0,∞). Then there is a sequence of ti → ∞ such
that Σti converges to a minimal surface possibly with finitely many singularities. Outside the
singularity set of the minimal surface, the convergence is in C2. If the scalar curvature of M
is non-negative, the minimal surface is a holomorphic curve.

Proof By the Gauss equation

R1212 = K1212 + (hα
11h

α
22 − hα

12h
α
12),
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we get

(Hα − hα
22)h

α
22 − (hα

12)
2 = −K1212 +R1212,

and

(Hα − hα
11)h

α
11 − (hα

12)
2 = −K1212 +R1212.

Adding the last two identities, one gets

|A|2 = |H|2 − 2R1212 + 2K1212.

We therefore have ∫
Σt

|A|2dµt ≤
∫

Σt

|H|2dµt + Cµt(Σt) + 4g − 4,

where g is the genus of the initial surface Σ0. Because Σt is a continuous deformation of Σ0, so
its genus is also g. Since

∂

∂t

∫
Σt

dµt = −
∫

Σt

|H|2dµt,

we have

µt(Σt) ≤ µ0(Σ0) and
∫ ∞

0

∫
Σt

|H|2dµtdt ≤ µ0(Σ0).

So, ∫
Σt

|A|2dµt ≤
∫

Σt

|H|2dµt + C,

and there is a sequence ti → ∞, such that∫
Σti

|H|2dµti → 0 as i→ ∞. (5.1)

It follows that ∫
Σti

|A|2dµti ≤ C. (5.2)

Suppose that Σti blows up around a point p ∈M . We have

λ2
i = max

Σti
∩B

M

r (p)

|A|2 → ∞.

Assume that λi = |A(xi)| and that F(xi, ti) → p as i→ ∞. Considering the blow-up sequence

Fi = λi(F(x+ xi, ti)− F(xi, ti)),

we can see that Fi → F∞ as i→ ∞ and F∞ is a minimal surface in R
4 with |A| ≤ |A(0)| = 1.

Lemma 5.3 There is an absolute constant ε0 such that for all the minimal surfaces Σ in R
4

with |A| ≤ |A(0)| = 1, we have ∫
B4

1(0)∩Σ

|A|2dµ ≥ ε0.
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Proof Otherwise, there are Σk with |Ak| ≤ |Ak(0)| = 1, Hk = 0, and∫
B4

1(0)∩Σ

|Ak|2dµ→ 0.

By Proposition 2.6 in [7], we have

∆|Ak|2 = −2|∇̃Ak|2 + 2|Ak|4 ≤ 2|Ak|2.

By the mean value inequality, we obtain

1 = |Ak(0)| ≤ C

∫
B2

1(0)

|Ak|2 ≤ C

∫
B4

1(0)∩Σ

|Ak|2 → 0.

This proves the lemma.
By Lemma 5.3, we have

ε0 ≤
∫

B4
1(0)∩Σi

|Ai|2dµi =
∫

B4
λ−2

i

(0)∩Σti

|A|2dµti .

By (5.2), one can see that the blow-up set is at most a finite set of points. We can see from
(5.1) that Σ∞ is a minimal surface.

By Proposition 3.2 in [7], we have

∂

∂t

∫
Σt

cosαdµt =
∫

Σt

cosα|∇MJt|2dµt +
∫

Σt

R sin2 α cosαdµt −
∫

Σt

cosα|H|2dµt,

where
|∇MJt|2 = |h2

11 + h1
12|2 + |h2

21 + h1
22|2 + |h2

12 − h1
11|2 + |h2

22 − h1
21|2

for the second fundamental form hα
ij of Σt in M . However,∫

Σt

cosαdµt =
∫

Σt

ω

is constant under the continuous deformation in t since ω is closed. Therefore, if R ≥ 0 we have∫
Σt

cosαdµt ≤
∫

Σt

cosα|H|2dµt.

By (5.1), we then obtain ∫
Σti

|∇MJti |2dµti → 0 as i→ ∞.

So, Σ∞ is a holomorphic curve. This proves the theorem.
If a minimal surface is a graph, we know that it is smooth ([9], Theorem 7.2, see also [10],

Theorem 4.2). So, we have the following corollary:

Corollary 5.4 Assume that M = M1 ×M2 is a Kähler-Einstein surface, M1 and M2 are
Riemann surfaces, Σ0 is a graph. If v(x, 0) ≥ v0 >

1√
2
, then the global solution F(·, t) of the
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equation (1.1) sub-converges to F∞ in C2 as t→ ∞, possibly outside a finite set of points, and
Σ∞ = F∞(Σ) is a smooth minimal surface.
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