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1 Introduction

Let p be a Borel probability measure with compact support in plane. To study the Hilbert
space L?(u), it is natural to investigate the Fourier analysis on it. For this aim, people consider

the family of exponential functions decided by a set A C R? as follows
Ep = {e @N . p e R N e A}, (1.1)

where (x, \) is the standard inner product in R2. If E, is an orthonormal basis of L?(u), like
Ez in L?[0,1], p is called a spectral measure with a spectrum A, also (u, A) is called a spectral
pair.

It is known that p is of pure type if it is a spectral measure, that is, u is either a discrete
measure with finite support, absolutely continuous or singularly continuous measure with re-
spect to the Lebesgue’s one (see [25]). Surprisingly, there are many differences between the
absolutely continuous spectral measure and the singularly continuous one. For example, there
are uncountable spectra A with 0 € A for all known singularly spectral measures (see [9, 13]
for example), but only finite many spectra A with 0 € A for all known absolutely continuous
spectral measures in one dimension (see [27] for example).

The first singularly spectral measure was found by Jorgensen and Pedersen in 1998 ([26]).
They proved that the one forth Cantor measure 4, which satisfies

1 1
wa(E) = §u4(4E) + §u4(4E —2), for all Borel set E C R

and is supported on the compact set T = {3 ;7 dpd~F : all dj, € {0,2}}, is a spectral measure

with a spectrum
Ay ={0,1} +4{0,1} +4*{0,1} +---, (1.2)

where all sums are finite. The measure p4 has many surprising properties. For example, there
are infinitely many natural numbers k such that, for the A4 given in (1.2), kA4 is a spectrum
of pg (e.g. [15]). The mock Fourier expansion of any continuous function f for the basis E, of
L?(uy4) is uniformly convergence ([34]); however, there exists a continuous function whose mock
Fourier expansion for the basis E17a, of L?(uy) is divergent at 0 ([16]).

From 1998 on, there is a lot of study on the spectrality of self-similar and self-affine measures,
and many singular properties have been found (see [2, 6, 7, 10-12, 14, 15, 17, 19, 24, 33] and the
references therein). The theory of singularly spectral measures mainly includes the sufficiency
and the necessity of spectrality. The study also related with tilling (see [28] for example) and
wavelet (see [21] for example).

Recently, the spectrality of a class of more complicated probability measures receives special
interest. That is the so called “Moran self-affine measures”, “infinite convolutions” or “tower
measure” by Strichartz [34] (see Definition 1.1). Many important results have been proven (see
[1-5, 20, 23, 34] and the references therein). Among these results, most of them associate the
one dimensional case. In higher dimensional cases, an important work is due to Dutkay and
Lai [20]. For Moran self-affine measures generated by random convolutions of finite atomic
measures satisfying Hadamard triples, where the digits are chosen from a finite collections of

digit sets, the authors showed that in dimension one, or in higher dimensions under certain



1806 Deng Q. R. et al.

conditions, “almost all” such measures are spectral measures, but, the Hadamard triples do not
guarantee the spectrality of Moran self-affine measures in general cases (see [5]).

All the known results either give sufficient conditions or necessary conditions for some class
of Moran self-affine measures to be spectral. Even for the self-affine measures, there are few
characteristic conditions obtained for them to be spectral measures (only for the Sierpinski
Measures by several authors, which is a special case of the main result in this paper). In this
paper we study the Moran—Sierpinski Measures (see its definition below) and obtain a necessary

and sufficient condition for them to be spectral.

Definition 1.1  Let {A,}22, C My(R) be a sequence of nonsingular d x d matrices with real
entries and let {D,}°2, be a sequence of finite sets in RY (digit sets). Assume T(A,,Dy) =
D AflAgl -~ AZYD,, is a compact set of R, Then the sequence of discrete measures,

generated by convolutions as follows,

Un, :5AI1D1 *6A;1A;1D2 *"'*MA;1A2’1~--A;1D”7 n > ]., (13)

converges in weak sense to a Borel probability measure with compact support T(A,, D), where
0g = ﬁ > acr Oa, #E is the cardinality of E and 6, is the Dirac measure at the point a € R4.

We denote the above limit measure by

B{A, D,y = 6A;1D1 * 5A1’1A2’2D2 Koo (1.4)

which is called a Moran self-affine measure. In particular pga, p,y is called a self-affine measure

and denoted by pap if all A, = A and D,, = D.

Remark By letting {X,,},, be a sequence of independent random variables such that X, is
uniformly distributed on D,, for all n > 1, it is easy to show that the sequence of measures
{ttn}n defined in (1.3) converges in weak sense to a Borel probability measure with a compact
support if and only if the set T'(A,,D,,) is a bounded compact set.

To study the spectrality of yy4, p,} in higher dimensions, up to now there has not been a
characteristic criterion for pg4, p,1 to be a spectral measure in general except for some special
self-affine measures. In this paper we study the spectrality of pya, p,} by assuming that all
digit sets D,, are equal to the Sierpinski digit set and obtain a necessary condition and several
easy-to-check sufficient conditions for it to be a spectral measure.

The Sierpinski digit set is defined by

1

0 0
D= 5 s = {0,61,62}. (15)
0 0 1

And associated to it we will use the set

0 1 -1
C= ; , :={0,¢,—e}. (1.6)
0 -1 1
In the sequel, D and C mean the above two subsets, respectively, except some mentioned cases.
We always use e denote the vector (1,—1)" as in (1.6).
The Moran measure pig4, p,y is called a Moran-Sierpinski Measure if all D,, are the Sier-

pinski digit set D given by (1.5). For simplicity of notations we denote it by jif4, n>1}. Note
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that the compact support of pig4, »n>1) is the set > A;lAgl -+ A-ID, which in general is
a fractal set and so the measure pg4, n>1y is singular in general.

What we are interested in this paper is the following question:

Question 1  What is the necessary and sufficient condition for the Moran—Sierpinski Measure
Hia, n>1} to be spectral?

Recall that, as a special case of jiy4, n>1}, the so called Sierpinski measure pa p satisfies
the self-affine property, that is,

1
pap(E)= 4D %MA,D@?(E)), for any Borel set E C R?,

where A € M5(Z) is an expansive matrix (all its eigenvalues are larger than one in modulus)
and ¢4(x) = A~ (x + d) with D being defined by (1.5).

The Sierpinski measure attracted the most attention in the study of spectrality of self-
affine measures (two dimension case). Early in 1998, Jorgensen and Pedersen ([26]) showed
that the canonical Hausdorff measure on the Sierpinski gasket is not a spectral measure, but
such measure on the Sierpinski tower is a spectral measure on R3. Later, in 2007, Dutkay
and Jorgensen ([22]) proved a sufficient condition for the self-similar measure p, p on R™ to be
spectral, that for p € (n+1)N, u, p, admits some canonical spectra, where D,, = {0,e1,...,e,}
consisting of the zero vector and the standard basis of R™.

Assuming A € Ms(Z) to be an expansive matrix, Li ([29-32]) and An et al. ([2]) proved

that p14,p is a spectral measure if and only if %(1, —1)A is an integral row vector.

Assuming A = diag(p~!, p~!) with 0 < |p| < 1 being any real number, Deng and Lau ([14])
proved that pa p is a spectral measure if and only if p~! belongs to 3Z \ {0}. Furthermore,
assuming A = diag(b1, b2) to be a general real diagonal expansive matrix, Dai, Fu and Yan ([8])
showed that w4 p is a spectral measure if and only if by, be € 3Z\ {0}.

Clearly, the Moran—Sierpinski Measure fi{4, ,>1} is not the case at all. For the spectrality
of the Moran-Sierpinski Measure fi(4, »n>1}, Wang and Dong ([35]) considered the case that all
A,, are diagonal matrices and obtained some sufficient condition. Then Zhang ([36]) extended

these results to some more general cases.

To answer the above question, the first key problem is the necessity part. In general, it is a
difficult problem to give the necessary conditions for the spectrality and few results have been
obtained up to now. Here we find the necessary condition for the Moran—Sierpinski Measure
H{A, n>1y and develop a new method to prove it. The idea is, after assuming there exists a
spectrum A, to divide the assumed A into several parts and use a property of weighted sums to
obtain a proof (The details are given in Sections 2-3). Then we obtain the necessary condition
of Question 1 completely.

Theorem 1.2  Let {A,}52, C M3(Z) be a sequence of expasive matrices such that T(A,, Dy,)
=30 AflAgl < A-YD,, is a compact set of RY. If H{A, n>1} 8 a spectral measure, then

3(1,—-1)A, € Z? forn > 2.

Clearly, the condition %(1,—1)A, € Z? is equivalent to that there exist A} € M(Z) and
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kn,ln, € {—1,0,1} such that

kn n
A, =3A + , for each n > 2.

kn 1y

For the sufficiency part of Question 1, we need to use the Euclidean norm || - || and some

non Euclidean norm || - ||” on R? and the following notion: For 1,4 € (0, 1), write
2
11 1,
B,s:=4qB¢€ My (Z):B 75—77,§+77 N :I:EeqLZ =0, (1.7)
s

where [a,b]* = {(2,y)" : 2,y € [a,b]} for any a < b and Es = {z : sup,cp ||z — y|| < 6} is the
d-neighborhood of E under the Euclidean norm | - ||. Then we obtain the following result.

Theorem 1.3 Let A, € My(Z) for n > 1. Suppose

limsup |4, <r<1

n—oo

" on R? and there exist two positive numbers n and & such that

BpBni1-+ Buip € Bys (1.8)

for some norm || - ||

for all p > 0 and sufficient large n, where B, = Al is the transpose of A, for n > 1. Then
[1{A, n>1} i a spectral measure if and only if (1, —1)A, € Z* forn > 2.
1”/

Remark The assumption limsup,, ., |4, ']|" <7 < 1 guarantees that piy4, n>1} is a Borel

probablity measure and

lim B, 'B,}, B;ip =0, uniformly for n > N.
p—0oo

Then (1.8) holds for n > N and sufficient large p. The key point of the assumption (1.8) is the
arbitrariness of p > 0.

The following corollaries are the main results of this paper.
Corollary 1.4 Let A, € My(Z) for n > 1. Suppose all A;! are contractive with a common
ratio r < % under the Euclidean norm ||| on R2. Then H{A, n>1} 18 a spectral measure if and
only if %(1, -1)A,, € Z? forn > 2.
Corollary 1.5  Suppose all A;* are contractive under a norm || - || on R? and sup,,>, || Ay|" <
00. Then piga, n>1y @8 a spectral measure if and only if %(1, -1)A, € Z% forn > 2.
Corollary 1.6 Let

be an integer expanding matriz for n > 1. Then pia, n>1y 8 a spectral measure if and only if
3| pn and 3| qn forn > 2.

To prove Theorem 1.3, one may consider
1 1 1
A= §B1C + §BlB2C + gBlBQBsC + .-+, all finite sums, (1.9)

where B,, = Al for all n > 1 and C is given by (1.6). It is easy to show that the associated
family E, is an orthogonal family of L?(p4, »>1). The difficult part is the complete property

of Ey in L?(pa, n>1). But, unfortunately, we do not know how to prove it.
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Up to now, there are four ways to show the complete property of an orthogonal family of
exponentials for L2(u), where yu is a probability measure with compact support:

(1) Jorgensen and Pedensen ([26]) used the function space and fixed point theorem;

(2) Strichartz ([34]) used approximation by p, given in (1.3) and the Lebesgue dominated
convergence theorem;

(3) Dai et al. ([6, 9, 10] etc.) used the recurrent ideas.

(4) Dutkay et al. ([18]) used the frame theory to prove the complete property.

However, following those ideas, we could not prove the complete property. Thus the follow-

ing question arises:

Question 2 Is the A given by (1.9) a spectrum of the Moran-Sierpinski Measure pi{4, n>1}7?

If r is small enough, it is not difficult to answer Question 2 by following the known methods,
and so the sufficiency of Theorem 1.3 holds. In our general case, motivated by the ideas of the
above (2), (3), (4) and using some new ideas, we prove the sufficiency of Theorem 1.3 by
constructing a “non standard” spectral set candidate (see (4.9)) and the detailed proof is given
in Section 4.

At the end of this section we guess

Conjecture 1.7 Let A,, € Ms(Z) be such that jiga, n>1y is a Borel probability measure with
a compact support. Then jiga, n>1y i a spectral measure if and only if %(17 -1)A, € Z2 for
n > 2.

2 Preliminaries

Let i be a Borel probability measure with compact support in R?. The Fourier transform of
is defined by

lE) = F)(©) i= [ Edua), ¢ 2
Then for any nonsingular 2 x 2-matrix A € My(R)

Flpo A)(€) = F(u)(B~'E),
where po A(E) = p(AE) for E C R? and B = A, the transpose matrix of A. The following

criterion is the main idea to judge whether a probability measure p with compact support is a

spectral one or not, which comes from Plancherel identity and Stone—Weierstrass theorem.

Theorem 2.1 ([26]) Let u be a Borel probability measure with compact support and A C R?.
Then the following statements hold:

(i) A is an orthogonal set of u if and only if

Qual€) =D IBE+ N <1, for R
AEA

(ii) A is a spectrum of p if and only if Qu(€) =1 for all £ € R?.

We will use the following lemma which is easy to be proven (see [9, Lemma 2.2] for its
proof).
Lemma 2.2 Let u = v xw be the convolution of the two measures v,w in R? with compact
support. If v is not a Dirac measure and A is an orthogonal set of w, then A is an orthogonal

set of p but not a spectrum of it.
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The following lemma was given in several papers, e.g. [13] and the reference therein. Let A
be an expanding matrix with entries in Z and let S, M C Z? be two digit sets with the same
cardinality. We say that (A~1S, M) is an integral compatible pair if the matrix

s a—1
[e2m<A S’mqses,me/\/t

is unitary. In this case, the pair (A,S) is said admissible and the triple (4,8, M) is said a
Hadamard triple. The following conclusions are well known.
Lemma 2.3 Let (A71S, M) be an integral compatible pair. Then the following statements
hold.
(i) (A~Y(S+d), M +¢) is also an integral compatible pair for d,c € Z?;
(ii) (A™"S,,, M,,) is an integral compatible pair forn > 1, where S, = S+AS+---+A""1S
and My, = M+ AIM + - + (AH" I M
(iii) All elements in S (resp., M) are in different coset of the group Z? | AZ? (resp., 72 | AYZ?);
(iv) (A=1S, M) is an integral compatible pair for S =S (mod A) and M = M (mod A®).
Denote the mask of S by ms(§), i.e.,
ms(§) = % Ze%i(s’@, £ eR2 (2.1)
seS
It is easy to check the following known facts.
Lemma 2.4 Let A € My(Z) be an expanding matriz with integral entries and S, M C Z?
with the same cardinality. Then the following statements are equivalent:
(i) (A=1S, M) is an integral compatible pair;
(i) ms((AY) "1 (my1 —ma)) = 0 for any my1 # ma € M;
(iii) (da-15,M) is a spectral pair, i.e.,

Y Pacs@Erm)P= > Ims((ANTHE+m)[P =1, VEER

meM meM

We extend some of the above results so that they suit for our setting.

Lemma 2.5 Suppose that all (A;1S,, M,) are integral compatible pairs for n > 1. Then
((ApA,_q -+ A)7LS,, M,,) is an integral compatible pair for each n > 1, where

Sn=S8u+AnSn1 + o+ AgAy 1 Ay,
M, =M +BiMs+ -+ BBy By 1 M,,
where B, = A, forn > 1.
Proof Write
Hn = 5,4;151 * 5A;1A;152 koo '5AI1A;1~-A;1$,,, = 5(,4",4”,1-.-,41)*13}

Then we have
n
(€)= [[ ms. (B ' By, -+ B Y6).
k=1

According to (iii) in Lemma 2.3, it is easy to show that #8, = #M,,. For any two different
elements c = ¢; + Bica+-+--+ B1By---Bp_1¢n, ¢ =+ Bich+---+ BBy - B,_1c), € My,
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where ck,cﬁC € My for 1 < k < n, let s be the integer such that ¢, = c% for 1 <k < s and
¢s # ci. Then
c—c =B1By---Bs_1(cs — ¢ + Bsw)

for some w € Z2. Consequently,

ms, (By'B Y -+ By (e — ) = ms, (B (es — ) + w) = ms, (B Hcs — ) =0.

S

Hence fi,,(c — ¢’) = 0. And the assertion holds by Lemma 2.4 (ii). O
In this paper we always write
_ 1 2mi(€,d) __ 1 1 2mi€ 1 2mié
m(f)—EZe —g‘i’g@ 1+§e 2, (22)
deD

Then

{A, m>1} = H JAIIA;I-A-A;D(E) = H m(Bk_lBk_—11 T Bflf)v (2.3)
k=1 k=1

when g4, n>1) has compact support, where By, = Al is the transpose of Ay, for k > 1.
Denote the zero set of a function f by L(f), i.e.,

L(f) = {z € R? f(x) = 0}.
In the following part of this section, we assume T'(A,,D,,) := > o0 | AT A - AD, is a
compact set of R? (this means H{A, n>1} has compact support). By an elementary induction,

we get
L(m) = é {#e+32%},

where

Thus, by (2.3) we have

(@
)

L(ﬁ{An,nZI}) = L(éAflAgl...AI:lD) = U L((SD © Bk_lBk_,ll - 'Bl_l)
k=1

=~
Il
—

B1BsBs - - - By(+e + 3Z%). (2.4)

Il
8
W =

k=1
Similar to the notation g4, n>1y, we write
(A, n>2) = Op1p ¥ O 1 g ip ¥ o fly ot qmip o (2.5)
and
M A nz2} = OM-1D % Oppoagpip 0 * flpr-aas bt * 70 (2.6)
i.e., the measure with A; replaced by a nonsingular matrix M.
Lemma 2.6 Let M € My(Z) be nonsingular and let H{M, A, n>2) be the measure defined in
(2.6). Then
[{Ann>1} = H{M A, m>2} © (M1 A)
and (pga, n>1y, ) is a spectral pair if and only if (M{M,An,nzz},MthlA) is a spectral pair.



1812 Deng Q. R. et al.

Proof According to the uniqueness of Fourier transform, it is sufficient to show that
F(pgar,anm>oy © (M AD))(E) = figa, m>13 ()

for the first assertion. In fact, by the definition and Theorem 2.1, one has that

F(pgar,a, n>2} © (M~14))(€) = f(ﬂ{]VI7A,L,n22})(MtB1_1£)

=m((M")'M'B 1) [[ m(By "B, -+ By H(MY) T M B¢
k=2

m(B; B, ', - By ' By t¢)

[
18

1

{A,,n>1} (f)

= ¥

To prove the second assertion, we have for ¢ € R?,

Quiiay oy A€) =D [Aga, sy (E+ M)
AEA

= Z Figa,a, m>23 (M B H(E+ V)
XEA

=" ligar,a, nz2y (MUBTIE + MBI 2
AEA

-1
- QN{M,A”,nZZ}aMthlA(MtBl £).
Then the second assertion follows by Theorem 2.1. 0

Lemma 2.7 Let p; ; be positive numbers such that Z? 1Di; =1 and let q; ; be nonnegative
numbers such that 371" | maxi<j<n gij < 1. Then 350 320 pijqi; = 1 if and only if ¢; j = qi
for1<i,j<nand > ¢ =1

Proof Since
n n
1= > pigti
i=1 j=1
can be rewritten as
[1 - ZJE“%X Q] + ZZP | e s = 0]
i=1 j=

By the assumptions, each term in middle brackets are nonnegative. Then the conclusion fol-

lows. O

3 Proof of Theorem 1.2

In this section, we always assume that A, € Ms(Z) is a sequence of expansive matrices such
that T(A,, Dy) =Y 00 | A7 A+ A1D,, is a compact set of R, According to Lemma 2.6,
without loss of generality, we can assume A; = diag(3,3). Then (2.4) shows that L(fita, n>13) €
72,

For simple notations we write

= P{diag[3,3,A,,n>2)  ANd V= figa, n>2), (3.1)
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where diag[3,3] = (3 9). Then

j=0yp+(vo3) and () = m<§)ﬁ<§) (3.2)
And by (2.3), one has that
L(f) = (+e+32%) U U ByBy -+ By (+e +327%) C Z2. (3.3)
Let
V= Z vy j e {~1,0,1} » . (3.4)
J

It is clear that V is the complete residue system mod diag[3,3]. Then, for any w € Z?, there
exists ¢ € V for k > 1 and ¢, = 0 for sufficient large k& such that

w= ZSkilck, (3.5)
k=1

and the expression is unique.
Let A be a spectrum of y with 0 € A. Then A C Z? by A — A C {0} UL(zz) and (3.3). For
A € A, by (3.5) there exists a unique v € V such that A\ = v + 3w for some w € Z2. Define
={weZ®:v+3we A} (3.6)

Thus we have the following decomposition

A= (r+3Ay), (3.7)

yeV

where v+ 3A, = 0 if A, = (. Moreover, the union is disjoint. Since 0 € A, it is clear
Ao # 0. (3.8)

Lemma 3.1 Let A be a spectrum of pu with 0 € A. Then A, is either an empty set or
orthogonal set of v for each v € V.

Proof Suppose that A, is a nonempty set (y € V) and A # § € A,. Then v+ 3\, v+ 38 € A.
This leads to

= 1B =pP)) =mA =LA = B) =v(A=p),

which is equivalent to that A, is an orthogonal set of v. O
Write
CO = {07 €, —6},
1 -1 0
Cl = ) )
0 -1 1
-1 0 1
C—l = ’ ’
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It is easy to check the following further decomposition

A=Je+30)= | U (c+3A0). (3.9)

yeEV 1€{—1,0,1} c€C;
Since
1
Ci=Co+ mod
0 0 3
and
— 3 0
C_1=Co+ mod ,
0 0 3

from Lemma 2.3 (i) it follows that (A~'D, $A'C;) are compatible pairs for any nonsingular
matrix A and ¢ € {—1,0,1}.

Lemma 3.2 Let A be a spectrum of p with 0 € A. Then, for any ¢; € C;,1 = —1,0,1,
¢
Ac_l,co,cl = 4 U (g + AC7)
i€{—1,0,1}

is either an empty set or an orthogonal set of v. When it is an orthogonal set of v, we have

PN

2
ﬁ<§+%+>\)‘ <1, forteR?,
ie{—1,0,1} A€A,

where the term Y\ oy [P(E+ G + MN)|? is equal to 0 if Ae, =0 for some i € {~1,0,1}.

Proof By Lemma 3.1, it is sufficient to prove that, for « € A, and 3 € A.,, one has that

~( Co C1
— - — — =0.
u(3+a 3 ﬂ)

In fact, by (3.9) and (3.2) one has that

~ c c [ c
O—u(co—|—3a—c1—36)—m<§0+ozéﬂ)y<§0+a§1ﬂ)

— [0 _ G5 % _a
—m<3 3)1/<3 + a 3 6).

From the definition of Cy and Cy, it follows that % — & ¢ L(m), which implies m(% — %) # 0.
We obtain the desired result. d

The following lemma is the rewrite of Lemma 2.7.

Lemma 3.3 Let C_1,Co,Cy be defined as above. Assume all p. are positive numbers such that
> cec, pe=1fori € {—1,0,1} and all g. are nonnegative numbers such that 3=, o1y Maxeee,
{gc} < 1. Then Eie{q,o,l} > cec, Pee = 1 if and only if all q. are equal for ¢ € C; (i €
{-1,0,1}), and 23:1 qe; = 1 for any choice of ¢; € C;.

Lemma 3.4 Let A be a spectrum of p with 0 € A. Then, for any choosing ¢; € C; for

i =—1,0,1, the set Ac_, co,c; S @ spectrum of v.
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Proof By Theorem 2.1, one has for any ¢ € R?,

1= [aE+ NP =D D A +y+3N* by (3.9)
AEA YEV AEA,
2

=3 > <W+A> u<57§7+x> by (3.2)
YEV AEA,
7\ N ?
-y m<T > (552 4
yeVv AEA,
2
- B ERE 2 R
i€{—1,0,1} c;€C; €A,
Choose ¢ with irrational entries. Write
2
+c

AEA,
Then > (101} 2cec; Pede = 1 and all pc; > 0. By Theorem 2.1 (i) and Lemma 3.2, one has
Z max q. < 1.
ceC;
ie{—1,0,1}

Since (D, %Cz) is a compatible pair for i € {~1,0,1}, from Lemma 2.4 it follows } o pe, = 1.
Then, according to Lemma 3.3, we have ¢ = max{q, : = € C;} := ¢; for any ¢ € C; (i €

{71, Oa 1})7 and
_ _ E+eci : (€ ?
= 3w 2SSt e[ - X P
i€{—1,0,1} i€{—1,0,1} A€A, XEAe_ | coer
Hence Ac_, ¢y, is a spectrum of v by Theorem 2.1 (ii). O

Corollary 3.5 Let A be a spectrum of p with 0 € A. Then there exist z,. and z_ € Z? such
that both e + 3z4 and —e + 3z_ lie in A.

Proof According to Lemma 3.4 and its proof, one has that ¢g = gc = ¢_.. By qo > 0 (because
(3.8)), it is clear that both A, and A_. are nonempty. The assertion follows by (3.9). O
Now we are in the place to prove Theorem 1.2. For convenience of readers, we rewrite

Theorem 1.2 as

Theorem 3.6 Let A, € My(Z) be a sequence of expansive matrices. Assume T (A, Dy,)
=30 AflAgl < A-YD,, is a compact set of RY. If H{A, n>1} 8 a spectral measure, then

$(1,-1)A, € Z? forn > 2.

Proof According to Lemma 2.6, without loss of generality, we can assume A; = diag(3, 3).
Assume that p has a spectrum A with 0 € A, then (2.4) shows that A C {0}UL(figa, n>13) C Z2.

Choose ¢g = 0 € Cy, c—1 = (—1,0)" € C_1 and ¢4 = (1,1)! € C;. From Lemma 3.4, it
follows that 0 € A._, ¢, is a spectrum of v = g, ,>23. Then, we have ?;B;lAC_hCmC1 is
a spectrum of fi{qiag[3,3),4,,,n>3} by Lemma 2.6 again. According to Corollary 3.5, there exist
24,z € Z* such that

1 1
5826 + BQZ+, —§B26 + Byz_ € A6717CO701 . (310)
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Suppose that %Bge is not in Z2. Recall that

1 1
Acfl,C(),Cl = AO ) (gcl + A(;1> U (gcl + Acl)

and all A, C Z? for v € V. Then 3Bse ¢ Ao.

If both %Bge + Bz and —%Bge + Byz_ belong to the same set in the union of A¢_, ¢y ¢,
then :E%Bge — %cl € 7Z? or :E%Bge — %c,l € 7Z2. Consequently, —%cl € 7Z? or —%c,l € 72,
which is impossible.

If not, without loss of generality we assume that %Bge + Boz, € %cl + A, and —%Bge +
Boz_ € %c_l + A._,. Then %Bge — 1c1 € Z? and —3Bse — %0_1 € 7Z2. This implies that
—4(c1 + c_1) € Z?%, which contradicts the known fact —(c1 + c_1) = (0, —3)". Hence, §Bse
lies in Z2, that is, %(17 —1)Ay € Z2.

If one replaces pifa, n>1} by v in the above argument. Then one obtains that %(1, —1)A; €
Z2. Hence the assertion follows by induction. O

4 Proof of Theorem 1.3

The necessity of Theorem 1.3 follows from Theorem 1.2. In this section we prove the sufficiency
of Theorem 1.3. We rewrite it as the following statement. In the sequel, we write C = Cy =
{0, e, —e} for simplicity.

Theorem 4.1 Let {A,}32, be a sequence of nonsingular matrices in Ma(Z) satisfying that
[AY" <7 <1 forn > 1. Suppose that there exist two positive numbers 1,6 € (0,1) and an
integer N such that

2

1 1 1

Byi1++Biip € By s i= {B:B‘l[—i—n,i—i—n} ﬂ(i§e+22> :(2)} (4.1)
5

forp>1and k> N. If %(1, ~1)A,, € Z% for n > 2, then H{A, n>1} 18 a spectral measure.

Remark To prove Theorem 4.1, we first use the technique in Lemma 2.6. Then, from now
on, we can assume that $(1,—1)A; € Z2.

In this case it is easy to see that the set

1 1 1
A= gBlc + §B1B2C + §B1B2B3C +oeey

where all the sums are finite, is a subset of Z? and Ej is an orthogonal set of H{A, n>1}-
Unfortunately, we cannot prove it is a spectrum of jiy4, n>1y by following all known methods.
To construct a spectrum for pg4, n>1}, we need the following conclusions.

It is well known that all norms on R? are equivalent. Then there exists a number o > 1

such that
1
< <al-" (4.2)
We will use the simple fact:
IBY <r, forl1<n<k = |B;'By'---B;'| <a*", forl<n<k (4.3)

several times in the following proofs.

For simplicity, we will use the following notations frequently:

U= H{A, ,n>1};
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N{An,q}:(s —1D*5A—1A—1D*~~~*5 —1A—1 A_lD;

=4 1 % 0,1 1 ook ,-1 1 —14y;

P{Anq<n<m} = O0a-l D Aq+1Aq+zD A7 AL AR DS
=0 1 *0 -1 1 * - . 4.4
M{Ann>qr =047l D* 0471 AT1D (4.4)

Lemma 4.2 For the sequence {A,}52, given in Theorem 4.1, there exists M > N (N is
given by Theorem 4.1) and a sequence By of positive numbers (for k > M), which depend only
on the r and the o given in (4.2), such that B 71 as k — 400 and

|ﬁ{A7l,n>q+k}(Bq_+1k e Bq_+11§)| > B
forallk > M, ¢ >0 and £ € [—-1,1]2.
Proof By simple calculations, it is easy to obtain that [m(¢) — 1| < 47[|¢| and
—lnz <2(1-2x), for % <z <l1.
By (4.3), one has
||Bq+k --Bq_jlfH <V2a%* fork>1, ¢>0and¢e[-1,17°

Then the continuity of m(x) and the fact m(0) = 1 show that there exists M > N depending

only on r, « such that

1
Im(B Ly - By &)l > 3 for k> M, ¢>0and ¢ € [-1,1]2.
Hence, by 1 — |m(&)| < [1 —m()] < %[|€], one has that
—In |//'L\{An,n>q+k}(B¢;+1k T q+1§ —1In H |m(B q+k+n T qu15)|

= Z —In|m(B, s Byli6)l
1

[e )

<2 (=B Bihé))
n=1

= 22 1 - (Bq+1k+n"'B;+115)|
n=1
8T 1

< 3 Z ||Bq+k+n o 'Bq+1§||

< 8v2a'm 8[04 T rk

- 3 1—r

for k > M, q > 0 and ¢ € [-1,1]2. Consequently, there exists a positive number 3 :=
exp{— 8‘[“ z T } depended only on r, a and k such that

|Fig A, m>qtk} (Boag q+15|—H|m i By = Be, k=M M+1,...

uniformly for £ € [~1,1]? and ¢ > 0. Clearly B3¢ T 1 as k — +o0, then the proof is completed. []
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Lemma 4.3 For the sequence {A,}>2, given in Theorem 4.1, there exists a constant v > 0,

which depends only on 1,6, such that

liga, q<n<qriy(§)] = H Im(B -+ BZL O >+F

uniformly for & € [—l -, % +n]%, k> 1 and ¢ > N, where N is given in Theorem 4.1.

Proof Noticing that | B}, --- B, < @™ and 0 <5 < ], one has

2
3 1 1
Bq__&1§||<£ar <2a? forée [———77,—4—77] . (4.5)

q+n """

||Bq+n...

2 2
According to the definition of B, 5, for any ¢ > N and n > 1, one has

2
1 1 1
1 ~1 2 2
Bq+n...Bq+1[ 5 77,2—1—77] C B(0,2a)\<:|:36+Z>6,

which implies that Bq+n e qﬂf belongs to a fixed compact set T C R?\ (+4e+ Z?)s (which

does not intersect the set of zeros of m(x)). Write

v=inf{|m(z)|: z € T}.

By the continuity of m(x), it is clear that v > 0. We finish the proof. O
Corollary 4.4 For the sequence {A,}52, given in Theorem 4.1 and M given in Lemma 4.2,
we have

- k . : 1 177

(A n>ay ()] 2 By, uniformly for minik,q} > M and £ € | — 5 —n, 5+,
where By and ¥* are given by Lemma 4.2 and Lemma 4.3.
Proof Note that

‘ﬁ{An,n>q} (£)| = ‘ﬁ{An,q<n§q+k}(£)||ﬁ{Amn>q+k} (B(;-i}k e qurllg)|

Then the assertion follows by Lemma 4.2 and Lemma 4.3. O

To prove that iy4, n>1y is a spectral measure, the key step is to choose a suitable spectrum
candidate. To do it, we rewrite {4, n>1} by combining its K-factors of convolutions as follows,

n = (6Af1D koo ok 5A171A;1~-A;(1D)*
(Oartaztaryagh D 0arias A AR, a5 kD) *
= (5RO—1DU * 6R51RIID1 ko-- 3k 6R51Rf1~-~R,Z1Dn kooe
for some suitable integer K, where Dy and Ry are defined as
Dy =D+ Apx+xkD + Apx sk Ak k1D + - + Apx sk Ak 4 k-1 - - Ak 42D,
and
Ry = Apx Kk Akk v k-1 Ark 11

for k > 0. Therefore

o0

u(€) = H mpj((RglR;l ) ..R;l)tg) = m(B; B, - Brte), (4.6)
7=0 k=1
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where mp, (£) is the mask of the set D; defined by (2.1). Corresponding to these notations, we

set

1 1 1
Cr = gBkK+lc + §BkK+1BkK+2C +o 4 gBkK+1BkK+2 - BrrykC

for £ > 0. Then (R;le,Ck) is a compatible pair for each k£ > 0 by Lemma 2.5. In this case,

similar to (4.4), we write

= A, n21} = IR, Dm0y A JR, Dy n} = Opip, ¥ Op-ip-ip ¥ ¥ Opoipot poap
for n > 0.

Lemma 4.5 With the above notations, assume that (1, —1)A, € Z? and || A < 7 for
n > 1. Then there exists Ni C Z* with 0 € Ny, such that (Ry, ' Dy, Ni.) is an integral compatible
pair for each k > 0 and, for the n € (0, %) given by Theorem 4.1, there exists K > M (M is
given by Lemma 4.2) depended only on n and r such that

_ _ _ 1 1 1 1
(RGRL -+ RL)"'"No + -+ + (Rj,_, R} "Ni—1 + (R)""NeC | — 5 715 + 7" (4.7)

for k> 0.

Proof Write

1172
Mk_R;<§,§] NZz2, fork>0.

Then the set My, is a complete residue set of mod R} for k > 0. Let E; = Bj(—1, 112NZ? for

7 > 1. It is easy to check that

1
2

Eyks1+ Brikv1EBrygo + -+ Brxv1Brky2 -  Bik+rk-1Erk+ K

is also a complete residue set of mod R}, for k > 0. Therefore
Erk+41+ Bek+1BEkxs2 + + Brx+1Brk 2 Bex k-1 Ekk+x = My, (mod R},).

Noticing that +B;C C E; by the assumption £ (1, —1)A; € Z? for j > 1, we see that there exists
a subset N C My, with 0 € N, such that C;, = Ny (mod R}).

On the other hand, Lemma 2.5 shows that (R;le, Ci) is an integral compatible pair for
each k > 0. According to Lemma 2.3 (iv), (R}, ' Dy, Nj) is also an integral compatible pair for
each k£ > 0.

The remaining thing is to prove (4.7). The definition of M}, shows

ty—1 11]?

(Rp)” MrC (=5, 5 (4.8)
2" 2

for all k > 0 and so, using (4.3), the diameter of (R{RY --- R )™ Ny + -+ + (RS RY) "I Nj—1

is less than

2 012 ’I"K

oK 2K kK

— (B e —

5 )<
Therefore, there exists K > M (M is given by Lemma 4.2) depending only on n and r such
that the set

(RERY -+ Ry)™'"No + - + (RL_ RE) ™ "Wim + (RE) ™'Wi,
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is a subset of [-3 — 17, 3 + 17]? for K > M. The lemma is proven. O
For the N}, defined by Lemma 4.5, let
+o0
Ap=No+ RGN + -+ Rb--- RN, A= [ A, (4.9)
n=1

We will prove that the above A is a spectrum of u. Clearly, Ey is an orthogonal family of
L?(u) by Lemma 2.5 and Lemma 4.5. To prove the complete property of Ej, we write
Qn(&) = ) IBO+9P, ¢eRr
AEA,
Note that A, C Ay41 for n > 1. One has that
lim Qn(¢) =Y [A(A+&)* = Qa(9).

The complete property is equivalent to that Qa(¢) = 1 for £ € R? by Theorem 2.1. To show
that QA (&) = 1 for € € R?, we remark that Lemma 4.5 says that

2
1 1 1
3 + =Nl - (410)

1
tpt | pty—1 - _ =
(RYRL---RY) Anc[ LR

It is easy to show that (i¢g, D, n}, An) is a spectral pair. Then by Theorem 2.1 we have
Y AroomEFNEF=1, VEER (4.11)
AEA,
We will use the two representations of fi¢r, p, n}:

(n+1)K

fitr,pony (€)= [[ Imo, (R 'Ry ROV = T |mu(B; B - Brte)
Jj=0 j=1

*. (412)
for n > 0 in the following argument.

Lemma 4.6 Consider the {A,}32, and B, s given in Theorem 4.1, the K given in Lemma
4.5 satisfying (4.7). For any & € R?, there is an integer Ne¢ (> K), which depends only on &
and n, so that

uniformly for Ny > K, n > N¢ and A € A,,, where By, and vy are given in Lemma 4.2 and

Lemma 4.3 respectively.
Proof Since
fitR, D20} A+ &) = litr, pyny A+ iR, p,isn} (R 'Ry - R (A + 6],
we need to show that there exists V¢ such that
A poism [(Ry PRS- Ry A+ )" = Bxy™,  for A€ Ay, n > Ne and Ny > K.

Indeed, according to (4.10) and the fact that RalRfl -+ R1 tends to the zero matrix as
n tends to infinity, there exists V¢ > K such that

I T b
(Ry'RyY - RDIAN+€) C {—517,§+17} , formn> Ng. (4.13)
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Note that

lir:piisny (R "R Ry A+ O] = [Hpap es ke (R 'Ry Ry (A + 9]
and K(n+ 1) > M for n > 0. Then by (4.13) and Corollary 4.4, one has that, for Ny > K,

‘ﬁ{Ri,’Di,i>ﬂ}[(RalRl_1 RN A+ 9] > B, YN

Hence, the assertion follows. O
To prove Theorem 4.1, according to the above preparations and Lemma 2.6, it is sufficient

to prove the following theorem:

Theorem 4.7 Let {A,}72, and B, 5 be given in Theorem 4.1. Suppose further A, =diag(3, 3).

Then piga, n>1y 5 a spectral measure with a spectrum A given by (4.9).

Proof Assume that the A defined by (4.9) is not a spectrum of p. Then there is a number
and a point ¢ € R? such that QA (€¢) < 6 < 1. We will fix this £ in the following. We choose a
sequence {ny}72 , of increasing integers such that ny = 1 and ny satisfying that 3,, > QAT(@,

Ngt1 — Nk > ng > M (M is given in Lemma 4.2) for k > 2 and

1 2
——|—77} , fork>2and A€ A,,.

1
(Rg 'Ry Ry )€+ ) C {— 55

Then, by Lemma 4.2, we have
S Qa9

~ — —1
|,U{An,n>q+nk+1—nk}(Bq+nk+1 —ng 'Bq+1€)‘ > Bnk+1_nk > 6%2 = 9

uniformly for ¢ > 0, k > 2. Consequently

Qa(&)

~ 1 e _
‘ﬂ{Ri;Di;i>q+nk+l_nk}((Rq+1Rq+2 Rq+nk+1 nk)t£)| > 0

uniformly for & > 2, ¢ > 0. Hence, by choosing g = ny, we have

|ﬁ{Ri7Di,i>nk+1}((RalRl R;H_l) (5 + )‘))‘
= [ligr, D isne ) (Bot i1 Bopvo - Bl YRRy - RyDH(E+N)

> DO re . k22

Thus we get

|ﬁ{Ri,Di7nk<i§nk+l}((R61R1_1 e R;kl)t(ﬁ + )‘))‘
‘ﬁ{Ri,Di,i>nk+1}((RalR;1 e 'R;klﬂ)t(f + )‘))‘

0
= Q ( )‘M{R“D“Z>nk}((R0 1Rl ;:)t(g—’—)‘))‘

for A € A,,, and k > 2. Hence it is clear
|ﬁ{Ri,Di,nk+1}(£ + >\)| = |ﬁ{R Di,nk}(g + )\)‘|ﬁ{Ri,Di7"k<i§nk+1}((RalRfl e R:Lkl)t(g + A))|

< Q ( )|H{R1,Dl,nk}(f + MR, D iy (R 'Ry Ry DY E+ V)

9 ~
= QA—(E)lﬂ{R"”DiviZO}(f I >\)|
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0 .
:QA—(f)m(er/\)" VA€ Ay, k=2 (4.14)

According to the definition of @, (§), we have

Qi (O = Qu (O = Y A+,

ACAny 1 \Any,
Lemma 4.6 shows that there exists an integer V¢ and a positive number g := 3 N, YVt such that
—~ ~ 2
B+ 2 B[R iy (EF N7, YA€ Anyy k> Ne.

Then by (4.11) and (4.14), we get

Qo () = Qu (=8 Y AR Doy} €+ V)

AEAn, 1\ Any

= 6( Z |ﬁ{Ri7Di7nk+1}(§ + )‘)|2 - Z |ﬁ{Ri7Di7nk+1}(§ + )‘)2)

ANy, AEAL,
0
> 5(1- gog 3 I+ NP)
Qa(8) A;Ank

>B(1-0), k> Ne.

Hence
1>Qa(8) = kli_)m Q"k+1(€) 2 Z [anﬂ(f) = Qn, (9] = Z [B(1—=0)] = +oo,

> k=N¢ k=N¢
a contradiction. This contradiction yields the theorem. O
Proof of Corollary 1.4 By the assumption we have || B! = A <7 < 2 forn > 1. It is

sufficient to show that there exist two positive numbers n and J such that
BypBri1--Bryn €Bys, fork>1, N >0. (4.15)
Since

_ 1 1 2
[z -+

1
< 7’\/5(2 + 77>
for k> 1, byr < %, we can find two positive numbers 7 and § so that 7 € (0, = — %) and
§+rv2(3+1n) < @ Then

2
_ 1 1

5 5 gr\/i(%+n)<£

3 )

and we have By, € B, s for k > 1. By noting that ||(BBgy1 - Brrn) H| < ||Bg || for N > 0,
then ByByi1---Bryn € By for K > 1 and N > 0. Hence (4.15) holds and the assertion
follows. U
Proof of Corollary 1.5 According to the assumption sup,,~; [[A,]|" < oo, one see that the
family {A, : n > 1} is a finite set by using the fact that A, are integer matrices. Write
{A, :n > 1} = {My,Ms,...,M}. Then ||M;'||" <7 < 1for1<i< s by the hypotheses.
By Theorem 1.3 we need to show that piya, n>1) is a spectral measure if %(1, —1)M; € Z* for
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1 < < s. Then it is sufficient to show that there exist two positive numbers 7 and § such that
(4.15) holds. According to (4.3), we have

|(BeBis1 - Beip) =112 < V2a2rPtL, for k> 1 and p > 0.

Hence (4.2) shows that there exists an integer N > 0 such that

3 3] 11]?
(BkBgy1- Brip) t| = =,5| €| —<,=|, fork>1andp> N. (4.16)
44 8°8
Set
A= {M;, M, --- M;; :iy,iz,...,i; € {1,2,...,s} and 1 < j < N}.
Consider
[ 337 1 )
(BrBj+1 -+ Bitp) ~ 11 N :lzge—l—Z , fork>1and 0<p< N. (4.17)

If one of the above intersections is a nonempty set, that is, there exist £ € [-2,3]2\ {0} and
v € Z? such that (ByBpy1 - Biip) '€ = £1e+ v, which implies £ = ByByy1 -+ Bryp(£ie+
v) C Z?, a contradiction. Note that A is finite and ByBjy1---Bryp € A for k > 1 and
0 < p < N. Then there exists § > 0 such that

2

33 1

(BkBk+1~~~Bk+p)‘1[—Z,ﬂ m(i§e+z2) =0, fork>1and0<p< N.
é

Combining (4.16) and the above relationship shows that (4.15) holds for n = 1 and the §' =

min{4, {5}, and the assertion follows. O
Proof of Corollary 1.6 Note that %(1, -1 (% q(i) € 7Z? if and only if 3 | p, and 3 | g, for
n > 1. Then the assertion follows by Corollary 1.4. O

Conflict of Interest The authors declare no conflict of interest.

Acknowledgements Part of the work was done while the corresponding author was visiting
the South China Research Center for Applied Mathematics and Interdisciplinary Studies. The
author would like to thank Professor Shi-Jin Ding and the South China Research Center for
the Applied Mathematics and Interdisciplinary Studies for their hospitality.

References

[1] An, L. X., Fu X. Y., Lai C. K.: On spectral Cantor-Moran measures and a variant of Bourgains sum of
sine problem. Adv. Math., 349, 84-124 (2019)

2] An, L. X., He, X. G., Tao, L.: Spectrality of the planar Sierpinski family. J. Math. Anal. Appl., 432,
725-732 (2015)

[3] An, L. X., He, X. G.: A class of spectral Moran measures. J. Funct. Anal., 266, 343-354 (2014)

[4] An, L. X., He, X. G., Lau, K.-S.: Spectrality of a class of infinite convolutions. Adv. Math., 283, 362-376
(2015)

[5] An, L. X., He, X. G., Li, H. X.: Spectrality of infinite Bernoulli convolutions. J. Funct. Anal., 269,
1571-1590 (2015)

[6] Dai, X. R.: When does a Bernoulli convolution admit a spectrum? Adv. Math., 231, 1681-1693 (2012)

[7] Dai, X. R.: Spectra of Cantor measures. Math. Ann., 366, 1621-1647 (2016)

[8] Dai, X. R., Fu, X. Y., Yan, Z. H.: Spectrality of self-affine Sierpinski-type measures on R2. Appl. Comput.
Harmon. Anal., 52, 63-81 (2021)



1824 Deng Q. R. et al.

[9] Dai, X. R., He, X. G., Lai, C. K.: Spectral property of Cantor measures with consecutive digits. Adv.

Math., 242, 187-208 (2013)

[10] Dai, X. R., He, X. G., Lau, K.-S.: On spectral N-Bernoulli measures. Adv. Math., 259, 511-531 (2014)

[11] Deng, Q. R.: On the spectra of Sierpinski-type self-affine measures. J. Funct. Anal., 270, 4426-4442 (2016)

[12] Deng, Q. R., Chen, J. B.: Uniformity of spectral self-affine measures. Adv. Math., 380, 107568 (2021)

[13] Deng, Q. R., Dong, X. H., Li, M. T.: Tree structure of spectra of spectral self-affine measures. J. Funct.
Anal., 277, 937-957 (2019)

[14] Deng, Q. R., Lau, K.-S.: Sierpinski-type spectral self-similar measures. J. Funct. Anal., 269, 1310-1326
(2015)

[15] Dutkay, D., Han, D., Sun, Q.: On spectra of a Cantor measure. Adv. Math., 221, 251-276 (2009)

[16] Dutkay, D., Han, D., Sun, Q.: Divergence of the mock and scrambled Fourier series on fractal measures.
Trans, Amer. Math. Soc., 366, 2191-2208 (2014)

[17] Dutkay, D., Han, D., Sun, Q., Weber, E.: On the Beurling dimension of exponential frames. Adv. Math.,
226, 285-297 (2011)

(18] Dutkay, D., Hausserman, J., Lai, C. K.: Hadamard triples generate self-affine spectral measures. Trans.
Amer. Math. Soc., 371, 1439-1481 (2019)

[19] Dutkay, D., Lai, C. K.: Uniformity of measures with Fourier frames. Adv. Math., 252, 684-707 (2014)

[20] Dutkay, D., Lai, C. K.: Spectral measures generated by arbitrary and random convolutions. J. Math. Pures
Appl. (9), 107, 183-204 (2017)

[21] Dutkay, D., Jorgenson, P.: Wavelets on fractals. Rev. Mat. Iberoam., 22, 131-180 (2006)

[22] Dutkay, D., Jorgenson, P.: Analysis of orthogonality and of orbits in affine iterated function systems. Math.
Z., 256, 801-823 (2007)

[23] Fu, Y. S., He, X. G., Wen, Z. X.: Spectra of Bernoulli convolutions and random convolutions. J. Math.
Pures Appl. (9), 116, 105-131 (2018)

[24] Hu, T. Y., Lau, K.-S.: Spectral property of the Bernoulli convolutions. Adv. Math., 219, 554-567 (2008)

[25] He, X. G., Lai, C. K., Lau, K.-S.: Exponential spectra in L2(u). Appl. Comput. Harmon. Anal., 34,
327-338 (2013)

[26] Jorgenson, P., Pederson, S.: Dense analytic subspaces in fractal L2-spaces. J. Anal. Math., 75, 185-228
(1998)

[27] Laba, I.: Fuglede’s conjecture for a union of two intervals. Proc. Amer. Math. Soc., 129(10), 2965-2972
(2001)

[28] Laba, I., Wang, Y.: On spectral Cantor measures. J. Funct. Anal., 193, 409-420 (2002)

[29] Li, J. L.: Spectral self-affine measures on the planar Sierpinski family. Sci. China Math., 56, 1619-1628
(2013)

[30] Li, J. L.: Non-spectral problem for a class of planar self-affine measures. J. Funct. Anal., 255, 3125-3148
(2008)

[31] Li, J. L.: Orthogonal exponentials on the generalized plane Sierpinski gasket. J. Approz. Theory, 153,
161-169 (2008)

[32] Li, J. L.: Spectrality of self-affine measures on the three-dimensional Sierpinski gasket. Proc. Edinb. Math.
Soc., 55, 477-496 (2012)

[33] Liu, J. C., Dong, X. H., Li, J. L.: Non-spectral problem for the planar self-affine measures. J. Funct. Anal.,
273, 705-720 (2017)

[34] Strichartz, R.: Convergence of mock Fourier series. J. D’Analyse Math., 99, 333-353 (2006)

[35] Wang, Z. Y., Dong, X.-H.: Spectrality of Sierpinski-Moran measures. Monatsh. Math., 195, 743-761 (2021)

[36] Zhang, M.-M.: Spectrality of Moran Sierpinski-type measures on R2. Canad. Math. Bull., 64, 1024-1040
(2021)



