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Abstract For bounded linear operators A, B, C' and D on a Banach space X, we show that if BAC' =
BDB and CDB = CAC then I — AC is generalized Drazin—Riesz invertible if and only if I — BD is
generalized Drazin—Riesz invertible, which gives a positive answer to Question 4.9 in Yan, Zeng and
Zhu [Complex Anal. Oper. Theory 14, Paper No. 12 (2020)]. In particular, we show that Jacobson’s
lemma holds for generalized Drazin—Riesz inverses.
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1 Introduction

Let £(X) denote the set of all bounded linear operators acting on an infinite-dimensional
complex Banach space X. For T € L(X), we denote by o(T), p(T), N(T) and R(T) the
spectrum, the resolvent set, the null space and the range of T, respectively. T € L(X) is said
to be a Fredholm operator if dim N (T) < oo and codimR(T) < oco. T is Riesz if T — A is
Fredholm for every nonzero A in C. Let M and N be two closed T-invariant subspaces of X.
If X =M @ N, then we say that T is completely reduced by the pair (M, N) and we denote it
by (M, N) € Red(T).

For a subset A of C, we denote by acc A the accumulation points of A. We denote also by
D(A,r) (resp., D(XA,r)) the open (resp., closed) disc centered at A € C and with radius r > 0.

Following Drazin [9], an operator T' € £(X) is said to be Drazin invertible if there exists an
S € L(X) satisfying

TS = ST, STS =S and T — T?S is nilpotent. (1.1)

If such S exists then it is unique and it is called the Drazin inverse of T. Notice that T is
Drazin invertible if and only if 0 is a pole of T'.

A generalization of the Drazin inverse was given by Koliha [14]: T € £(X) is said to be

generalized Drazin invertible if there exists an S € L(X) satisfying

TS = ST, STS =S and T — T?S is quasinilpotent. (1.2)
If such S exists then it is unique and it is called the generalized Drazin inverse of T. Recall
that T is generalized Drazin invertible if and only if 0 ¢ acc o (T).
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The (generalized) Drazin inverse has important applications in matrix theory and compu-
tations and fields such as linear systems theory, differential equations, Markov chains, and so
on, see [1, 3-5, 16] and the references therein.

Recently, Zivkovic-Zlatanovi¢ and Cvetkovié [23] generalized the concept of generalized

Drazin invertible operators:

Definition 1.1 ([23]) An operator T € L(X) is generalized Drazin—Riesz invertible if there
exists S € L(X) satisfying

TS = ST, STS =S and T —T?S is Riesz,

and such S is called a generalized Drazin—Riesz inverse of T .

The generalized Drazin—Riesz spectrum of T is defined by
oepr(T) = {A € C,T — A is not generalized Drazin—Riesz invertible}.

T is generalized Drazin—Riesz invertible if and only if there exists (M, N) € Red(T) such
that Thy = T|M is invertible and Ty = T|N is Riesz [23]. Moreover, if we assume that
0 € acco(T) then T is Riesz with infinite spectrum. Hence o(Tx) = {A,} U {0} where A,
converges to zero. Since Ty is invertible, there is some r > 0 such that D(0,7) Na(Ta) = 0
and there is some positive integer ng such that {\,}n>n, C D(0,7) No(Tn) and {A,}n>n, are
non-zero Riesz points of T' (see the proof of [23, Proposition 2.7]).

Given two operators A and B € £(X), Jacobson’s lemma asserts that I — AB is invertible
if and only if I — BA is invertible, see for instance [2]. Independently, [6] and [7] extended
Jaconbson’s lemma to Drazin inverse by showing that I — AB is Drazin invertible if and only if
I — BA is Drazin invertible. Lam and Nielsen [15] gave an explicit expressions for the Drazin
inverses of I — AB and I — BA in terms of each other. In [22], the authors extended Jacobson’s
lemma to generalized Drazin inverse. [20] extended Jacobson’s lemma to AC and BA with the
assumption ABA = ACA. Under other conditions, [18] and [21] extended Jacobson’s lemma
to Drazin and generalized inverses for AC and BD.

Recently, Yan et al. [19] introduced conditions

BAC = BDB and CDB = CAC, (1.3)

and investigated Drazin (resp., generalized Drazin) inverses for operators I — AC and I — BD.
For generalized Drazin—Riesz inverse, the authors proved that AC' is gneralized Drazin—Riesz
invertible if and only if BD is generalized Drazin—Riesz invertible. The following question was
raised in [19, Question 4.9]:

Question [f BAC = BDB and CDB = CAC then I — AC is generalized Drazin—Riesz
invertible if and only if I — BD is generalized Drazin—Riesz invertible?

The aim of this paper is to answer this question. In Section 2, we present some preliminary
results that we need in the sequel. In particular, we investigate the generalized Drazin—Riesz
invertibility for upper triangular operator matrices. In Section 3, under conditions (1.3) we
show that I — AC is generalized Drazin—Riesz invertible if and only if I — BD is generalized
Drazin—Riesz invertible, and we also give expressions for generalized Drazin—Riesz inverse of
I— AC and I — BD. Therefore, we answer positively [19, Question 4.9]. Consequently, we show
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that Jacobson’s lemma holds for generalized Drazin—Riesz inverse, i.e., I — AB is generalized

Drazin—Riesz invertible if and only if I — BA is generalized Drazin—Riesz invertible.

2 Preliminary Results

Lemma 2.1 Let A € L(X) and B € L(X) be similar operators. Then A is generalized

Drazin—Riesz invertible if, and only if, B is generalized Drazin—Riesz invertible.
Proof Assume that B is generalized Drazin—Riesz invertible and let B; be a generalized
Drazin—Riesz inverse, i.e.,

BBy = B1B, Bi1BB; = By and B — BB;B is a Riesz operator.

Since A is similar to B, there exists an invertible operator J € £(X) such that A = JBJ~!.
Set A1 = JBlJ_l.

Then
AA=JB,J 'JBJ ' =JBBJ ' =JBB,J ' = JBJ 1A, = AA;.
Next
A1AA, = JBBB,J ' =JB,J ' = A
Hence

A=Al - AA) =JBJ "I —-JBJ 'JB,J ') =JB(I - BB,)J ' =JB'J "

Then A’, B’ are similar. Thus, A’ is a Riesz operator. Therefore A is generalized Drazin—Riesz

invertible with generalized Drazin—Riesz inverse A;. The converse goes similarly. 0

Theorem 2.2 Let A € L(X) be generalized Drazin—Riesz invertible operator with 0 € acco(A)
and a generalized Drazin—Riesz inverse Ay. Then there exists a nonzero A\ small enough such
that the following holds:
(M —A)'=(I—AA) D AN — ALY (A)"A"
n=1 n=0

Proof It is easy to see that A; is Drazin invertible with Drazin inverse A24;. Then according
to [23, Theorem 2.3] it follows that the expansion Y~  (A;)™A™ exists for every nonzero A
small enough, since it represents the function \ — (I — AA;)~ L.

For Py = I — AAy, we have AP, is a Riesz and then 0 € accp(AP4). The expansion
Sooo AN (I—AAy) exists for some nonzero A small enough, since it represents the function
A+ (M — AP4)~!. Thus, we obtain (A\] — A)~! exists for some 0 < |A| < e. Therefore,

(M — A) ((I — AA) i APTINTT Ay i(Aﬂ"A”)

n=1 n=0
_ (I _ AAl) ZAnflAfn+1 _ Z(Al)n+1)\n+1
n=1 n=0
— (1= AA) Y AN+ AALY (A)"AT
n=1 n=0

= (I - AAy) ( i AT\ — i A”A”)
n=0 n=1
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FAA Y AADTTIAT =Y (AT
n=1 n=1
=1
This completes the proof. O

For A, B and C € £(X), we consider the upper triangular operator matrix

A C
Mc = eELXDX).
0 B
Now, we present an additive result concerning some sufficient conditions for M to be general-

ized Drazin-Riesz invertible for every C' € £(X).
Theorem 2.3 Let A € L(X) and B € L(X) be generalized Drazin—Riesz invertible operators

such that 0 € acco(A) Nacco(B) and with generalized Drazin—Riesz inverses Ay and By,

respectively. Then for every C € L(X), M¢ is generalized Drazin—Riesz invertible and

, A S
MC —
0 B
is a generalized Drazin—Riesz inverse of M¢, where
S = (4,)? ( Z(Al)"CB”) (I — BBy) + (I — AAy) (Z A"C(By) ) B;)? — A,CB;.
n=0

Proof Assume that A and B are generalized Drazin—Riesz invertible operators, then by [23,
Proposition 2.7] there exist (i), and (v,), sequences of nonzero Riesz points of A and B

respectively, both converging to zero. We can assume that (|u,]),, and (Jv,]),, are decreasing

n
sequences. Then there exists r > 0 small enough such that |v,41| < r < |v| and |pm41] <
7 < |ptm| for some positive integers n and m. Then for every A € C such that |[A| = r we have

A — Xl and B — AI are invertible. [12, Lemma 1] implies that AT — M¢ is also invertible and so

A=A A=A CcA-B)!

ey = 0 (A—B)!

By applying Theorem 2.2 and comparing the coefficients at A’ = 1, we obtain the operator

, A S
MC —
0 B
as a generalized Drazin—Riesz inverse of M¢, where
S = (4;)? ( Z(Al)"CB") (I —BBy) + (I — AA;) (Z A"C(By) ) (B1)? — A,CB;.
n=0
Indeed,
Claim 1 Mch = MéMci
We have
AA; AS+CB A1A AC+ SB
MM, = ! Yoand MLMe=| !

0 BB, 0 BB
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But
SB = (A1)2<7§(A1)"CB”) (I — BBy)B + (I — AA)) (ZA C(B ) 1)>B — A,CB,B
= (i(Al)”“CB")(I—BBl) (I —AA;) (ZA”C ”+1> — A,C.
n=0
Then
SB+ AC = (2(141)"“03”) (I — BBy) + (I — AAy) (gA"C(Bl)"“).
Also

oo

AS = A(A)) (Z CB”)I BB;) + A(I - AA1<ZA" (By) > 1)2— A,CB,B

- <Z(A1)"+1CB"> (I — BBy) + (I — AA)) (ZA" ”+1> — CB,
n=0
which implies
AS +CB; = (Z(Al)"“CB”) (I — BBy) + (I — AAy) (ZA" (B, "+1).
n=0

Thus
McM{, = M} Mc.

Claim 2 M/ McM,, = M,:

We have
A1 AA, AJAS+ (A1C+ SB)B
MLMo ML, = 144, 1 (Ay )B1 .
0 B1BB;
Since
AS+CB; = (Z(AQ"“OB”) (I — BBy) + (I — AA)) <Z A"C(By) "“),
n=0
then
(AS 4+ CB))B, = (I — AA)) (ZA" ”+1)B1.
Hence
A1 AS = (A;)? ( Z(Al)"CB") (I — BBy) — A,CB;.
n=0
Consequently,
A1AS + (A, C+ SB)B, = S.
Therefore,

McMpMe = M.

Claim 3 M = M¢ — McM{Mc is a Riesz operator:
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We have
A R
0 B

M =

where
R=C—-AAC—-ASB-CBB, A/ =A— AA, and B'=B - BB;B.

Since A’ and B’ are Riesz operators, we have A’ — A\ and B’ — A are Fredholm for every
A € C\ {0}. Then according to [8, Proposition 3.1] it implies that M — AI is Fredholm for every
A € C\ {0}. Therefore, M is a Riesz operator.

Finally, Mc¢ is generalized Drazin-Riesz invertible and M, is a generalized Drazin-Riesz
inverse of Mc. O

It follows from Lemma 2.1 and Theorem 2.3 that the result is also valid for block 2 x 2 lower
triangular matrices.
Corollary 2.4 For A € L(X) and B € L(X) are generalized Drazin—Riesz invertible operators
such that 0 € acco(A) Nacco(B) and with generalized Drazin—Riesz inverses Ay and By,
respectively. Then

B 0

c A

T =

is generalized Drazin—Riesz invertible for every C' € L(X) and

T B, 0
R A
is a generalized Drazin—Riesz inverse of T', where
R=(4,)? ( Z(Al)”CB”) (I — BBy) + (I — AAy) ( Z A"C(Bl)") (B1)?> — A,CB;.
n=0 n=0

According to Theorem 2.3 we get the following result.
Theorem 2.5 Let A€ L(X) and B € L(X). Then
ospr(Mc) C 0gpr(A) Uogpr(B), for every C € L(X).
Proposition 2.6 If any two of operators A, B and M¢ are generalized Drazin invertible, then
s0 is the third.

Proof It is enough to show that A and M are generalized Drazin—Riesz invertible then B is
generalized Drazin—Riesz invertible. When A and M are generalized Drazin—Riesz invertible,
likewise in proof of Theorem 2.3 there exists A such that A — AI and Mo — Al are invertible.
It follows from [12] that B — AI are invertible. Hence
(A Mo)-! = A=At A=A)"tCA-B)!

0 (A\—B)!

By applying Theorem 2.2 and comparing the coefficients at A’ = 1, we obtain the operator

A S
0 B

M=
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as a generalized Drazin-Riesz inverse of M¢, where M{, and A; are respectively generalized
Drazin—Riesz inverses of Mc and A. It is easy to see that B; is a generalized Drazin—Riesz

inverse of B, then B is generalized Drazin—Riesz invertible. U
Example 2.7 For S,C € L(X), let M be the operator matrix defined on X @ X by

Ss* C

0o S

Mc =

Then for every C € L(X), I — M¢ is generalized Drazin—Riesz invertible provided that I — S

is generalized Drazin—Riesz invertible. By Theorem 2.5 we have

UgDR(MC) C O'gDR(S).

Now if S is the backward shift operator on X = [?(N) and C = I — S*S, then we have M is
unitary. Hence o,pr(Mc) C {A € C : || = 1} while o,pr(S) = D(0,1); which proves that
the inclusion in Theorem 2.5 maybe strict.

3 Extended Jacobson’s Lemma for Generalized Drazin—Riesz Inverse

We are now ready to answer Question 4.9 in [19] affirmatively.

Theorem 3.1 Let A,B,C and D € L(X) satisfy BAC = BDB and CDB = CAC. Then
Tac = I-AC is generalized Drazin—Riesz invertible if, and only if, 'pp = I—BD is generalized

Drazin—Riesz invertible.

Proof Assume that I'gp is generalized Drazin—Riesz invertible with a generalized Drazin—
Riesz inverse I'y 5. Set I';, = I —T'gplsp. Since I'ppI'Lp is a Riesz and cc])cmmutes with
(I + BD), then according to Theorem 2.2 the expansion I'f,, > 77 o (I — (BD)?)" A™F~1 exists
since it represents the function A — (A = Tppl'E, (I + BD))"'. Hence

rgDZ (A — F k-1 rgDZZcJ — (BD)?)" I Akt

k=0 j=0

Then the expansion I'g, >°p o (A — (BD)Q)k A~k=1 exists. Let
e = <I — ACDT% Z (A — YeATh= 1B> (I + AC) + ACDI',,B.

It is easy to check that I, commutes with I'4c. Then

IyoTac =1 — (AC)? — ACDTY,, Z (M — VATRLB(I + AC)T 4¢
+ ACDI3, BT s
=1 - ACDB — ACDT'%,, Z A — YA Y(I + BD)BT ac
+ ACDI3,Tpp B

=1—- ACDIS,B — ACDI'S Z (A — VEATFITT (I — (BD)?)B
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=1 - ACDI%,B — ACDI'S, Z A — YATFITTE OB
+ ACDIY, DZ (A — Y*A"FIrT, (BD)?B
=1 ACDIY, DZ)\I AR,
We have
ACDITT, Z VA" 1BACDT;, B
= ACD Z(AI — (BD))*\=*-11'%, ,BDBDT'y, B
k=0
= ACD (M - (BD)*)*A™*"'I'} ;)T , BDBDB
k=0
= ACDI% s
=0.
And
ACDI%. DZ (A — YATF1BACDI, DZ (M — ATRIB
= ACDI'%, DZ (M — VA" 'BDBDI'T. DZ (A — yATR1B
= ACDI'%, DZ (M — AR,
We get
I'ycTaclyc
=T — ACDIg Z (A — YEATFIBTY,
=T — ACDI'g, Z M — VATFIB(T + AC)
+ ACDI'E DZ A — YEATF"1BACDIT, DZ A — "ATRIB(I + AC)
— ACDT%, DZ (A — Y A"F"1BACDI;, B
=Ty
Finally

= k| _p_
Tac(I =TheTac) =TacACDILp > (I (BD)*) A" 'B
k=0
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= ACDT pI'%, DZ (A - ) AF1B.
We have
BACDFBDFgDi()\I—(BD)Q)kA‘k‘l (BD)*T5pl'y, DZ (M — Akl
k=0
=Tsplgp.

Since I'gpI'L is a Riesz operator, we have I'ac (I — Iy -T'ac) is a Riesz.

Therefore I" 5 is generalized Drazin—Riesz invertible. Similarly, we get the converse. O
The following result follows from Theorem 3.1 and [19, Theorem 3.9]
Theorem 3.2 Let A, B,C,D € L(X) satisfy BAC = BDB and CDB = CAC. Then

O'gDR(AC) = O'gDR(BD).

Remark 3.3 If BAC = BDB and CDB = CAC, then we have BA,C = BD,B and
CD,B=CA,C. Note that [ — A,,C = (I — AC)" and I — BD,, = (I — BD)".

Dnzzn: "1 (1)*D(BD)?

=\ k

and

A= " ] coraoia
k
k=1

Then (I — AC)" is generalized Drazin—Riesz invertible if and only if (I — BD)" is generalized

Drazin—Riesz invertible.

Example 3.4 For Banach spaces X and Y, let S € L(Y),S2,T1 € LY, X)and Ty € L(X,Y)
be arbitrary nonzero operators satisfying S; = T2Ss. We consider A, B,C € L(X®Y) as follows:

0 0 0 Sy I T
B = , C= and A=D= ,
0 S 0 0 T I

respectively. Then we have BAC' = BDB and CDB = CAC. Hence Corollary 2.5 implies that

the operator
Al -8
0 MN-5

A —AC =

is generalized Drazin—Riesz invertible if, and only if,

Al 0
—Sng N — Sl

A - BD =

is generalized Drazin-Riesz invertible. On the other hand, according to Theorem 2.3 and

Theorem 3.2, we have
O'gDR(AC) = O'gDR(BD) = JgDR(Sl)~
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On the other hand, we have

S, S TS T TyS
ACD = ! 2 and DBD—= | '"'? T

1551 155 5T, 5

Example 3.5 Let A, B,C and D be the operators defined on the separable Hilbert space
I5(N), respectively, by

A(x1, 9,23, 24,...) = (0,22,0, 24,0, g, . ..),
B(xy,x9, 23,24, ...) = (0,21, T2, T4, X5, ..),
C(z1, 9, x3,24,...) = (0,0,21, 24, T5, . . .),
D(z1, 29,23, 24,...) = (21,0,23, 24,0, zg, .. .).
Then we have BAC' = BDB and CDB = CAC, but DBA # ACA. Hence applying Theorem
3.2 we have
0epr(AC) = 0gpr(BD).
Theorem 3.1 shows that Jabobson’s Lemma holds for generalized Drazin—Riesz inverses:

Corollary 3.6 Let A and B € L(X). Then Tap = I — AB is generalized Drazin—Riesz

invertible if, and only if, T'pa = I — BA is generalized Drazin—Riesz invertible.

Combining Corollary 3.6 and [13, Theorem 2.3] we get the following result. We point out
that in [13], the result was presented but without proof.

Corollary 3.7 Let A and B € L(X). Then
O'gDR(AB) = O'gDR(BA).
Example 3.8 Let H be complex Hilbert space. Let T = U|T| be the polar decomposition of
T € L(H) where |T| = (T*T)é. The Aluthge transform of T is given by T = |T|2U|T|z. Let
A=U|T|2 and B =|T|2. Then AB =T and BA =T. Thus
agpr(T) = ogpr(T).
Corollary 3.9 Let A,B,C,D € L(X) satisfy BAC = BDB and CDB = CAC. Then
UgDR((AC)n) == UgDR((BD)n) for alln Z 1.

Proof Tt is easy to see that (AC)" = (AC)"~}(DB) and (BD)" = B(AC)""'D. Then for
each n > 1, we have
ogpr((BD)") = 0gor(B(AC)" ™' D)
= oapr((AC)"'DB) (by Corollary 3.7)
= ogpr((AC)").
Proposition 3.10 Let S,T, A, and B € L(X). Then
(i) If ST is generalized Drazin—Riesz invertible and T is invertible, then S is also generalized
Drazin—Riesz invertible.
(ii) If A and B are invertible and T = ASB, then T is generalized Drazin—Riesz invertible

if and only if S is generalized Drazin—Riesz invertible.
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Proof (i) Since U = ST is generalized Drazin-Riesz invertible, there exists (M, N) € Red(U)
such that U = Up; @ Uy where Uy is invertible and Uy is a Riesz. Since

TYX)=X=M&N

then
S(X)=UT"1(X) = (U, ®Uz)(M & N)

where U; is invertible on M and Us is a Riesz on N. Therefore S is generalized Drazin—Riesz
invertible.

(ii) Suppose that A and B are invertible, and T'= ASB. If T is generalized Drazin—Riesz
invertible, it follows from i) that AS is generalized Drazin-Riesz invertible. By [13, Theorem
2.3], SA is also generalized Drazin—Riesz invertible. Since A is invertible, we have again by 1)

S is generalized Drazin—Riesz invertible. The converse goes by the same way. O

Remark 3.11 In general, we observe that even though ST is generalized Drazin—Riesz in-
vertible and S is invertible, T' may not be generalized Drazin—Riesz invertible. For example,
let R be not generalized Drazin—Riesz invertible on X. If S and T have the following operator

matrix forms

I R -R 0
S = and T =
0 I I 0
then
ST =
I 0
is generalized Drazin—Riesz invertible and S is invertible. However, S™!(ST) = T is not

generalized Drazin—Riesz invertible by virtue of Proposition 2.6.

Example 3.12 For Banach spaces X and Y, let S € L(Y) and T € L(X,Y) be arbitrary
nonzero operators. Let A and B € L(X & Y) be defined by

S* 0 I
A= and B =
S I T 1
Then )
S* 0
AB =
S+T S

is generalized Drazin—Riesz invertible if, and only if,

S* 0
s +S S

BA =

is generalized Drazin—Riesz invertible. According to Theorem 2.3 and Proposition 2.6, I — S is
generalized Drazin—Riesz invertible if and only if I — AB (resp., I — BA) is generalized Drazin—

Riesz invertible.
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Since B is invertible, then if AT — AB is generalized Drazin—Riesz invertible and using Propo-
sition 3.10 we get

A — S* 0
AT -8 (A—1)I

AB7'— A=

is generalized Drazin—Riesz invertible. Hence AI — S* is generalized Drazin—Riesz invertible.
Thus

0gpR(AB) = 0gpr(BA) = 0gpr(S5).

4 Concluding Remarks
4.1 The Class P
For k € N, let Py, be the set of bounded linear operators A and B € L£(X) satisfying equalities

Ak:BkAk — Ak-i-l and BkAk:Bk _ Bk-i-l-
In [10, 11], Jacobson’s Lemma was studied for various kind of inverses.

Lemma 4.1 Let (A,B) € Py, k € N, and N and M be subsets in X such X = M @ N. Then
we have

(1) (M, N) € Red(I — B*AF) if and only if (M, N) € Red(I — A).

(2) (M, N) € Red(I — A*B*) if and only if (M, N) € Red(I — B).
Proof (1) Suppose that (M, N) € Red(I —A). Then (M, N) € Red(A). Let € N, then there
exists y € N such that A¥*lz = y. Using the fact A*B¥A* = A*+1 we have A¥BFAFx = 4.
Since N is AF-invariant, implies that N is (B¥AF)-invariant. Therefore N is (I — B*AF)-
invariant. With the same argument we show that M is (I — B¥AF)-invariant. Conversely,
suppose that (M, N) is (I — B¥AF)-invariant. Then (M, N) € Red(B*A¥)2. Let z € N,
then there exists t € N such that (B*A*)2z = t. Using the fact A*B¥A* = A**1 we have
BE AR+, = (B¥AK)22 = t. Since (M, N) is (B* A¥)-invariant, it implies that N is A-invariant.
Therefore (M, N) € Red(I — A).

(2) is similar to (1). O

Theorem 4.2 Let (A, B) € Py, k € N. Then the following statements are equivalent:
(i) I — B s generalized Drazin—Riesz invertible.
(ii) I — A*B* is generalized Drazin—Riesz invertible.
(iii) I — B*AF is generalized Drazin—Riesz invertible.
(vi) I — A is generalized Drazin—Riesz invertible.
In particular,

ogpr(A) = 0por(A*B*) = 0,pr(B*A*) = 0,pr(B).

Proof (i) < (ii): Suppose that I — B is generalized Drazin—Riesz invertible, then there exists
(M,N) € Red({ — B) such that I — B = (I = B)py ® (I — B)n, (I — B)ys is invertible and
(I — B)y is a Riesz. By [10, Theorem 2.10], (I — A*B¥),, is invertible and (I — A*B*)y is a
Riesz. According to Lemma 4.1, I — A¥B* = (I — A*B*) )\, @ (I — A*B¥)x. Hence I — A*B*
is generalized Drazin—Riesz invertible. By the same reasoning we get the converse.

(ii) < (iii): By Corollary 3.6.

(iii) < (vi): It is similar to (i) < (ii). O
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Example 4.3 Let A and B be the bounded operators defined on [?(N) by:

A (zla L2, T3, T4, L5, - ) = (07 Z1, 07 07 Oa s, Oa Oa 07 Zs, - - ) )

B (1'1,1'2; L3,T4,T5, - - ) = (Oaxlv 0,.’[3, 0,.’[5, .. ) .

It is easy to see B2 = A2 = BA = AB = 0. This implies that (A, B) € Py, for all k € N.
Applying Theorem 4.2 we have
ogpr(A) = 0gpr(B).

4.2 A Second Proof of Jacobson’s Lemma

For A and B € L(X), let us consider A,B € L(X @ X), defined by

I A I B
A= . B=
B I AT

Then A and B are similar operators. Indeed, A = JBJ ™!, where the operators J and J~! are

given by

Let Ay and By € L(X @ X)) be the operator matrices defined by

I-AB 0 I-BA 0
Alz 5 B, =
0 I 0 I

Then the following equalities hold:

I A I 0

A= Aq =UA,V,
0 I B 1
I B I 0

B= B, =U;B,Vy;
0 I A T

where the matrices U, Uy, V and V; have the inverses

. I -A 3 I -B
U = ) Ul = 9
0 I 0 I
I 0 I 0
vl= , Vit= :
-B I -A I

Now assume that I'yp = I — AB is generalized Drazin—Riesz invertible with a generalized
Drazin-Riesz inverse I, 5. It follows from Theorem 2.3 that
Fup A
0 I

UA; =
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is generalized Drazin—Riesz invertible with an inverse

S — F;!B SFAB

0 1

where -
Srap = — F;lB) ( Z FZLL}B)A'
n=0

Since A = UA;V, we have AV~! is generalized Drazin-Riesz invertible. By Proposition 3.10
(i), it follows that A is generalized Drazin—Riesz invertible. Since we have A and B are similar,
then by Lemma 2.1, B is also generalized Drazin—Riesz invertible. Since B = U;B1V; and U,
and V; are invertible, it follows from Proposition 3.10 (ii), that B; is generalized Drazin—Riesz
invertible. As a result, 'pq4 = I — BA is generalized Drazin—Riesz invertible. By the same
argument as above we get the converse.

Now assume that 'y , is a generalized Drazin-Riesz inverse of I'g4. We will show that

Pag =1 = A( X Tha )1 = ()8~ AT
n=0
is a generalized Drazin—Riesz inverse of ' 4.
Since

T A I A
AB and V7'A =
0 I 0 T'pa

AV~ =

)

then using Cline’s formula [13, Theorem 2.2], we obtain a generalized Drazin-Riesz inverse of
AV~! of the form

I— SFBA (I - F/BA)B - A(F;BA)2B SFBA (I - 1_VBA) + A(F/BA)2
B = BSrp,(I =T5,)B— (['54)°B BSrp,(I —=T54)B — (I',)?

)

where
oo
Staa = A( 3 Tha )1~ Ta)
n=0
Set,
4 =1~ A ST )1~ (Tp2)2)B - AT B
n=0
First
Capllyp =Tap - FABA< > F%A) (I —(M'54)*)B—TapA(l'p4)°B
n=0
o0
— T = A( ST )1~ (M) - AT,
n=1
and

Iy glap =Tup— A ( Z rgA> (I —(I"34)*)BTap — A(I'3 4)>Bl B
n=0
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=Tup— A(ZF%A) (I — (I"34)%)B — A3 ,B.
n=1

Then
%BFAB = FABF{AB'
Next
yplap=1— A<Z rgA)(I —Tpal'z4)B.
n=0
Since

(AL )0~ Fon8) (S5~
n=0 n=0
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+ A( Zr};A> (I —Tpal’s ) (I —Tpal's4)B
n=0

+ A(l'54)°(I —=Tpal'z4)B

=0,
then
F{ABPABF;XB = F;&B'
Also -
Capl’ygTag =Tap — A(ZF%A) (I —Tpal’; )T paB.
n=0
Since

BA(ZF%A>(I —Tpal’3 )0 4= (I —Tpal’s )T A
n=0
and (I —T'pal’z4)T'pa is a Riesz operator, we have by [2, Theorem 6]
A(Zr’]%) (I =Tpal’s )T 5aB
n=0

is a Riesz operator. Thus I'4gI",zTap — 'ap is a Riesz operator.

Therefore
Pag == A ST ) (1~ (M008B - AT
n=0

is a generalized Drazin—Riesz inverse of I'4 5.
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