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1 Introduction

For n > 1 being an integer, denote by H(n) the space of n X n hermitian matrices. The

normalized Gaussian Unitary Ensemble (GUE) partition function of size n is defined by

ZSUEI (S;E) _ 2771/2(71_6)7712/2/ efitrQ(M;s)dM’ (1)
H(n)
where s := ($1, 82,...), Q(y;s) is a power series in y of the form
1 A
Qys) = u° =D v, (2)
jz1

and dM = H1§i§n dM;; HlSKan dReM;;dImM;;. For the interest of the present paper, we
understand this integral in the way of first expanding the integrand as a power series of s
then integrating the coefficient of each monomial of s with respect to the measure dM, and we
note that the factor 2-"/2 (7re)’”2/ 2 in front of this integral is a normalization factor so that
ZGUEL(0;¢) = 1.

The integral in (1) is closely related to the enumeration of ribbon graphs (cf. [6-8, 15, 37, 47—
51, 58, 65, 71]). Denote by R.;, ... j. the set of oriented not-necessarily connected ribbon graphs

having f faces and k vertices with valencies ji, ..., jr, and by Foinogn © Rtir,....j, the subset
consisting of the connected ones. Then the partition function ZGUF!(s; €) has the expression:
. il _
Z3VN (o) =14 > Y b(fii)sg, espnfer 7F (3)

Fk21g1,000k 21

Received April 30, 2022, accepted January 12, 2023
Supported by NSFC (Grant No. 1206113101)



384 Yang D.
Wherej = (j17 v 7jk)7 |j| = jl + +]k7 and
. Ji Ik
b(fii) = Y : (4)
GER, |[Aut(G)|
Applying Euler’s formula to ribbon graphs, we see that ZSUEl(s:¢) € Q[n,¢,¢ 1[[s]]. By
further taking the logarithms on both sides of (3) we obtain
g Z§UP (si) = > XS alfid)sysmnled FeQnec B 6)

Fok=21g1,00k 21

where ) )
. JiJk
alfii)= > : (6)
e Aut(G)|
Following t'Hooft [48, 49], introduce
xi=ne (7)
Define
ZCUEL (g s1¢) = ZIG/gEl(s; €), FOUEN(z s;¢) = log ZG/EE1 (s;€), (8)

and we have

29 s =1+ Y S b(fid)sy e spatet T e Qla(e)([s)), (9)

k,f>2141,....0k>1

. _ o, |3l _
FUR s =Y N ag(G)s, o5y, 202 € 2Q[u, [ls]], (10)

k>1 920,510, Jp>1
2-2gk+ljl/2>1

where a4(j) := a(2 — 29 — k +j|/2;j), and we used Euler’s formula
dl
2

for a connected ribbon graph of genus g. We call
function, and FSYEL (2 s;¢€) the normalized GUE free energy.
As in e.g. [21, 27], define the corrected GUE free energy F(z,s;€) by

2 292
. \._ rGUEl/, .. x 3 logff ¢ By,
F(x,s;€) :=F (z,s5€) + 92 <logac 2) ~ 19 gE>2 4g(g — 1)z20-2 (12)

k-4 f=2-2 (11)

ZCGVEL(2 s;€) the normalized GUE partition

where ((s) denotes the Riemann zeta function, and B,, denotes the mth Bernoulli number.
The corrected GUE partition function Z(x,s;¢) is defined as e”(@:3:€)  Clearly,

F(a,s7¢) € Cl[E][[z — L], Z(x,s7¢) € C((€2))[[x — 1,8]]. (13)
Equivalently, the corrected GUE partition function Z(z,s;€) can be defined as

(2m) e~

112 1
e RSN 1 = ne, (14)

where
n(n—1) n—1

Gn+1) =[] (15)

Jj=1

Vol(n) := Vol (U(n)/U(1)") = Gln+1)’
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To see this equivalence, we view G(n+1) as an analytic function (G denotes Barnes’ G-function),
then together with (9) we see that the coefficient of each monomial of s in Z(x,s;¢) defined
by (14) is an analytic function of z, ¢, and by taking the n = x/e — oo asymptotics in these
coefficients we obtain the equivalence. Here one needs to use the fact that Barnes’ G-function
(cf. [5, 39, 64]) has the asymptotic expansion:

22 3 z lo Boy
logGlz+1)~ (h)gz - 2) g log2m = 1g2 )+ g éi?z% (16)
£>1

For simplicity of terminology, we refer to the corrected GUE partition function (resp., corrected
GUE free energy) as the GUE partition function (resp., GUE free energy), as we do in e.g. [26—
28). Let Fy(z,s) := Coef(e2972, F(z,s;¢€)), g > 0. We call Fy(z,s) the genus g part of the GUE
free energy (for short the genus g GUE free energy). It is also helpful to recall that the GUE

partition function Z(x,s;¢€) satisfies the following dilaton and string equations, respectively:

1o \0Z(x,sie) 0Z(x,s;¢€) 0Z(x,s;¢)  Z(w,87¢)
Z <Sj 25J’2> 0s; i or T o T T 0, (17)
j=21

) 1 0Z(x,s;€)  x51
Z] <Sj — 26j,2> 6sj71 —+ 62 Z(:L‘,S; 6) = O (].8)
jz1

The geometric way in understanding the GUE partition function is through the theory of
integrable systems (Frobenius manifolds, tau-functions, bihamiltonian structures, etc.). Denote
by A = P the shift operator, and let
Olog Z(x,s;¢) , 0% log Z(x,s;€)

0s1 ’ 051051 '
It is known (cf. e.g. [1]) that the power series (V(z,s;€), W(x,s;€)) is a particular solution to
the Toda lattice hierarchy [40, 57], i.e., the difference operator L defined by

Vix,s;e) =e(A—1) W(z,s;¢) = (19)

L=A+V(z,s5¢) + W(x,s;¢)A" (20)
satisfies the following Lax-type equations:
oL -
= |(L7)y, L > 1. 21
ou, = [P)01], 52 (21)
Moreover, Z(x,s;¢€) is a tau-function of the solution (V(x,s;e¢), W(x,s;¢€)) to the Toda lattice
hierarchy. Here and below, for a difference operator P in its normal form P = ., P,A™,

Py =3 ~oPnA™, P_ =% _PnA™, and resP := P;. We note that the functions
V(z,s;e), W_(Jc, s;€) can be uniquely determined by the Toda lattice hierarchy along with the
initial data
V(z,0;¢) =0, W(x,0;¢) = z. (22)

The definition of a tau-function for the Toda lattice hierarchy as well as the proof of these
statements will be reviewed in Section 2. Equations (17)—(18), the condition F(z,s;e) €
e 2Q[[¢?]][[x—1, s]] and the tau-function statement all together uniquely determine the partition
function Z(z,s;€) = e’ (#:5:€) up to a pure constant factor.

The Frobenius manifold [17, 18, 33, 34] that corresponds to the Toda lattice hierarchy has
the potential [18]:

1
F: 2v2u—|—e”, (23)
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where v, u are the flat coordinates with 9/0v being the unit vector field. More precisely, the
differential of the generating function for the hamiltonian densities of the dispersionless Toda
lattice hierarchy is a flat section of the Dubrovin connection [18] of the Frobenius manifold (23).
It is helpful to note that this Frobenius manifold can also be obtained from the Gromov—Witten
(GW) invariants of P! [18, 53]. Indeed, the potential F' equals, up to a quadratic function, the
so-called genus zero primary free energy of these GW invariants. We often call the Frobenius
manifold with potential (23) the P!-Frobenius manifold.

For a Frobenius manifold, Dubrovin [18] constructs an integrable hierarchy of tau-symmetric
hamiltonian PDEs of hydrodynamic type, called the principal hierarchy. This integrable hierar-
chy has a particular solution called the topological solution. In [32] Dubrovin and Zhang prove
that the tau-function of the topological solution to the principal hierarchy (exponential of the
genus zero free energy for the topological solution) satisfies the genus zero Virasoro constraints
(see also Liu and Tian [56]).

For a semisimple Frobenius manifold, by solving Virasoro constraints in the form of the
so-called loop equation, Dubrovin and Zhang [33] (cf. [23]) construct the partition function
of the Frobenius manifold, and use it to define the topological deformation of the principal
hierarchy, now called the Dubrovin-Zhang (DZ) integrable hierarchy for the Frobenius manifold
(cf. [10]). By their construction, the partition function of the Frobenius manifold is a particular
tau-function called the topological tau-function for the DZ hierarchy, that is the tau-function of
a particular solution, called the topological solution, to the DZ hierarchy. In particular, if the
semisimple Frobenius manifold comes from the quantum cohomology of a smooth projective
variety X, the partition function of the Frobenius manifold equals the partition function of
the GW invariants of X [23, 33, 45, 46, 62]. A key notion in the construction of Dubrovin
and Zhang is the jet space [16, 33, 44, 65], not only because the solution (the free energy in
higher genera) to the DZ loop equation is represented in terms of jet variables (jets for short)
leading to uniqueness, but also due to the validity at the level of integrable hierarchy (free
property of jets). More precisely, firstly, the free energy in higher genera gives rise to the
topological tau-function when the jet variables are subjected to the topological solution of the
principal hierarchy. Secondly, by construction the DZ hierarchy is quasi-trivial, namely, it is
obtained from the principal hierarchy under a quasi-Miura transformation, which is given by
the higher genera free energy in terms of jets; and this is interesting, because the quasi-Miura
transformation could be substituted by any monotone solution to the principal hierarchy and
makes it become a solution to the DZ hierarchy [21, 23, 29, 33, 34, 69]. In [69], it is suggested
to interpret this as a universality class of Dubrovin [19, 20, 22, 24]. A particular dense subset
of monotone solutions to the principal hierarchy can be obtained by performing time shifts in
the topological solution, but there are also other interesting monotone solutions. They lead to
solutions to the DZ hierarchy: all these solutions are beautifully connected to the topological

solution (GW invariants in the case of quantum cohomology).

The quantum cohomology of P! gives a semisimple Frobenius manifold. As we have men-
tioned above, the potential of this Frobenius manifold is given by (23), and the dispersionless
limit of the Toda lattice hierarchy (21) form a part of the principal hierarchy (often called the
stationary flows) of this Frobenius manifold. According to Dubrovin and Zhang [34] the corre-
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sponding DZ hierarchy is normal Miura equivalent to the extended Toda lattice hierarchy [11],
with an explicit formula of the normal Miura transformation. The DZ hierarchy is quasi-trivial,
so is the extended Toda lattice hierarchy. According to the above discussion, their quasi-trivial
transformations can be obtained from the free energy of GW invariants of P'. For example,
n [69], the dessins/LUE solution to the Toda lattice hierarchy is considered and it is shown
that this solution can be obtained by the application of quasi-triviality.

In this paper we study the GUE solution to the Toda lattice hierarchy (cf. [1, 14, 27, 66])
by using the DZ approach. Denote by v(z,s) = (v(x,s), u(z,s)) the unique power-series-in-s

solution to the principal hierarchy (30) with the initial condition
v(z,0) =0, u(x,0)=Iloguz. (24)

Based on the DZ approach [33, 34], we will give a new proof to the following theorem.
Theorem 1.1 (Dubrovin [21]) The genus zero GUE free energy Fo(x,s) has the expression:

1 1 1
]-—()(.’E, S) = ) Z (p + 1)'(q + 1)' (sp+1 - 251),1) (Squl - 25q,1>Q2,p;2,q(v(w7 S))
p,q20
| 1 1,
2 ) (D! spar = y0p1 |02,p(V(28) + jaulz,s). (25)
p=0

For g > 1, the genus g GUE free energy F4(x,s) can be represented by

1 ov(z,s) 9397 2v(z,s) 1
Fy(z,8) = FQP <v(x, s), Be T ogde—? + (¢ (-1) - 94 log(—1) )d41.  (26)
Here, Fgﬂml(zl, ...y 23g—2) (g > 1) denotes the genus g free energy in jets of the P'-Frobenius

manifold (see (77) of Section 3).

Originally, a proof of this theorem was outlined in [21], where the terminology of vacuum
tau-function [33] is used. Dubrovin also found [21] that the GUE partition function can be
identified with part of the partition function of the Frobenius manifold with potential

1 1
F= 2(u1)2u2 + 5 (u?)*log u® —
realizing the space/time duality in the concrete example (cf. [11, 42]; in genus zero: the

(u?)?, (27)

Legendre-type transformation [18] of Dubrovin). This Frobenius manifold is often called an
NLS Frobenius manifold [11, 12, 18], and will be discussed in details in the next of the article-
series. Our proof given in Section 3 will be a relatively more direct one, which is similar to
the one given recently in [69] for a result for Grothendieck’s dessins d’enfant/Laguerre Unitary
Ensemble (LUE).

According to Witten [65], the GUE partition function being restricted to the even couplings
corresponds to the matrix gravity. We find that performing a further restriction given by a
certain explicit and rigorous limit in the jet space for the higher genera parts for the even
GUE partition function yields those for Witten’s topological gravity (the celebrated Witten—
Kontsevich partition function); see Corollary 4.6. That means that, at least for these higher
genera parts, the matrix gravity contains all the information of the topological gravity. Usually,
to come back to the matrix gravity, one needs a deformation theory [25, 26, 38, 46]. But, the
recent studies [26, 28, 30, 68] all together show that one can start with Witten’s topological
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gravity and come back to the matrix gravity without a deformation theory, again at least in
the higher genera. More precisely, we first go to the special cubic Hodge partition function by
a space/time duality [18, 67, 68] (see also [2, 3]) (in [68] this is revealed by the Hodge-BGW
correspondence), and then go to the so-called modified even GUE partition function by the
Hodge-GUE correspondence [26, 28], and finally back to the even GUE partition function via a
product formula [30], again at least to the higher genera in jets. (We note that the genus zero
parts for the above-mentioned models are relatively easy, so for us the non-trivial things are in
higher genera.) As a summary, we draw the following diagram:

1
FgVVK F;ven F;P’

< via s./t. duality Ivia apro. formula

Hodge—GUE =~
ocee =

g

H

g

Here, g > 1, each of these functions lives in a certain jet space, and Fg’ 1, F;N K, Fgven, 139,
H, stand for the genus g free energies in jets for GW invariants of P!, the Witten-Kontsevich
correlators, the even GUE correlators, the modified even GUE correlators, and certain special
cubic Hodge integrals, respectively. Each one-direction arrow means taking a certain restriction
or say limit (see (131), (146)—(147), (117)), the long “=" simply means equal (see (145)), the
double-direction arrow between F, gw Kand H ¢ means the two are related by an invertible change
of their independent jet-variables (see (119) or (123)) up to a scalar (—4)9~! and the double-
direction arrow between Fy¥*"’s and ﬁg’s means they are related by an invertible operation
(see (137) or (138); note that in this case there is a shuffling in genus), which comes from an
invertible product formula [30].

Organization of the paper In Section 2, we review Toda lattice hierarchy and GUE. In
Section 3, we prove Theorem 1.1. In Section 4 we present a discussion on topological gravity
and matrix gravity.

2 Frobenius Manifold, Toda Lattice Hierarchy and GUE

This section contains materials of several known results about P!-Frobenius manifold, Toda
lattice hierarchy and GUE. We refer [18, 27, 66] to the reader for further interest.

2.1 Principal Hierarchy and Genus Zero Free Energy

Consider the P!-Frobenius manifold, denoted by M, which has the potential (23). Denote by

n the invariant flat metric, and denote v! = v, v?

= u, v = (v,u). Following [33, 34] (see
also [25]), we fix the calibration 6, ,(v) (o = 1,2,p > 0) for this Frobenius manifold via the

generating series

) 1 2m
01(v;z) := Zel’p(v)zp = —2e* Z (’y — U +Y(m+ 1))eT”“Z 27 (28)
p>0 m>0 m:
— mu—+zv 227”/
Os(v; z) = geg’p(v)zp =zt <z>: et iz 1), (29)
p>0 m>0

where « is the Euler constant and ¢ denotes the digamma function. (We recall that the

calibration is a choice of a family of tau-symmetric hamiltonian densities for the principal
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hierarchy.) The associated principal hierarchy [18] reads

ov® 2 0 v
oTRa ana‘"( Béq;vl( >)’ 920,0,8=12, (30)
y=1

where 1Y = 044+,3, @,7 = 1,2. Asin [18], define a family of holomorphic functions Q[aoy]p;ﬁ’q(v)

on M, called the genus zero two-point correlation functions, via

2
(0] 1 00,(v;2) ,,00s(v;y)
Q Pyl = P — Na s 2= ]-7 2. 1
P;O am;ﬁ,q(V)Z Y zty (P;1 e ! e s 0 (31

For an arbitrary solution v(T) to the principal hierarchy (30), there exists a function F3(T)

such that
82]-"0M(T) _ Qo

OTxrHTBa - a,p;B,q(V(T))v a=1, 2a D,q = 0. (32)

We call FM(T) the genus zero free energy of the solution v(T) to the principal hierarchy (30),
and call the exponential exp(F}(T)) the tau-function of the solution v(T) to the principal
hierarchy (30).

As we have briefly mentioned in the Introduction, the T%9-flows of the principal hierar-

chy (30) coincide with the dispersionless limit of the Toda lattice hierarchy (21) under

0 19
= > 0.
o2 = (p+ 1)1 ds, P20 (33)

We also mentioned in the Introduction that the potential F of the P!-Frobenius manifold equals,
up to a quadratic function, the genus zero primary free energy of the GW invariants of P*. More

details about the GW invariants will be given in Section 3.
2.2 Review on tau-functions for the Toda lattice hierarchy
Let
A :=7Z[V(z),W(x),V(x £e), W(x=Le),...] (34)

be the ring of polynomials with integer coefficients. The second-order difference operator L =
A+ V(z)+ W(z)A™! (cf. (20)) can be written in the matrix form

L=A+UN), UM = V@”)l_ A Wéx) , (35)

where we recall that A is the shift operator: A = e,

Lemma 2.1 ([27]) There exists a unique 2 X 2 matriz series

R(\) = (1) 8 + O\ e Mat(2, A[[A7Y]) (36)
satisfying the equation
AR(A)UA) = UNR(A) =0 (37)

along with the normalization conditions

tr R(A\) =1, det R(\) = 0. (38)
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The unique series R(\) in the above lemma is called the basic matriz resolvent of L. Fol-
lowing [27, 66], define w; ; € A (i,j > 1) via the generating series

wiy _ WROR() -1

N S %

ij>1
and define ¢; = Coef(A™771, (A(R(N)))21) € A, j > 1.

Lemma 2.2 ([27]) For an arbitrary solution (V(x,s;€), W(x,s;€)) to the Toda lattice hierar-
chy (21), there exists a function 7(x,s;€) such that

, 0% log 7(x,s;¢€)

83185]‘ :Wi,j(x,S;EL 17] Z ]., (40)

0 T(z +€,8;€) .
1 —oiles - u
Js; °8 7(z,8;€) vilz,s0), J=1, (41)

T(x +€,s; E)T(x; €,8;€) ~ W(zsi0), (42)
T(z,s;€)
where w; j(x,s;€) and @;(x,s;€) mean the substitution of (V(x,s;€), W(z,s;¢€)) in the corre-

sponding elements in A.

The function 7(z,s;€) is determined by the solution (V(z,s;€), W(z,s;€)) up to
(x5 €) > TR 21 G181 (g g0 e, (43)

where ¢,b and a’s can depend on e. We call the function 7(x,s;€) the DZ type tau-function of
the solution (V(x,s;¢€), W(x,s;¢€)) to the Toda lattice hierarchy, for short a Toda tau-function
of the solution (V(x,s;€), W(x,s;e€)). The elements w; ; € A (i,j > 1) are called two-point
correlation functions of the Toda lattice hierarchy.

Our definition of a Toda tau-function agrees with the one given in [11, 34]. Indeed, firstly, re-
call from [27] that the two-point correlation functions w; ; are associated with the tau-symmetric
hamiltonian densities for the Toda lattice hierarchy; secondly, by taking the dispersionless limit
€ — 0 in the above definition (symbolically put v = lim._,o V(z) and w = lim._,o W(z)) and

by using Lemma 2.1 (see [27, 66] for some more details), one immediately obtains that

[0]

S @ BB )~ ) du) -1 (44)
i,j>1 XL+t 2(A = pp?
1 80[‘0]
AT > vt = BOY; v
i>1
where
1 1 v v 42w w3+ 6vw 5
B(\) = - g '
(V) VA =0)? = 4w Aot e T TORT o

and the verification in the dispersionless limit, i.e., of the following equalities

Wi =0 o, e =i, iG>, (47)

i

(cf. (29), (31), (33)) is straightforward.
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2.3 GUE Partition Function as a Toda Tau-function

Recalling Gaussian integral

n TL2
/ e 2 Mg — 93 (me) 2, n>1, (48)
we get ZSVEL(0;¢) = 1. For ZGUEL(s; ), there is the well-known formula (cf. [14, 27, 58])
. 1 n .
/ e QUML) g p = VolUm/UM") [ Au(hr,-... Ap)2e” e Zi=1 QOwS) g o dN,,,
H(n) : R™

where
An(Aasnd) = JI =), n>1

1<i<j<n

One can apply the theory of orthogonal polynomials (cf. e.g. [14]) for a further computation
of ZGVUEl(s:¢). Let (-,-) be an inner product on the space of polynomials defined by

“+ o0
(o) = [ FONge 1 909ar, v i.g. (19)
Let
Dm = Pm(A;85€) = N + a1 (s; e))\mfl + o 4 @mm(s;e), m>0 (50)

be a system of monic polynomials orthogonal with respect to (-, ), i.e.,
(pml ()‘;S; E)apm2 ()\;s;e)) = h’ml (S;E)(Smlmz, leam2 > 0. (51)

Observing that A, (A1, ..., \,) can be written into the form

po(Ai3sie)  po(Azisie) ... po(Anisie)
pi(Assie)  pi(Azisie) ... pi(Anisie)
An(M, ..y An) = det ' ' ' . (52)
Pn1(A1;85€) pna(Aassie) oo pnoa(Anssie) )
we find
/H( )e_itrQ(M?S)dM = Vol(U(n)/U(1)")ho(s; €) - - - hn_1(s;€), n>1. (53)

At s = 0 the orthogonal polynomials p,,()\; 0; €) have the explicit expressions
Pm(A;0) = €2 Hepy (Ve/?),  m >0, (54)

where He,, (s) are the hermite polynomials. Recalling that

/ He,,, (t)Hep, (t)eféﬁdt = \/27Tm1!5m1m2, (55)

we find
hm(s =0;¢€) = €™t y/2rm). (56)



392 Yang D.

Using (48), (53) and (56), we obtain

Vol(U(n)/U()") = _ . | | (57)
j=1J°
Therefore,
2
2 _n _n
ZSUEl(S; E) _ ( 7T) 2€ 2 ho(s; E) .. .hn_l(s;€)7 n>1 (58)

We also define Z§VE (s;¢) = 1.

The orthogonal polynomials p,,(A;s; €) satisfy the the three-term recurrence relation:
Pm+1(A;83€) + Vin(s; €)pm(A;si€) + Win(s; €)pm—1(A;si€) = Apm(A;sie), m >0,  (59)

for some functions V;,,(s; €) and W, (s;€) (m > 0), with p_1(A;s;€) := 0 and Wy(s;€) := 0. The
functions V,,,(s;€) and W,,(s; €) are well known to satisfy

Vin(0;¢) =0, W,,(0;¢) =em, m >0. (60)
The equality

()\pm17pm2) = (pmla)‘pma) (6]‘)

then implies that

h(si€) _ Zy 5t (s:6) 2% (s ) :

Wn(s;e) = o1 (5:€) = ZGUEL (g, )2 + correction, m > 1. (62)
The three-term recurrence relation tells that pg,p1,... are eigenvectors of the difference
operator L = A + V,,(s;€) + W, (s;€)A~1 with A : f(n) — f(n + 1) being the shift operator.
Denote again by L the corresponding tri-diagonal matrix, and denote p = (po,p1,...). For a

square matrix X = (Xj ;), denote
X = Xij)icj, Xy=(Xij)izj, X=X;+X_.

Lemma 2.3 For arbitrary n > 0, the following two statements are true: a) the polynomial
prn(\;s;€) satisfies

68pn(A; s;€)

s — (A;p)a(Njsje) =0, Aj=—(L7)_, j>1; (63)
J
b) we have
o GUEl(S 6) )
log ml 2 = (L), 52> 1 4
€9s; 1°8 ZGUEI(5; ¢ (L )nns  J 2 (64)
Proof Write
In(Nisie) =

= A) (s €)pm(X;sie)

m=0

for some coefficients AY), = A%)n(s; €). Differentiating the orthogonality (pm,, prn) = hndmn with
respect to s;, we find that for m <n

. 1 .
A9 h + . (N Py pm) = 0, (65)
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and for m = n,

1, oh 0 ZGUEL(s:¢)
N nyPn) = "= I ntl ’ . 66
e( PnsPn) Js;  0s; o8 ZGUEL(g: €) (66)
Then by using (59) we obtain (63) and (64).
In particular, from (64) we see that for all n > 0,
o 7 GUE1L :
€ I T R Y (67)

051 ©8 ZGUEL(s;€)

It follows from Lemma 2.3 that the difference operator L satisfies the Toda lattice hierar-
chy (21). Indeed, it immediately follows from (63) the Lax equations for the square matrix L; by
using (62), (67) and the facts mentioned in the introduction that ZGUEL(s; €) and log ZGVEL (s; €)
belong to Q[n, €, e !][[s]], we know that W,,(s; €), V,.(s; €) belong to Q[n, €, ¢ 1][[s]]; we therefore
conclude that the Lax equations (21) hold for the difference operator L (namely with n being
viewed as an indeterminate), i.e., (V,(s;€), W, (s;€)) is a solution to the Toda lattice hierarchy.

We note that equalities (62), (67), (64) hold true in Q[n, ¢, e !][[s]], where the right-hand
side of (64) should be viewed as res L7. By using (64) and the compatibility between (40), (41)

we have
1 02 log ZGVEL(s: ¢) tr Ry (M) Ry (p) — 1
2 e 7 (", =) =TSR T e

Since ZSVEL(s;¢) € Q[n, ¢, ¢ 1][[s]] and since log ZGUEL(s; ¢) is divisible by n, we have

Z 1 9?log ZGVE (s€)  tr Ry (M) Ry(p) — 1 (69)
S N 0si0s; a (A= p)? .
In particular, W, (s;€) = €2 o logafi?;j(sx). Since log ZSVEL(s;¢) and log Z(x,s; €) differ by a

function that only depends on z, ¢, we see that W, (s;€) defined in this section coincides with
W (x,s;€) defined in the Introduction.

We see also from (62), (64), (69) that ZGUEL(s;€) almost satisfies the definition of a Toda
tau-function of the solution (V,,(s;€), Wy, (s;€)), except in (62) an extra term appears. It is easy
to show (cf. [4], [64]) that the definition for the correction GUE partition function (cf. (12),
(14)) eliminates the extra term and keep the other properties hold. We therefore arrive at the
following proposition summarizing the above.

Proposition 2.4 (cf. [1,27]) The vector-valued function (V(x,s;¢€), W(x,s;¢€)) defined in (19)
is the unique solution to the Toda lattice hierarchy (21) specified by the initial condition (22),
and the GUE partition function Z(x,s;€) is the tau-function of this solution to the Toda lattice

hierarchy.

3 Proof of Theorem 1.1

The goal of this section is to prove Theorem 1.1. To this end, we will first need to recall the
definition of Fg’l (g > 1) that appear in the context of Theorem 1.1.
Denote by FP (T; €) the free energy of GW invariants of P!, and by A (T;e) := exp(]-"[P>1 (T;

€)) the partition function of these GW invariants:

1 1 . ) _
Ao =3 LS e e Y @2 () ))ges (T0)

d,k>0 " 1<aq,..,ap<2, g>0
i 0
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where T := (T*")q=1,2,i>0 and (7, (a1) -7, (o)) g4 denote the genus g and degree d GW
invariants of P! (cf., e.g., [34, 59, 60]). We denote by ]-"gl (T) := Coef(e2972, F¥' (T;e)) the
genus g part of FE (T;€), sometimes called for short the genus g free energy of GW invariants
of PL. Tt was conjectured by Dubrovin [17], Eguchi-Yang [36] (cf., [43, 70]), and proved in [34,
59, 60] that the functions

,0%log ZF' (T;¢)
9T2.09T2.0

dlog ZF' (T;e)
9T2.0
satisfy the Toda lattice hierarchy (21) with

) 19
= > 72
o = (p+ 1) 0y, P20 (72)

vF (T;e):=€e(A—-1) , W (T;e):=¢ (71)

and with L := A + VPI(T; €) + we (T;¢)A~!, and, moreover, z% (T;e) is a tau-function of
the solution (VE' (T;e), WF' (T;e€)) to (21). Here A = exp(ed,) and z = T4, The partition
function ZP' (T;e) also satisfies the following dilaton and string equations:

2 1 1
0Z% (Tse) 9Z% (T;e) 1 _m
§ E a,p _ so,15p,1 ’ ’ P ce) —
a:1p>O(T o) oTer T Be * 12Z (T:e) =0, (73)
2 1
87 (T;¢)  TYOT20 .,
a,p _ §1gp,1 ) P ) =
Zlg(T NN et T 2 (T =0, (74)
a=1p>

Let vP' (T) be the topological solution to (30), that is the unique power series in 77,
a=1,2 g >0, satisfying (30) and

v (T)| =T a=1,2 (75)

T6:1=0,4>0,8=1,2

As it was mentioned in the Introduction, the genus zero free energy of GW invariants of P*
equals [18, 34] the one of the topological solution to the principal hierarchy, i.e.,
2
1 1 o a 0 L
FOT) =y D 30 (o =gy (T — e hal  (vE(T). (76)
a,f=1p,q=0
The higher genus free energies }"g’l (T), g > 1, admit the jet-variable representation (cf. [16, 33—
35, 44]). Namely, there exist functions F;Pl (Vo, Vi,...,V3g—2) (g > 1) with v,;, = (U, Um) =
2

(v}, v2) and vy = v, such that

1 1 1 avpl T a3g_2VP1 T
Fy (T)=Fy <vﬂ” (T), 8; ) axgg_,f )> (77)

By using Virasoro constraints, Dubrovin and Zhang [33, 34] obtained the following loop equa-

tion:
ov, D Oou, \ D
r>0 T T
"/ 1 OAF (U—)\) aAF< 1 > )
+ —2
53 () () G ()2 (U)o

— _D—Qeu
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1 v — A v — A
— ( S(AF,vk,vz)< > ( >
k%() 4 D Jis1 \ VD /iy

— S(AF, v, ) (U\/_DA)M (jD)zH + S(AF, up,w) <;D)k+1 (\;D)m)
€ Z <6AFak+1 (e“ 4e (v — Nuy — (v —N)? + 4e“)vl>

avk D3
k>0
OAF iy [ 4w =N v — ((v— )2 + de)uy
Tou 0 \° D ’ (78)

where AF :=3" -, 629’2F§1 (Vo,Vi,...,V3g—2), D = (v—X\)2 —4e", S(f,a,b) := g:gb + gf: g{,

and f, stands for 0" (f) with
o O
0:= E E U1 gpa - (79)

a=1,2m>0
It is also shown in [33, 34] the solution AF to (78) is unique up to a sequence of additive
constants for Ffl (g > 1), that for g > 2 can be fixed by the following equation:

2 972 OF® (Vo, Vi, V3 S
Z m’U;‘:L g ( Orh » 39 2) = (29—2)F§)1(V(),V1,...,V3972)+ g’l, gZ 1. (80)
a=1m=1 B’U"O;L 12
Moreover, for g > 2, Ffl (Vo,V1,...,V3g_2) are polynomials of va,...,vss_2 and have rational
dependence in v; (cf., e.g., [33, 34]). In particular, for g = 1,
1 1 1
Fy (vo,v1) = 04 log((v1)? — e"(u1)?) — o U (81)

These unique functions FQP ' (g > 1) are the ones used in the context of Theorem 1.1.
We are ready to prove Theorem 1.1.
Proof of Theorem 1.1  Start with genus zero. Let (v(x,s),u(x,s)) be the unique solution to
the initial value problem (30), (24). The Riemann invariants for the principal hierarchy (30)
are given by
Ri(v) =v+42e"2  Ry(v) =v —2e"/2, (82)

Since (R;), (¢ = 1,2) do not vanish at generic = xg, the solution (v(z,s),u(z,s)) belongs to
the class of monotone solutions. Therefore, it could be obtained by the hodograph method [22,
24, 63], yielding the following genus zero Euler-Lagrange equation:

00
200+ D (T2 = 5,0) 20 (viw,s) =0, B=1.2, (53)

p=0
where T%? = (p+ 1)!sp11, p > 0.
Following [18], define Fy(z,s) as the right-hand side of (25). By using the well-known
properties
gV = U0y (V) B (5, (V) = 0o (U, V), Vpigs >0, (84)
Oap(v) = Qg),]p;l,o(")v Vp >0, (85)
one can verify the validity of the following equalities:

2 Folx,s) o]

8T2’p8T2’q - 2,p;2,q(v(‘rv S))a va q 2 07 (86)
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32.7-A"o(x,s)

orow ~ 1% 1)
9 Fo(z,s) (0]

OxOT?» :9170;247("(93’5))7 Vp>0. (88)

From these equalities we see that exp(e 2Fo(z,s)) is the tau-function for the solution (v(z,s),
u(x,s)) to the 9, Or2.q-flows of the principal hierarchy (30) (cf. (32)).
It is not difficult to verify that Fy(z,s) also satisfies the following linear equations:

1 OFo(z,s)  Folz,s) .~
Z (Sj a 26j 2) (%Sj i Oax = 2o(2,9), (89)
j=1
Z] sj . 15‘772 5.7'-0(58,5) + xS1 = 0 (90)
. 2 asj‘,l
j=2

We conclude from (86)-(88) and (90) that Fo(z,s) could differ from Fo(z,s) only possibly by
adding a function of z (actually with at most linear dependence in z). Taking s = 0 in .7/':()(:16, s)
and in Fy(z,s), we find that they both give

x; <10g:c - ;’) (91)

Similarly as we do for the LUE case in [69], we proceed with the higher genera by using

Hence formula (25) is proved.

quasi-triviality. According to [33, 34], the following quasi-trivial map

~ A-1 1 p! ov 0397 2%y
V= 0, (1}) + (A — ]_) 0 D20 (Z €29 1F9IP <V, YRS 8.1‘39—2))’ (92)
g=>1
—~ (A+A1-2) N o pif OV 0392y
W = 252 () + (A+ AT =2)( > e2F (v, 0r " gse—z ) | (93)
v g>1

transforms the principal hierarchy (30) to the extended Toda hierarchy [11, 34]. The quasi-
Miura map (92)—(93) transforms a monotone solution of the principal hierarchy (30) to a
solution of the extended Toda hierarchy (see Theorem 1.1 of [34]). As we just mentioned
above, the particular solution (v(z,s),u(z,s)) of interest to the J;2.»,-flows (p > 0) in the prin-
cipal hierarchy (30) specified by the initial data (24) is monotone. Therefore, the function
(V(z,s;€),U(x,s;€)) defined by

V(I’ S5 6) = V|1J;€>—>8,’; (v(,s5€)),up—0F (u(x,s5€)), k>0 (94)

U(xa S; 6) = U|vm—)8§(v(z,s;e)),ukr—ﬂaj(u(w,s;e)),kZO (95)
is a particular solution to the Toda lattice hierarchy (21). What is more, since ¢ “Fol@s) =
< Fo(@s) ig the tau-function of the solution (v(z,s),u(zx,s)) to the dispersionless Toda lattice
hierarchy and using again Theorem 1.1 of [34], we find that

_o= _ 1
7(z,8;€) := exp (6 *Fo(z,s) + Z S kaag(u(a;,s)),ukHagg(u(m,s)),k>o> (96)
g>1

~ ~

is the tau-function of the solution (V' (x,s;€),U(x,s;€)) to the Toda lattice hierarchy. Note that
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the functions F’ 5 1, g > 2, satisfy the following equation:
OFF
9 =0 97
=0 97)
which follows from the string equation (74) for the GW invariants of PL. By using (89), (80),
(90), (97) one can verify that this tau-function 7(x,s; €) satisfies the following two relations:

1 Ot (x,s;€) Ot (x,s;¢€) ot (x,s;¢€) 1 )
.Z (sj - 25j72) 0s; e Oe e Oz + 127(x,s,e) =0, (98)
jz1
1 0 ;
S35 — ade ) E) L e s = 0, (99)
- 27 6Sj,1 €2
j=2
which agree with the linear equations (17), (18). The theorem is proved. O

Several applications of Theorem 1.1 can be found in [26-28, 31]; some of the details are also

given in the next section.

4 Topological Gravity and Matrix Gravity

In the previous sections, we studied the GUE partition function and give in Theorem 1.1 a jet
representation for the genus g GUE free energy Fy(x,s) for ¢ > 1, obtained by the one for
the genus ¢ free energy of GW invariants of P!. In this section, we consider the restriction to
even couplings, and revisit its connection to GW invariants of a point and the associated Hodge
integrals.

4.1 Identification in Topological Gravity

In his seminal work [65], Witten proposed two versions of two-dimensional quantum gravity:
topological gravity and matrix gravity. In this subsection, let us consider the topological one,
that is, following Witten [65], the partition function of psi-class integrals on Deligne-Mumford’s
moduli space of curves [13]. To be precise, let Fwk(t;€), g > 0, be the following generating
series for psi-class integrals:

Lot . .
. R 2g—2 21 1k i1 Tk
Fultie) =3 @230 30 Pt [ g (100)
g>0 k>041,...,ix>0 9.k

called the free energy. Here, t = (to,t1,t2,...) and € are indeterminates, M, , denotes the
moduli space of stable algebraic curves of genus g with & distinct marked points, and ¢; (1 <
i < k) denotes the first Chern class of the ith cotangent line bundle on M, . Let

Fwk(te) := Y 9 2FVE(t). (101)

920

We call f;)vK(t) the genus g part of the free energy Fwik(t;€). The exponential
exp(Fwk (t;€)) =: Zwk(t;e) (102)

is called the partition function of psi-class integrals. It was conjectured by Witten [65] and
proved by Kontsevich [52] that the partition function Zwk (t;€) is a particular tau-function for
the Korteweg—de Vries (KdV) integrable hierarchy. We also refer to Zwk (t; €) as the partition
function for the topological quantum gravity.
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Another important model regarding the intersection theory on M, ;. is the partition function
of certain special cubic Hodge integrals [25, 38, 54, 61], which from its definition is a deformation
of the partition function Zwk (t;€) and has important relation to the GUE partition function
[26, 28]. To be precise, define Zy(t;¢€) as follows:

Zu(t;e) = "9, (103)
where
H(tse) =D 7 H,(t), (104)
g>0
H,(t) = bty i A (—1)2A( >0 105
g()—z Z A v 1"'7% (_) 2 ’ g=0u. ( )
kZOil ,,,,, ikZO g,k

Here, A(2) == 379_, A;jz7 is the Chern polynomial of the Hodge bundle E,; on M, with
A; being the jth Chern class of Ey ;. We call H(t;¢) the Hodge free energy and Zy(t;e) the
Hodge partition function) . Being suggested by the Hodge-GUE correspondence [26, 28] (see also
Theorem 4.4 below), we refer to the Hodge partition function Zy(t;e) defined in (103)—(105)
as the dual partition function for the topological quantum gravity.

In genus zero, we have the obvious equality
Ho(t) = Fo ™ (t). (106)

The discrepancy between the two partition functions Zy(t;€) and Zwk (t;€) starts from their
genus one parts. To understand this discrepancy, it will be convenient to look at their jet-
representations [16, 29, 33, 35, 65]. Recall the following lemma.

Lemma 4.1 Denote

PPFVE(t
owc(t) := 770 1 (107)
0

For each g > 1, there exist elements
FN(z1,...,239-2) € Qla,...,239-2,21,2] ], (108)
Hg(bo, bi,..., b3g_2) S @[bg, ey b3g_2, bo, b1, bl_l], (109)

such that
ov (t) 839*2vWK(t)
WK (t) = pWK( “TWKR 11
A = (M), (110)
a'UWK(t) 839_2’0\)\/}((17)

t)=H, t - . 111
() = Hy (mw(e), "7 (1)

Moreover, for g > 2, Hy(bg,b1,...,bsg—2) does not depend on by.

See for example [25, 29] for the proof of this lemma. For the reader’s convenience, we list the
first few FgWK(zl, ooy 23g—2), Hy(bo, b1, ..., b3g—2) as follows:

24 Tz329 zg’

logz1, FyY™(21,22,23,24) = + (112)

1
FWK _ = —
() 115222~ 192023 36023’

24

1) The Hodge partition function considered in this paper is a specialization of the one in [25]; geometric and

topological significance of this specialization can be found, e.g., in [25, 26, 28].
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1 bo

Hi(bp,b1) = _ logb; — 11

1(bo, b1) 24 0g 01 16’ (113)
oy 1102 b2 b by Thsby b

Hs(bg, by, b2,b3,b4) = — — - . (114
2(00,b1, b2, b, ba) = oo+ 384002 11520 320, T 115202 192063 T 3604 (114)
The elements FgWK(zl, ..., 23g—2) with g > 1 can be calculated recursively by solving the
DZ loop equation [33]; the elements Hy(bo, b1, ..., bsg—2) can also be calculated recursively by

solving the DZ type loop equation [26], or, they can be calculated by using the algorithm given
in [25].
Introduce a gradation deg in Q[ba, ..., bsy—2,bo, b1, by '] by assigning

degb, =1, Vk>0. (115)
Then for g > 2, Hy(bo,b1,...,b3g—2) decomposes into the homogeneous parts with respect to
deg as follows:
2g—2
Hy(bo, by, bsg-2) = Y HI(bo, by, ... bag_2), (116)
d=1—g

where Héd] (bo, b1, ..., b3g—2) is homogeneous of degree d with respect to a%. We have (cf. [25,
29])

1

Hi(by,by) = FYVE(by) — 16 HI (b, by, bgg—2) = F)E(by, ..., bsg—2) (g > 2). (117)

Namely, H, can be viewed as a specific deformation of F gw K. in the big phase space this is
obvious (by definition), and we see the deformation in the jet space by equalities in (117).
The following proposition says that under a coordinate transformation in the jet space,
remarkably, Hy(bo, by, ..., bsg_2) becomes FyV¥(z1,... 235-2), g > 1.
Proposition 4.2 Under the transformation B : (29, 21,...) = (bo,b1,...) (i.e., by = B;(z),
1 > 0), defined inductively from
1 z1
B =-1 , 0 =— , 0/,0"]=0, 118
o(2) 08 20 (20) = —,, V20 [ ] (118)
we have the identities:
(—4)g_1Hg(BQ(Z),Bl(Z),...,ng,Q(Z» :F‘;}VK(Z]_,...,,23972)7 gZ 1 (119)
Here, 0’ is the derivation on Q[z0, 21,21 ', 29, 23, ...] such that &(z;) = zit1, and " is the
derivation on Q[bg, by, by ', ba, b, ...] such that 8" (b;) = biy1.
The proof of Proposition 4.2 using the Hodge-BGW correspondence is given in [68]. An

equivalent version of this proposition and the proof are given in [67]. For the reader’s conve-
nience, let us list the first few terms of the change of jet-variables in Proposition 4.2:
z1 Z% Z9 - 1 z3 15 Z1%2 35 Z%

B (2) By(z) = o o — 7/2 9/2
8 Zo/ 16 Zo/ 32 Zo/

_ , - A2 (120)
223/2 225 4z

with By(z) given already in (118). This transformation is invertible, and let us list also the first

few terms of the inverse transformation:
y=e (B Y)y(b) =2 :%b;, (B ')y(b)=e 2 (—4b, + 8b2), (121)
(B~ 1)3(b) = e~ 2% (8b3 — 60byby + 50b3). (122)

N
S
=3



400 Yang D.
A closed formula for the map B! is found with Don Zagier [67]. We have the identity
F}((B™)1(b), ..., (B N3g—2(b)) = (—=4)? " "Hy(bo, b1, . .., bsg—2), g>1. (123)

In view of integrable systems, the relationship given in Proposition 4.2 reveals the space/time
duality between the ¢-deformed KdV hierarchy (cf. [9, 41, 55]) and the KdV hierarchy.

4.2 Back to the Matrix Gravity

In the previous subsection, we recalled the identification between the partition function (102)
and the dual partition function (103) for the topological quantum gravity: for genus zero, it
is given in the big phase space by (106); for higher genera, it is given in the jet-space by
Proposition 4.2.

In this subsection, following Witten [65], we look at a certain reduction of the GUE partition
function, which is referred to as the matriz gravity. To be precise, define the even GUFE partition

function Zeyen (T, Seven) by

(2m) e 12

Zeven (T, Seven) = Vol(n)

/ e~ 1tr Qeven(M§Seven)dM’ T = ne, (124)
H(n)
where Vol(n) is defined in (15), and

1 .
Qeven(y; Seven) = 2y2 - Z Sjy]' (125)
jezezv;n
Clearly, this partition function equals Z(z,s) being restricted to seqq = 0.

According to (10) and (12), the logarithm of Zeyen(Z, Seven) has the expression

log Zeven ($7 Seven) 6) = ]:even (x7 Seven; 6) = Z 62g—2]_~§,‘ven (LI'I, Seven) (126)
920
x? 3 log = €2972B,
= 1 — — (-1 g
QGQ(OgJJ 2> 12 +C( )+g§4g(g71)z2972

30 Y (s s €9 2R I, (127)

k>1 920, 51,00k €20
2-2g—k+|j|/2>1

We call Feven(Z,Seven; €) the even GUE free energy, and F;¥*"(z, Seven) its genus g part.
The power series u(z,s), v(z,s) (cf. (83)) being restricted to s,aq = 0, denoted by u(z, Seven ),
v(Z, Seven ), have the following explicit expressions [28]:

(2, Seyen) = 0, (128)
1 ) )
u(®,Seven) — 1) .. ] J1 > . < Tk ) P
e = wt wt . ) St Sy 129
S X () () e 029

. 1, J=0,
wt(j) :== (130)
j/2, otherwise.
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It is shown in [28] that one can take vg = v =ve =---=01in Ffl(v,vl,...,v;),g,g), g>1,

yielding functions of uy,ug, ..., denoted by Fg¥*"(uy, ..., us,—2); explicitly,

even 1 log(—l)
Fg (Ul, e ,’nggfg) = Fg (V,Vl, ‘e ’V3972)|’U02U1:“':0 + (C/(—l) - 21 )59,1. (131)

For example, F7Ve" = 112 loguy + ¢’(—1). The expression for Fg¥e" with g = 2,...,5 can be

found in [28]. The following theorem is then obtained.
Theorem 4.3 ([28]) The genus zero part of the even GUE free energy F§V" (, Seven) has the

eTpression:

1 : 1 = "
T o) = ptulesoen) 40 30 (([],) (55 e et

/2
1 Z J1je 1 J2 Si — 15‘ 5 15' ej1;j2u(175even) (132)
4 = gt \41/2) \j2/2 Ji T 9 fn2 J2 T 9022 ,
]17J2€Z22

where u(x, Seven) = logx + - -+ is given by (129). For g > 1, the genus g part of the even GUE

free energy FgV" (2, Seven) can be represented by

even even au(x, Seven) 6397271(‘%; Seven)
‘Fg (:1:5 Seven) = Fg (u(x7 SEVen)? 6:1; P 6:1;3g_2 ) (133)
where FgV" (u,uy, ..., uzg—2) are defined by (131).
Let
A = e (134)

denote the shift operator. Following [26] (cf., also [28]), define the modified even GUE free
energy f(x, Seven; €) by

j;(xa Seven; 6) = (A1/2 + A71/2)71(-/—'7even(xa Seven 6)) = Z 62972-%;(37; Seven)~ (135)

920

j:—(wvseven) =

We call ]T'g (2, Seven) the genus g modified GUE free energy, and call the exponential e
Z(x,seven) the modified even GUE partition function.

By definition (135) and by (133) we sece the followings [28]: Fo (2, Seven) = F& (2, Seven) /2,
and for g > 1 ]?g(x, Seven) admits the jet representation:

Ou(z, Seven) 0397 2u(x, Seven)
]:g(xa seven) = Fg (’U/(J), Seven)7 al’e ¢ sy 61’39*2e © s (136)
where ﬁg(u, Ul,...,U3g—2), § > 1, can be determined by
ﬁg(u; Uy .- 7u3g—2)
(71)9 1 & g—g1 29—2g1 even
= 9 E29u2g—2 + 9 Z (71) E‘2g—2g1a (Fg1 (u7 ULy« -y u391—2)) (137)

g1=1

with Fj being the kth Euler number

0= Z U410, -

k>0
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Here the shuffling in genus phenomenon also appeared in [69]. We also have

23m 2g

g
u
Fgeven(ub gy 2) 2g9—2 + Z 2g 277L(F (u ULy ,U3m,2)), (138)

229(2g)! = (29 — 2m)!

where g > 1.
The Hodge-GUE correspondence, conjectured in [28] (cf. also [25]) and proved in [26], is

given by the following theorem.

Theorem 4.4 ([26, 28]) The identity

O (A UGV} (139)

holds true in C((€?))[[x — 1,s]], where

1 j1j2 ( jl > ( j2 ) < 5]1 2) ( 6]2 2)
A T, Seven) = . . . . S4, — ’ Sjo — ’
( ) 4. Z Jr+g2 \j1/2) \j2/2) \ "’ 2 ! 2

J1,J2 GZeve“

- (6)

_ Covit1 [ J 9,2 _ ‘
ti(z,s) = JE;%(]/Q) (m) <sj - > Yyt adig, 00, (141)
>2

and

Taking logarithms on both sides of the identity (139), we find that it is equivalent to

— A ; Seven (-1

]:(3;’ Seven) 6) = (z262 ) + C (2 ) + H(t(x, Seven); \/26) (142)
The g = 0 part of this identity is proved in [28], and the higher genera parts are proved in [26].
To understand more the higher genera parts of (139), again, we go to the jet space. The

following lemma recalls the important relationship between vwik (t) and u(z,s).

Lemma 4.5 ([28]) Under the substitution (141), the following identity is true:

vwk (t(z,s)) = u(z,s). (143)
Using (143) and observing that
aézo B aax’ (144)
we can rewrite the higher genera parts of identity (139) in the jet space as follows:
Fy(bo,b1, ... bsg_2) = Hy(bo,b1,... b3y 2), g>1. (145)

Therefore, we have identified the higher genera parts in jets of the modified even GUE partition
function with those of the Hodge partition function. Then by using (138), one comes back to
the matrix gravity F¥*" in the higher genera with the topological gravity as a starting point,
ie., FgWK — Hy = ﬁg o Ft g>1 (cf., the diagram of the Introduction).

Comparing the lowest degree part of the identity (145) with respect to deg, using (137), and
noticing that the operator 0 does not change az%, we arrive at the following corollary, which

explains the starting arrow on top of the square of the diagram of the Introduction.
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Corollary 4.6 The following equalities are true:

1
2FEWVE (20, 21) = F&¥%(21) — ¢'(—1) = 12 log 21, (146)

29V (21, zggm0) = FOVm9)(2, 0L 2g00), g 2> 2. (147)
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