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1 Introduction

Let H be a real Hilbert space with inner product (-, -) and norm || ||. Let C be a nonempty,
closed and convex subset of H. Let F': H — H be a single-valued continuous mapping. We
consider classical variational inequality (VI) in the sense of Fichera [13] and Stampacchia [24]
(see also Kinderlehrer and Stampacchia [19], Facchinei and Pang [12]) which is formulated as
follows: Find a point z* € C' such that

(Fx*,x—2*) >0, VzxeCl. (1.1)

We denote by Sol(C, F) the solution set of the VI (1.1), which is assumed to be nonempty.
From the characterization of the projection, it follows that z* is a solution of (1.1) if and

only if it solves the following fixed point equation:
2" = Po(a* — 7Fx"), (1.2)

where 7 is any positive real number and Po denotes the metric projection onto C. Using (1.2),
one can easily construct the following iterative scheme which is generally called as the gradient
projection method:

Tn+1 = Po(x, — 7Fx,),

where the positive number 7 is the stepsize. The projected gradient method converges provided

that the mapping F' is Lipschitz continuous and strongly monotone.
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To avoid the hypotheses of the strong monotonicity in the gradient projection method,
Korpelevich [20] (also by Antipin [2] independently) introduced the extragradient method for
solving monotone VIs, which requires two projections onto the feasible set in each iteration.
Let F : C'— H be monotone and L-Lipschitz continuous operator. The extragradient method

has the following form:

Yn = PC(:C'IL - Tann)a

(1.3)
Tnt+1 = PC(xn - TnFyn)a
where 7, € (0,1/L) or 7, is updated by an adaptive rule such that
Tl Fxy — Fyn| < pllen —ynll, 1€ (0,1). (1.4)

Observe that the extragradient method requires the evaluation of two orthogonal projections
onto C per iteration. The first method which overcomes this obstacle is the projection and
contraction method (PC) of He [16] and Sun [25]. For each iteration n € N generates point y,
in the spirit of (1.3):

Yn = Po(xn — T F2y),

and then the next iteration x, 41 is generated via the following

Tpyl = Tp — ’777nd(xn7 yn)>

where v € (0, 2),
<1'n — Yn, d(l'na yn)>

Nn = ;
lld(zn, yn)lI?

and
ATy Yn) = T — Yn — Tn(Frn — Fyn),

where F' : C — H is a monotone and L-Lipschitz continuous operator and 7, € (0,1/L)
or 7, is updated by some adaptive rule like (1.4). Recently, projection and contraction type
methods for solving VI have received great attention from many authors, see, e.g., [4, 10]. A
combination of these extensions has been recently considered in [10], which takes advantage of
both the projection contraction method and the inertial method [23]. However, a drawback
of this method is that, to determine stepsizes, it requires line-search procedures containing
many additional projections, and its convergence analysis is performed under the assumptions
of Lipschitz continuity as well as the monotonicity of the cost operator. Motivated and inspired
by [6, 7, 10, 11, 29, 30], and by the ongoing research in these directions, in the present paper,
we revisit the algorithm in [10] for solving variational inequalities with uniformly continuous
pseudomonotone operators. In particular, we use an Armijo-type line search in order to relax
both of these assumptions, Lipschitz continuity as well as the monotonicity. This improvement
allows the algorithm to be applied to a wider class of nonlinear mappings. Moreover, the
linear convergence rate of the algorithm is presented under strong pseudomonotonicity and
Lipschitz continuity assumptions of the variational inequality mapping, which is not known in
the literature. The article is organized as follows: in Section 2, we recall some concepts and
lemmas which will be used in the proof of main results and, in Section 3, a general inertial

projection and contraction method with a line-search procedure is introduced and its weak



2376 Thong D. V.

convergence is proved. In Section 4, the linear convergence of the proposed algorithm is proved.
In Section 5, a numerical example is reported to illustrate the performance of the proposed

algorithm. In Section 6, the final conclusions are given.

2 Preliminaries

Let H be a real Hilbert space with inner product (-,-) and norm || -||. The weak convergence
of {z,} to z is denoted by x,, — = as n — oo, while the strong convergence of {z,} to x is

written as z,, — x as n — oo. For all z,y € H we have
Iz +yll* < llz]|* + 2(y, = + ).

Definition 2.1 ([5]) LetT:H — H be an operator. Then
(1) T is called L-Lipschitz continuous with constant L > 0 if

||T$—Ty|| SLH.ﬁ—yH, Vx,yeH,

if L =1 then the operator T is called nonexpansive and if L € (0,1), T is called a contraction;
(2) T is called monotone if

(Tx —Ty,x—y) >0, Vr,ye H,;

(3) T is called pseudomonotone in the sense of Karamardian [17] if

(Te,y—z) > 0= (Ty,y —z) >0, Vr,yc H,; (2.1)
(4) T is called a-strongly monotone if there exists a constant o > 0 such that

(T — Ty, —y) > allz —y|*, Va,ye H;
(5) T is called a-strongly pseudomonotone if there exists a constant o > 0 such that
(Tz,y—z) 2 0= (Ty,y —a) 2 alle —y|*, Vo,ye H;

(6) The operator T is called sequentially weakly continuous if for each sequence {x,} we

have: x, converges weakly to x implies Tz, converges weakly to Tx.

Definition 2.2 Let (X,d) and (Y, p) be metric spaces and let B be a subset of X. A function
f X =Y is said to be uniformly continuous on B if ¥V € > 0, there exists § > 0 such that if
x,y € B and d(z,y) < 0 then p(f(z), f(y)) <e.

We note that (2.1) is only one of the definitions of pseudomonotonicity which can be found
in the literature. For every point © € H, there exists a unique nearest point in C, denoted by
Pcox such that ||z — Pezx|| < ||z —y|, Yy € C. Pc is called the metric projection of H onto
C. Tt is known that P¢ is nonexpansive. For properties of the metric projection, the interested
reader could be referred to Section 3 in [15].

We need to recall the following lemmas, which are useful for the later convergence analysis.

Lemma 2.3 ([15]) Let C be a nonempty closed convex subset of a real Hilbert space H. Given
x € H and z € C, then z = Pox < (x — 2,z — y) > 0, Yy € C. Moreover,

| Pox — Pcy||2 < (Pcx — Poy,xz —y), Vx,yeC.
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Lemma 2.4 ([8]) Consider the problem Sol(C, F') with C being a nonempty, closed, convex
subset of a real Hilbert space H and F : C — H being pseudomonotone and continuous. Then,
x* is a solution of Sol(C, F) if and only if
(Fr,x —z*) >0, Vrel.
Lemma 2.5 ([9]) Let F: C — H be a mapping. For x € H and o > > 0 the following
inequalities hold:
lo = Po(z — aFz)| _ |z = Po(z = fFz)]|
a - I¢] ’
|l — Po(xz — BFz)| < ||z — Po(x — aFx)|.

Lemma 2.6 ([1]) Let {¢n}, {0n} and {an} be sequences in [0,+00) such that

—+oo
SOnJrl S ‘Pn + an(@n - Sonfl) + 5na VTL Z ]-a Z(Sn < +OO,

n=1
and there ezists a real number o with 0 < a,, < «a < 1 for all n € N. Then the following hold:
(1) 35523 [0n — @n 1)y < 00, where [t]4 := max{t,0};

*

(ii) there exists ™ € [0, +00) such that lim, .y ©n = ©*.
Lemma 2.7 ([21]) Let C be a nonempty set of H and {x,,} be a sequence in H such that the
following two conditions hold:

(i) for every x € C, lim,, o ||y, — x| exists;

(ii) every sequential weak cluster point of {x,} is in C.

Then {x,} converges weakly to a point in C.
Definition 2.8 ([22]) Let {z,} be a sequence in H.

(i) {z,} is said to converge R-linearly to x* with rate p € [0,1) if there is a constant ¢ > 0
such that

llzy, — 27| <cp”, VneN.
(ii) {zn} is said to converge Q-linearly to x* with rate p € [0,1) if
[#n41 — 2| < pllzn — 27|, Vn €N

3 Weak Convergence Analysis

In this section, we propose a modified gradient projection method for solving VIs. We assume

that the following conditions hold:
Condition 1 The solution set Sol(C, F') is nonempty.
Condition 2 The mapping F': H — H is pseudomonotone on H, that is,

(Fr,y—z) > 0= (Fy,y—x) >0, Vr,ye€ H.
In addition, the mapping F' : H — H satisfies the condition
{zn} C C, zp, = 2= ||Fz| < liminf |[|Fz,]|. (3.1)

Condition 3 F: H — H is uniformly continuous on bounded subsets of H.
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Algorithm 3.1

Initialization: Given p,l € (0,1),u € (0,1), v € (0,2),0 € [0,1), € (0,1). Let sg,s1 € H be
arbitrary.
Iterative Steps: Given the current iterate s,, calculate s,+1 as follows:

Step 1 Compute w,, = s, + 0(sp, — Spn—1),
Yn = Po(wn, — T Fwy,),
where T, is chosen to be the largest T € {p, pl, pl?,...} satisfying
7| Fyn — Fwp|| < pllyn — wn*. (32)
If w, = yn or Fw, =0 then stop and w,, is a solution of (1.1). Otherwise

Step 2 Compute

Spn41 = Wp — ’W?ndnv

where

<wn_yn,dn>~
ot ez TEREO

and

dp = Wy — Yn — Tn(Fwn - Fyn)

Setn:=n+1 and go to Step 1.

Remark 3.2 It notes that we can use the technique of the subgradient extragradient method

to compute {s,4+1} as follows:

Sn+1 = F’Tn (wn - 'YTnnnFyn)a

where

T, ={x € H| (w, — 70 Fwy, — Yn, = — yn) < 0}.

In this case, Algorithm 3.1 is called the inertial subgradient extragradient method [26]. The
weak convergence was studied in [26] under the assumptions that the cost operator F': H — H
is monotone and L-Lipschitz continuous. However, here we only need to assume that the
operator F' is pseudomonotone and non-Lipschitz continuous. Moreover, the inertial technique

also applies to accelerate the convergence of the algorithm.

Lemma 3.3 Assume that the mapping F : H — H is uniformly continuous on bounded

subsets of H. The Armijo-line search rule (3.2) is well defined. In addition, we have 1, < 7.
Proof If w, € Sol(C, F) then w, = Po(w, — vyFw,) and m,, = 0. We consider the situation

wy, ¢ Sol(C, F) and assume the contrary that for all m we have

Y| F Po(wy, — 1" Fwy,) — Fwy|| > pl|Po(w, — Y™ Fwy,) — wy|. (3.3)
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This implies that
| Po(wy, — Y™ Fwy,) — why||

| FPo(w, — I Fw,) — Fw,|| > p i

(3.4)

Now, we consider the two cases of w,,. First, if w, € C then from P is continuous, we
have lim, o || Po(wy, — Y™ Fw,) — wy|| = 0. From the uniform continuity of the operator F
on bounded subsets of C' it implies that

lim ||FPc(wy, —yI™Fw,) — Fw,| = 0. (3.5)

Combining (3.4) and (3.5) we get

lim | P (wp, — yI™ Fwy,) — wa| _

0. (3.6)
Assume that z,, = Po(w, — ™ Fw,) we have

(zm — Wy + V" Fwy,x — 2z,,) >0, Vo eC.
This implies that

<zm l—mwn,a?—zm>+<Fwn7x—zm)ZO, vz € C. (3.7)
Y

Taking the limit m — oo in (3.7) and using (3.6) we obtain
(Fwp,z —wy,) >0, Vzedl,

which implies that w,, € Sol(C, F') this is a contraction.
If w, ¢ C, then we have

lim ||w, — Po(w, — " Fw,)|| = ||w, — Pow,|| > 0,
and
lim ’ylm”Fwn - FPC(wn - ’Ylmen)H =0,
which, in view of (3.3), also leads to a contradiction. This completes the proof. O

Lemma 3.4 Assume that Conditions 1 and 2 hold. Let {s,} be a sequence generated by
Algorithm 3.1. Then

2 —
Ims1 = 2|2 < flwn =22 = 7~ T wn = spia |2, Va* € Sol(C, F). (3-8)
gl

Proof  From the formula y,, = Po(w, — 7, Fw,) we get
(W = Yn = TaFwp, yn — ") >0, (3.9)
By the monotonicity of F' and z* € Sol(C, F) we have
(FYn,yn — ™) > (F2*,y, —2*) > 0. (3.10)
Adding (3.9) and (3.10) we get
(Yyn — ™, Wy, — Yp — Tn(Fw, — Fy,)) > 0. (3.11)

That is
(yn — 2", dy) > 0. (3.12)
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Using the inequality (3.12) we get
<wn - x*a dn> = <wn — Yn; dn> + <yn - J)*,dn> > <wn — Yn, dn> (313)

On the other hand, we have

[sn41 — 212 = lwn — Yindn — 2*|* = [Jwn — 2% = 2y (wn — 27, dp) + 02 ||dn||*. (3.14)

It implies from (3.13) and (3.14) that

841 = 2> < Jlwp = 2 = 2905 (1 = ) (wn = Yns dn) + 7202 || dn]*. (3.15)
Since 1,, = <w"|‘;lffﬁ§d">, we get

77n||dn||2 = (Wn = Yn, dn)- (3.16)

Substituting (3.16) into (3.15), we get

H8n+1 - x*”2 < ”wn - x*”2 - 2777n<'wn — Yn, dn> + 7277n<wn — Yn, dn>
= |Jwn — ‘T*HQ = (2 =)V wn = Yn, dn)
= wn — 2" =72 = y)ll7dy?

2—7
= ||wn - x*||2 - N ||’y77ndn||2
2 _
= [fwn, — "% — ﬂnwn P 0

Lemma 3.5 Assume that Conditions 1 and 2 hold and let the sequence {s,} be generated by
Algorithm 3.1. Then

(14 p)?

||wn - yn||2 < [(1 . /1)'7]2 ||w7l - Sn+1||2'

Proof  First, we show that

(L= m)llwp = ynll < [ldnll < (1 + p)|lwn — ynl|- (3.17)
Indeed, we have
lldnll = llwn — yn — T (Fwn — Fyn)||

> [Jwn = ynll = Tol| Fwn — Fyn||

> |lwn = ynll = pllwn = yn|

= (1= ) lwn — ynll,
and it is easy to see that ||d,|| < (1 + p)||wy, — ynll. Now, we will prove the lemma. We have

<wn - ynadn> = <wn — Yn, Wn — Yn — 7—n(F’wn - Fyn)>
= ||wn - yn||2 - Tn<wn — Yn, Fwp, — Fyn>

> (1 - u)”wn - ynH2 (318)
This implies that
1
n_n2< n_ndn: ndn2
l[wn = | _1_u<w Yns dn) 1o [[dn||
1 1
= [ dn|® = lwn = 2. (3.19)
M (1 = 1) (1 = p)y?
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Using the definition of {n,}, (3.18) and (3.17) we get

1 dn|? 1 dy|? 14 p)?
M (wn = yn,dn) — 1= pllwn —ynl* = (1 —p)

Substituting (3.20) into (3.19) we obtain

(14 p)?
(1= p)y]

Lemma 3.6 Assume that Conditions 1-3 hold. Let {w,} be any sequence generated by Al-

Hwn _yn”2 < 2||wn _Sn+1||2' U

gorithm 3.1. If there exists a subsequence {wy,} of {wy} such that {wy,} converges weakly to
z € C and limy_.o [|[wn, — Yn, || =0 then z € Sol(C, F).

Proof We have y,, = Pc(wp, — Tn, Fwy, ) thus,
<w"k_Tnkank_ynkax_ynk>§0, Vo e C.

or equivalently
1

(Wnp = Ynp> © — Yny) < (FWny s @ — Yny), Ya € C.
n
This implies that
1
(W = Ynpr T — Yny) + (FWnys Yny, — Wny) < (Fwp,, 2 —wy, ), Yrel. (3.21)
N

Now, we show that
lim inf(Fw,, ,z — wy,,) > 0. (3.22)

k—o0
For showing this, we consider two possible cases. Suppose first that liminfy . 7,, > 0.
We have {w,, } is a bounded sequence, F' is uniformly continuous on bounded subsets of H. By
Lemma 2.4, we get that {Fw,, } is bounded. Taking k — oo in (3.21) since ||wp, — Yn, || — 0,
we get

lim inf (Fw,, , © — wy, ) > 0.

k—o0
Now, we assume that liminfy_ .o, 7, = 0. Assume z,, = Pc(wpn, — 7o, ' Fw,,), we have

Tn, L™t > 7, . Applying Lemma 2.5, we obtain
1
||wnk - an” < l ||w7lk - ynk” —0 as k — o0.

Consequently, z,, — z € C. This implies that {z,, } is bounded, from which and the uniformly
continuity of the operator F' on bounded subsets of C' it follows that

| Fwy, — Fzn, || >0 as k — oc. (3.23)
By the Armijo line-search rule (3.2) we have

Tnk'lilannk - FPc(’LUnk _Tnklilenk)H > /LHwnk - PC(Unk _TnklilenkNl'

That is,
1 lwn, = 2n, |
Fw,, — Fz,, || > * * 3.24
LIPw, = Fa > 1 7 (3:24)
Combining (3.23) and (3.24) we obtain

k—o0 Tnklil
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Furthermore, we have
(W, — Tp I Fwn,, — 2p,, 0 — 25, ) <0, Yz eC.

This implies that

1
- (Wny, = Zng, @ — Zny, ) + (Fn,, 2ny — Wny) < (Fwy, & —wy,), Vzel. (3.25)
n

Taking the limit £ — oo in (3.25) we get

likminf<Fwnk,:1: — Wy, ) > 0.

Therefore, the inequality (3.22) is proved. Next, we show that z € Sol(C, F).
Now we choose a sequence {¢i} of positive numbers decreasing and tending to 0. For each

k, we denote by N the smallest positive integer such that
(Fwp,;,x —wp;) + e >0, Vj> Ng, (3.26)

where the existence of N follows from (3.22). Since {¢;} is decreasing, it is easy to see that
the sequence { N} is increasing. Furthermore, for each k, since {wy, } C C' we have Fwy, # 0

and, setting
Fka

Fww

we have (Fwpy, ,wy, ) = 1 for each k. Now, we can deduce from (3.26) that for each k

qNy,

(Fwn,,,x + exqn, — wn,) > 0.
By the fact that F' is pseudo-monotone, we get
(F(x + erqn, ), © + exqn, —wn, ) > 0.
This implies that
(Fz,x —wn,) > (Fx — F(x + €gqn, ), & + €xgn, — WN,, ) — €x{(FT, qn,)- (3.27)

Now, we show that limj_, €xqn, = 0. Indeed, we have w,, — z as k — oo and F satisfies
the condition (3.1), which imply that

0<||Fz|| < likm inf || Fwn, | (note that Fz # 0 otherwise, z is a solution).
Since {wp, } C {wy, } and € — 0 as k — oo, we obtain
. . €k lim supy,_, o €k
0<1 =1 < =0
<timow g <Hmaw o0 ) < B <o
which implies that limg_.~ €xgn, = 0.
Now, letting k& — oo, then the right hand side of (3.27) tends to zero by F' is uniformly

continuous, {wy, }, {qn, } are bounded and limj_,~ €xgn, = 0. Thus, we get

1ikminf<F33,;1: —wp,) > 0.
Hence, for all z € C' we have
(Fr,x — z) = lim (Fx,x —wy,) = likminf<F:17,x —wpy, ) > 0.

k—oo —00

By Lemma 2.4 we obtain z € Sol(C, F') and the proof is complete. O
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Theorem 3.7 Assume that Conditions 1-3 hold. If the factor v of Algorithm 3.1 is chosen

such that v € (0, 127({91?:2) then the sequence {s,} generated by Algorithm 3.1 converges weakly

to an element z € Sol(C, F).

Proof From Lemma 3.4, we get
9 _
o1 = 2"l < Jlwn =% = Mlsnss = wall® (3.28)

On the other hand, from the definition of w,, we get

lwn = 27" = llsn + 0(s0 — sn-1) — 2"
=11+ 0)(sn — 2%) = O(sn—1 — 27)|?
= (L4 O)sn — 2| = Ollsn—1 — 2" | + (1 + 0)0]| 5 — 501 (3.29)
and
8041 = wall* = lsn41 = 50 = (s = s0-1)|1?

= $n+1— an2 + 92”5n - sn—1||2 =20 (Sp+1 — Sn, Sn — Sn—1)
> [Isn41 = snll® + 0%[lsn = sn-1ll* = 20]|sn41 = snlllsn — sn—1]
> [Isnt1 = sl + 0llsn = sn1l” = Ollsns1 = sall® = Ollsn — sn—a |
> (1= 0)1$n 11 — sull2 = 01— )50 — 501 (3.30)
Substituting (3.29) and (3.30) into (3.28), we have
Isner =2 < (1 O)lsn = 217 = Bllsns — a2+ (1 + Ol — 801

2 — 9 _
—(1-0) 7”||sn+1—snu2+e<1—e> 7”||sn—sn_1||2. (3.31)

It follows from (3.31) that
2 —
801 —2*[|* = Ollsn — 2*[|* + (1 - 6) , M sna1 — snll?
* * 2—
< sn =212 = Ollsar — "2+ (1= 8)" "l — 01
Y
2 — 2 —
- ((1 0" T 01 -0 R T+ 9)9) 8 — $n_1]1%. (3.32)

Let 5
* * -
Ay = s = 2*)* = Ollsp—1 — 2*[|* + (1 - 6) y [0 = sn—1*.

Using (3.32), we get

Ansr — Ay < —((1—9)2_7 —o1-0)° 7 - (1—|—9)9>|sn ~su?
Y Y
_ — . . 2(1-0)2
Now, let € := (1 — 9)27”’ —60(1— 9)27V — (1 + 6)6. Using the assumption v € (0, 1_(9+2)92) we
deduce
2 — 2 —
c:i=(1-0) 77—9(1—9) 77—(1+9)9>0. (3.33)

Using (3.33), we get
Api1 — Ny < —€|8na1 — sal (3.34)
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Therefore, we have

* * 2-
Ap = sy = a"||* = Ollsn—1 —2*[|* + (1~ 0) N s = snal?

> [lsn — 2*)|* = Ollsp—1 — =*||*,
This follows that
[sn —2*[|* < Ollsn—1 — ™[> + Ay

< Ollsn1 —z*[* + Ay

S ......
n—1 *(12 n—1
<O sy — 2T AL (0" + -+ 1)
Ay
<9n71 12 .
<o s -2+

We also have

v

Apir > ||8ng1 — %2 = 0)|sn — 2*||?

Y

—0||sn, —x*||2.

From (3.35) and (3.36), we obtain

oA
Ay S Olsn —a"|P <075y — 27|+ .
It follows from (3.34) that
k
EZ ||Sn+1 - Sn||2 S Al - Ak:+1
n=1
A
< 9k K12
<@l -2
A
<lls; —z*|? , Vk>0.
< s —at 2+
This implies
Z 541 — 8n||* < 4o00.
n=1
This follows that
nlglgo [$n41 = snl = 0.

Moreover, from (3.37) and Lemma 2.6, we have
nh—{r;o |$n — %)% = L.
On the other hand, by (3.29), we get
nlir{:o llw, — x*||* = 1.
Since (3.28) we get
Tim (3041 = wn | = 0.

Combining (3.38) and (3.39) we deduce

lim ||s,, — wy| = 0.
n—oo

Thong D. V.

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)
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It follows from Lemma 3.5 and (3.39) that
nlingo lwn — yn|l = 0. (3.41)

The sequence {s,,} converges weakly to an element of Sol(C, F). Indeed, since lim,, . ||$n—
x*|| exists, it follows that the sequence {s,} is bounded. Now, we choose a subsequence {s,, }
of {s,} such that s,, — z*. By (3.40), we have w,, — z*. Since Lemma 3.6 and (3.41) we
get z* € Sol(C, F). Therefore, we proved that, for all 2* € Sol(C, F), lim,, . ||, — 2*|| exists
and each sequential weak cluster point of the sequence {s,} is in Sol(C, F). By Lemma 2.7,

the sequence {s,,} converges weakly to an element of Sol(C, F'). This completes the proof. [

Remark 3.8 Our result improves the related results in the literature and hence might be
applied to a wider class of mappings. For example, we present the advantage of our method
compared with the recent result [10, Theorem 3.1]. Our Theorem 3.7, F' : H — H is assumed
to be pseudomonotone on H instead of monotone on H in [10]. In particular, unlike [10, Algo-
rithm 3.1] the weak convergence is proved with the variational inequality mapping is uniformly

continuous on bounded subsets of H instead of F' is Lipschitz continuous.

4 Convergence Rate

In this section, we provide a result on the convergence rate of the iterative sequence generated
by Algorithm 3.1.

Theorem 4.1 Assume that F' is L-Lipschitz continuous on H and k-strongly pseudomonotone
on C. Let 6 € (0,1) be arbitrary and 6 be such that

& A+ +46E — (14 5¢) 1-&1—p)
0§9§mm{2+£, 9 7(1—(5)(1— 21+ ) )}, (4.1)

where £ := 92;7. Then the sequence {s,} generated by Algorithm 3.1 converges strongly to the

unique solution =* of (1.1) with an R-linear rate.

Proof Under assumptions made, it was proved that (1.1) has a unique solution [18]. From the

k-strong pseudomonotonicity of F', we have
(Fyn,yn — %) > Ky — "% (42)
Adding (3.9) and (4.2), we obtain
(Yn = 2", W = Yo = Ta(Fwn = Fyn)) > Tosillyn — 2*||*. (4.3)
Adding (3.13) and (4.3), we obtain
(wn = 2%, dy) > (1= )| — gl + Turlyn — 22 (4.4)

Combining (3.14) and (4.4), we deduce

[$n41 — 2*1? < [lwn — 2% = 290 (1 = @) [|wn — yull® = 2900 Tnbllyn — 21> + 702 || dn ||
<o =2 = Vo = sasal* = 2vmrarlan = o (4.5)
It is easy to see that
e (4.6)

N = = .
ldn[? (14 p)?
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Again, substituting (4.6) into (4.5), we have
2 (1 —p)

(14 p)?

Now we show that 7,, > ‘il for all n. Indeed, by the search rule (3.2), we know that 7 must

Isnir — "% < wn — 2% - ;”nwn — sapa]® = 2v Takllyn —*|2. (47)
violate inequality (3.2), i.e.,

1
[1EYn = Fwnl > 7 [yn = wal-
l

This follows that

1
Lllyn — wyll > T 1yn — whll.
l
Thus
L> ",
l
that is l
T > LIL/, Vn (4.8)
Combining (4.7) and (4.8) we get
a2 27 > (I—p) p 2
snas — 712 < o — %12 = 2~ ¥ flwn — spaa |2 - 29 m—
(1+p)° L
_ * (|2 92 -7 2 0 2 - Y 2
= [Jwn — 2" - wn = sntal]” — (1 —0) | wn — Sntal
(1—p) pl .
-2y Kllyn — 2”2 (4.9)

(1+p)* L
Substituting (3.8) into (4.9), we get

(1—p)?

2—~
* (|2 *112 2 2
Sn+l1 — & <I||lwy, —x -0 Wy — Sp —(1-0 2—7v)y Wy, — Yn

(1—p) pl .
(14 p)? o =1

2-y
= [lwn —2** 6 y lwn = sns1ll? = 26(lwn = yall? + llyn — «*||%)

2 —
<wn =212 =07 Y lwn = snga |2 = Bllwn — "2

9 _
= (1= B)lwn— 22 =0 lwn — susall®, (4.10)
0
— 2 — —
where 8 := J min{(1 — £)(2 — 7>78+Z;2;27((11+:))2 ’fn} Let o :=1— 3 and £ := 0277. From
(4.10) we get
Isn+1 = 2*|* < pllwp — 2|12 = Ellwn — spa > (4.11)
We have

lwn = 2|2 = (1 +60)(sn — @) = (501 — 27)|I?
= (L4 0)llsn — 2" = Ollsn—1 — 2*[|* + 0(1 + ) |50 — 501 (4.12)
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and
I$n+1 = wall* = l[sn41 = $n = 0(sn = s0—1)II?
= llsns1 — snll* + 07|50 — sn—1]|”> — 20 (Sn+1 — Sns S — Sn1)
> [Isn41 = sull* + 0%llsn = sn-1l* = 20llsn41 = sullllsn — sn—1
> [Isn41 = snll® + 0%[lsn = sn-1ll* = Ollsns1 = sull® = Ollsn — sn-1]]?
> (1= 0)Isn41 = snll* = 01 = )50 — sn-1]*. (4.13)
Substituting the inequalities (4.12) and (4.13) into (4.11), we obtain
s — 2P < @(L+ O)llsn — 22 = @Bllsnr — 2 + O+ O)5n — s’
—€(1 = 0)Isn41 — snll® +€0(1 = 0)lIsn — snal?,
or equivalently
Isn1 = 2|* = @Ollsn — 2™ + €1 = ) [sn41 = sul®
< lllsn =21 = Ollsn-1 — 2”[I> + €1 = O)Isn — sn-1]1%]
— (p€(1 = 0) = 901 +0) — €0(1 = 0)) |55 — 501

Setting
an = |[sn = )2 = Ollsn—1 — [ + £(1 = 0) ][50 — 501 ]1?,

since ¢ € (0,1) we can write

apt1 < ||5n+1 - l‘*||2 - ‘PHHSW - x*H2 +&(1— 9)H5n+1 - 5n||2
< pan — (0E(1 = 0) — @01+ 0) — £0(1 = 0)) [|sn — sn—1]*.

Note that from (4.1) we have
(1-e)1- u))

#<1-9) (1_ 2(1 4 p)
<(1=0)(1=p)=(1-0)p,

which implies

E0(1—0) < (1 —9)p&(1—0). (4.14)
Since
b < V(1 +66)2 +45¢ — (1 + 6¢)
- 2
it holds

0% + (14560 — 6¢ <0,

or equivalently

6(1+6) < 6¢(1 - 6).

Hence
Pl(1+0) < 5p&(1—6). (4.15)

From (4.14) and (4.15) we deduce
0E(1 —6) — ph(1+6) —€6(1—6) > 0.
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Moreover, since 0 < we have 0 < 5(1; 0), which implies

3
24¢
an = (1= (1= )| — 2" I+ &(1 = ) (50 — 2% + 150 — $0-1]2) = Ollsur — 2"

* 51_0 * *
> (16— Ollsn— "2 + sy =272~ By — o

> (1=€(1=0))][sn — 2> > 0.
Therefore, we deduce

ny1 < a, < - < play.

This follows that

aq n

p(l—¢(1-0)% "

lsn — 2*[|* <
which implies that {s, } converges R-linearly to z*. O

5 Numerical Illustrations

In this section, we illustrate the convergence of Algorithm 3.1 (Alg. 1in Figs. 1-4) and compare
it with other algorithms. All the numerical experiments are performed on an HP laptop with
Intel(R) Core(TM) i5-6200U CPU 2.3GHz with 4 GB RAM. All the programs are written in
Matlab2015a.

Example 4.1 Let F(z) := Mz + g where

M =BBT +C+ D,

and B is an m X m matrix, C' is an m X m skew-symmetric matrix, D is an m X m diagonal
matrix, whose diagonal entries are nonnegative (so M is positive semidefinite), ¢ is a vector in
R™. The feasible set C' C R™ is a box constraints in R™ defined by

C:={zeR":0<x <2}

It is clear that F' is monotone and Lipschitz-continuous with constant L = ||M]||. Let ¢ = 0.
Then, we obtain the solution set I' = {0}. The parameters are chosen as follows:

Algorithm 3.1: p=0.01, x=0.5,1=0.5,0=0.4, y=1.8.

Algorithm 2 in [28]: v = 0.01, p=0.5,1 =05, B, = |,

Algorithm 3.1 in [3]: f(z) = 0.8z, 7y = 0.01, p = 0.5, 1 = 0.5, B, = 1,

Algorithm 3.2 in [14]: f(z) =0.82, A=0.01, vy =18, u=0.5,1=0.5, 8, = nJlrz.

Algorithm 3.1 in [27]: 79 = 0.001, p = 0.5, @, = niQ, Brn = 0.99(1 — o). For experiment,
all entries of B, C' and D are generated randomly from a normal distribution with mean zero
and unit variance. The process is started with the initial 2o = (1,...,1)" € R™ and ; = 0.9z.
We use stopping rule ||z, || < 1077 or Iter > 1000 for all algorithms. The numerical results are
described in Table 1 and Figures 1-2.
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Methods

Algorithm 3.

Algorithm 2 in [2§]
Algorithm 3.1 in [3]
Algorithm 3.2 in [14]
Algorithm 3.1 in [27]

1

m = 100 m = 200
Sec. Tter. Error Sec. Tter. Error
0.0330 49  7.9682e-08 0.1060 49  8.4458e-08
0.036 82  9.4183e-08 0.1260 75  8.1403e-08
0.8390 1000 0.0028 4.1920 1000 0.0063
0.1430 422 9.8859e-08 0.4460 254  8.9049¢-08
0.1470 1000 4.5955e-04 0.5680 1000 5.6284e-04

Table 1 Numerical results obtained by other algorithms
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Figure 1 Comparison of all algorithms with m = 100
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Figure 2 Comparison of all algorithms with m = 200
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Figures 1-2 and Table 1 demonstrate that Algorithm 3.1 performs better than Algorithm
2 in [28], Algorithm 3.1 in [3], Algorithm 3.2 in [14] and Algorithm 3.1 in [27].
Example 4.2 Consider the following fractional programming problem:

. 2T Qx + ax + ag
min f(x) = BTz 4 by

subject tox € X := {z € R™ : bT2 + by > 0},

where @ is an m X m symmetric matrix, a,b € R™, and ag, by € R. It is well known that f is
pseudoconvex on X when @ is positive-semidefinite.

For experiment, let matrix A : R™*™ — R™*™ vectors ¢, d,yo € R™ and ¢gy, dy are gener-
ated from a normal distribution with mean zero and unit variance. We put e = (1,1,...,1)T €
R" Q=ATA+ I, a:=e+c, b:=e+d, ag=1+cy, bp =1+ dy. We minimize f over
C={zeR":0<x;<2,i=1,...,m} C X. Matrix @Q is symmetric and positive definite in
R™ and consequently f is pseudo-convex on X.

The process is started with the initial zo := (1,1,...,1)T and x; = 0.9 * 79 and stopping
conditions is Residual := ||s,41 — s,| < 1077 or the number of iterations > 1000 for all
algorithms. We choose § = 1073 for Algorithm 3.1 and other parameters as Example 4.1. The
numerical results are described in Figures 3—4 and Table 2.

Methods m = 30 m = 50
Sec. Iter. Error Sec. Iter. Error
Algorithm 3.1 0.044 286 7.0118e-08 0.15 451 9.8304e-08

Algorithm 3.1 in [3]  0.3050 1000 1.6016e-05 0.57 1000  4.5064e-06
Algorithm 3.2 in [14] 0.1890 1000 8.5671e-07 0.3460 1000 1.0000e-05
Algorithm 3.1 in [27] 0.09 1000  7.3282e-07 0.17 1000  1.1839e-05

Table 2 Numerical results obtained by other algorithms
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Figure 3 Comparison of all algorithms with m = 30
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6 Conclusions

In this paper, based on the inertial method and projection and contraction method we intro-
duce a class of inertial projection methods for solving a variational inequality problem involving
pseudomonotone and non-Lipschitz continuous mappings in Hilbert spaces. We improve their
line search conditions and some parameters to obtain the convergence results. We show that
the infinite sequences generated by the algorithm globally weakly converge to some solution of
the variational inequality problem and establish the linear convergence of the algorithm, respec-
tively. The proposed algorithm can be considered as continuous versions of the existing ones
for variational inequalities. Numerical experiments are presented to illustrate the performance

of the proposed method.
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