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Abstract In this paper, we consider the global spherically symmetric solutions for the initial bound-

ary value problem of a coupled compressible Navier–Stokes/Allen–Cahn system which describes the

motion of two-phase viscous compressible fluids. We prove the existence and uniqueness of global

classical solution, weak solution and strong solution under the assumption of spherically symmetry

condition for initial data ρ0 without vacuum state.
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1 Introduction

In this paper, we are interested in a diffuse interface model for two-phase flows of viscous
compressible fluids. As we know, in classical models, the interface between fluids is usually
assumed to be separated by a sharp interface. But when the topological transitions such as
droplet formation, coalescence or break-up of droplets occur, the sharp interface is replaced by a
narrow transition layer and the fluids may mix undergoing phase transitions. Therefore, a phase
field variable χ is introduced and a mixing energy can be defined as χ and its spatial gradient
in this model. Moreover, this model is a strong coupling system between the Navier–Stokes
equations and an Allen–Cahn equation by the Cauchy stress tensor. In this case, topological
transitions can be described in a natural way. The effect of phase transition can also be described
by different modified convective Cahn–Hilliard or other types of equations [3, 18, 27].

In this paper, we shall consider the following coupled Navier–Stokes/Allen–Cahn system
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proposed by Blesgen [5], which had been investigated in [17] as follows
⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

∂tρ+ divx(ρu) = 0,

∂t(ρu) + divx(ρu⊗ u) = divx(T),

∂t(ρχ) + divx(ρχu) = −μ(ρ, χ,Δχ),

ρμ = −δΔχ+ ρ
∂f(ρ, χ)
∂χ

,

where ρ,u and χ denote the density function,the velocity filed, and the phase variable, respec-
tively. The Cauchy stress tensor

T = S − δ

(

∇xχ⊗∇xχ− |∇xχ|2
2

I

)

− p(ρ, χ)I,

S = ν(χ)
(

∇xu + ∇T
x
u − 2

3
divxuI

)

+ η(χ)divxuI,

p = ρ2 ∂f(ρ,χ)
∂ρ is the thermodynamic pressure, μ represents the chemical potential and f(ρ, χ)

is the potential energy density.
If we take the density ρ be a positive constant, then the system above reduces to an incom-

pressible one. The diffuse interface models for two-phase flows of incompressible fluids have been
extensively studied. For the coupled Navier–Stokes/Cahn–Hilliard system, Boyer [7] studied the
existence of global weak and strong solutions in 2D, the existence of unique strong solution in
3D and the stability of the stationary solutions. Tachim-Medjo [31] proved the existence and the
uniqueness of a coupled Cahn–Hilliard/Navier–Stokes model in a two dimensional bounded do-
main. There are also some results of the well-posedness, the asymptotic behavior, the attractor
in [1, 19, 21, 22] and the reference therein. For the coupled Navier–Stokes/Allen–Cahn system
with ∂f

∂χ = 1
δ (χ3 − χ), where δ is a positive constant and

√
δ represents the thickness of the in-

terface, Zhao et al. [39] investigated the vanishing viscosity limit and proved that the solutions
of the Navier–Stokes/Allen–Cahn system converge to that of the Euler/Allen–Cahn system in a
proper small time interval. Kotschote [23] derived the more general model, and proved the ex-
istence and uniqueness of local strong solutions on a problem with a mixed boundary condition
in bounded domain. Chen et al. [8] studied the global strong solutions for the initial boundary
value problem with the heat conductivity proportional to a positive power of the temperature.
Li and Huang [25] studied the existence and uniqueness of local strong solutions in 3D case.
Babak et al. [4] provided a unified and comparative description of the most prominent phase
field based two-phase flow models and presented the numerical results of the application of
Galerkin-based isogeometric analysis to incompressible Navier–Stokes/Cahn–Hilliard equations
in velocity-pressure-phase field-chemical potential formulation. Zhang [37] established a reg-
ularity criterion for the 3D incompressible density-dependent system. Gal and Grasseli [19]
showed the existence of the trajectory attractor for both incompressible Navier–Stokes/Allen–
Cahn and Navier–Stokes/Cahn–Hilliard systems. Moreover, for numerical simulations, such as
jet pinching-off and drop formation, we refer the readers to [6, 26, 32, 36].

As far as we know, there are less theoretical available results for the compressible models.
For the Navier–Stokes/Cahn–Hilliard system, Abels and Feireisl [2] derived the existence of
weak solutions without any restriction on the size of the initial data. Kotschote and Zacher
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[24] established the local existence of unique strong solution. Deugoué et al. [14] proved the
existence and uniqueness of strong solutions of the stochastic 3D globally modified Navier–
Stokes/Cahn–Hilliard model, and discussed the relation of the stochastic 3D globally modi-
fied Navier–Stokes/Cahn–Hilliard equations to the stochastic 3D Navier–Stokes/Cahn–Hilliard
equations by proving a convergence theorem. For the isentropic Navier–Stokes/Allen–Cahn
system, Chen et al. [10] investigated the global existence and uniqueness of strong and classical
solutions of 1D initial boundary value problem. Feireisl et al. [17] proved the existence of
weak solutions in 3D, where the density ρ is a measurable function. A different compressible
Navier–Stokes/Allen–Cahn system arising from the biological material change in the process
differentiation had been studied in [33]. In [30], Song et al. obtained the existence of the
time-periodic solution to the system by using an approach of parabolic regularization and com-
bining with the topology degree theory. Chen et al. [11] obtained the 1D global well-posedness
with vacuum and constant viscosity. Ding et al. [13] derived the existence and uniqueness
of global strong solutions with free boundary condition. Very recently, Chen and Zhu [12]
proved the existence and uniqueness of global classical solutions and obtained a blow-up crite-
rion for strong solutions with some assumption conditions. For the non-isentropic compressible
Navier–Stokes/Allen–Cahn system with constant viscosity, Chen et al. [8, 9] studied global
strong solutions of initial-boundary value problem and Cauchy problem. And Yan et al. [35]
established global strong solutions for initial-boundary value problem with phase variable de-
pendent viscosity in 1D. Thanks to the ideas of the investigation on the liquid crystals in Ding
et al. [16], Ding et al. [15] established the global solutions for a coupled compressible Navier–
Stokes/Allen–Cahn system in 1D. Recently, Zhang [38] established the regularity of solutions
in Hi([0, 1]) (i = 2, 4) to the 1D isentropic compressible Navier–Stokes-Allen–Cahn system for
initial data ρ0 without vacuum states.

Motivated by Ding et al. [15] and Zhang [38], we shall establish the existence and uniqueness
of global classical solution, the existence of weak solution and the existence of unique strong
solution with spherically symmetric data for the 3D compressible Navier–Stokes/Allen–Cahn
system.

For the compressible Navier–Stokes equations, the pressure p is usually chosen as p = Aργ

with A > 0 and γ > 1, and for Allen–Cahn equation, double-well structural potential is often
considered. Thus we take the specific free energy f as follows

f(ρ, χ) =
Aργ−1

γ − 1
+

1
δ

(
χ4

4
− χ2

2

)

,

where δ > 0 and
√
δ denotes the thickness of the interface. Now we assume that Ω ⊂ R

3 is a
bounded domain and consider the following boundary conditions u|∂Ω = 0, ∇χ ·n = 0, where
n is the normal outward vector at the boundary ∂Ω and the initial conditions (ρ,u, χ)|t=0 =
(ρ0,u0, χ0).

In this paper, we study the spherically symmetric solutions of the system with the initial
boundary conditions above. Now we construct the corresponding system for radial solutions.
Let r = |x| and take in the Euler coordinates

ρ(x, t) = ρ(r, t), u(x, t) = u(r, t)
x

r
, χ(x, t) = χ(r, t).
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Then the Navier–Stokes/Allen–Cahn system in 3D becomes
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

ρt + (ρu)r +
2
r
ρu = 0,

(ρu)t + (ρu2)r +
2
r
ρu2 +A(ργ)r =

(
4
3
ν + η

)(

ur +
2
r
u

)

r

− 1
2
δ(χ2

r)r − 2
r
χ2

r,

(ρχ)t + (ρχu)r +
2
r
ρχu = −μ,

ρμ = −
(

χrr +
2
r
χr

)

+ ρ(χ3 − χ)

(1.1)

for (r, t) ∈ (a, b) × (0,+∞) with 0 < a < b < +∞, where ρ > 0, u, χ denote the total density,
the mean velocity of the fluid mixture, the concentration difference of the two component,
respectively. Accordingly, the initial conditions become

(ρ, u, χ)|t=0 = (ρ0, u0, χ0), r ∈ (a, b) (1.2)

and the usual no-slip boundary condition for the viscous fluid and natural condition for the
concentration become

(u, χr)|r=a,b = (0, 0), t ≥ 0. (1.3)

In this paper, we shall use the following notation.
(1) Let I = (a, b), ∂I = {a, b}, QT = I × [0, T ] for T > 0.
(2) For p ≥ 1, Lp = Lp(I) denotes the usual Lebesgue space with the norm ‖ · ‖Lp . For

k ≥ 1 and p ≥ 1, W k,p = W k,p(I) denotes the Sobolev space with the norm ‖ · ‖W k,p , and
Hk = W k,2.

(3) For any points P1(r1, t1), P2(r2, t2) ∈ QT , we define the parabolic distance between them
as

d(P1, P2) = (|r1 − r2|2 + |t1 − t2|) 1
2 .

(4) If ϕ(x, t) is a function on QT , for 0 < α < 1, we define

[ϕ]
Cα, α

2 (QT )
= sup

P1,P2∈QT ,P1 �=P2

{ |ϕ(P1) − ϕ(P2)|
dα(P1, P2)

}

,

which is a semi-norm, and denote by Cα, α
2 (QT ) the set of all function on QT such that

[ϕ]
Cα, α

2 (QT )
< +∞, endowed with norm

‖ϕ‖
Cα, α

2 (QT )
= ‖ϕ‖C0(QT ) + [ϕ]

Cα, α
2 (QT )

,

where ‖ϕ‖C0(QT ) is the maximum norm of ϕ(x, t) on QT .
In the system (1.1), the density ρ is coupled in the Allen–Cahn equations (1.1)3,4, which

leads to more strong coupling than the corresponding incompressible one. More precisely, not
only the velocity u enters in the equations for χ as a coefficient of lower order term χr, but
also ρ appears in the coefficient of highest order term χt or χrr. Moreover, the concentration
χ enters in Navier–Stokes equations (1.1)1,2 for ρ and u with high order χrr which describes
the capillary forces due to surface tension. Therefore, it will be essential to get good regularity
estimates of χ. But it is not enough only basing on the regularities given by the energy estimates
due to the strong coupling. So we must deal with the bounds and the regularities of ρ firstly.
Song and Wang [29] have proved the local existence of unique classical solution by applying the
contraction mapping theorem. Therefore, we shall extend it to the global one in terms of some
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a priori estimates. And by using weakly convergent method, we show the existence of weak
solutions and the existence of unique strong solution.

Our first result is about classical solution.

Theorem 1.1 Assume that ρ0 ∈ C1,α(I) satisfies 0 < c−1
0 ≤ ρ0 ≤ c0 for some constants

α ∈ (0, 1) and c0 > 0, u0, χ0 ∈ C2,α(I) with u0(0) = u0(1) = 0. Then the initial boundary
value problem (1.1)–(1.3) admits a unique global classical solution (ρ, u, χ) satisfying that, for
any T > 0, there exists a constant c = c(c0, T ) such that

(ρt, ρr) ∈ Cα, α
2 (QT ), 0 < c−1 ≤ ρ ≤ c on QT , and (u, χ) ∈ C2+α,1+ α

2 (QT ).

The following two theorems are concerned with the weak and strong solutions.

Theorem 1.2 Assume that ρ0 ∈ H1(I) satisfies 0 < c−1
0 ≤ ρ0 ≤ c0 for some constant c0 > 0

and u0 ∈ L2(I), χ0 ∈ H1(I) with u0(0) = u0(1) = 0. Then the problem (1.1)–(1.3) admits a
global weak solution (ρ, u, χ) satisfying that, for any T > 0, there exists a constant c = c(c0, T )
such that

ρ ∈ L∞(0, T ;H1(I)), ρt ∈ L2(0, T ;L2(I)), 0 < c−1 ≤ ρ ≤ c,

u ∈ L∞(0, T ;L2(I)) ∩ L2(0, T ;H1
0 (I)),

χ ∈ L∞(0, T ;H1(I)) ∩ L2(0, T ;H2(I)), χt ∈ L2(0, T ;L2(I)).

Theorem 1.3 Assume that ρ0 ∈ H1(I) satisfies 0 < c−1
0 ≤ ρ0 ≤ c0 for some constant c0 > 0

and u0 ∈ H1
0 (I), χ0 ∈ H2(I) with u0(0) = u0(1) = 0. Then the problem (1.1)–(1.3) admits a

global strong solution (ρ, u, χ) satisfying that, for any T > 0, there exists a constant c = c(c0, T )
such that

ρ ∈ L∞(0, T ;H1(I)), ρt ∈ L∞(0, T ;L2(I)), 0 < c−1 ≤ ρ ≤ c,

u ∈ L∞(0, T ;H1
0 (I)) ∩ L2(0, T ;H2(I)), ut ∈ L2(0, T ;L2(I)),

χ ∈ L∞(0, T ;H2(I)) ∩ L2(0, T ;H3(I)), χt ∈ L∞(0, T ;L2(I)) ∩ L2(0, T ;H1(I)).

Since the constants A, δ, ν don’t play any key role in our analysis, we can assume that
A = ν = δ = 1. Without loss of generality, we also set

∫

I
r2ρ0dr = 1. Moreover, we also assume

η = −1
3ν. Then we can also rewrite (1.1) as

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(r2ρ)t + (r2ρu)r = 0,

(r2ρu)t + (r2ρu2)r + r2(ργ)r = (r2ur)r − 2u− (r2χ2
r)r +

1
2
r2(χ2

r)r,

(r2ρχ)t + (r2ρχu)r = −r2μ,
r2ρμ = −(r2χr)r + r2ρ(χ3 − χ).

(1.4)

The rest of the paper is organized as follows. In Section 2, we shall establish some a priori
estimates globally in time for the classical solution. Then basing on these a priori estimates,
we shall prove our main theorems in Section 3.

2 A Priori Estimates

In this section, we shall establish some a priori estimates for solutions. The first estimate is
about the energy equality.
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Lemma 2.1 For any 0 ≤ t < T , we have the following equality
∫

I

(
r2ρu2

2
+
r2ργ

γ − 1
+
r2χ2

r

2
+
r2ρ(χ2 − 1)2

4

)

dr +
∫ t

0

∫

I

(r2u2
r + 2u2 + r2μ2)drds = E0, (2.1)

where

E0 =
∫

I

(
r2ρ0u

2
0

2
+

ργ
0

γ − 1
+
r2χ2

0r

2
+
r2ρ0(χ2

0 − 1)2

4

)

ds,

∫

I

r2ρdr =
∫

I

r2ρ0dr = 1.

Proof Multiplying (1.4)2 by u and then integrating the result over I yield
∫

I

{(r2ρu)tu+(r2ρu2)ru+r2(ργ)ru}dr =
∫

I

{

(r2ur)ru−2u2−(r2χ2
r)ru+

1
2
r2(χ2

r)ru

}

dr. (2.2)

We can rewrite (1.4)1 as

(r2ρ)t + (r2ρu)r = 0,

which, together with (2.2) and integration by parts, leads to

d

dt

∫

I

1
2
r2ρu2dr +

1
γ − 1

d

dt

∫

I

r2ργdr +
∫

I

r2u2
rdr + 2

∫

I

u2dr = −
∫

I

(r2χr)ruχrdr. (2.3)

On the other hand, (1.4)3 can be rewritten as

r2ρχt + r2ρuχr = −r2μ.
Multiplying this equation by μ, noting (1.4)4 and integrating the result over I, we can get

d

dt

∫

I

{
1
2
r2χ2

r + r2ρ

(
χ4

4
− χ2

2

)}

dr +
∫

I

r2μ2dr =
∫

I

(r2χr)ruχrdr. (2.4)

Combining (2.3) with (2.4), we have

1
2
d

dt

∫

I

r2ρu2dr +
1

γ − 1
d

dt

∫

I

r2ργdr +
1
2
d

dt

∫

I

r2χ2
rdr +

d

dt

∫

I

[

r2ρ

(
χ4

4
− χ2

2

)]

dr

+
∫

I

r2u2
rdr + 2

∫

I

u2dr +
∫

I

r2μ2dr = 0.

Integrating the above equation over (0, t), for any t ∈ [0, T ], we derive that (2.1) holds. The
proof is complete. �

With the help of the energy equality (2.1), we can obtain an upper bound of the concentra-
tion difference χ.

Lemma 2.2 For any 0 ≤ t < T , we have the following estimate

‖χ‖L∞(I×(0,T )) ≤ C(E0). (2.5)

Proof From (2.1) we see ∫

I

r2ρ(χ2 − 1)2dr ≤ E0,

which implies
∫

I

r2ρχ4dr ≤ 2
∫

I

r2ρχ2dr −
∫

I

r2ρdr + c(E0)

≤ 1
2

∫

I

r2ρχ4dr + 2
∫

I

r2ρdr −
∫

I

r2ρdr + c(E0).
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Thus ∫

I

r2ρχ4dr ≤ c(E0).

Furthermore, ∫

I

r2ρχdr ≤ 1
4

∫

I

r2ρχ4dr +
3
4

∫

I

r2ρdr ≤ c(E0).

Noticing that
∫

I
r2ρdr = 1 and ρ > 0, for any (r, t) ∈ I × (0, T ), we get

|χ(x, t)| =
∣
∣
∣
∣χ(x, t)

∫

I

r2ρ(r, t)dr
∣
∣
∣
∣

≤
∣
∣
∣
∣

∫

I

r2ρ(r, t)[χ(x, t) − χ(r, t)]dr
∣
∣
∣
∣ +

∣
∣
∣
∣

∫

I

r2ρ(r, t)χ(r, t)dr
∣
∣
∣
∣

≤
∣
∣
∣
∣

∫

I

r2ρ(r, t)
(∫ x

r

χξ(ξ, t)dξ
)

dr

∣
∣
∣
∣ + c(E0)

≤
∫

I

r2ρ(r, t)dr
∫

I

|χξ(ξ, t)|dξ + c(E0)

≤
∫

I

r2ρ(r, t)dr
(

1
2

∫

I

ξ2χ2
ξdξ +

1
2

∫

I

1
ξ2
dξ

)

+ c(E0)

≤ c(E0).

The proof is complete. �
Next we prove the upper bound of the density ρ.

Lemma 2.3 For any 0 ≤ t < T , there exists a constant C1 = C(c0, E0, T ) > 0, such that

‖ρ‖L∞(I×(0,T )) ≤ C1. (2.6)

Proof For any t ∈ [0, T ], we set

w(r, t) =
∫ t

0

(

ur +
2
r
u− 1

2
χ2

r − ργ − ρu2

)

ds

−
∫ t

0

∫ r

a

(
2
ξ
χ2

ξ +
2
ξ
ρu2

)

dξds+
∫ r

a

ρ0u0dξ.

Then we have

wt = ur +
2
r
u− 1

2
χ2

r − ργ − ρu2 −
∫ r

a

(
2
ξ
χ2

ξ +
2
ξ
ρu2

)

dξ, wr = ρu.

It follows from (2.1) that
∫

I

(|w| + |wr|)dr ≤
∫ t

0

∫ b

a

(

|ur| +
∣
∣
∣
∣
2
r
u

∣
∣
∣
∣ +

1
2
χ2

r + ργ + ρu2

)

drds

+ (b− a)
∫ t

0

∫ b

a

(
2
r
χ2

r +
2
r
ρu2

)

drds+ (b− a)
∫ b

a

|ρ0u0|dr +
∫ b

a

|ρu|dr

≤ c

∫ t

0

∫ b

a

(
1
2
r2u2

r +
c

r2
+
u2

2
+

1
2a2

r2χ2
r + ργ +

1
a2
r2ρu2 +

2
a3
r2χ2

r +
2
a3
r2ρu2

)

drds

+
c

a2

∫ b

a

(r2ρ0 + r2ρ0u
2
0 + r2ρ+ r2ρu2)dr

≤ C(E0)(1 + t).
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Hence
‖w‖L∞(QT ) ≤ c

∫

I

(|w| + |wr|)dr ≤ C(E0)(1 + t).

Since ρ > 0, it suffices to prove ρ(y, s) ≤ c. For any (y, s) ∈ I × (0, t), let r(y, t) solve the
following problem

⎧
⎨

⎩

dr(y, t)
dt

= u(r(y, t), t), 0 ≤ t < s.

r(y, s) = y, a ≤ y ≤ b

Denote f = exp(w). Then we have

d

dt
(ρf)(r((y, t), t)) = (ρt + ρru)f + ρf(wt + uwr)

= (ρt + ρru+ ρwt + ρuwr)f

=
[

ρt + ρru+ ρur +
2
r
ρu− 1

2
ρχ2

r − ργ+1 − ρ2u2

− ρ

∫ r

a

(
2
ξ
χ2

ξ +
2
ξ
ρu2

)

dξ + ρ2u2

]

f

=
(

− 1
2
ρχ2

r − ργ+1 − ρ

∫ r

a

(
2
ξ
χ2

ξ +
2
ξ
ρu2

)

dξ

)

f

≤ 0.

Therefore, for any s ∈ (0, T ), integrating the above inequality with respect to t ∈ (0, s), we see

ρ(y, s)f(y, s) = ρ(r(y, s), s)f(r(y, s), s) ≤ ρ(r(y, 0), 0)f(r(y, 0), 0)

≤ c0 exp(E0).

Furthermore,

ρ(y, s) ≤ C(c0, E0)f−1(y, s)

= C(c0, E0) exp{−w(y, s)}
≤ C(c0, E0) exp{‖w‖L∞(QT )}
≤ C(c0, E0) exp{C(E0)(1 + t)}.

The proof is complete. �

Lemma 2.4 For any 0 ≤ t < T , we have
∫ t

0

∫

I

χ2
rrdrds ≤ C1. (2.7)

Proof The equation (1.4)4 implies that

r2χrr = −ρμr2 − 2rχr + r2ρχ3 − r2ρχ.

Combining (2.1), (2.5) and (2.6), we can get
∫ t

0

∫

I

r4χ2
rrdrds ≤ c

∫ t

0

∫

I

(r4ρ2μ2 + r2χ2
r + r4ρ2χ6 + r4ρ2χ2)drds

≤ b2‖ρ‖2
L∞(I×(0,T ))

∫ t

0

∫

I

r2μ2drds+
∫ t

0

∫

I

r2χ2
rdrds
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+ b2‖ρ‖L∞(I×(0,T ))‖χ‖2
L∞(I×(0,T ))

∫ t

0

∫

I

r2ρχ4drds

+ b2‖ρ‖L∞(I×(0,T ))

∫ t

0

∫

I

r2ρχ2drds

≤ C1,

which implies
∫ t

0

∫

I

χ2
rrdrds ≤ C1.

The proof is complete. �
Now we deal with the lower bound of ρ and establish the following lemma.

Lemma 2.5 The inequalities ∫

I

ρ2
rdr ≤ C2, (2.8)

and ∥
∥
∥
∥

1
ρ

∥
∥
∥
∥

L∞(I×(0,T ))

≤ C2, (2.9)

hold, where the constant C2 = C(c0, E0, ‖ρ0‖H1 , T ) > 0.

Proof From (1.1)1, we can obtain

1
2
d

dt

∫

I

(r2ρ)
∣
∣
∣
∣

(
1
r2ρ

)

r

∣
∣
∣
∣

2

dr =
∫

I

(
1
r2ρ

)

r

urrdr.

Multiplying (1.4)2 by ( 1
r2ρ )r and integrating the result over I, we arrive at

1
2
d

dt

∫

I

(r2ρ)
∣
∣
∣
∣

(
1
r2ρ

)

r

∣
∣
∣
∣

2

dr + γ

∫

I

ρ2
r

r2ρ3−γ
dr

= −2γ
∫

I

ρr

r3ρ2−γ
dr +

∫

I

[
2
r2
u

(
1
r2ρ

)

r

− 2
r
ur

(
1
r2ρ

)

r

]

dr

+
∫

I

[

(ρu)t

(
1
r2ρ

)

r

+ (ρu2)r

(
1
r2ρ

)

r

+
2
r
ρu2

(
1
r2ρ

)

r

]

dr

+
∫

I

[
1
2
(χ2

r)r

(
1
r2ρ

)

r

+
2
r
χ2

r

(
1
r2ρ

)

r

]

dr

=
4∑

i=1

Ji. (2.10)

Since
∫

I
r2ρdr =

∫

I
r2ρ0dr = 1, by the mean value theorem, there exists ζ(t) ∈ I such that

ζ(t)2ρ(ζ(t), t)(b− a) =
∫

I
r2ρdr = 1. Hence we have

1
r2ρ(r, t)

=
1

r2ρ(r, t)
− 1
ζ(t)2ρ(ζ(t), t)

+ (b− a)

=
∫ r

ζ(t)

(
1

ξ2ρ(ξ, t)

)

ξ

dξ + (b− a)

= −
∫ r

ζ(t)

(ξ2ρ(ξ, t))ξ

(ξ2ρ(ξ, t))2
dξ + (b− a)

≤ 1
2

∫ b

a

(b− a)r2ρ
∣
∣
∣
∣

(
1
r2ρ

)

r

∣
∣
∣
∣

2

dr +
1
2

∫ b

a

1
r2ρ

1
b− a

dr + (b− a)
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≤ 1
2

∫ b

a

(b− a)r2ρ
∣
∣
∣
∣

(
1
r2ρ

)

r

∣
∣
∣
∣

2

dr +
1
2

∥
∥
∥
∥

1
r2ρ

∥
∥
∥
∥

L∞(I×(0,T ))

+ (b− a)

which implies that
∥
∥
∥
∥

1
r2ρ

∥
∥
∥
∥

L∞(I×(0,T ))

≤ (b− a)
∫ b

a

r2ρ

∣
∣
∣
∣

(
1
r2ρ

)

r

∣
∣
∣
∣

2

dr + 2(b− a). (2.11)

Now we can turn to estimate each term in the right-hand side of (2.10). For J1, we have

J1 = −2γ
∫

I

ρr

r3ρ2−γ
dr

= 2γ
∫

I

1
rρ−γ

(
1
r2ρ

)

r

dr − 4γ
∫

I

1
r4ρ1−γ

dr

≤ γ2

∫

I

1
r4ρ1−2γ

dr +
1
2

∫

I

(r2ρ)
∣
∣
∣
∣

(
1
r2ρ

)

r

∣
∣
∣
∣

2

dr − 4γ
∫

I

1
r4ρ1−2γ

dr

≤ 1
2

∫

I

(r2ρ)
∣
∣
∣
∣

(
1
r2ρ

)

r

∣
∣
∣
∣

2

dr + c

∫

I

1
r4ρ1−2γ

dr. (2.12)

Using the Cauchy inequality and (2.11), we also have

J2 =
∫

I

[
2
r
u

(
1
r2ρ

)

r

− 2
r
ur

(
1
r2ρ

)

r

]

dr

≤ c

∫

I

u2 1
r2ρ

dr +
1
2

∫

I

(r2ρ)
∣
∣
∣
∣

(
1
r2ρ

)

r

∣
∣
∣
∣

2

dr + c

∫

I

r2u2
r

r2ρ
dr +

1
2

∫

I

(r2ρ)
∣
∣
∣
∣

(
1
r2ρ

)

r

∣
∣
∣
∣

2

dr

≤ c

∥
∥
∥
∥

1
r2ρ

∥
∥
∥
∥

L∞(I×(0,T ))

∫

I

u2dr + c

∥
∥
∥
∥

1
r2ρ

∥
∥
∥
∥

L∞(I×(0,T ))

∫

I

r2u2
rdr +

∫

I

(r2ρ)
∣
∣
∣
∣

(
1
r2ρ

)

r

∣
∣
∣
∣

2

dr

≤ c

∫

I

(r2ρ)
∣
∣
∣
∣

(
1
r2ρ

)

r

∣
∣
∣
∣

2

dr

(

1 +
∫

I

u2dr +
∫

I

r2u2
rdr

)

. (2.13)

Noting the fact | ln ρ| ≤ ρ+ 1
ρ , using Lemma 2.3 and the Cauchy inequality, we can calculate

J3 =
∫

I

[

(ρu)t

(
1
r2ρ

)

r

+ (ρu2)r

(
1
r2ρ

)

r

+
2
r
ρu2

(
1
r2ρ

)

r

]

dr

=
d

dt

∫

I

ρu

(
1
r2ρ

)

r

dr +
∫

I

(ρu)r

(
1
r2ρ

)

t

dr +
∫

I

[

(ρu2)r

(
1
r2ρ

)

r

+
2
r
ρu2

(
1
r2ρ

)

r

]

dr

=
d

dt

∫

I

ρu

(
1
r2ρ

)

r

dr +
∫

I

[
u2

r

r2
− 2uur

r3
− 4u2

r4
− 2ρru

2

r3ρ

]

dr

≤ d

dt

∫

I

ρu

(
1
r2ρ

)

r

dr + c

∫

I

(u2 + u2
r)dr −

∫

I

2u2 1
r3

(ln ρ)rdr

=
d

dt

∫

I

ρu

(
1
r2ρ

)

r

dr + c

∫

I

(u2 + u2
r)dr +

∫

I

2uur
1
r3

ln ρdr −
∫

I

6u2 1
r4

ln ρdr

≤ d

dt

∫

I

ρu

(
1
r2ρ

)

r

dr + c

∫

I

(u2 + u2
r)dr +

∫

I

∣
∣
∣
∣2uur

1
r3

(

ρ+
1
ρ

)∣
∣
∣
∣dr +

∫

I

|6u2 1
r4

(

ρ+
1
ρ

)

|dr

≤ d

dt

∫

I

ρu

(
1
r2ρ

)

r

dr + c

∫

I

(u2 + u2
r)dr + c

∫

I

ρ2u2dr + c

∥
∥
∥
∥

1
r2ρ

∥
∥
∥
∥

L∞(I×(0,T ))

∫

I

u2dr

≤ d

dt

∫

I

ρu

(
1
r2ρ

)

r

dr + c

∫

I

(u2 + u2
r)dr + c

∫

I

(r2ρ)
∣
∣
∣
∣

(
1
r2ρ

)

r

∣
∣
∣
∣

2

dr

∫

I

u2dr. (2.14)
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Using the Sobolev embedding theorem, we have

J4 =
∫

I

[
1
2

(

χ2
r

)

r

(
1
r2ρ

)

r

+
2
r
χ2

r

(
1
r2ρ

)

r

]

dr

≤ 1
2

∫

I

r2ρ

∣
∣
∣
∣

(
1
r2ρ

)

r

∣
∣
∣
∣

2

χ2
rdr +

1
2

∫

I

1
r2ρ

χ2
rrdr +

∫

I

2
r2
χ2

r

1
r2ρ

dr −
∫

I

4
r
χrχrr

1
r2ρ

dr

≤ 1
2
‖χr‖2

L∞(I)

∫

I

r2ρ

∣
∣
∣
∣

(
1
r2ρ

)

r

∣
∣
∣
∣

2

dr + c

∥
∥
∥
∥

1
r2ρ

∥
∥
∥
∥

L∞(I×(0,T ))

∫

I

(χ2
rr + χ2

r)dr

≤ c

∫

I

r2ρ

∣
∣
∣
∣

(
1
r2ρ

)

r

∣
∣
∣
∣

2

dr

∫

I

(χ2
rr + χ2

r)dr. (2.15)

Inserting (2.12)–(2.15) into (2.10), we get

1
2
d

dt

∫

I

(r2ρ)
∣
∣
∣
∣

(
1
r2ρ

)

r

∣
∣
∣
∣

2

dr + γ

∫

I

rρ2
r

r3ρ3−γ
dr

≤ d

dt

∫

I

ρu

(
1
r2ρ

)

r

dr + c

∫

I

ργ−1dr +
∫

I

(r2ρ)
∣
∣
∣
∣

(
1
r2ρ

)

r

∣
∣
∣
∣

2

dr

∫

I

(u2 + u2
r + χ2

rr + χ2
r)dr

+
∫

I

(u2 + u2
r)dr +

∫

I

r2ρu2dr.

Integrating the above inequality over (0, t), and combining (2.1) and (2.6) yield

1
2

∫

I

(r2ρ)
∣
∣
∣
∣

(
1
r2ρ

)

r

∣
∣
∣
∣

2

dr + γ

∫ t

0

∫

I

rρ2
r

r3ρ3−γ
drds

≤ 1
2

∫

I

(r2ρ0)
∣
∣
∣
∣

(
1

r2ρ0

)

r

∣
∣
∣
∣

2

dr +
∫

I

ρu

(
1
r2ρ

)

r

dr −
∫

I

ρ0u0

(
1

r2ρ0

)

r

dr + c

∫ t

0

∫

I

ργ−1drds

+
∫ t

0

[ ∫

I

(r2ρ)
∣
∣
∣
∣

(
1
r2ρ

)

r

∣
∣
∣
∣

2

dr

∫

I

(u2 + u2
r + χ2

rr + χ2
r)dr

]

ds+
∫ t

0

∫

I

(u2 + u2
r + r2ρu2)drds

≤ c

∥
∥
∥
∥

1
ρ0

∥
∥
∥
∥

3

L∞(I)

‖ρ0‖H1(I) +
1
4

∫

I

(r2ρ)
∣
∣
∣
∣

(
1
r2ρ

)

r

∣
∣
∣
∣

2

dr + c

∫

I

r2ρu2dr

+ c

∥
∥
∥
∥

1
ρ0

∥
∥
∥
∥

2

L∞(I)

‖ρ0‖H1(I) +
1
4

∫

I

(r2ρ0)
∣
∣
∣
∣

(
1

r2ρ0

)

r

∣
∣
∣
∣

2

dr + c‖ρ‖γ−1
L∞(I×(0,T ))

+
∫ t

0

{∫

I

(r2ρ)
∣
∣
∣
∣

(
1
r2ρ

)

r

∣
∣
∣
∣

2

dr

[ ∫

I

(u2 + u2
r + χ2

rr)dr + c(E0)
]}

ds+ cE0

≤ c

∫ t

0

{[∫

I

(u2 + u2
r + χ2

rr)dr + E0

] ∫

I

(r2ρ)
∣
∣
∣
∣

(
1
r2ρ

)

r

∣
∣
∣
∣

2

dr

}

ds+ C(C1, ‖ρ0‖H1(I)).

By the Gronwall inequality and (2.1), (2.6), (2.7), we obtain
∫

I

(r2ρ)
∣
∣
∣
∣

(
1
r2ρ

)

r

∣
∣
∣
∣

2

dr + γ

∫ t

0

∫

I

rρ2
r

r3ρ3−γ
drds

≤ C(C1, ‖ρ0‖H1(I))
∫ t

0

{[∫

I

(u2 + u2
r + χ2

rr)dr + E0

]

× exp
[

c

∫ t

s

(∫

I

(u2 + u2
r + χ2

rr)dr + E0

)

dξ

]}

ds+ C(C1, ‖ρ0‖H1(I))

≤ C(C1, ‖ρ0‖H1(I)). (2.16)
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Notice that
∫

I

(r2ρ)
∣
∣
∣
∣

(
1
r2ρ

)

r

∣
∣
∣
∣

2

dr =
∫

I

4r2ρ2 + r6ρ2
r + 4r3ρρr

r6ρ3
dr

≥ 1
b6‖ρ‖L∞(I×(0,T ))

∫

I

(4r2ρ2 + r6ρ2
r + 4r3ρρr)dr,

which implies
∫

I

ρ2
rdr ≤ c‖ρ‖L∞(I×(0,T ))

∫

I

(r2ρ)
∣
∣
∣
∣

(
1
r2ρ

)

r

∣
∣
∣
∣

2

dr + c

∫

I

(ρ2 + ρρr)

≤ c‖ρ‖L∞(I×(0,T ))

∫

I

(r2ρ)
∣
∣
∣
∣

(
1
r2ρ

)

r

∣
∣
∣
∣

2

dr + c‖ρ‖2
L∞(I×(0,T )) + ε

∫

I

ρ2
rdr.

Taking ε small enough, we have ∫

I

ρ2
rdr ≤ C2.

Moreover, by virtue of (2.11) and (2.16), we can get

1
b2
‖ρ‖L∞(I×(0,T )) ≤

∥
∥
∥
∥

1
r2ρ

∥
∥
∥
∥

L∞(I×(0,T ))

≤ C2.

The proof is complete. �
Now we turn to estimates for χ.

Lemma 2.6 For any 0 ≤ t < T , we have
∫

I

χ2
rrdr +

∫ t

0

∫

I

(χ2
rt + χ2

rrr)drds ≤ C3, (2.17)

where the constant C3 = C(c0, E0, ‖ρ0‖H1(I), ‖χ0‖H2(I), T ) > 0.

Proof We rewrite the equations (1.4)3 and (1.4)4 as

r2ρ2χt + r2ρ2χru = 2rχr + r2χrr − r2ρ(χ3 − χ). (2.18)

Differentiating (2.18) with respect to r, multiplying the result by χrt and integrating over I
yield

1
2
d

dt

∫

I

r2χ2
rrdr +

∫

I

r2ρ2χ2
rtdr

=
∫

I

(2χrχrt + 4rχrrχrt)dr −
∫

I

(2rρ2χrχrt + 2r2ρρrχtχrt + 2rρ2uχrχrt)dr

−
∫

I

(2r2ρρruχrχrt + r2ρ2uχrrχrt + r2ρ2urχrχrt + 2rρ(χ3 − χ)χrt)dr

−
∫

I

(r2ρr(χ3 − χ)χrt + r2ρ(3χ2 − 1)χrχrt)dr

≤ 1
2

∫

I

r2ρ2χ2
rtdr + c

∫

I

(
χ2

r

r2ρ2
+
χ2

rr

ρ2
+ ρ2χ2

t + r2ρ2
rχ

2
t + ρ2u2χ2

r + r2ρ2
ru

2χ2
r

)

dr

+ c

∫

I

(r2ρ2u2χ2
rr + r2ρ2u2

rχ
2
r)dr + c

∫

I

(χ3 − χ)2dr + c

∫

I

r2ρ2
r(χ

3 − χ)2

ρ2
dr

+ c

∫

I

r2(3χ2 − 1)2χ2
rdr.
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Noting that the following Sobolev embedding inequalities

‖u‖L∞(I) ≤ c‖ur‖L2(I), ‖χr‖L∞(I) ≤ c‖χrr‖L2(I),

‖χt‖2
L∞(I) ≤

∫

I

(χ2
t + 2|χtχtr|)dr ≤ c

∫

I

χ2
tdr + ε

∫

I

χ2
trdr,

we can derive
d

dt

∫

I

r2χ2
rrdr +

∫

I

r2ρ2χ2
rtdr

≤ c

∥
∥
∥
∥

1
ρ

∥
∥
∥
∥

2

L∞

∫

I

χ2
rdr + c

∥
∥
∥
∥

1
ρ

∥
∥
∥
∥

2

L∞

∫

I

r2χ2
rrdr + c‖ρ‖2

L∞

∫

I

χ2
tdr + c‖χt‖2

L∞

∫

I

ρ2
rdr

+ ‖ρ‖2
L∞‖u‖2

L∞

∫

I

χ2
rdr + ‖u‖2

L∞‖χr‖2
L∞

∫

I

ρ2
rdr + ‖ρ‖2

L∞‖u‖2
L∞

∫

I

r2χ2
rrdr

+ ‖ρ‖2
L∞‖χr‖2

L∞

∫

I

u2
rdr

+ c(‖χ‖6
L∞ + ‖χ‖4

L∞ + ‖χ‖2
L∞)

(

1 +
∥
∥
∥
∥

1
ρ

∥
∥
∥
∥

L∞

∫

I

ρ2
rdr +

∫

I

χ2
rdr

)

. (2.19)

Moreover, we also know that for any function ϕ
∫

I

ϕ2dr ≤ 1
a2

∫

I

r2ϕ2dr ≤ c

∫

I

r2ϕ2dr.

In addition, from (2.18), we can get

χt = −χru+
2χr

rρ2
+
χrr

ρ2
− χ3 − χ

ρ
.

Thus we have
∫

I

χ2
tdr ≤ c

∫

I

(

χ2
ru

2 +
χ2

r

r2ρ4
+
χ2

rr

ρ4
+
χ6

ρ2
+
χ4

ρ2
+
χ2

ρ2

)

dr

≤ c(‖u‖2
L∞(I) + 1)

∫

I

χ2
rdr + c

∫

I

χ2
rrdr

≤ c‖u‖L∞(I)

∫

I

χ2
rdr +

∥
∥
∥
∥

1
ρ

∥
∥
∥
∥

4

L∞(QT )

∫

I

χ2
rdr +

∥
∥
∥
∥

1
ρ

∥
∥
∥
∥

L∞(QT )

∫

I

χ2
rrdr

+
∥
∥
∥
∥

1
ρ

∥
∥
∥
∥

2

L∞(QT )

(‖χ‖6
L∞(QT ) + ‖χ‖4

L∞(QT ) + ‖χ‖2
L∞(QT ))

≤ c

(

1 +
∫

I

u2
rdr

) ∫

I

χ2
rdr + c

∫

I

χ2
rrdr + C2.

Combining the above inequalities and (2.1), (2.5), (2.6), (2.8), from (2.19), we can get

d

dt

∫

I

r2χ2
rrdr +

∫

I

r2ρ2χ2
rtdr

≤ C2

(

1 +
∫

I

r2u2
rdr

) ∫

I

r2χ2
rrdr + C2

(

1 +
∫

I

r2u2
rdr

)

.

By the Gronwall inequality and (2.1), we have
∫

I

r2χ2
rrdr +

∫ t

0

∫

I

r2ρ2χ2
rtdrds ≤ C(C2, ‖χ0‖H2(I)),
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which implies
∫

I

χ2
rrdr +

∫ t

0

∫

I

χ2
rtdrds ≤ C(C2, ‖χ0‖H2(I)).

Differentiating (2.18) with respect to r, we can get

χrrr =
2
r
ρ2χt + 2ρρrχt + ρ2χrt +

2
r
ρ2χru+ 2ρρrχru+ ρ2χrru

+ ρ2χrur − 2
r
χr − 4

r
χrr +

2ρ
r

(χ3 − χ) + ρr(χ3 − χ) + ρ(3χ2 − 1)χr.

Then we can derive from Lemmas 2.1–2.5
∫ t

0

∫

I

χ2
rrrdrds ≤ c

∫ t

0

∫

I

{ρ4χ2
t + ρ2ρ2

rχ
2
t + ρ4χ2

rt + ρ4χ2
ru

2 + ρ2ρ2
rχ

2
ru

2

+ ρ4χ2
rru

2 + ρ4χ2
ru

2
r + χ2

r + χ2
rr + ρ2(χ3 − χ)2

+ ρ2
r(χ

3 − χ)2 + ρ2(3χ2 − 1)2χ2
r}drds

≤ c‖ρ‖4
L∞(QT )

∫ t

0

∫

I

χ2
tdrds+ c‖ρ‖2

L∞(QT )

∫ t

0

{

‖χt‖2
L∞(I)

∫

I

ρ2
rdr

}

ds

+ c‖ρ‖4
L∞(QT )

∫ t

0

∫

I

χ2
rtdrds+ c‖ρ‖4

L∞(QT )

∫ t

0

{

‖u‖2
L∞(I)

∫

I

ρ2
rdr

}

ds

+ c‖ρ‖2
L∞(QT )

∫ t

0

{

‖u‖2
L∞(I)‖χr‖2

L∞(I)

∫

I

ρ2
rdr

}

ds

+ c‖ρ‖4
L∞(QT )

∫ t

0

{

‖u‖2
L∞(I)

∫

I

χ2
rrdr

}

ds

+ c‖ρ‖4
L∞(QT )

∫ t

0

{

‖χr‖2
L∞(I)

∫

I

u2
rdr

}

ds

+ c‖ρ‖2
L∞(QT )(‖χ‖6

L∞(QT ) + ‖χ‖4
L∞(QT ) + ‖χ‖2

L∞(QT ))

+ (‖χ‖6
L∞(QT ) + ‖χ‖4

L∞(QT ) + ‖χ‖2
L∞(QT ))

∫ t

0

∫

I

ρ2
rdrds

+ c‖ρ‖2
L∞(QT )(‖χ‖4

L∞(QT ) + ‖χ‖3
L∞(QT ) + ‖χ‖2

L∞(QT ))
∫ t

0

∫

I

χ2
rdrds

≤ C(C2, ‖χ0‖H2(I)).

The proof is complete. �
Now we turn to establish some a priori estimates on u.

Lemma 2.7 For any 0 ≤ t < T , we have
∫

I

(u2
r + u2)dr +

∫ t

0

∫

I

(ρu2
t + u2

rr)drds ≤ C4, (2.20)

where the constant C4 = C(c0, E0, ‖ρ0‖H1 , ‖u0‖H1 , ‖χ0‖H2 , γ, T ) > 0.

Proof It follows from (1.4)1 and (1.4)2 that

r2ρut + r2ρuur + r2γργ−1ρr = 2rur + r2urr − 2u− 2rχ2
r − r2χrχrr. (2.21)

Multiplying (2.21) by ut, integrating the results over I, we have

1
2
d

dt

∫

I

r2u2
rdr +

d

dt

∫

I

u2dr +
∫

I

r2ρu2
tdr
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= −
∫

I

r2ρuurutdr −
∫

I

r2γργ−1ρrutdr −
∫

I

2rχ2
rutdr −

∫

I

r2χrχrrutdr

=
1
2

∫

I

r2ρu2
tdr + c

∫

I

r2ρu2u2
rdr + cγ2

∫

I

r2ρ2r−3ρ2
rdr + c

∫

I

χ4
r

ρ
dr + c

∫

I

r2χ2
rχ

2
rr

ρ
dr.

Then we have

d

dt

∫

I

r2u2
rdr +

d

dt

∫

I

2u2dr +
∫

I

r2ρu2
tdr

≤ c

∫

I

r2ρu2u2
rdr + cγ2

∫

I

r2ρ2r−3ρ2
rdr + c

∫

I

χ4
r

ρ
dr + c

∫

I

r2χ2
rχ

2
rr

ρ
dr

≤ c‖ρ‖2
L∞(QT )‖u‖2

L∞(I)

∫

I

u2
rdr + cγ2‖ρ‖2γ−3

L∞(QT )

∫

I

ρ2
rdr

+ c

∥
∥
∥
∥

1
ρ

∥
∥
∥
∥

L∞(QT )

‖χ2
r‖2

L∞(I)

∫

I

χ2
rdr + c

∥
∥
∥
∥

1
ρ

∥
∥
∥
∥

L∞(QT )

‖χ2
r‖2

L∞(I)

∫

I

χ2
rrdr

≤ c‖ρ‖2
L∞(QT )

∫

I

r2u2
rdr ·

∫

I

r2u2
rdr + cγ2‖ρ‖2γ−3

L∞(QT )

∫

I

ρ2
rdr

+ c

∥
∥
∥
∥

1
ρ

∥
∥
∥
∥

L∞(QT )

∫

I

χ2
rrdr ·

∫

I

χ2
rdr + c

∥
∥
∥
∥

1
ρ

∥
∥
∥
∥

L∞(QT )

∫

I

χ2
rrdr ·

∫

I

χ2
rrdr

≤ C1

( ∫

I

r2u2
rdr

)2

+ γ2C3,

where we have used (2.1), (2.6), (2.8), (2.9), (2.17) and the Sobolev embedding inequalities in
the last step. By the Gronwall inequality and (2.1), we have

∫

I

r2u2
rdr +

∫

I

2u2dr +
∫ t

0

∫

I

r2ρu2
tdrds ≤ C(C3, ‖u0‖H1(I), γ),

which implies
∫

I

u2
rdr +

∫

I

2u2dr ≤ C(C3, ‖u0‖H1(I), γ).

The equation (2.21) implies

urr = ρut + ρuur + γργ−1ρr − 2ur

r
+

2u
r2

+
2χ2

r

r
+ χrχrr.

Then we can obtain from Lemmas 2.1–2.6,
∫ t

0

∫

I

u2
rrdrds ≤ c

∫ t

0

∫

I

{

ρ2u2
t + ρ2u2u2

r + γ2ρ2γ−2ρ2
r +

4u2
r

r2
+

4u2

r4
+

4χ4
r

r2
+ χ2

rχ
2
rr

}

drds

≤ c‖ρ‖L∞(QT )

∫ t

0

∫

I

ρu2
tdrds+ c‖ρ‖2

L∞(QT )

∫ t

0

{

‖u‖L∞(I)

∫

I

u2
rdr

}

ds

+ cγ2‖ρ‖2γ−2
L∞(QT )

∫ t

0

∫

I

ρ2
rdrds+ c

∫ t

0

∫

I

(u2
r + u2)drds

+ c

∫ t

0

{

‖χr‖L∞(I)

∫

I

χ2
rdr

}

ds+ c

∫ t

0

{

‖χr‖L∞(I)

∫

I

χ2
rrdr

}

ds

≤ C(C3, ‖u0‖H1(I), γ).

The proof is complete. �
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Lemma 2.8 For any 0 ≤ t < T , we have
∫

I

(ρu2
t + u2

rr)dr +
∫ t

0

∫

I

u2
rtdrds ≤ C5, (2.22)

where the constant C5 = C(c0, E0, ‖ρ0‖H1 , ‖u0‖H2 , ‖χ0‖H2 , γ, T ) > 0.

Proof Differentiating (2.21) with respect to t, multiplying the results by ut, then integrating
over I, we have

1
2
d

dt

∫

I

r2ρu2
tdr +

∫

I

r2u2
rtdr

= −1
2

∫

I

(r2ρ)tu
2
tdr −

∫

I

{(r2ρ)tuurut + r2ρu2
tur + r2ρuurtut + r2(ργ)rtut

+ 2u2
t + 4rχtχrtut + (r2χrχrr)tut}dr

= −
∫

I

{r2ρuuturt + r2ρuu2
rut + r2ρu2urrut + r2ρu2ururt + r2ρu2

tur + r2ρuurtut}dr

− γ

∫

I

{2rργ−1ρruut + 2rργ−1urut + 4ργuut + r2ργ−1ρruurt + r2ργururt + 2rργuurt}dr

−
∫

I

{2u2
t + 4rχrχrtut + r2χrtχrrut + r2χrχrrtut}dr

=
8∑

i=1

Ki. (2.23)

Now we estimate each term on the right-hand side of (2.23). Using the equation (1.4)1, the
integration by parts, the Young inequality, the embedding theorem and Lemmas 2.3 and 2.7,
we can obtain

K1 = −
∫

I

r2ρuuturtdr ≤ ε

∫

I

r2u2
rtdr + c

∫

I

r2ρ2u2u2
tdr

≤ ε

∫

I

r2u2
rtdr + c‖ρ‖L∞(QT )‖u‖2

L∞(I)

∫

I

r2ρu2
tdr

≤ ε

∫

I

r2u2
rtdr + c‖ρ‖L∞(QT )

∫

I

u2
rdr

∫

I

r2ρu2
tdr

≤ ε

∫

I

r2u2
rtdr + c

∫

I

r2ρu2
tdr.

Noting that the equation (1.4)1 and using the Young inequality, the embedding theorem and
Lemmas 2.3 and 2.7, we can also obtain

K2 = −
∫

I

r2ρuu2
rutdr −

∫

I

r2ρu2urrutdr −
∫

I

r2ρu2ururtdr

≤ c

∫

I

r2ρu2u2
tdr + c

∫

I

r2ρu4
rdr + c

∫

I

r2ρu2u2
rrdr + ε

∫

I

r2u2
rtdr + c

∫

I

r2ρ2u4u2
rdr

≤ c‖u‖2
L∞(I)

∫

I

r2ρu2
tdr + c‖ρ‖L∞(QT )‖ur‖2

L∞(I)

∫

I

u2
rdr

+ c‖ρ‖L∞(QT )‖u‖2
L∞(I)

∫

I

u2
rrdr + ε

∫

I

r2u2
rtdr + c‖ρ‖2

L∞(QT )‖u‖4
L∞(I)

∫

I

u2
rdr

≤ c

∫

I

u2
rdr

∫

I

r2ρu2
tdr + c‖ρ‖L∞(QT )

∫

I

(u2
r + u2

rr)dr
∫

I

u2
rdr
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+ ε

∫

I

r2u2
rtdr + c‖ρ‖2

L∞(QT )

{∫

I

u2
rdr

}3

≤ c+ c

∫

I

r2ρu2
tdr + c

∫

I

u2
rrdr + ε

∫

I

r2u2
rtdr.

Using the Young inequality and the Cauchy inequality, we can obtain

K3 = −
∫

I

r2ρu2
turdr ≤ c‖ur‖L∞(I)

∫

I

r2ρu2
tdr

≤ c

{ ∫

I

(u2
r + u2

rr)dr
} 1

2
∫

I

r2ρu2
tdr

≤ c

{ ∫

I

u2
rrdr + 1

} ∫

I

r2ρu2
tdr.

Similarly, we have

K4 = −
∫

I

r2ρuurtutdr ≤ ε

∫

I

r2u2
rtdr + c

∫

I

r2ρ2u2u2
tdr

≤ ε

∫

I

r2u2
rtdr + c‖ρ‖L∞(QT )‖u‖2

L∞(I)

∫

I

r2ρu2
tdr

≤ ε

∫

I

r2u2
rtdr + c

∫

I

r2ρu2
tdr.

Using the equation (1.4)1, the Young inequality, the embedding theorem and Lemmas 2.3
and 2.7, we easily obtain

K5 = −γ
∫

I

2rργ−1ρruutdr − γ

∫

I

2rργurutdr − γ

∫

I

4ργρruutdr

− γ

∫

I

r2ργ−1ρruurtdr − γ

∫

I

r2ργururtdr − γ

∫

I

rργuurtdr

≤ c

∫

I

r2ρu2
tdr + c

∫

I

ρ2γ−3ρ2
ru

2dr + c

∫

I

ρ2γ−1u2
rdr + c

∫

I

1
r2
ρ2γ−1u2dr

+ ε

∫

I

r2u2
rtdr + cγ

∫

I

r2ρ2γ−2ρ2
ru

2dr + c

∫

I

r2ρ2γu2
rdr + c

∫

I

ρ2γu2dr

≤ cγ

∫

I

r2ρu2
tdr + cγ‖ρ‖2γ−3

L∞(QT )‖u‖2
L∞(I)

∫

I

ρ2
rdr

≤ c

∫

I

r2ρu2
tdr + c‖ρ‖2γ−3

L∞(QT )

∫

I

u2
rdr

∫

I

ρ2
rdr + cγ‖ρ‖2γ−1

L∞(QT )

∫

I

u2
rdr

+ c‖ρ‖2γ−1
L∞(QT )‖u‖2

L∞(I)‖ρr‖2 + ε

∫

I

r2u2
rtdr + cγ‖ρ‖2γ−2

L∞(QT )‖u‖2
L∞(I)

∫

I

ρ2
rdr

+ c‖ρ‖2γ
L∞(QT )‖u‖2

L∞(I)

≤ c

∫

I

r2ρu2
tdr + ε

∫

I

r2u2
rtdr + c.

By virtue of the Young inequality, we have

K6 = −
∫

I

u2
tdr ≤ c

∥
∥
∥
∥

1
ρ

∥
∥
∥
∥

L∞(QT )

∫

I

r2ρu2
tdr.

We also deduce from the Cauchy inequality that

K7 = −
∫

I

4rχrχrtutdr ≤ c

∫

I

r2ρu2
tdr + c

∫

I

χ2
rχ

2
rt

ρ
dr
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≤ c

∫

I

r2ρu2
tdr + c

∥
∥
∥
∥

1
ρ

∥
∥
∥
∥

L∞(QT )

‖χr‖2
L∞(I)

∫

I

χ2
rtdr

≤ c

∫

I

r2ρu2
tdr + c

∥
∥
∥
∥

1
ρ

∥
∥
∥
∥

L∞(QT )

∫

I

χ2
rrdr

∫

I

χ2
rtdr.

By virtue of integrating by parts and the Young inequality, we can obtain

K8 = −
∫

I

(r2χrtχrrut + r2χrχrrtut)dr =
∫

I

2rχrtχrutdr +
∫

I

r2χrtχrurtdr

≤ c

∫

I

r2ρu2
tdr + c

∫

I

χ2
rtχ

2
r

ρ
dr + ε

∫

I

r2u2
rtdr + c

∫

I

r2χ2
rtχ

2
rdr

≤ ε

∫

I

r2u2
rtdr + c

∫

I

r2ρu2
tdr + c

∥
∥
∥
∥

1
ρ

∥
∥
∥
∥

L∞(QT )

‖χr‖2
L∞(I)

∫

I

χ2
rtdr + c‖χr‖2

L∞(I)

∫

I

χ2
rtdr

≤ ε

∫

I

r2u2
rtdr + c

∫

I

r2ρu2
tdr + c

∥
∥
∥
∥

1
ρ

∥
∥
∥
∥

L∞(QT )

∫

I

χ2
rrdr

∫

I

χ2
rtdr + c

∫

I

χ2
rrdr

∫

I

χ2
rtdr.

Then combining above results and (2.6), (2.8), (2.9), (2.17), (2.20), we can get

d

dt

∫

I

r2ρu2
tdr +

∫

I

r2u2
rtdr

≤ C4

(

1 +
∫

I

u2
rrdr

) ∫

I

r2ρu2
tdr + C4

{

1 +
∫

I

(u2
rr + χ2

rt)dr
}

.

Applying the Gronwall inequality and (2.17), (2.20), we get
∫

I

r2ρu2
tdr +

∫ t

0

∫

I

r2u2
rtdrds ≤ C(C4, ‖u0‖H2(I)),

which implies
∫

I

ρu2
tdr +

∫ t

0

∫

I

u2
rtdrds ≤ C(C4, ‖u0‖H2(I)).

Combining above inequalities and equation (2.21), we get
∫

I

u2
rrdr ≤ c

∫

I

{

ρ2u2
t + ρ2u2u2

r + γ2ρ2γ−2ρ2
r +

u2
r

r2
+
u2

r4
+
χ2

r

r4
+ χ2

rχ
2
rr

}

dr

≤ c

∫

I

ρ2u2
tdr + c‖ρ‖2

L∞(QT )‖u‖2
L∞(I)

∫

I

u2
rdr + c‖ρ‖2γ−2

L∞(QT )

∫

I

ρ2
rdr

+ c

∫

I

u2
rdr + c

∫

I

u2dr + c

∫

I

χ2
rdr + c‖χr‖2

L∞(I)

∫

I

χ2
rrdr

≤ C(C4, ‖u0‖H2(I)).

The proof is complete. �

3 Proofs of Main Theorems

In this section, we shall show Theorems 1.1–1.3. Our main idea is to extend the local classical
solution to the global one, based on some priori estimates in Section 2 and the following well-
known lemma from [28].

Lemma 3.1 Let X,E, Y are Banach spaces. Assume that X ⊂ E ⊂ Y and X ↪→↪→ E. Then
the following embedding are compact:

i)
{

ψ : ψ ∈ Lq(0, T ;X),
∂ψ

∂t
∈ L1(0, T ;Y )

}

↪→↪→ Lq(0, T ;E), if 1 ≤ q ≤ +∞,
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ii)
{

ψ : ψ ∈ L∞(0, T ;X),
∂ψ

∂t
∈ Lr(0, T ;Y )

}

↪→↪→ C(0, T ;E), if 1 < r ≤ +∞.

Now we first show Theorem 1.1.
Proof of Theorem 1.1 Suppose that it was false. Then, for problem (1.1)–(1.3), there exists
a maximal time internal 0 < T∗ < +∞ such that there is a unique classical solution (ρ, u, χ) :
I × [0, T∗) → R

+ × R × R, but at least one of the following properties fails:

(i) (ρt, ρr) ∈ Cα, α
2 (QT∗),

(ii) 0 < c−1 ≤ ρ ≤ c < +∞, (r, t) ∈ QT∗ ,

(iii) (u, χ) ∈ C2+α,1+ α
2 (QT∗).

For Lemmas 2.3 and 2.5, we know that (ii) holds. Hence either (i) or (iii) fails. From Lemmas
2.1–2.8 and equations (1.1) (or equations (1.4)), we can prove

max{‖ρ‖
C

1
2 , 1

4 (QT∗ )
, ‖χ‖

C1, 1
2 (QT∗ )

, ‖u‖
C1, 1

2 (QT∗ )
}

≤ C(c0, E0, ‖ρ0‖H1 , ‖u0‖H2 , ‖χ0‖H2 , T∗) < +∞. (3.1)

In fact, for any (r1, t), (r2, t) ∈ QT∗ , by Lemma 2.5, we have

|ρ(r1, t) − ρ(r2, t)| =
∣
∣
∣
∣

∫ r1

r2

ρr(r, t)dr
∣
∣
∣
∣ ≤

( ∫ b

a

ρ2
rdr

) 1
2

|r1 − r2| 12 ≤ C(T )|r1 − r2| 12 . (3.2)

For any (r, t1), (r, t2) ∈ QT∗ , we consider the case of r ∈ [a, a+b
2 ]. Suppose that Δt = t2− t1 ≥ 0

satisfies (Δt)
1
2 ≤ b−a

2 . Integrating the equation (1.4)1 over (r, r + (Δt)
1
2 ) × (t1, t2) , and using

Lemmas 2.3, 2.5, 2.7 and the embedding theorem, we obtain
∫ r+(Δt)

1
2

r

(ξ2ρ(ξ, t2) − ξ2ρ(ξ, t1))dξ

= −
∫ t2

t1

∫ r+(Δt)
1
2

r

(ξ2ρξu(ξ, t) + ξ2ρuξ(ξ, t) + 2ξρu(ξ, t))dξdt

≤
∫ t2

t1

( ∫ r+(Δt)
1
2

r

ξ4ρ2
ξu

2dξ

) 1
2

(Δt)
1
4 dt+

∫ t2

t1

( ∫ r+(Δt)
1
2

r

ξ4ρ2u2
ξdξ

) 1
2

(Δt)
1
4 dt

+ 2
∫ t2

t1

( ∫ r+(Δt)
1
2

r

ξ2ρ2u2dξ

) 1
2

(Δt)
1
4 dt

≤ c

∫ t2

t1

‖u‖L∞(I)

( ∫

I

ρ2
ξdξ

) 1
2

(Δt)
1
4 dt+ c‖ρ‖L∞QT

∫ t2

t1

( ∫

I

u2
ξdξ

) 1
2

(Δt)
1
4 dt

+ c‖ρ‖L∞QT

∫ t2

t1

( ∫

I

u2dξ

) 1
2

(Δt)
1
4 dt

≤ C(T )(Δt)
5
4 .

Noticing ρ ∈ L∞(0, T∗;H1(I)) and ρt ∈ L∞(0, T∗;L2(I)), by Lemma 3.1, we have ρ ∈ C([0, T ];
L2(I)). By the integral mean value theorem, we know that there exists a point r∗ ∈ [r, r +
(Δt)

1
2 ] ∈ [a, b] such that

∫ r+(Δt)
1
2

r

(ξ2ρ(ξ, t2) − ξ2ρ(ξ, t1))dξ
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= (ρ(r∗, t2) − ρ(r∗, t1))
∫ r+(Δt)

1
2

r

ξ2dξ

= (ρ(r∗, t2) − ρ(r∗, t1))
(

r2(Δt)
1
2 + rΔt+

1
3
(Δt)

3
2

)

≥ a2(ρ(r∗, t2) − ρ(r∗, t1))(Δt)
1
2 .

Thus we arrive at

|ρ(r∗, t2) − ρ(r∗, t1)| ≤ C(T )|t2 − t1| 34 .
Combining the above inequality with (3.2) gives

|ρ(r, t1) − ρ(r, t2)| ≤ |ρ(r, t1) − ρ(r∗, t1)| + |ρ(r∗, t1) − ρ(r∗, t2)| + |ρ(r∗, t2) − ρ(r, t2)|
≤ C(T )|r − r∗| 12 + C(T )|t1 − t2| 34
≤ C(T )|t1 − t2| 14 . (3.3)

Similarly, for the case of r ∈ [a+b
2 , b], integrating the equation (1.4)1 over (r−(Δt)

1
2 , r)×(t1, t2),

we can also get the above inequality. Therefore, from (3.2) and (3.3), for any (r1, t1), (r2, t2) ∈
QT∗ , it holds that

|ρ(r1, t1) − ρ(r2, t2)| ≤ |ρ(r1, t1) − ρ(r2, t1)| + |ρ(r2, t1) − ρ(r2, t2)|
≤ C(T )(|r1 − r2| 12 + |t1 − t2| 14 ),

which implies that ‖ρ‖
C

1
2 , 1

4 (QT∗ )
≤ C(T ) < ∞. Next we prove that ‖χ‖

C1, 1
2 (QT∗ )

< ∞. Using
the mean value theorem and Sobolev embedding inequalities, we have

|χ(r1, t) − χ(r2, t)| =
∣
∣
∣
∣

∫ r1

r2

χr(r, t)dr
∣
∣
∣
∣

≤ ‖χr‖L∞(I)|r1 − r2|

≤ |r1 − r2|
∫

I

χ2
rrdr

≤ C(T )|r1 − r2|.
Notice that

χt = −χru+
χrr

ρ2
+

2χr

rρ2
− χ2

ρ
+
χ

ρ
. (3.4)

For any (r, t1), (r, t2) ∈ QT∗ , we consider the case of r ∈ [a, a+b
2 ]. Suppose that Δt = t2− t1 ≥ 0

satisfies Δt ≤ b−a
2 . Integrating the above equation (3.4) over (r, r + Δt) × (t1, t2) yields

∫ r+Δt

r

(χ(ξ, t1) − χ(ξ, t2))dξ

=
∫ t2

t1

∫ r+Δt

r

(

− χru+
χrr

ρ2
+

2χr

rρ2
− χ2

ρ
+
χ

ρ

)

(ξ, t)dξdt

≤
∫ t2

t1

(

‖u‖2
L∞(I)

∫

I

χ2
rdr

) 1
2

(Δt)
1
2 dt+

∥
∥
∥
∥

1
ρ

∥
∥
∥
∥

2

L∞(QT )

∫ t2

t1

(∫

I

χ2
rrdr

) 1
2

(Δt)
1
2 dt

+ 2
∥
∥
∥
∥

1
ρ

∥
∥
∥
∥

2

L∞(QT )

∫ t2

t1

(∫

I

χ2
rdr

) 1
2

(Δt)
1
2 dt+

∥
∥
∥
∥

1
ρ

∥
∥
∥
∥

L∞(QT )

‖χ‖2
L∞(QT )(Δt)

3
2
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+
∥
∥
∥
∥

1
ρ

∥
∥
∥
∥

L∞(QT )

‖χ‖L∞(QT )(Δt)
3
2

≤ C(T )(Δt)
3
2 .

For the left-hand side of the above inequality, by the integral mean value theorem, there exists
a point r∗ ∈ [r, r + Δt] ⊂ [a, b] such that

∫ r+Δt

r

(χ(ξ, t1) − χ(ξ, t2))dξ = (χ(r∗, t1) − χ(r∗, t2))Δt.

Then we get
|χ(r∗, t1) − χ(r∗, t2)| ≤ (Δt)

1
2 ,

which leads to

|χ(r, t1) − χ(r, t2)|
≤ |χ(r, t1) − χ(r∗, t1)| + |χ(r∗, t1) − χ(r∗, t2)| + |χ(r∗, t1) − χ(r, t2)|
≤ C(T )|r − r∗| + C(T )|t1 − t2| 12
≤ C(T )|t1 − t2| 12 .

So we can get
|χ(r1, t1) − χ(r2, t2)| ≤ C(T )(|r1 − r2| + |t1 − t2| 12 ) ≤ ∞,

which implies
‖χ‖

C1, 1
2 (QT∗ )

<∞.

By virtue of the same method above, we can easily get

‖u‖
C1, 1

2 (QT∗ )
<∞

From (2.18), we can get

χt = −χru+
χrr

ρ2
+

2χr

rρ2
− χ2

ρ
+
χ

ρ
,

then we can derive following result by the Schauder theory and (3.1)

‖χ‖
C2+ 1

2 ,1+ 1
4 (QT∗ )

<∞.

Set G(r, t) = −1
2 (χ2

r)r − 2
rχ

2
r. Then ‖G‖

C
1
2 , 1

4 (QT∗ )
< ∞. It is convenient to switch now to the

Lagrangian coordinate relative to matter flow (t, r) → (τ, y). With the transformation rules:
∂τ = ∂t + u∂r and ∂y = 1

r2ρ∂r, then (1.1)1 and (1.1)2 become
⎧
⎪⎨

⎪⎩

ρτ + r2ρ2uy +
2
r
ρu = 0,

uτ

r2
=

4uy

r
+ r2(ρuy)y − 2u

r4ρ
− (ργ)y +

G

r2ρ
.

(3.5)

Moreover, Lemmas 2.3, 2.5, 2.7 and 2.8 in the Lagrangian coordinate give

0 < C(T )−1 ≤ ρ ≤ C(T ) <∞, (3.6)
∫

I

ρ2
ydy ≤ C(T ) <∞, (3.7)

∫

I

(u2
yy + u2

y + u2)dy ≤ C(T ) <∞. (3.8)
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Since [(ln ρ)y]τ = 4uy

r + 2u
r4ρ − r2(ρuy)y and uτ

r2 = ( u
r2 )τ − 2u2

r3 , combining (3.5), we can get
(
u

r2

)

τ

+ [(ln ρ)y]τ =
2u2

r3
− (ργ)y +

G

r2ρ
=

2u
r3

− γργ(ln ρ)y +
G

r2ρ
.

Namely,

d

ds

{[
u

r2
+ (ln ρ)y

]

e−γ
∫ τ

s
ργ(y,ξ)dξ

}

=
[
2u
r3

− γρ(ln ρ)y +
G

r2ρ

]

e−γ
∫ τ

s
ργ(y,ξ)dξ +

[
u

r2
+ (ln ρ)y

]

γργe−γ
∫ τ

s
ργ(y,ξ)dξ

=
[
u

r2
γργ +

2u
r3

+
G

r2ρ

]

e−γ
∫ τ

s
ργ(y,ξ)dξ.

Integrating the above equation over (0, τ ) with respect to s, we have
u

r2
+ (ln ρ)y

=
(
u0

r20
+ (ln ρ0)y

)

e−γ
∫ τ
0 ργ(y,ξ)dξ +

∫ τ

0

[
u

r2
γργ +

2u
r3

+
G

r2ρ

]

e−γ
∫ τ

s
ργ(y,ξ)dξds.

So we have
‖ρy‖

C
1
2 , 1

4 (QT∗ )
<∞. (3.9)

Similarly to the argument in [29], we can apply the Schauder theory to (3.5)2 and get

‖u‖
C2+ 1

2 ,1+1
4 (QT∗ )

<∞.

In particular,
‖u‖

Cα, α
2 (QT∗ )

+ ‖uy‖Cα, α
2 (QT∗ )

<∞.

Applying these estimates to (3.5)1, we get ‖ρ‖
Cα, α

2 (QT∗ )
<∞, which, together with (3.1), using

the Schauder theory to (3.5)2, gives

‖χ‖
C2+α,1+ α

2 (QT∗ )
<∞.

Thus we have ‖G‖
Cα, α

2 (QT∗ )
< ∞. Using the same method once again and applying the

Schauder theory to (3.5)2, we have

max{‖u‖
C2+α,1+ α

2 (QT∗ )
, ‖ρy‖Cα, α

2 (QT∗ )
, ‖ρτ‖Cα, α

2 (QT∗ )
} <∞.

This contradicts the choice of T∗. Hence T∗ = ∞. The proof of Theorem 1.1 is complete.
By virtue of Lemmas 2.1–2.5, we can show that there exist global weak solutions to the

problem (1.1)–(1.3) under the assumptions ρ0 ∈ H1(I) satisfying 0 < c−1
0 ≤ ρ0 ≤ c0 and

u0 ∈ L2(I), χ0 ∈ H1(I).
Proof of Theorem 1.2 First, by the standard mollification, we may assume that for any α ∈
(0, 1), there exists a sequence of initial data (ρε

0, u
ε
0, χ

ε
0) ∈ C1,α(I)×C2,α(I)×C2,α(I) such that

(i) 0 < c−1
0 ≤ ρε

0 ≤ c0 < +∞ on I,
(ii) limε→0(‖ρε

0 − ρ0‖H1 + ‖uε
0 − u0‖ + ‖χε

0 − χ0‖H1) = 0.
Let (ρε, uε, χε) be the unique global classical solution of the problem (1.1) with the initial
conditions (ρε

0, u
ε
0, χ

ε
0) and the boundary conditions (uε, χε

r)|r=a,b = (0, 0) for all t ≥ 0. It
follows from Lemmas 2.1–2.5 that, for any 0 < T < +∞, the following estimates hold

C(T )−1 ≤ ρε ≤ C(T ), in I × [0, T ],
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‖ρε‖L∞(0,T ;H1(I)) + ‖ρε
t‖L2(0,T ;L2(I)) ≤ C(T ),

‖uε‖L∞(0,T ;L2(I)) + ‖uε‖L2(0,T ;H1
0 (I)) ≤ C(T ),

‖χε‖L∞(0,T ;H1(I)) + ‖χε‖L2(0,T ;H2(I)) + ‖χε
t‖L2(0,T ;L2(I)) ≤ C(T ).

After taking possible subsequences, taking ε→ 0 and using Lemma 3.1, we have

(ρε, ρε
r) ⇀ (ρ, ρr) weak * in L∞(0, T ;L2(I)), (3.10)

ρε
t ⇀ ρt weakly in L2(0, T ;L2(I)), (3.11)

ρε → ρ strongly in C(QT ), (3.12)

uε ⇀ u weak * in L∞(0, T ;L2(I)) weakly in L2(0, T ;H1
0 (I)), (3.13)

(χε, χε
r, χ

ε
rr) ⇀ (χ, χr, χrr) weakly in L2(0, T ;L2(I)), (3.14)

(χε, χε
r) ⇀ (χ, χr) weak * in L∞(0, T ;L2(I)), (3.15)

χε
t ⇀ χt weakly in L2(0, T ;L2(I)), (3.16)

χε ⇀ χ weakly in C(QT ) ∩ L2(0, T ;C1(I)). (3.17)

It is easy to see that (3.11), (3.12) and (3.13) imply

ρε
t + (ρεuε)r + ρεuε 2

r
→ ρt + (ρu)r + ρu

2
r
, in D′(QT ). (3.18)

Since

(ρεuε)t = uε
rr −

2
r2
uε +

2
r
uε

r −
1
2
((χε

r)
2)r − 2

r
(χε

r)
2 − (ρε(uε)2)r − 2

r
ρε(uε)2

− ((ρε)γ)r ∈ L2(0, T ;H1(I)),

and ρεuε ⇀ ρu weak * in L∞(0, T ;L2(I)), by Lemma 3.1, we have

ρεuε → ρu, strongly in C(0, T ;H−1(I)), (3.19)

which, together with (3.13), implies that

ρε(uε)2 → ρu2 in D′(QT ). (3.20)

From (3.16), we see that χε
rt ∈ L2(0, T ;H−1(I)). Combining this with (3.15), we have

χε
r → χr in C(0, T ;H−1(I)),

which, together with (3.15), we get

(χε
r)

2 → (χr)2 in D′(QT ). (3.21)

Hence, by (3.10), (3.12), (3.13) and (3.19)–(3.21), we arrive at

(ρut) + (ρu2)r +
2
r
ρu2 + (ργ)r =

(

ur +
2
r
u

)

r

− 1
2
(χ2

r)r − 2
r
χ2

r. (3.22)

Similarly, we can obtain

(ρε)2χε
t → ρ2χt, (ρε)2χε

ru
ε → ρ2χru, (ρε)2χεuε → ρ2χu.

Thus,

ρ2χt + ρ2χru+
2
r
ρ2χu = χrr +

2
r
χr − ρ(χ3 − χ) in D′(QT ). (3.23)
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From (3.18), (3.22) and (3.23), we conclude that the proof of Theorem 1.2 is complete.
In terms of Lemmas 2.1–2.7, we can derive the existence and uniqueness of strong solutions

to the problem (1.1)–(1.3) under the assumptions ρ0 ∈ H1(I) satisfying 0 < c−1
0 ≤ ρ0 ≤ c0 and

u0 ∈ H1
0 (I), χ0 ∈ H2(I).

Proof of Theorem 1.3 Since the initial data χ0 ∈ H2(I) and u0 ∈ H1
0 (I), we may assume that

lim
ε→0

(‖ρε
0 − ρ0‖H1(I) + ‖uε

0 − u0‖H1(I) + ‖χε
0 − χ0‖H2(I)) = 0.

Lemmas 2.6 and 2.7 imply

sup
0≤t≤T

∫

I

(|uε
r|2 + |χε

rr|2 + |uε|2 + |χε
t |2)dr+

∫ T

0

∫

I

(|uε
rr|2 + |uε

t |2 + |χε
rrr|2 + |χε

rt|2)drds ≤ C(T ).

By the proof of Theorem 1.2 and the weak lower semi-continuity of the norm, we can easily
derive that

u ∈ L∞(0, T ;H1
0 (I)) ∩ L2(0, T ;H2(I)), ut ∈ L2(0, T ;L2(I)),

χ ∈ L∞(0, T ;H2(I)) ∩ L2(0, T ;H3(I)), χt ∈ L∞(0, T ;L2(I)) ∩ L2(0, T ;H1(I)).

From (1.1)1 we can also get ρt ∈ L∞(0, T ;L2(I)). Thus we complete the existence result.
Next, we prove the uniqueness. Let (ρi, ui, χi) (i = 1, 2) be two solutions to the problem

(1.1)–(1.3) obtained as above. Denote ρ̃ = ρ1 − ρ2, ũ = u1 − u2 and χ̃ = χ1 − χ2. Then
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ρ̃t = −ρ̃ru2 − ρ1rũ− ρ̃u2r − ρ1ũr − 2
r
ρ̃u2 − 2

r
ρ1ũ,

ρ1ũt − ũrr = −ρ̃u2t − ρ1u1ũr − ρ1ũu2r − ρ̃u2u2r − [(ργ
1)r − (ργ

2)r] − 1
r2
ũ

+
2
r
ũr − χ̃rχ1rr − χ2rχ̃rr − 2

r
χ̃r(χ1r + χ2r),

ρ2
1χ̃t − χ̃rr = −ρ̃(ρ1 + ρ2)χ2t − ρ2

1χ̃ru1 − ρ2
1χ2rũ− ρ̃(ρ1 + ρ2)χ2ru2 +

2
r
χ̃r

− ρ1χ̃(χ2
1 + χ1χ2 + χ2

2) − ρ̃χ3
2 + ρ1χ̃+ ρ̃χ2

(3.24)

for (r, t) × (0,+∞), subject to the initial boundary value conditions

(ρ̃, ũ, χ̃) |t=0= 0 in [a, b], (ũ, χ̃r) |∂I= 0, for t > 0.

Multiplying (3.24)1 by ρ̃, integrating the result over I gives

1
2
d

dt

∫

I

ρ̃2dr = −
∫

I

(

ρ̃rρ̃u2 + ρ̃ρ1rũ+ ρ̃2u2r + ρ̃ρ1ũr +
2
r
ρ̃2u2 +

2
r
ρ̃ρ1ũ

)

dr

=
1
2

∫

I

ρ̃2u2rdr −
∫

I

(

ρ̃ρ1rũ+ ρ̃2u2r + ρ̃ρ1ũr +
2
r
ρ̃2u2 +

2
r
ρ̃ρ1ũ

)

dr

≤ 1
2
‖u2r‖L∞(I)

∫

I

ρ̃2dr + ‖ũ‖L∞(I)‖ρ̃‖L2(I)‖ρ1r‖L2(I) + ‖u2r‖L∞(I)

∫

I

ρ̃2dr

+ ‖ρ1‖L∞(QT )‖ũr‖L2(I)‖ρ̃‖L2(I) + c‖u2‖L∞(I)‖ρ̃‖L2(I)

+ c‖ũ‖L∞(I)‖ρ1‖L∞(QT )‖ρ̃‖L2(I).

Since ũ(0, t) = 0, we have ũ(r, t) =
∫ r

0
ũξ(ξ, t)dξ for (r, t) ∈ QT and hence

‖ũ‖L∞(I) ≤ ‖ũr‖L2(I), t ∈ [0, T ]. (3.25)
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It follows from (3.25) and the regularities of (ρi, ui)that

d

dt

∫

I

ρ̃2dr ≤ c

(

‖u2‖H2(I) +
∫

I

ρ2
1rdr + 1

) ∫

I

ρ̃2dr +
∫

I

ũ2
rdr. (3.26)

Multiplying (3.24)2 by ũ, integrating the result over I yields

1
2
d

dt

∫

I

ρ1ũ
2dr +

∫

I

ũ2
rdr =

1
2

∫

I

ρ1tũ
2dr −

∫

I

ρ1u1ũrũdr −
∫

I

(
ρ1ũ

2u2r + ρ̃u2u2rũ+ ρ̃u2tũ
)
dr

+
∫

I

[(ργ
1) − (ργ

2)]ũrdr −
∫

I

2
r2
ũ2dr +

∫

I

2
r
ũũrdr −

∫

I

χ̃rχ1rrũdr

+
∫

I

(χ2rrχ̃rũ+ χ2rχ̃rũr) dr −
∫

I

(
2
r
χ̃r(χ1r + χ2r)ũ

)

dr.

Since ρ1t = −(ρ1u1)r − 2
rρ1u1, then we have

1
2

∫

I

ρ1tũ
2dr −

∫

I

ρ1u1ũrũdr = −1
2

∫

I

2
r
ρ1u1ũ

2dr.

Moreover,
∫

I
|ϕ|dr =

∫

I
ρi

ρi
|ϕ|dr = ‖ 1

ρi
‖L∞(QT )

∫

I
|ρiϕ|dr (i = 1, 2). By using the above results,

we get

1
2
d

dt

∫

I

ρ1ũ
2dr +

∫

I

ũ2
rdr

= c‖u1‖L∞(I)

∫

I

ρ1ũ
2dr + ‖u2r‖L∞(I)

∫

I

ρ1ũ
2dr + ‖u2‖L∞(I)‖u2r‖L∞(I)‖ρ̃‖L2(I)‖√ρ1ũ‖L2(I)

+ ‖ũ‖L∞(I)‖u2t‖L2(I)‖ρ̃‖L2(I) + c‖ρ̃‖L2(I)‖ũr‖L2(I)+ c

∫

I

ρ1ũ
2dr + c‖ũr‖L2(I)‖√ρ1ũ‖L2(I)

+ ‖ũ‖L∞(I)‖χ1rr‖L2(I)‖χ̃r‖L2(I) + ‖ũ‖L∞(I)‖χ2rr‖L2(I)‖χ̃r‖L2(I)

+ ‖χ2r‖L∞(I)‖χ̃r‖L2(I)‖ũr‖L2(I) + c‖χ1r‖L∞(I)‖χ̃r‖L2(I)‖√ρ1ũ‖L2(I)

+ c‖χ2r‖L∞(I)‖χ̃r‖L2(I)‖√ρ1ũ‖L2(I)

≤ 1
2

∫

I

ũ2
rdr + c

(∫

I

χ2
1rrdr +

∫

I

χ2
2rrdr

) ∫

I

χ̃2
rdr + c

(∫

I

u2
2tdr + 1

)∫

I

ρ̃2dr

+ c

(∫

I

u2
1rdr +

∫

I

u2
2rdr +

∫

I

u2
2rrdr + 1

) ∫

I

ρ1ũ
2dr,

which implies

d

dt

∫

I

ρ1ũ
2dr +

∫

I

ũ2
rdr ≤ c

∫

I

χ̃2
rdr + c

(∫

I

u2
2tdr + 1

) ∫

I

ρ̃2dr

+ c

(∫

I

u2
1rdr +

∫

I

u2
2rdr +

∫

I

u2
2rrdr + 1

) ∫

I

ρ1ũ
2dr. (3.27)

Multiplying (3.24)3 by χ̃, integrating over I, we have

1
2
d

dt

∫

I

ρ2
1χ̃

2dr +
∫

I

χ̃2
rdr

=
∫

I

ρ1ρ1tχ̃
2dr −

∫

I

ρ̃(ρ1 + ρ2)χ2tχ̃dr −
∫

I

(
ρ2
1u1χ̃rχ̃+ ρ2

1ũχ2rχ̃
)
dr

−
∫

I

(ρ̃(ρ1 + ρ2)χ2ru2ũ) dr +
∫

I

2
r
χ̃rχ̃dr −

∫

I

ρ1χ̃(χ2
1 + χ1χ2 + χ2

2)χ̃dr

−
∫

I

ρ̃χ3
2χ̃dr +

∫

I

ρ1χ̃
2 +

∫

I

ρ̃χ2χ̃dr
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≤ ‖χ̃‖L∞(I)‖ρ1χ̃‖L2(I)‖ρ1t‖L2(I) + ‖χ̃‖L∞(I)‖ρ1 + ρ2‖L∞(QT )‖ρ̃‖L2(I)‖χ2t‖L2(I)

+ ‖ρ1‖L∞(QT )‖u1‖L∞(I)‖χ̃r‖L2(I)‖ρ1χ̃‖L2(I)

+ ‖ρ1‖
1
2
L∞(QT )‖χ2r‖L∞(I)‖√ρ1ũ‖L2(I)‖ρ1χ̃‖L2(I)

+
∥
∥
∥
∥
ρ1 + ρ2√

ρ1

∥
∥
∥
∥

L∞(QT )

‖χ2r‖L∞(I)‖u2‖L∞(I)‖√ρ1ũ‖L2(I)‖ρ̃‖L2(I)

+ c

∥
∥
∥
∥

1
ρ1

∥
∥
∥
∥

L∞(QT )

‖χ̃r‖L2(I)‖ρ1χ̃‖L2(I) +
∥
∥
∥
∥
χ2

1 + χ1χ2 + χ2
2

ρ1

∥
∥
∥
∥

L∞(QT )

‖ρ1χ̃‖2
L2(I)

+ ‖χ2‖3
L∞(I)

∥
∥
∥
∥

1
ρ1

∥
∥
∥
∥

L∞(QT )

‖ρ̃‖L2(I)‖ρ1χ̃‖L2(I) +
∥
∥
∥
∥

1
ρ1

∥
∥
∥
∥

L∞(QT )

‖ρ1χ̃‖2
L2(I)

+ ‖χ2‖L∞(I)‖ 1
ρ1

‖L∞(QT )‖ρ̃‖L2(I)‖ρ1χ̃‖L2(I).

From the equations (1.1)1, (1.1)3,4 and the estimates (2.5), (2.8), (2.9), (2.17), (2.20) we can
deduce that ∫

I

ρ2
itdr ≤ c,

∫

I

χ2
itdr ≤ c, i = 1, 2.

Moreover, the Sobolev embedding theorem implies that

‖χ̃‖L∞(I) ≤ c‖χ̃‖H1(I) ≤ c(‖χ̃‖L2(I) + ‖χ̃r‖L2(I)).

Hence together with the regularities for (ρi, ui, χi), we get

d

dt

∫

I

ρ2
1χ̃

2dr +
∫

I

χ̃2
rdr

≤ c

(

1 +
∫

I

u2
2rdr

) ∫

I

ρ̃2dr + c

(

1 +
∫

I

u2
1r

) ∫

I

ρ2
1χ̃

2dr + c

∫

I

χ2
2rrdr

∫

I

ρ1ũ
2dr. (3.28)

Adding (3.26), (3.27) and (3.28) together, we get

d

dt

∫

I

(
ρ̃2 + ρ1ũ

2 + cρ2
1χ̃

2
)
dr

≤ c

(∫

I

u2
2tdr + ‖u2‖H2(I) +

∫

I

ρ2
1rdr + 1

) ∫

I

ρ̃2dr

+ c

(∫

I

u2
1rdr + ‖u2‖H2(I) +

∫

χ2
2rrdr + 1

) ∫

I

ρ1ũ
2dr + c

(

1 +
∫

I

u2
1rdr

) ∫

I

ρ2
1χ̃

2dr

≤ c

(∫

I

u2
2tdr + ‖u2‖H2(I) + ‖u1‖H1(I) + ‖χ2‖H2(I) +

∫

I

ρ2
1rdr + 1

)∫

I

(ρ̃2 + ρ1ũ
2 + cρ2

1χ̃
2)dr

= K(t)
∫

I

(
ρ̃2 + ρ1ũ

2 + cρ2
1χ̃

2
)
dr, (3.29)

where K(t) = c
(∫

I
u2

2tdr + ‖u2‖H2(I) + ‖u1‖H1(I) + ‖χ2‖H2(I) +
∫

I
ρ2
1rdr + 1

)
. From equation

(1.1)2 and estimates (2.8), (2.17), (2.20), we can get
∫ T

0

∫

I
u2

itdrds ≤ +∞ (i = 1, 2). Combining
Lemmas 2.1–2.8 we see that

∫ T

0
K(t)dt < +∞. Applying the Gronwall inequality to (3.29) we

arrive at
∫

I

(ρ̃2 + ρ1ũ
2 + cρ2

1χ̃
2)dr ≤

∫

I

(ρ̃2 + ρ1ũ
2 + cρ2

1χ̃
2)|t=0dr exp

( ∫ T

0

K(t)dt
)

= 0.

Noticing that the density ρ1 and the constant c are positive, thus we obtain (ρ̃, ũ, χ̃) = 0. The
proof is complete.
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We are in preparation to deal with the case of the viscosity coefficient ν depending on the
concentration χ. In fact, in this case, the global Hölder estimates for the solution involve the
Hölder estimates of χrt which is nontrivial.
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