
Acta Mathematica Sinica, English Series

July, 2001, Vol.17, No.3, pp. 497–500

A Minimizing Property of Lagrangian Solutions

Shi Qing ZHANG
Department of Mathematics, Chongqing University, Chongqing 400044, P. R. China

E-mail: abc98@cqu.edu.cn

Qing ZHOU
Department of Mathematics, East China Normal University, Shanghai 200062, P. R. China

E-mail: qzhou@math.ecnu.edu.cn

Abstract In this paper, we prove that the Lagrangian solutions to the three-body problem minimize

the action function.
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It is known that the Keplerian orbits minimize the Lagrangian action of the two-body problem
(see [1, 2 and 3]), and in this short paper, we will show that the Lagrangian solutions [4] to the
three-body problem also minimize the action functional. Note the fact that circular Lagrangian
solutions minimize the action functional on the zero mean loop space has already been known
(see [5, 6]).

For a given choice of the masses (m1,m2,m3) ∈ R
3
+, the configuration space of the three-

body problem in C is given by

F =

{
(x1, x2, x3) ∈ C

3;
3∑

i=1

mixi = 0, and xi �= xj , i �= j

}
.

The loop space M we will deal with is the W 1,2 completion of the following smooth loop space:

C = {q(t) = (q1(t), q2(t), q3(t)) ∈ C∞(R/TZ, F );

deg(q2 − q1) �= 0,deg(q3 − q2) �= 0, and deg(q1 − q3) �= 0} ,
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and the Lagrangian action is given by

f(q) =
1
2

∫ T

0

3∑
i=1

mi|q̇i|2dt +
∫ T

0

∑
i<j

mimj

|qi − qj |dt.

The solution to the three-body problem is a critical point of the Lagrangian f on M. The main
result in this paper is the following theorem:

Theorem 1 The minimal regular solutions to the three-body problem in M are precisely the
Lagrangian elliptical solutions.

We start with a brief review of Keplerian orbits, Gordon’s result [2] and Lagrangian solu-
tions.

The Keplerian orbits are the regular periodic solutions to the equation

ẍ(t) = − x(t)
|x(t)|3 , where x(t) ∈ C∞(R, C).

It is easy to verify that the energy E = 1
2 |ẋ|2−|x|−1 and the angular momentum G = x× ẋ are

constants of the motion (see [1] or [3]). In polar coordinates, the Kepler orbits can be written
as x(t) = r(t)exp(

√−1α(t)), and r(t) and α(t) satisfy the equation

r(t) =
G2

1 +
√

1 + 2EG2 cos(α(t) − β)
, and G = r2(t)α̇(t).

The curve is an ellipse with eccentricity
√

1 + 2EG2, semimajor axis (−2E)−1, and the period
of the close orbit is T = 2π(−2E)−3/2.

The Keplerian orbits are solutions to the two-body problem. Let N be the W 1,2 completion
of the loop space

{x(t) ∈ C∞(R/TZ, C), x(t) �= 0 and degx �= 0};
and the action functional is defined by

f1(x) =
∫ T

0

( |ẋ(t)|2
2

+
1

|x(t)|
)

dt.

The critical point of the functional f1 in N is called the solution to the two-body problem.
Gordon [2] proved the following theorem:

Theorem 2 The minimal regular solutions to the two-body problem in N are precisely the
Keplerian orbits, and the minimum of the action functional f1 equals A = (3π)(T/2π)1/3.

For the three-body problem, there are well-known solutions which were discovered by La-
grange [4] in 1772. For three masses (m1,m2,m3) ∈ R

3
+ (m1 +m2 +m3 = 1), put the masses at

the vertices of an equilateral triangle {t1, t2, t3} ⊂ C of side 1 such that
∑

i miti = 0, and pick a
Keplerian orbit x(t); then q(t) = x(t)(t1, t2, t3) is called a Lagrangian solution. To see that the
Lagrangian solution q(t) is a solution to the three-body problem, we have the following lemma:

Lemma 3 Lagrangian solutions to the three-body problem minimize the action functional f

in M.
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Proof Since
∑

miqi = 0, then
∑

miq̇i = 0 and then

∑
i<j

mimj |q̇i − q̇j |2 =
1
2

∑
i �=j

mimj |q̇i − q̇j |2

=
1
2

∑
i �=j

mimj(|q̇i|2 + |q̇j |2 − 2〈q̇i, q̇j〉)

=
3∑

i=1

mi|q̇i|2
∑
j �=i

mj −
3∑

i=1

∑
j �=i

mimj〈q̇i, q̇j〉

=
3∑

i=1

mi|q̇i|2
∑

j

mj −
〈∑

i

miq̇i,
∑

j

mj q̇j

〉

= M
∑

i

mi|q̇i|2 =
∑

i

mi|q̇i|2,

where M =
∑

mi = 1 is the total mass. Thus

f(q) =
∑
i<j

mimj

∫ T

0

( |q̇i − q̇j |2
2

+
1

|qi − qj |
)

dt.

For each i < j, by Theorem 2, we have that

∫ T

0

( |q̇i − q̇j |2
2

+
1

|qi − qj |
)

dt ≥ 3π
(

T

2π

)1/3

,

and the integral attains its minimum at Keplerian orbit qi(t)− qj(t) = x(t)(ti − tj). This shows
that the action functional f attains its minimum 3π(T/2π)1/3

∑
i<j mimj at the Lagrangian

solution q(t) = x(t)(t1, t2, t3), and thus we complete the proof of the lemma.

Now we are in a position to prove Theorem 1. To prove Theorem 1, we need to verify that
any regular minimal solution to the three-body problem is a Lagrangian solution.

Proof of Theorem 1 Suppose q(t) = (q1(t), q2(t), q3(t)) is a regular minimum solution to the
three-body problem. By Theorem 2 and the proof of Lemma 3, x1(t) = q2(t) − q3(t), x2(t) =
q3(t) − q1(t) and x3(t) = q1(t) − q2(t) are Kepler orbits of period T . So

ẍi(t) = − xi(t)
|xi(t)|3 .

It is clear that

x1(t) + x2(t) + x3(t) = 0.

This implies that ẍ1(t) + ẍ2(t) + ẍ3(t) = 0, i.e.

x1(t)
|x1(t)|3 +

x2(t)
|x2(t)|3 +

x3(t)
|x3(t)|3 = 0.

If, for some t0 ∈ R/TZ, the three points q1(t0), q2(t0) and q3(t0) are not the vertices of an
equilateral triangle, it must be collinear, and then collinear for all t ∈ R/TZ.
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To see this, we assume that |x2(t0)| �= |x3(t0)| and the real part of x1(t0) = 0. Then

Re(x2(t0)) + Re(x3(t0)) = 0, and
Re(x2(t0))
|x2(t0)|3 +

Re(x3(t0))
|x3(t0)|3 = 0,

and so Re(x2(t0)) = Re(x3(t0)) = 0.
In fact q1(t), q2(t) and q3(t) cannot be collinear, since we know that the three Kepler orbits

x1(t), x2(t) and x3(t) have the same semimajor axes.
So now we know that q(t) is of the following form:

q(t) = r(t)(q1(0), q2(0), q3(0)), degr �= 0,

where (q1(0), q2(0), q3(0)) are the vertices of an equilateral triangle and
∑

i miqi(0) = 0. The
action functional f must also attain its minimum of f at q(t) on the space{

r(t)(q1(0), q2(0), q3(0)),deg r �= 0,
∑

i

miqi(0) = 0

}
.

Restricting f on this space, then we have

f(r(t)) =
∫ T

0


∑

i

mi|qi(0)|2 |ṙ(t)|
2

2
+

∑
i<j

mimj

|qi(0) − qj(0)|
1

|r(t)|


 dt.

So r(t) is a Kepler orbit and then q(t) is a Lagrangian solution. This completes the proof of
the theorem.
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