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1 Introduction

Let © be a smooth bounded domain in Euclidean space R™ (m = 1,2,3). Then the well-known
inhomogeneous Heisenberg spin (IHS) chain system (also called inhomogeneous ferromagnetic

spin chain system) is given by
Ou(z,t) = o(x){u(z,t) x Au(z,t)} + Vo(z) - {u(z,t) x Vu(z,t)}, z € Q,

where u(z,t) € S2 C R, o(z) is a positive real function on 2, x denotes the cross product in
R3 and A is the Laplace operator on R™ (see [1-5]).
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For a map u : (M,g) — (N,h) between Riemannian manifolds, we recall that, in local
coordinates, the tension field can be written as
ouP ou”
dat dxi’
where A is the Laplace-Beltrami operator on M with respect to the metric g and I'G, are the
Christoffel symbols on the target manifold (N, h). Thus, it is easy to see that the IHS chain

system can be written as

7 (u) = Au® + gijfgv(u)

Opu(z,t) = o(x)J (u(z, t))T(u(z,t)) + Vo(z) - J(u)Vu(z,t).

This shows that the IHS chain system is a nonlinear Schrédinger equation into S2. Indeed, it
can be viewed as an infinite dimensional Hamiltonian system with respect to the inhomogeneous
energy functional (see [6-9]) given by E,(u) = [, |du|*c(z)dx, where |du|? denotes the Hilbert-
Schmidt norm of the tangent map du : T2 — T'N.

For the homogeneous case (i.e., ¢ = 1), Zhou, Guo and Tan [10] showed that for smooth
initial data there exists a unique smooth solution for the Cauchy problem of the ferromagnetic
spin chain system from S* into S2. In [11, 12], Wang proved the existence of a global weak
solution for the Cauchy problem of the ferromagnetic spin system from any closed manifold
into 2 with or without external magnetic field (see also [13, 14]).

In [6], Ding and Wang studied the Schrodinger flow for maps from a compact Riemannian
manifold into a symplectic manifold. For a symplectic manifold (N, J) with symplectic form w,
where J is an almost complex structure on N such that h(-,-) = w(+, J+) is a Riemannian metric,
the Schrodinger flow for maps from (M, g) into (N, J) is defined by the equation dyu = J(u)7(u).
It can be viewed as an infinite dimensional Hamiltonian system. When M is the unit circle
and (N, J) is a Kdhler manifold, Ding and Wang [6] proved that the Schrodinger flow admits
a unique local smooth solution. Furthermore, when (N,J) is a compact Riemann surface
with constant sectional curvature, they showed that the solution exists globally by exploiting a
conservative law.

Chang, Shatah and Uhlenbeck [15] studied the Cauchy problem for the Schodinger flow
from R™ (m = 1,2) into a compact Riemann surface N. Using a generalized Hasimoto trans-
formation, they showed that for m = 1 and smooth initial data, the Cauchy problem admits a
unique global smooth solution. For m = 2, considering symmetric solutions, they proved the
global existence and uniqueness under the small energy assumption. Terng and Uhlenbeck [16]
studied the global existence for Schrodinger flow from R! into Grassmannians. Also, Ding [17]
pointed out that the nonlinear Schrodinger equation with K = —1 is gauge equivalent to the
the Schrédinger flow from R! into H(—1).

In [18] and [19], we showed the global existence of Schrédinger flows on Hermitian locally

symmetric manifolds. More precisely, the following result was obtained:

Theorem [19] Let (N, J,h) be a Hermitian locally symmetric manifold and let M = St or
R'. Then, the Schrédinger flow from M into N obeys the following conservative law:

%{ /M [ (u(t))[?dS — %/M R, Ju' ', Ju’)ds} =0,
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where R(-,-,-,-) denotes the curvature tensor of N. If M = S*, then for smooth initial data, the
Cauchy problem of the Schrédinger flow admits a unique global smooth solution. If M = R', a

similar global existence result holds when the target manifold N is compact.

Moreover, in [18], the authors showed that the two-dimensional Schrodinger flow into a
compact, nonpositively curved Kéahler manifold is locally well-posed.

In spite of many developments of Schrodinger flow and nonlinear Schrodinger equation (see
e.g. [20-26]), little is known about the inhomogeneous case. The inhomogeneous Schrédinger

flow from a Riemannian manifold into a symplectic manifold (N, J) is defined by
Ou = o(z)J(u)7T(u) + Vo (z) - J(u) du,

where o is a positive real function on M. If {e;} is a local orthonormal frame on M, then
Vo(x) - J(u)du = V.,oJ(u) (du(e;)) .

We note, for instance, that the anisotropic IHS chain system can be reformulated as the inho-

mogeneous Schrodinger flow into the Poincaré disk:

% =i {o(x) (Az + %(V«ZF) + Vo(z) - VZ} ;

where z(z,t) € {z € C:|z| < 1}.

Recently, Wang and Wang [7] proved that there exists a unique global smooth solution for
the Cauchy problem of the inhomogeneous Schrédinger flow from S! into a complete Kihler
manifold with constant holomorphic sectional curvature. They exploited the symmetries of
Kahler manifolds with constant holomorphic sectional curvature to derive certain a priori es-
timates. This is different from the approach of investigating the Schrodinger semigroup and
employing the Strichartz inequality.

Motivated by [7] and [18], this paper establishes a local existence theory for the Cauchy
problem of the inhomogeneous Schrédinger flow from an n-dimensional (n < 3) compact Rie-
mannian manifold into a compact Kéhler manifold with nonpositive sectional curvature. Our

main result is:

Theorem 1 Let M be a closed Riemannian manifold with dim(M) < 3 and let (N,J)
be a Kdhler manifold with nonpositive sectional curvature. Assume that o(z) € C*(M) and
minge s |o(z)] > 0. Then, given the initial map ug € H%?(M), the Cauchy problem of
the inhomogeneous Schrédinger flow from M into (N,J) admits a unique local solution u €
L*°([0,T), H>2(M)).

Facilitated by the preliminary results collected in Section 2, the proof of Theorem 1 will be

given in Section 3.

A Note on Notation We shall use the symbol C generically to denote certain scalar-valued
terms in the estimates to be derived in the remainder of the paper. We will, however, normally

specify the objects/quantities on which these terms depend by means of arguments to C. For
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example, the symbol C' (M, N) denotes a constant depending only on the manifolds M and N,
whereas the symbol C(||7(u)||L2, Es(u)) denotes a smooth scalar-valued function depending on
the quantities ||7(u)||r2 and Ey(u). Thus, the latter C' is not necessarily a constant but may
vary with u. Also, unless otherwise specified, C' shall be assumed to depend on its arguments

smoothly.

2 Preliminaries

Let m# : E — M be a Riemannian vector bundle over a Riemannian manifold M and denote

its tensor product with the exterior p bundle by
NT*Me@E — M, p=1,2,...,dim(M).

Denote the set of smooth sections of APT*M ® E by I'(APT*M ® E). The metrics on T*M and
E induce a metric on APT*M ® E: for any s1,s3 € T(APT*M ® E),

<817S2>: Z <81(ei13-"aeip))SQ(eila"'aeip)>7

1 <t < - <ip

where {e;} is an orthonormal local frame of TM. This further induces an inner product on
T'(APT*M ® E):

(1200 = [ tsvsal@)add = [ (srs)@) <1,

The space L?(M,APT*M @ E) is the completion of ['(APT*M ® E) with respect to the above
inner product.

Let V be the covariant differential induced by the metric on E, then the Sobolev space
H*"(M, E) is defined as the completion of the smooth sections of E with respect to the norm

1
r

k
Islhr = lsllzse ey = (3 [ 1951 ar)”,
=0

where |Vis| = (V---Vs,V---Vs)2. The Sobolev spaces H*"(M,APT*M © E) are defined
i times i times

analogously (see Appendix in [27] and [28] for details). These Sobolev spaces are the so-called
bundle-valued Sobolev spaces. We recall two standard results when M is a compact Riemannian
manifold, namely, the Rellich theorem and the Sobolev embedding theorem.

On the other hand, it is well-known that a compact Riemannian manifold N can be isomet-
rically embedded into a Euclidean space R¢ for some positive integer d > dim(N). Hence, one

can define the Sobolev spaces:
WHP(M,N)={g:g9g € WFP(M,R%),g(x) € N a.e. x € M}.

These spaces are called Sobolev spaces of maps (functions).
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We note that for any f : M — N, df can be regarded as a 1-form with values in f*T'N,
ie., df e T(T*M ® f*TN). The energy density of f is defined by e(f) = 1|df|?, and the energy

functional is given by
1
B(f) = [ 1@,
M

Let {e;} be a local orthonormal frame on M and {e}} its dual frame. Let {€,} be a
local orthonormal frame on N. Then, with respect to the above frames, df = ffe] ® e,, and
7(f) = Vifi where f; = f'és = fie;.

In [18], we showed the following propositions:

Proposition 2.1 [18]  Let M be a closed Riemannian manifold and N a complete Riemannian
manifold with nonpositive sectional curvature. For a smooth map u : M — N, there exists a
constant C'(M) such that

/ |Vdul? dM g/ |7(u)|? dM + C(M)E(u).
M M
In particular, if M has nonnegative Ricci curvature, then

/ \Vdu|2dM§/ |7 (u)|* dM.
M M

In the following two propositions, N is regarded as isometrically embedded in the Euclidean
space R?. For convenience, we denote || - [[co(ar,rey and || - [[wssar,ray by || - [lco and || - ||y

respectively. First, we prove the 3-dimensional analog of Proposition 2.3 in [18]:

Proposition 2.2 Let M be a closed Riemannian manifold with dim(M) < 3 and N a compact

Riemannian manifold with nonpositive sectional curvature. For a smooth map u: M — N,
lldu|lw22 < C(M, N, E(u),||VT(u)|L2)-

Proof 'We need to consider only the case dim(M) = 3. The proof is in fact similar to that of
Proposition 2.3 in [18] and makes use of the bootstrap technique in regularity considerations in

elliptic theory.

Proposition 2.3 [18]  With the same assumptions as in Proposition 2.2, for k > 1, there
exist constants C(M, N) such that

[duflyaesre < C(M, N)|A*T(w)]|2 + Corir (VAR 7 (W) |22, - VT (W) |22, B(w),
and

||du||W2k+2,2 S C‘(]\f7 N)||VAkT(U)||L2 + 02k+2(||AkT(u)HL2, ey HVT(U)HLQ,E(U))

Proposition 2.4 [18] Let E — M be a Riemannian vector bundle over a closed m-
dimensional Riemannian manifold. For s € T'(E), there exists a constant C(M), which does

not depend on E, such that

IVsllze < COM)| V|0 llsll 2, (2.1)
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m m

where % =14 a(% — l) +(1- a)%, for all a in the interval % < a < 1 for which p is

nonnegative.

Proposition 2.5 Let M be a closed Riemannian manifold and N a compact Riemannian
manifold with nonpositive sectional curvature. Assume that o(x) is a smooth function on M
with mingeps |o(x)] > 0. Then, for a smooth map uw : M — N, there exists a constant C(o)

such that
VT ()72 < Co){[[VTo(w)]lz2 + 7o (u)l|F2 + Eo(u)},

IAT(W)][72 < C(o) AT (w)][ L2 + C(IV 7o ()22, Eo (),

and

IVAT(u)|[22 < C(0) VAT (u)l 22 + C|1 AT (u)]1Z2, Eg (u)),
where 7, (u) = o(x)7(u) + Vo (z) - du.
Proof 1t is easy to see that there exists a constant depending only on ¢ such that
IT(Z2 < Clo){lITo(u)Z2 + Eo(u)}. (2.2)
Since mingeas |o(z)| > 0, by a direct calculation, we have

IVr(u)? < |V(e~ Y (or(u) 4+ Vo - du))* + V(e Vo - du)|?

< V(o7 (w)]? + V(e Vo - du)|? 23)
< oIV + o=V, 7 (W) + C(o) (dul? + | Vdul?) |
< C0){|VTe(w)? + |70 (w)|* + |du|? + |Vdu|?}.

Thus, it follows from Proposition 2.1, (2.2) and (2.3) that
IVr@)[7: < CO{VTe(Wlliz + I7o(w)72 + E(w) + [Vdull72}
CloNIVre (W72 + lI7e (W)[I72 + E(u) + [I7(w)[72}

< COflIVre(Wli: + I (w)ll72 + Eo(u)},

IN

where the last inequality follows because E(u) < C(0)E,(u).
The second inequality follows by direct calculation and Proposition 2.2. The last inequality

then follows from Proposition 2.3.

3 Proof of Theorem 1

In this section we will establish the local existence result for the Cauchy problem of the inho-

mogeneous Schrodinger flow from M into a Kéhler manifold (N, J) defined by

ou(t) = Jw{o(z)r(u(t)) + Vo(z) - du(t)},
u(z,0) = wug(x),

(3.1)
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where o is a positive real function on M and ug : M — N. To prove the local existence result,

we shall consider the following approximating equations parameterized by ¢ € (0,1):

u(z,t) = eto(u(z,t)) + J(u)7o (u(2,1)),
u(z,0) = wuo(z).

(3.2)

If mingeps o(x) > 0, it is easy to see that this is a second-order uniformly parabolic system.
Hence, by the classical theory (see [29]), given any smooth map wug, there is a unique local

smooth solution to (3.2). Also, obviously,
/ |du|?o(x) dM < 0,
and this leads to the energy inequality [7] E,(u(t)) < E,(ug). Furthermore,

[min o(2)]E(u) < Eo(u) < [maxo(z)]E(u).

These energy estimates will be used extensively in the subsequent arguments.

We also need the following estimates on the Sobolev norms of the tension field 7(u):

Lemma 3.1 Let M be a closed Riemannian manifold with dim(M) < 3 and N a compact
Kahler manifold with nonpositive sectional curvature. Let o(x) be a smooth function defined on
M such that minge s |o(x)| > 0. If u is a smooth solution of the Cauchy problem (3.2), then
there exists T > 0, which is independent on 0 < & < 1, such that the following inequality holds
uniformly for 0 < e < 1:

sup / |V (u)|? dM < C(T, up).
te[0,T) J M

(C(T,up) also depends on the C*-norm of o).

Proof We will only consider the case dim(M) = 3. Without loss of generality, we may assume

that M is the flat torus 7™ = R™/Z™ and mingep o(z) > 0. For ease of notation, denote 2%

by 4, and u.e; by u;. As VJ = 0, by direct calculation,

th/l [ = /M@’VtmdM
- /M<u, Vilero (u) + J (u)7o (w)) dM

/M€<1l, (J(x)Vthuj + V;a(:c) . Vtul)> dM

—|—/ (4, J(u)(o(x2) ViV u; + Vio(z) - Vi) dM
M

e(,o(x)V;Viu+ Vio(x) - Via) dM

I
—

M

+/ z)V;Vu+ Vio(x) - Vi) dM
M
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+/ e(u, o(x)R(uj, &)u;) dM
J(u)(o(

M
+ [ i) R, ) a
M (3.3)
S / (V10, V yior() dM + / i, o () R(uy, i)uy) dM
M M
+ [ G I o)l i) .
M
where R(-,-) denotes the Riemannian curvature operator of N and
R(Uj,d)u]‘ = vtv]‘u]' - Vthuj = Vthuj - V]V]u
Now, applying Hoélder’s inequality, we obtain
1d .19 . . 2|12
—— | JufdM +¢e [ (V;u,V;4)dM < C(o,N) [ |du|*|0]*dM
2dt ) M M (3.4)

SO@MW%JWWM
M

Note that by differentiating both sides of (3.1), we obtain Vi = eV7,(u) + J(u) V7, (u).
Hence, as (V7. (u), J(u)V71,(u)) =0,

|Va)? = (1 + )|V, (u)]* (3.5)

Similarly,

jal* = (1 + €)7o (u) . (3.6)

Now, using Proposition 2.5 and the monotonicity of inhomogeneous energy, one can prove that
IVT(u)llz2 < Clo){lIVillL2 + [[il| 2 + v/ Eo(uo)}-
Therefore, it follows from Proposition 2.2 that

[dullco < C(M, N, E(uo), [[V7(u)| 2)

< Clo, M, N, E(uo), || 22, [[ Vil 2) (3.7)

< C(0,M,N, E;(uo), il a12(0)),

where )
[l 120y = |lill 22 + {/ |Vi|?o(z) dM} .
M

Substituting (3.7) into (3.4), we get
d 12 .
9] il at < (o, M, N, By (o), il ).
M
It follows from (3.6) and the last inequality that

%/MITU(U)IQCIM < FY (lro (W)l 2.2(0)), (3.8)
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where FY(+) is a smooth positive function which depends on o, E,(ug) and the geometry of M

and N, but not on ¢.
On the other hand, we have

%%/M\Vu\Qa(x)dM :/M<vm,vtvm>a(x) dM
. / (V 511, VoV (e (0) + J ()7 (1)) () dM
M

= /M{fs(Vﬂl, ViVi(o(2)Vju; + Vio(z) - w))

+H(Viu, J(w)ViVi(o(z)V,u; + Vio(z) - w)) }o(x) dM

— I + I,
where
I = /Ma<viu,vtvi(a(x)vjuj + Vio(z) - Viu))o(z) dM
- /ME{(Viu,a(x)VtViVjuﬁ + (Vio(z) - Viit, ViV uy) o (o) dM
—|—/M£{<Vm7 Vio(x) - ViViu) + (Via, V;Vio(z) - Vew) }o(x) dM
and

I, = / (Vit, J(u)ViVi(o(z)Vuj + Vio - Viu))o(z) dM

M
= M{(Vﬂl, J(u)o(x)ViViVuj) + (Vio(x) - Vi, J(u)ViVjuj) to(z) dM

+/M{<viu, J(w)Vio(x) - ViVy) + (Via, J(w)V;Vio(x) - Viug) Yo (x) dM
= A +A+ A3+ A,

We compute the quantities A; — A4 below.

By the commutative relation of covariant differential, we have
ViViVu; = V,;ViVu; + R(u;, 0)Vju,
= V,V;Viu; + Vi (R(uj, @)u;) + R(us, 0)Vju;
= V.,V,;Viu+ R(u;, %)V u; + R(Viu,, t)u,
+R(uy, Vit)u; + R(uj, @) Viug + (ViR) (g, 0)u;.
Also,

/M<v,-a, T(w)o (&)Y, V i) (x) dM = —2 / (Vo () - Viit, J(w)V,V iy () dM.

M
Using (3.12) and (3.13), we can deduce that

A1 = / <VZ’UJ, J(U)U(l’)vtvzv]’u]>0($) dM
M

< —2/M<Via(z) -Vit, J(w)V,;Vu)o(x) dM

(3.10)

(3.11)

(3.12)

(3.13)
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+C(M, N, a)/ |Vl {|a||dul|Vdu| + |dul?| V| + |dul®|al} dM. (3.14)
M

Similarly,
Ay = / (Vio(2) - Viit, J )V V) Yo () dM
M
< / (Vio(z) - Vi, J(u)V;Vu)o(z) dM (3.15)
M
+C(N,o—)/ Vil it duf dM.
M
To compute As, note that, by integrating by parts,
Az = / (Vit, J(u)Vio(x) - ViVu)o(x) dM
M
= —/ (i, J(u)V; Vo (x) - ViViu) dM
M (3.16)
—/ (a, J(u)Vio(x) - V;VViw)o(z) dM
M

—/ (@, J(u)Vio(z) - ViViu)Vio(x) dM.
M
Then, using the commutative relation of covariant differential

ViViViuy = V;ViVii + Vi (R(ui, 0)ug)
= V,;V.Viu+ R(Viui, ’ll)’u,l + R(u“ Vzu)ul + R(U17 u)Viul + (VZR> (ui, ’ll)’u,l

= V.(ViVit+ R(u,u;)u) + R(Viug, w)u; + R(ui, Vit)uy
+R(us, u)Viug + (Vi R) (ug, @)y
= ViViVil+ 2R(up, u; ) Vit + R(Viuy, ug)t + R(ug, Viug )t + (Vi R) (uy, u;)d
+R(Viu;, w)u; + R(us, Vii)uy + R(us, 0) Vi + (Vi R) (ui, @)ug.
Hence, the second term on the right-hand side of (3.16) becomes
/M<iL7 J(w)Vio(x) - V;ViViu)o(x) dM
_ / (i, T () V1o (&) - ViV Vaihor () dM + /M<u,P(a)(du, Vdu, i, Vit)yo () dM
/ (Vio(@) - Vyit, J(w)ViVai) o () AM — / (i1, T () Ao (2) Vi V1) Yor () dM
/ )(du, Vdu, i, Vi)yo (z) dM

= / (@, Py(0)(du, Vdu, @, Vi))o (z) dM — / (Vio(z) - Vi, J(w)V: Vi) yo(z) dM,
M M

where P;(0)(du, Vdu, @, Vi) is a multilinear functional with coefficients dependent on o and

satisfies

|Pr(0)(du, Vdu, i, Vii)| < C(M, N, o){|illdul| Vdu| + |dul*|Vi| + |V + |a|dul}.
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The other terms on the right-hand side of (3.16) are handled similarly. Finally, direct calculation
yields

Az = /M<Vm, J(w)Vio(x) - ViVu)o(z) dM

(Vit, J(u)V;Vio(x) - Viuyo(z) dM

g\

+ [ (Vio(z) - Vi, J(u)V;Vii)o(z) dM (3.17)

+ [ (4, Py(o)(du, Vdu, i, Vii)) dM,

where P5(0)(du, Vdu, 4, Vi) is a multilinear functional with coefficients dependent on o and

satisfies
\Py(0)(du, Vdu, 1, Vi)| < C(M, N, o) {|it]|du|[Vdu] + |dul?| V4] 1)
+a|dul? + |dul®|a| + [Vil}. ’
Thus,
Ay < / (Vio(@) - Vi, J(@)VVii)o(z) AM + C(o) / Va2 dM (3.19)
M M

+C(M, N,a)/ [a|{ |0 du||Vdu| + |dul?|Va| 4 |@]|du|® 4 |du|?|a] + |V} dM.
M

Finally, it is obvious that

Ay < C(0) / Va2 dM. (3.20)
M
Substituting (3.13), (3.15), (3.19) and (3.20) into (3.11), we obtain that

Ih= Ay + Ay + Az + Ay

IN

C(a)/ Va2 dM
M (3.21)
+C(M, N, a)/ || { 0| du||Vdu| + |du|?| V| + |a||du* + |dul?|a| + |V} dM
M

+C(M, N, a)/ \Val{|i]|du||Vdu| + |dul?|Vi| + |dul®|d] + |i||du)®} dM.
M
By the same argument as done in the estimates for I, we also infer that, for 0 < e < 1,

I < 75/ (At Atyo? (x) dM + C’(o)/ \Va|* dM
M M
+C(M,N,a)/ || {0 du||Vdu| + |du|?|Va| + |a||dul* + |dul®|a| + |Val} dM - (3.22)
M

+C(M, N, a)/ |Vl {|a||du||Vdu| + |du|?*| V| + |a||dul? + |du|®|i]} dM.
M
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Combining (3.21) and (3.22), we obtain from (3.9) that, for 0 < e < 1,
/ |Va|*o(z) dM + 25/ (AT, Atu)o® (x) dM
<Clo {/ Val dM +/ (2| du|| Vdu| dM
+/Mu(|du| (V| + 0] |dul® + |dul®|a| + Vi) dM}
+C(a)/M|vu|{|u||du||Vdu| + |du?| V4| + |dul®|a] + |i||dul*} dM.
By Holder’s inequality, it follows from the last inequality that

/\w? dM+2€/ (Ad, Ad)o(z) AM
M

{/ |Vu|2dM+||du||Co/ |)? |Vdu|dM}

(o /MIIdUIlco{IVﬁIIﬂIIVdU\ +lldulleo (IVal* + (1 + [|dullco) al[ Vil } dM (3.23)
C(o, HdUII?;o)/M(IVdIIﬂI +al* (1 + || dullco)) dM
< C(o, |ldullco){lIVirllZz + [l L2 + lal|7a + [Vdul e}
Cllldullco, 4] L2, Eq(uo))-
Here we have used the following inequality derived from Proposition 2.1:
IVdul2: < C{lIr ()12 + Eo(uo)}
< Clflme(wzz + Eo(uo)} (3.24)
Clo){llalz> + Eo(uo)}-

A

IN

By Propositions 2.2, 2.4 and 2.5,
IVdul|s < C(M, N){l|dullw.s + [|dul|2.0 }
C(M, N){l|dullw.a + ||dul|Zo }

IN

C(M, N){||dull 2.z | dull L2 + |duliZ0}

IN

IA

C(M,N, Ey(u),||[VT(u)|z2)
C(o, Ex(uo), ||l Lz, [Vl 2) (3.25)

IN

IA

C(0, Eq(uo), 0l g12(0)),

and
[dllps < C(M, N)[[d]lw.

< C(o, Es(uo), [0l L2, [| Vil 2) (3.26)

< C(Ua EJ(UO)7 ||I(:[’HH1’2(O'))'
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Plugging the last two inequalities into (3.23), we obtain
%/MW{LFU@) dM < C(o, Eg(uo), |0l g12(0))- (3.27)
Consequently, by (3.5), it follows that
%/Mlvn(u)ﬁa(g;) dM < C(o, M, N, Ey(uo))(I7(w) || zr12(0) ), (3.28)

where FJ(+) is a smooth positive function which depends on o, E,(ug), M and N, but not on
. Thus, combining (3.8) and (3.28), we have

d
e (@lar2@) < F7 (170 (W)llar2(0)) + 5 (70 (W)l a1.2(0))

dt
= Fllro(@)lur2)),

where F?(-) does not depend on e.

(3.29)

Now consider the initial value problem for the ordinary differential equation

dg(z) _ o
“ar F7(q(x)),

q(0) = [I7o (uo) | 112 (e)-
It is easy to see that this problem has a local smooth solution. Hence, by the comparison

principle of ordinary differential equations, there exists a positive real number T'(ug), which

does not depend on ¢, such that on [0,7(ug))
7 () 1.2y < C(M, N, T(uo)).

Combining this with the inequality

/M V7 (w)? dM < C(o){lI7o (w)llr2(0) + V/ Eo(u0)},

we obtain

sup / \VT(u)\szgC(T,uo),
tel0,T) J M

where C(T,ug) depends on the C2-norm of o, but does not depend on . This completes the
proof of Lemma 3.1.

Remark 1  From the above proof, we see that T = T'(E,(ug)) depends only on E, (ug), o(x),
and the geometry of M and N.

Remark 2 It is easy to see that the following estimates hold uniformly for 0 < e < 1:

sup ||a(t)||32 < C(T,up) and sup ||Vi(t)||2: < C(T,up).
t€[0,T) t€[0,T)

Lemma 3.2  Under the same assumptions as in Lemma 3.1, there exists a positive T', which
is independent of 0 < € < 1, such that the following hold uniformly for 0 < e < 1:

sup |AT(u)|? dM < C(T,up),
tel0,T) J M
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and

sup VAT (u)|? dM < C(T, ug).
tel0,T) J M

Here, C(T,ug) depends the C*-norm of o, but does not depend on .

Proof As V.J =0, by a direct calculation we have

1
Ld |Au?c? dM = /<Au,vtAu>ang
2dt Sy M
= ¢ (A4, V,V;Vi(oVu; + Vo -u;)) o dM
[ (B V9TV + V) a0
+/ <AU,J(U)vtVZV1(O’VJUJ +Vj0' . Uj)>0'2 dM
M
= Il +ZQ
We write

I,= ¢ / (At oV ViV (u))o? dM + 2¢ / (A, Vio - Vi Vit (u))o? dM
M M

+5/ (A1, Vi Vo - Vir(u))o® dM + 5/ (A4, Vo - ViV Vu;)o? dM
M M (3.31)

+2€/ <Au, ViVjcr . vtvin>O'2 dM +€/ <AU,VZV1VJO' . Vtuj>cr2 dM
M M

A1+ Ay + Az + Ay + As + Ag.

and
I, = / (AU, 0 J(u)VV;ViT(u))o? dM
M

+2/M<Au, J(u)Vio - ViVt (u))o? dM
+ /M<A11, J(u)V;Vo - V7 (u))o? dM
+/M<Aa, J(W)Vjo - Vi ViVu,)o? dM (3.32)
+2/M<Au, J(u)V;V o -V,Vuj)o? dM
+/M<Ait, J(u)V;V;V o - Viuj)o? dM
= Bi+ By + Bs+ By + Bs + Bs.
Now, we compute the terms in Z;. Note that
ViViVit(u) = V;V:Vir(u) + R(us, ) VT (u)
= V;ViVir(u) + Vi(R(ui, ©)7(w) + R(ui, 0) V7 (u)

: . . (3.33)
= ViViV,Vi+ ViVi(R(uj, i)uz) + Vi (R(ug, )7 (w))
+R(ug, @) Vit (u).
Also, we have
Vi(R(us, 0)7(w)) = R(r(u), @) (u) + R(u;, Vii)7(u) (3.34)

+R(ui, w) Vit (u) + (ViR)(ui, 0)7(u),
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and
VZVZ(R(u], ’[L)’u]') = VZ{(VZR) (Uj, ﬂ)Uj + R(Viuj, iL)Uj + R(Uj, VZ’U,)UJ + R(Uj, U)VZ'U,]}
= R(AUj, Q)Uj + R(Viuj, VZ"I'J,)’U,j + R(Viuj, u)VZu]
+ R(Vﬂﬁj, Vlu)uj + R(Uj, Au)u] + R(Uj, Vlu)Vzuj
-+ R(Viuj, u)VluJ +R(Uj, Vlu)VluJ +R(7.Lj, ’[I,)Au]' +(V1VZR) (’U,j, '(.J,)”LLJ'

Here Au = V;V;u and Au; = V;V,u;. Substituting (3.33)-(3.35) into the first term A; of the
right-hand side of (3.31) and using the estimate ||du||co < C(T,uq), we have

Alg—a/ |VAa|2a3dM—3/ (A, Vo - ViAw)o? dM
M M
+ C(M, N, T, u) {/ | Aal{|7(w)]?[a] + [Vl |7 (u)| + ][Vl } dM
M
+/ Au{|v2du||u|+|mz|+|vu||Vdu|+|Vdu2|u+|Vdu||a|+vu}dM}. (3.36)
M

Thus, by using Holder’s inequality on the integral terms on the right-hand side of (3.36), it
follows that

C(M, N, T, u) {/MIAQI{IT(U)IQWI + [Val[r(u)| + [af[Val} dM

+/ |Au|{|V2dul|i] + | A + |Va|| Vdu| + |Vdul?|d] + |Vdul|d] + |Vu|}dM}
M
< C(M, N, T, up){||Ai|| 7z Im(u) || s il 76 + 7 (w)llco [Vl 2 || Adl| 2
+ [l eo||V2dul| 2| Adl 2 + [|A@][ 72 + | AU 22 || Vdu]| oo [ V7 (u)]| 2
+ | Ad 2| Vdull s [[a]l 2 + IV dul| 2 [[@]l oo + [Vl 2} (3.37)

By the Sobolev imbedding theorem, we have
(e < C(M, N)[[7(u)l vz, lile < CM, N)[il[ g2 (3.38)
Further, the Sobolev imbedding theorem and Proposition 2.3 imply that

IT(wllco <C{IAT ()22 + C(M, N)([[VT(u)]| L2, E(uo))}
<C{l|AT (u)][2 + C(M, N)([[V7o (u)| 2, Eo(u0))}, (3.39)

and
IVdullco < C(M, N){[|AT(u)|| 22 + C([[VT(u)| L2, E(uo))} (3.40)
< OM, N){[|A7s (u)][ L2 + C(I V7o ()| 225 Eo (u0))}-
Also, by Proposition 2.3, it is not difficult to find that ||du||gz2 < ||dullwz2 + C(||7(w)] L2,
E(ugp)). (see Lemma 4.3 in [18]) Using these estimates, the Kato inequality, Propositions 2.4
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and 2.5, we obtain that
1
IVdullzs < C(M,N){||Vdu| 2 + | V|Vdul|| 2 }5 | Vdu] ;.

C(M, N){||Vdul 2 + [|V?dul| 2} || Vdu] 7

IN

C(M, N)|\dul|}2.- I Vdul| } (3.41)

IN

IN

C(m, N, [V (u)|?2, Eo (u0)) | Vdul| 7

IN

C’(T‘7 Uo).

Subsituting (3.37)—-(3.41) into (3.36), we obtain

A; < 76/ |VAu\202dM735/ (A1, Vo - Vi Ad)yo? dM

M M (3.42)

—|—C’1(T,u0){/ \Au\QdMJrl}.
M

Note that, by invoking the commutation relation of the covariant differentials,

(VZVzV]mVJu) dM § / <A’LL, AU) dM + C(Eg(u), HUHle)

/ (ViV;i, ViV 1) dM = —/
M M

M

Using this inequality and similar arguments, we obtain

Ay < 25/ (Ad, V0 - Viliyo? dM + Co(T, uo){/ a2 dd + 1), (3.43)
M M
Ay < 5/ (A4, Vo - ViAi)o? dM + Cs(T, uo){/ |Aa|? dM + 1}, (3.44)
M M
and
As+ As + Ag < C4(T,uo){ |Au|2dM+1}. (3.45)
M

It follows from (3.42)—(3.45), and the fact that min |o(x)| > 0, that
I, < —s/ VAW dM + CO(T, uo){/ |Auf20% dM + 1}, (3.46)
M M

where C(T,up) does not depend on 0 < e < 1.

Next, we turn to Z5. By similar arguments, we have

B < —3/ (A, J(u)Vio - ViAd)o? dM + Cs(T, uo){ |AG|2dM + 1}, (3.47)
M M

By gz/ (Ad, J(u) V0 - V;Ai)o? dM+06(T,uo){/ \Au|2dM+1}, (3.48)
M M
B4§/ <Au,J(u)via.viAu>a2dM+c7(T,uO){/ |Au\2dM+1}, (3.49)
M M
and
Bs + By + Bg < CS(T, UQ){/ |Ad‘2dM—|— 1}. (3.50)
M

It follows from (3.47)—(3.50) that
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T, < O(T, uo){ |Aa2o? dM + 1}, (3.51)
M

where C'(T,ug) does not depend on 0 < & < 1.
Finally, combining (3.30), (3.46) and (3.51), we obtain

d
E/ |Auf?0? dM < O(T, uo){/ |Aao? dM + 1}. (3.52)
M M

It follows immediately by Gronwall’s inequality that [, [Ad|?dM < C(T,up) < oo, t € [0,7),
and hence by Proposition 2.5 and Lemma 3.1 [, |A7(u)|>dM < C(T,u) < oo, t € [0,T).

To derive the second estimate in the lemma, we consider the quantity 4 [, |VAu[?0® dM.
By the same arguments as above, we can dispose of the terms containing the sixth-order deriva-
tives and employ the estimates established above for the remaining terms. Omitting the details,

we eventually obtain
d 123 12 3
— [ |VAW*e°dM < C(M,N,o,up) [VAw|*o°dM + 1.
dt Jar M

This implies that [,, [VAu[*dM < C(T,uq). Hence, it follows that [, [VAT(u)?dM <
C(T,up), and the proof of Lemma 3.2 is complete.

Proof of Theorem 1 If the initial map ug is smooth, from Lemmas 3.1 and 3.2, we know that,

when 0 < € < 1, there exists a positive constant C(T',ug) < oo such that

sup / {7 ]? + V7)) |* + |AT () [* + |[VAT (W)} dM < C(T,u), t € [0,T),
te[0,T) J M
uniformly for all 0 < € < 1. Therefore, by Proposition 2.3, we are able to select a sequence {¢;},
e; \\ 0, such that u®" — u [weak*] in L>°([0,T), W>2(M)). Obviously, u is a solution of (3.1).
Now, assume that ug € H>?(M). By the well-known approximation theorem of Sobolev
maps, there is a sequence {ugy} in C°°(M, N) such that ug, — ug in H>2(M) as k — oo. By
Lemmas 3.1 and 3.2, there is a positive 7" (Ey (ug)) > 0, which does not depend on k, such that
the Cauchy problem (3.2) with initial map ugg is well-posed on M x [0,T']. The corresponding
solution to the Cauchy problem is denoted by uf. First, let ¢; ™\, 0, then, upon extracting a
subsequence and reindexing if necessary, u5, converges to uy € L°([0,7"], H>?(M)). Moreover,
uy, satisfies (3.1) in the classical sense, and sup,c(o ) [|ukllas2 < C(T', E5(ug)). Finally, by
sending & to infinity, we obtain a classical solution to (3.1) with initial map ug. The uniqueness

has been addressed in [7].

Final Remark More generally, we may consider the Cauchy problem

{ wg = J(u){f(z, t)7(w) + Vf(z,t) - du},
u(+,0) = uo,

where u(x,t) is a map from M x [0,7T) into a Kéhler manifold (N, J). We would like to call the

above nonautonomous, inhomogeneous Schrédinger equation the nonautonomous Schrodinger
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flow (NSF). When N is compact and has nonpositive sectional curvature, under certain technical
assumptions on f(x,t), it is not difficult to establish the local existence theory for the Cauchy
problem of NSF by using arguments presented in this paper for initial maps ug belonging to

appropriate Sobolev spaces.

Acknowledgement We would like to thank Wei-Yue Ding for his valuable comments and
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