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Abstract Two results about the multiplicity of nontrivial periodic bouncing solutions for sublinear
damped vibration systems —& = g(t)& + f(t,z) are obtained via the Generalized Nonsmooth Saddle
Point Theorem and a technique established by Wu Xian and Wang Shaomin. Both of them imply the

condition “f > 0” required in some previous papers can be weakened, furthermore, one of them also

implies the condition about 8F(t’z) required in some previous papers, such as | 8F(t’z)| < ooF(t, x)”
and “|6Fé§’x)\ < C(1+ F(t, Jc))”, is unnecessary, where F(t,z) := [} f(t,s)ds, and oo, C are positive
constants.
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1 Introduction
This paper is devoted to the solutions of
—&=gt)x+ f(t,z), if teR\W, (1.1)

satisfying

z(t7) = —a(tT), ifteWw,

x(t) > ao, vVt € R, (1.2)

z(t)=z(t+T), VteR,
where ag is an arbitrary given constant, T'>0, W:= {t € R|z(t) = ao}, f € C(R X [ag, +0),R)
is T-periodic in ¢ for every x > ag, g € C(R, R) is also T-periodic with G(T') = 0, where G(t) :=

fo s)ds, ©(tp~) and Z(to") are left-derivative and right-derivative of x at ¢y respectively.
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Definition 1.1 ([16, Definition 1.1]) Continuous map x : R — R is a nontrivial periodic
bouncing solution of system (1.1) with collision axis at x = ag, if it satisfies (1.1), (1.2) and
(i) the set W is discrete and nonempty,
(ii) there exists at least one to € W such that @(ty) # 0.

As g = 0, systems having solutions satisfying Definition 1.1 are called the impact Hamilto-
nian systems. As g # 0, the system (1.1) is called the damped vibration systems widely applied
in physics and engineering. In mechanics, (1.1) and (1.2) mean that the particle only moves
in x > ag and bounces in a perfectly elastic way when it hits the obstacle at equilibrium axis
T = ayp.

Impact systems have been considered by numerous authors using topological methods, such
as papers [1, 2, 10, 14-16]. It’s well known that variational methods are powerful tools for
finding solutions of differential equations. But the main difficulties of using variational methods
in studying the solutions for system (1.1) are that action functional is non-differential, and
the set W of a periodic bouncing solution is difficult to be specified. In 1981, Chang ([3])
firstly considered variational methods for non-differentiable functionals and their applications
to partial differential equations, so it is possible to apply the variational methods to study the
solutions of system (1.1). To the authors’ knowledge, there are two methods to solve the second
difficulty. One needs the following condition (F) or (F2) (see papers [4, 5, 7, 8, 12]), another is
established in [18, Theorem 3.2].

As g =0 and ag = 0: in 2006, Jiang ([8]) overcame some technical difficulties and took the
lead in applying variational methods to study the multiplicity of bouncing solutions for system

(1.1) with the classical superquadratic condition and condition (F), that is,
(F)

OF(t

’ 1t ) <C(1+ Fi(t,z)), =€]0,4+00), C >0,

ot

where Fy(t,z) := [ f(t,s)ds. In 2011, Ding ([4]) considered the existence of subharmonic
bouncing solutions for system (1.1) with sublinear conditions and
F1 (t, {E)

|l‘|20‘ - +007 |£L" - +OO7 (13)

where a € [0,1). In 2016, Ding et al. ([5]) generalized [4, Theorem 1.3] by weakening condi-
tion (1.3). In 2017, Nie and Guo ([12]) firstly proved a Generalized Nonsmooth Saddle Point
Theorem; as its applications, the multiplicity of periodic bouncing solutions for system (1.1)
was obtained with new sublinear conditions, which generalized [4, Theorem 1.3]. Generally, the
condition “f > 0” is required (see [4, 5, 8, 12, 18] and etc.).

As g =0 and ag # 0: in 2019, Huang and Guo ([7]) considered the multiplicity of periodic
bouncing solutions for system (1.1) with collision axis at = ag based on paper [12]. The result
is as follows.

Define set T = {h € C([0, +00), [0, +00)) | h satisfies (h1) — (h4)}, where

(h1) h(s) < h(t) + C; for a certain constant C7 > 0 and arbitrary s,¢ € [0, +00) with s < ¢,

(h2) h(s +t) < Cy(h(s) + h(t)) for a certain constant Cy > 0 and arbitrary s,t € [0, +00),

(h3) th(t) —2H(t) — —o0 as t — 400,
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(h4) Ii(;) — 0 as t — 400,
and H(t) = fot h(s)ds. For example, h(t) = t* (o € [0,1)) and h(t) = In(1 +t) are in T, so
I #0.
Theorem 1.2 ([7, Theorem 1.1]) Suppose function f satisfies the following conditions:

() there exist two T-periodic functions ~y, 1 € L*([0,T],(0,+00)) and a function h € I such
that

| £t 2] + ao)| < v(@E)h(Jz]|) +1(t), Yz eR andt e [0,T],

(F1) the function h coming from condition (f) satisfies

1 T 1 T
lim / F(t,|z| 4+ ag)dt = +oc0  or liminf / F(t, |x| 4+ ag)dt > 0,
e 1 (al) Sy FOIE ) B fr(ja Jy T 00)

where F(t,z) := f(ij f(t,s)ds,
(F2) function f(t,x) is differentiable in a.e. t € [0,T] for every x € R and there is a constant

oo > 0 such that
‘8F(t,x)

5t <ooF(t,x), ae. te€][0,T] and x € [ag,+00),

(B) f(t,z) >0 holds for allt € [0,T] and x > ag, furthermore,

lim f(t,z) =400 or liminf f(t,z) >0, Vte[0,T].

Tr——+00 r—+00

Then system (1.1) (with g = 0) possesses non-trivial kT -periodic bouncing solutions xy, for any

sufficiently large integer k. Furthermore, ||zy||L~ — 400 holds as k — +o0.

As g # 0 and ag = 0: in 2010, Wu and Wang ([18]) obtained the existence and multiplicity of
periodic bouncing solutions for superlinear and asymptotically linear system (1.1) respectively.
In addition, they also proved that sublinear system (1.1) has at least two distinct solutions.
Importantly, during the proof, a new method on how to prove the points in W are isolated was
obtained (see [18, Theorem 3.2]), which leads to the unnecessity of condition (F) or (F2).

In 2015, Wang and Xiao ([17]) established a class of sublinear conditions different from
those in Theorem 1.2 when they studied the existence of periodic solutions for second-order
Hamiltonian systems.

Motivated by the idea in paper [18] and sublinear conditions in paper [17], the multiplicity of
periodic bouncing solutions for system (1.1) will be proved (see Theorem 1.3) under sublinear
conditions similar to those in paper [17] via Generalized Nonsmooth Saddle Point Theorem
proved in paper [12] and a technique in paper [18]. And motivated by the idea in paper [18]
and [7, Theorem 1.1], the multiplicity of periodic bouncing solutions for system (1.1) will be
obtained under conditions (f'), (F1) and (B”) (see Theorem 1.4), which generalizes those in
papers [4, 7] and [12], and also implies the condition “f > 0” can be weakened and the condition
(F2) is unnecessary. But the condition (F) or (F2) was generally required (see [4, 5, 7, 8, 12]).

Now, we list the main results as follows.

Define set H = {6 € C([0, +0), [0, 4+00)) | 0 satisfies (A1) — (2)}, where

(61) 6(s) >0, Vs >0,

(02) there exists a constant My > 0 such that flt/lo sel(s) ds — +o0 holds as t — +o00.
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Theorem 1.3 Suppose f satisfies the following conditions
(A) there are two functions a; € C(RT,RY) and b € C([0,T],R") with T-periodic such that

[f(t, 2] + ao)| < ar1(Jz|)b(t), Vz e R and a.e. t €[0,T],

(H1) there exist a constant My > 0 and a function 0 € H with 0 < 0(15) < 2 such that

ft,z+ag) -z < <2— >F(t,x—|—ao), Vo > My and a.e. t € [0,T],

1
0()
where F(t,z) = f;; f(t,s)ds,

(H2) limg— 400 F(t(;f;r)ao) = 400 holds uniformly for a.e. t € [0,T],

(B) limgy—s 400 f(t, ) = +00 or liminf, .o f(¢,2) > 0 holds for all t € [0,T).
Then system (1.1) possesses a non-trivial kT-periodic bouncing solution xy for any sufficiently
large integer k with ||xg| L — 400 as k — +00.
Theorem 1.4 Suppose [ satisfies condition (F'1) and the following conditions

(f') there exist two T-periodic functions v € L*([0,T1,[0,4o0)), I € L*([0,T7], (0, +oc)) and
a function h € T such that

|f(t, 2] + ao)| < v(@E)h(Jz]|) +1(t), VxR andt e [0,T],

(B") liminf,_, o F(t,2) > 0 holds uniformly for a.e. t € [0,T], furthermore, lim,_, f(t,
x) =400 or liminf, .4 f(¢t,2) > 0 holds for all t € [0,T].
Then system (1.1) possesses non-trivial kT -periodic bouncing solutions xy, for every sufficiently

large integer k with ||xg| L — 400 as k — +00.

Remark 1.5 (1) In view of condition (A) and the definition of F, one has
[f(t,|z] + ao)| < al|z])b(t), |F(t,|z|+ ao)| < a(|z])b(t), Vz € R and a.e. t € [0,T],

where a(s) := max{ay(s),a1(s)s}.

(2) The conditions (B’) and (B”) imply that the condition “f > 0” required in papers
[4, 5,7, 8, 12, 18] can be weakened.

(3) In Section 4, there are examples to show that functions satisfying Theorem 1.3 and

Theorem 1.4 do really exist.

2 Preliminaries

Firstly, we recall some notions for locally Lipschitzian functionals. The details can be found in
book [6] and paper [3].

Let E be a real Banach space with the norm ||-|| and E* be the dual space of E. A functional
¢ : ' — R is called locally Lipschitzian, if for each u € E there exist a neighborhood U of u
and a constant £ > 0 such that

lp(w) =) < L |lw—=v], Yw,vel.
The generalized directional derivative ©°(zo;v) of functional ¢ at xo € F in the direction of
v € E is defined as

h+tv) — h
©%(z0;v) = limsup #(@o+httv) = p(zo+h)
h—0,t—0+ t

)
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and the functional v — ©°(z¢;v) is subadditive, convex, positively homogeneous and continu-

ous. The generalized gradient dp(x) of ¢ at ¢ is the set defined as
dp(xo) = {w € E*[(w,v) < ¢°(xo;v), Vv € E},

which is a nonempty, convex, and weak*-compact subset of E*. A point 2y € F is said to be a
critical point of ¢, if 0 € dp(zo).

Definition 2.1 ([6, Definition 2.1.1]) We say that ¢ satisfies nonsmooth (PS) condition, if
every sequence {xn} C E, such that {¢(zy)} is bounded and A(x,) — 0 holds as n — oo, has
a strongly convergent subsequence. We say that ¢ satisfies nonsmooth (C) condition, if every
sequence {x,} C E, such that {¢o(xy)} is bounded and (1 + ||z, |)A(xy) — 0 holds as n — oo,

has a strongly convergent subsequence, where A(x) := inf - cop(z) [|27]

E*-

Remark 2.2 (3, p.105, (7)] implies that the function A(z) = ming-cpy(z) [|[2*|| g~ exists for

every x € E.

Lemma 2.3 (Generalized Nonsmooth Saddle Point Theorem, [12, Theorem 2.1]) Let E be a
real Banach space with E =V & X, where V # {0} and dimV < +oo. Assume that functional
¢ satisfies nonsmooth (PS) condition, and there exists a constant r > 0 for each xy € X such
that

< inf .
ponax p(vta) < inf o(z)

If ¢ can be characterized as

c=inf max o(x(v+ z0)),
x€lveVNB,

then c is a critical value of ¢, where T := {x € C(V N B, + 20, E) | x(v + x9) = v + z0, if v €
VNIB,} and By :={zx € E|||z|| < r}. Furthermore, one has ¢ > infycx o(x).

Remark 2.4 If nonsmooth (PS) condition is replaced by nonsmooth (C) condition, the con-

clusion in Lemma 2.3 is still valid via the proof of [12, Theorem 2.1].
By the same analysis in papers [18] and [7], |z| is a kT-periodic bouncing solution of system

(1.1), if z : R — R is a kT-periodic solution with isolated zeros of
—& = g(t)& + f(t,|x] + ao)sgn(x), (2.1)

where sgn(x) is the sign function.
Hly = {x:[0,kT] — R|z(t) is absolutely continuous, z(0) = z(kT), @ € L*([0,kT],R)},
in which k£ € N*, then H}; is a Hilbert space with the norm

=] = [/OkT(Ii:(t)F + x(t)|2)dt]

x(t) dt and Z(t) = x(t) — Z, then book [11] tells us the following

kT 272 kT
kT
/ |2 (1)[* dt < / [i(t)|? dt,
0 0

472

1
2

1 kT

For z € Hjp, let & = 7. [)

Wirtinger’s inequality

and Sobolev’s inequality

. KT [T
ol <y [ 6P dr
0
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Let ||z]1 = (|z|? —l—f (t)|*dt)2, then book [11] implies that || - ||y is equivalent to || - ||.
Moreover, H., can be decomposed into R @ H},, where H}p = {x € H.,|Z = 0}.
Lemma 2.5 (Sobolev Embedding Theorem, [6, Theorem 1.1.5]) H}, can be compactly embed-
ded into L™ ([0, kT],R) for any r € [1,+o00] and C([0,kT],R), so there exists a constant 7, > 0
such that Hx| L < 7 ||lz|| holds for all x € Hly and all r € [1, +o0].

Let Jy(x fkT SO E(t,|2(t)| + ap) dt, Yo € H}p. Define the corresponding functional of
system (2.1) given by

1

kT
on(z) = 2/0 OGP dt — Ju(x), Va € Hlyp.

Lemma 2.6 ( [18, Theorem 3.2]) Let f be a continuous function, f(t+T,xz) = f(t,z) hold
for all z € R, and uy, be a critical point of the functional ¢y on H}y for every k € N*.

(1) If all zero points of uy, (i.e., the points in set W) are isolated, then uy is a kT-periodic
solution of (2.1) with periodic boundary condition for every k € N*.

(2) If the following conditions hold:

(a) iminf|y) o0 F(t,|2]) > 0, uniformly for a.e. t € [0,T],

(b) there exists a toy € [0, kT] such that uy(to) = g (to) = 0,
then ug, =0 on [0, kT]. Particularly, if uy, # 0 and (a) holds, then the zeros of uy, in [0, kT are

isolated.
Lemma 2.7 If f satisfies (') (or (A)), then functionals Jy and ¢y are locally Lipschitzian
on H,%T and

OJx(x) C YO~ (¢, |2(t)| + ao), fT (1, |x(t)] + ao)l,  a.e. t € [0,kT], (2:2)

where

J7(t)s] +a0) == min { lim f(t.|s| +ao)sen(v), lim f(t,|s| + ao)sen(v) },

J¥ (b ]+ ao) s= max { L f(t, |s| + ao)sen(v), T (¢, Is| + ao)sen(v) }.

Proof The main idea comes from papers [3] and [7].

Let dy = mingepo,7 Gy = max;eo,7] e“® then 0 < di < dy < 4+00. By the definition
of Ji(x), (f")(or (A)), (hl), the Hélder’s inequality and Lemma 2.5, one can prove that Ji(z)
is locally Lipschitzian continuous, then ¢y (x) is also locally Lipschitzian continuous.

Similarly, for fixed ¢, the function F(t,z+ ag) = [ Tra(’ f(t,s)ds is also locally Lipschitzian
continuous in variable z, then generalized directional derivative FO(t,x + ag;v) does exist,

namely, FO(t,z + ap;v) = lim SUPp, 0, y—0+ }L ;I:Jr“v f(t, s+ ag)ds, one has
vlimg_ o+ minger, t,s+ag) = f(t,x + ag)v, v <0,
Fo(t,l’-l— ao;v) < : o—0+ s€lz—o,x+0] f( 0) f ( 0) (23)
vlim, o+ MaXse(g—ozi0] f(t, 5+ ao) = fH(t, 2+ ao)v, v > 0.

In view of the Fatou’s Lemma and (2.3), there exists {h;} C H}, with h; — 0 (i — 400) in
H}. such that

kT
J0(;0) < / eSO FO(t, 2(t)] + ag; v(t)) dt
0
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<[ O (0)] + ao)
(t)>0

+/ COu(t) f(t, |z(t)| + ao) dt, Vv € Hip. (2.4)
)
If wy € OJk(x), we claim that

GO (8, |z(t)] + ag) < wo < eFD fH (¢, |x(t)| + ag), ae.teR.

Otherwise, there would be a set Ey C R with meas(Ep) > 0 such that

@O f=(t, [2(t)] + ao) > wo(t), Vt € Eq. (2.5)
Let vo(t) = —x g, (t), the characteristic function of Ey. From the definition of d.J(x), one has
T(aivn) = nlt)vo(®) == [ wn(t)dr (2.6)

Eg

From the definition of vg(t), (2.4) and (2.6), one has
_/ GO =t |x ()] + ag) dt > JP(x;v0) > —/ wo(t) dt,
E() EO

which contradicts (2.5). Similarly, wy < e“®) f+(¢, |x(t)| + ao) holds for a.e. t € R. O

Meaning of (2.2) is understood as: for w € dJi(x), there is a function w with w(t) €
[f~(t |2(t)]| + ao), fT(t, |z(t)| + ao)] for a.e. t € [0,kT] such that

kT
(w,v) = / COm(tyu(t)dt, Vv e Hip.
0

Lemma 2.8 ([12, Lemma 2.3]) Suppose that h satisfies (h1)—(h4), then for any e > 0, there

exists a positive constant C. depending on € such that

(1) O < h( ) <et+ C., YVt e [0,400),

(2) H(t) — 0, t — +o0,
)

(3) H(t) — 400, t — 400,
h(t)
(4) m — 0, t = F00.
Lemma 2.9 ([17, Proposition 2.1]) Suppose that F(t,x) satisfies conditions (A) and (H1),
then ha (1)
F(t,|z| + ag) < &2 z°W (|z]) + hi(t), Vz €R and a.e. t €[0,T],

where hy(t) := max ;< a(|z])b(t), W(t) :=e" Jitg <oty @5

Remark 2.10 ([17, Remark 2.1]) (1) Making use of the property (62) of H, we know that
W(t) — 0 holds as ¢t — +oo, which means that there exists a constant M > 0 such that
W (t) < M holds for all t € R.

(2) Assume (H1) holds, then function t — t2W (¢) is increasing as (t2W (t)) = tW (¢)(2
> 0.

1
- G(t))

3 Bouncing Solutions for Damped Vibration Systems via Nonsmooth Variational
Methods

Proposition 3.1 Assume f satisfies (A), (HL) and (H2). Then functional @y satisfies the
nonsmooth (C) condition for every given k € N*.



Multiplicity of Periodic Bouncing Solutions 1339

Proof Let {z,} C H}; be a nonsmooth (C) sequence, that is, {¢y(z,)} is bounded and
(14 ||zn])A(2r) — 0 holds as n — oo. Then there exists a constant K > 0 such that

lor(zn)| < K, (L4 [lznl)A(zn) < K, VneN. (3.1)

Step 1 We claim that {||z,||} is bounded. The main idea comes from paper [17].
Otherwise, there exists a subsequence of {x,} still written as {z,}, one can assume that
[#nll — +oo holds as n — +oo. Let z, = I . Then [[z,]| = 1. Hence, there exists a

subsequence of {z,}, also denoted by {z,} for convenience, such that
Z, — 29 in Hip and  z, — 2z in C([0, kT],R). (3.2)

According to Remark 2.2, Lemma 2.7 and the definition of A(z,), for each n € N, there are
a function w,,(t) € [~ (t, |2n(t)|+ ao), fT (¢, |2n(t)| + ao)] for a.e. ¢ € [0,kT] and =¥, € ok (zy)
with A(z,,) = ||z7|| — 0 as n — oo such that

kT kT
(x¥,v) = / eCOi (H)o(t) dt — / O, (Ho(t)dt, Vv e Hip. (3.3)
0 0
It is easy to check that (A) and (H1) yield
1
f&, |z + ag)|z| < <2 - 9(|x)>F(t’ |z| + ag) + K1, Vx € R and a.e. t € [0,T], (3.4)

where K := (2 + Mo) maxo<s<n, a(s) maxejo,r) b(t) > 0.

(1) If zo(t) # 0. Remark 2.2, (3.1), (3.3), Lemma 2.7 and (3.4) imply there exist a function
@, (t) € [f~ (& |xn(t)] + ao), FT (¢ |zn(t)] + ao)] for a.e. t € [0,kT] and an z, € ok (z,) with
Azy,) = ||z || such that

3K = (14 [lznl)A(zn) = 20k (2n) = (25, 20) — 201 (2n)

= / v eCOQF(t, |, ()] + ag) — wn(t)zn(t)) dt
0
kT
- / eSO QF(t, |2 (1) + a0) — F(E, |2 (£)] + a0)|ea (1)) dt
kT . 1
> [T e arlnaolan) = (2= 4 L) )FC 0]+ ao) = Kot

kT
> / @ FE Tl +a0) g e
0 0(lzn(t)])

Hence, there is a constant Ky j > 0 such that

kT F(t, |z, ()] + ao)
G = A mn V< K
/0 e 8(lon () dt < Ksp, VneN, (3.5)

where Kg’k :=3K + dykTK; > 0.
In view of (3.1), Lemma 2.9, (2) of Remark 2.10 and Lemma 2.5, one has

1 kT e 9 kT o
K= ouen) = [ Olan 0 e~ [ eOOR( oa(0)] + ao)di
0 0

kT
> gl = [ | P (a0 + a0 a
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Lo 2 2 Moha(t)
2 ydillEallze = dallwnlzWllenl L) M dt — Ku
0
1
> dlllfcnllm K 170 |[2nl*W (oo lzn ) = Kok, Yn €N, (3.6)

where Ky i=dy [y "o dt > 0, Ky i=dy ;7" ha(t)dt > 0.

Let 2, (t) = Zn(t )+zn, 20(t) = Z0(t) +Zo, Vt € [0, KT, where 2,(t), 20(t) € H}p, 2, Zo € R.
Divided by ||z, ||* on both sides of (3.6), (1) of Remark 2.10 yields [|2,|/z2 — 0 as n — o0,
which together with the Sobolev’s inequality yields ||Z,]|%« — 0 as n — +oo, that is, Z,(t) — 0
holds uniformly for all ¢ € [0, kT] as n — 400, which together with the property of the sequence
of functions implies that

1 kT 1 (kT
0= p /0 nll)rfoo Zn(t) dt = n1—1>g-1<>o T / 2 (t) dt = nEI-&I-loo Zn = ngriloo Zn-

Then one has zy = 2o holds for all ¢t € [0, kT] via (3.2). Note that kT'|Zg|? = ||Zo||* > 0, then
|z, ()] = |2n(£)| - ||zn|| — 400 holds uniformly for all ¢ € [0,kT] as n — +oo. The Fatou’s
Lemma and (H2) yield

lim inf /kT G(t)F(t ()] + ao) dt > dp /kT lim inf F(t: [za()] + a0) dt = +00,

n—toe Jo 0]z (1)) n—too (| (t)])
which contradicts (3.5).

(2) If 29(t) = 0. Remark 2.2, (3.3), (3.4), Lemma 2.9, (1) of Remark 2.10 and the Fatou’s

Lemma imply that there are a function @, (t) € [f~ (¢, |z, (t)| + ao), fT (¢, |z, (t)| + ao)] for a.e.
t € [0,kT) and an z}, € dpg(xy,) with A(z,,) = ||z%|| — 0 as n — oo such that

1 kT kT
dy < limsup ) ( / e“Oz, ()% dt + / eG(t)xn(t)th)
n—too [[zn]|” \Jo 0

1 kT kT
= limsup 9 ((az , L) —|—/ O, (), (t)dt +/ eG(t)|xn(t)|2dt>
0 0

n—too ||zn||

1 kT kT )
< limsup 9 (/ eG(t)f(t7 |20 (8)] + ao)|zn(t)|dt + dg/ |, (2)] dt)
0 0

kT
<tmswp P [ (22 0 1 VPO + ) + Kyt a0 a
n—+4o0 ||.’L‘n|| (lzn(t)])
kT
< limsup | ” / [ ( T ( )| W (|zn(t)]) +h1(t)) + K+ |xn(t)2]dt
n—-+4oo T
§limsupd2/ (2h1(2 ) |2 (£)* M + 2h1(t2) + K 2> dt =0,
n—toc Jo M; [znll™  llzall

which is a contradiction. Thus, {z,,} is bounded in H};.

Step 2 We claim that {z,,} has a convergent subsequence in Hj..

The idea comes from paper [13]. Because {|z,||} is bounded, there exists a subsequence
of {x,}, also denoted by {z,} for convenience, such that x, — z holds as n — oo in H},,
then z,, — x holds as n — oo in C([0,kT],R) and L*([0,kT],R) via Lemma 2.5. Since H},
is reflexive and gy (z,,) is a non-empty convex weak*-compact subset of H}p, and set-valued

mapping * — Oy (x) is upper semicontinuous (see [3, Propositions]), for =} € dpi(zy), there
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is an x* € dpy(z) such that (z} —2*,x, — ) — 0 holds as n — oo. Then

kT kT
| O~ 0P dt = [ O @a(t) - w0)a(t) - a0) de
0 0

+ (z; —z%,z, —x) — 0, n — o0, (3.7)

where @,, € [f~ (¢, |zn(t)|+ao), [T (¢, |zn(t)|+a0)] and @ € [f~ (¢, |2(t)|+ao), [T (t, |2(¢)|+ao)]-
(3.7) implies that fOkT &0 (£) — @:(t)|° dt — 0 holds as n — oo, together with |z, — |2 — 0,
one has ||, — z|| — 0, so ¢y, satisfies nonsmooth (C) condition. O
Lemma 3.2 Assume [ satisfies (A) and (H1). Then pr(x) — 400 holds as ||z|| — +oo with

S fI,%T for every given k € N*, so there is a certain constant My i such that ¢i(x) > My
holds for all x € H}p.

Proof In view of Lemma 2.9, (2) of Remark 2.10 and the Sobolev’s inequality, for every

=~ 771
Z € Hyp, one has

~ 1 kT . kT h (t) ~ ~
on(@) =y [P a—a [ (U P s0) + (o)) dr
kT
>yl [ O it = Kl W3] ) - Ko

> Bdl - K7,kw<(l£ /OkT |i:(t)|2dt> ﬂ /OkT |2(t)]2dt — Ke , (3.8)

where Ksj, i= d [ ";}é’ dt > 0, Kgj, := do [T ha(t)dt > 0, Krp, := “*5 > 0. Due

to |E] — +oo & (fo [#(t)]dt)> — 4oo via & € H}p, (3.8) and (1) of Remark 2.10 imply
that ¢r(Z) — 4oo holds as ||Z|| — o0, which means that for all My > 0, there exists
a constant Ny > 0 such that ¢r(Z) > My holds for ||Z|| > Nig. If ||Z]] < Nig, then
12|z < ToollZ]] < TooN1k. One has ¢y (%) > —dokT Ky := Ms, via condition (A), where
Kg 1= maxo<s<r. N, , a(s) maxyejo 7 b(t) > 0. Let My, = min{My, M3} }. One has @p(x) >
M, i,V € H}p. 0

Lemma 3.3 Assume f satisfies (H1) and (H2). Then ¢i(x + ex) — —oo holds as |x| — +o0
in R C Hjp for every given k € N*, so one has supzcp p(T + €;) < +oo, where ej(t) :=
kcos(2Tt) € Hip.

4d27‘l’2

Proof 1In view of condition (H2), for every constant 5 > i

> 0, there exists a constant

my > 0 independent of ¢ such that

F
(t, |2 + o) >3, Vx| >m and a.e. t € [0,T], (3.9)
0(])
which yields
F(t,|z| +ap) >0, V|z|>m; and a.e. t € [0,T]. (3.10)

Condition (H1), (3.10) and (3.9) yield

dokn?  dy /kT F(t, |z + ex(t)] + ao)
0

bzt en®))

<
or(z +ex) < T 5

< d2k7'l'2 . dlkT

< 5 P
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d1 kT
< - 14 B, VxR with 2| > m; + F,
which implies that ¢ (z + ex) — —oo holds as x| — +oco in R C Hjy by the arbitrariness of
B. y

Proposition 3.4 Assume f satisfies (A), (H1) and (H2). Then for every fized k € N*, there
exists a constant 71, > 0 large enough such that functional ¢, possesses at least a critical value
¢, characterized as

¢ = inf max  or(x(z + ex)),
XEl1 x€[—F1 k,71,k]

where T'y := {x € C([~F1,5, 1.k] + €x, Hip)|x(ex £ F1x) = ex £ 711} In addition, one has

—oo < inf ¢ < ¢ < sup pp(r + ) < +o0. (3.11)
H. z€eR

Proof Let V =R and X = f{,iT, then for every k € N*, Lemma 3.2 and Lemma 3.3 imply

that there exists a constant 71 > 0 large enough such that

zevrrlwlg)éﬁ,k or(z+ep) < mlg)f( vr(x). (3.12)

Together with Proposition 3.1 and (3.12), ¢ is the critical value of ¢ and ¢, > infﬁir Y via
Lemma 2.3 and Remark 2.4. The definition of ¢ and Lemma 3.3 imply that ¢ < sup,cp @r(z+
er) < +o0o. Furthermore, Lemma 3.2 implies that ianiT ¢k > —oo holds. Thus, (3.11) holds. O

Proposition 3.5 Assume f satisfies (A), (H1) and (H2). Let xy, be a critical point of func-
tional i, for every k € N*, then ||xg| L~ — +00 holds as k — +o0.

Proof Otherwise, there is a constant Ky > 0 such that |zy||L~ < Ko holds for all k¥ € N*. In

view of condition (A), one has

1 kT
G / e® max a(s) max b(t)dt
0

k= k 0<s< Ky t€[0,T]
> —dyT b(t):= L 3.13
> —dy Oggﬁga(S)tgﬁ% (t) ; (3.13)

where L is a constant independent of k. Together with (3.11) and (3.13), one has
lim sup sup rlw +ex) > liminf " > L > —oc. (3.14)
k—+4o0o xzER k k—+oco k

On the other hand, for the constant m; in (3.9), for fixed * € R C H}p, set By = {t €
[0, kT]||z + ex(t)| < m1}, motivated by the result of [9, page 387], we can claim that

~ kT

meas(By) < 4 k large enough. (3.15)
In fact, if meas(ék) > k4T, there exists a t; € By, such that (see Figure 1)
kT 7 9 15
<t < < < . .
g SHS KT or [ KT St < kT (3.16)
Moreover, there exists a ty € By, such that (see Figure 1)
kT
[te — t1| > (3.17)

- 167
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and T
[to — (KT —t1)| > (3.18)
16
kT kT kT kT
16 16 16 16
0 t1 to % kT — t1 kT
Figure 1 The locations of ¢; and t2
It follows from (3.16) and (3.18) that
™ t1 +ts 15 17 t1 +to 31
< < < . 3.19
6= kr "=16" 16" kT TS 16" (3.19)
(3.16) and (3.17) yield
15 tl - t2 T ™ tl - t2 15
— < < — < < . 3.20
167> Kkt "= Y 16 kT T 167 (3:20)

(3.19) and (3.20) yield (see Figure 2)

t1+t ty —t
sin( lk—;zﬂ')‘ zsin;TG and sin( lszﬂ')‘ Zsinlﬂé,

then one has
27ty 27ty . 1+t 2 1 —tz Lo T
cos — cos = 2|sin > 2sin . 3.21
kT kT ( - 16 ( )
Y .
Yy =sinx
7 T
\ T A AN T / x
— 0 m s
-%271’ - T4 %w %7?
Figure 2 The ranges of sin("/*7) and sin(" /> )
From the definition of By, one has
21ty 27t 1 2my
= @ te(t) — (@ +etz)) <) 7,

COS o T COS _k|(

which contradicts (3.21) for k large enough. Hence (3.15) holds. Then it follows (3.15). One
has
~ 3 1
meas([0, KT\ By) > 4kT > 2kT, k large enough. (3.22)

In view of (H1), (3.10), (A), (3.9) and (3.22), one has

21
ou( +ex) <dy - / COF(t, |z 4 ex(t)] + ao) dt
k T kJp,
di 1 F(t, |z +ex(t)] +ao)

2k /[O,kT]\Bk O(|z + ex(t)])
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7'('2 le
< _
< ds T + dgTOSHSlgE“ a(s) tg%&}%] b(t) 4 164
d,T 8K
< - ;3 6, B> dﬂl? and k large enough,
where Kig := dszz + doT maxg<s<m, a(s) max;ejo,7) b(t). The arbitrariness of 3 yields
lim sup sup i+ ex) = —00,
k—+oo z€R k
which contradicts (3.14). Thus, ||zk||L~ — +oo holds as k — +o0. O

Proof of Theorem 1.3 For every k € N*, ¢, has a critical point zj and ||zy||L~ — 400 holds
as k — 400 via Proposition 3.4 and Proposition 3.5. (3.10) implies that ¢y satisfies condition
(a) of (2) in Lemma 2.6 and Proposition 3.5 implies that x(¢) # 0 holds for k large enough.
Then (2) in Lemma 2.6 implies that the zero set of xy, is isolated, so () is a periodic solution
of (2.1) via (1) in Lemma 2.6. Thus |z(t)| is a periodic bouncing solution of (1.1) for any
sufficiently large integer k.

Next, we claim that z; is nontrivial if k& € N* is large enough. In fact, if z4(t) = bi(# 0)
holds for all ¢t € [0,kT7], then Proposition 3.5 implies that b, — 400 holds as k — 400 and
f(t,|bx] + ag) = 0 via (2.1), which contradicts condition (B’). O

From now on, we focus on the proof of Theorem 1.4.

Proposition 3.6  Assume f satisfies (f') and (F1). Then functional py, satisfies the nonsmooth
(PS) condition for every given k € N*.

Proof Let {x,} C H}p be a nonsmooth (PS) sequence, that is, {¢(z,)} is bounded and

A(zy) — 0 holds as n — oc.

Step 1 We claim that {||x,||} is bounded. The main idea comes from papers [7] and [12].
For every x, € H}p, z, can be written as x,(t) = Z,, + @,(t) for all ¢ € [0,kT], where
Tn €R, , € Hlp. Tt follows (f), (h1) and (h2) that

@ ()] < [f(t, l2n(®)] + a0
< v(Oh(lzn()]) + 1)
<A@ (h(|Zn] + [En(B)]) + C

+ 1) +
< Oyy()h(|Znl) + Coy(t)R(|Zn

l
(t)

Due to (3.23), (h1), the Young’s inequality, (1) in Lemma 2.8 and the Sobolev’s inequality, one

(1)
)+ Cur(t) +1(0). (3.23)
has
’ / . eCOop (), (1) dt’
0
kT
< d, / [Cory(h(Zal) + Cor(tYh(Ea(D)]) + Crro(t) +1(8)] - [En(t)] dt
kT kT
< dyC | = h(|Z0]) / Aty dt + daCo (B[]l ) + C1) ||~ / (1) dt
0 0

kT kT
+ doCh||Zn || oo / ~(t) dt + da||Zn ] Lo / I(t)dt
0 0
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d L OobT o - 2
< w700 dsh*(|Zn t)dt
P . ] (AT
kT
+d202(5\|g:~n||m+c€+cl)||:zn||m/ 2(t) dt
0

kT kT
FCilanlom [ A0+ el [ 0 de
0 0

d kT d kT kT kT
< / i (8) dt 4“2 / o (0)? / (1) di
24 12, )

2 kT 2 kT 5 kT
C de2h2(\ n|)</ 'y(t)dt> +d2<kT/ |x'n(t)|2dt> / I(t) dt

kT [RT 5 pkT
saic+ac+ oy [ mora)” [T
0 0

d kT kT 2
<24 +eCjs k) / ;'xn(t)|2dt+C4,k(/ |:'rn(t)|2dt> +C5,kh2(\;in|), (3.24)
0 0

where Cy i := =G [F 5 (8)dt > 0, Cu g == do /AT (CoCe + CoCy + C) [37 (0)dt + do /5]

f I(t)dt > 0 and Cs ), := CQIZT%( OkT v(t) dt)? > 0. Remark 2.2, (3.3) and (3.24) imply that
there are a function @, (t) € [f~ (¢, |z (t)| + ao), fT(t, |2, (t)] + ao)] for a.e. t € [0,kT] and an
xk € Opp(xy) with A(x,) = ||z%]] — 0 as n — co. One has

kT kT
1Eall > (a5, Ea) = / SO\, (1) dt — / O, (1), (1) dt
0 0

kT kT
s [ 0P| [ O @m0
0 0

23 kT kT 3
Z ( d1 —503 k) / |£i’:n(t)2dt_c4k</ |xn(t)|2dt)
24 ’ 0 ’ O

— O 1h*(|Zn]),  n large enough. (3.25)

On the other hand, the Wirtinger’s inequality yields

L2772 : kT :
2] < <1+ 2 ) (/ d:n(t)|2dt) , VnéeN. (3.26)
a 0

£ > 0 in (3.24) small enough can be chosen such that 2 d1 —eC3 > 0, using the property of
parabola, (3.25) and (3.26) imply that there exist constants Cs,. > 0,C7 1 > 0 such that

kT 3
</ |2 () dt) < Cs + C7kh(|Zyn|), n large enough. (3.27)
0

The Mean Value Theorem of locally Lipschitzian functional (see [6, Proposition 1.3.14])
implies that there exist a z, € {(1 — s)z,, + 5%, |0 < s < 1} and a 2} € 0Jx(2,) such that

kT

kT
/ eG(t)F(t, |20 ()] + ao) dt — / eG(t)F(t, || + ao) dt = (2, Tp, — Tn). (3.28)
0 0

Due to Lemma 2.7, there exists a function @, (t) € [f~ (¢, |zn(t)] + a0), [T (t,|2n(t)| + ag)] for
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a.e. t € [0, kT such that

kT
(% 2 — Fn) = /O o0 (e, (£), mn(t) — ) dt. (3.29)

Similarly to (3.24), together with (3.28) and (3.29), one has

kT kT
| eCOR a0l )it~ [ COF o]+ ao)di
0 0

= ‘ /O . O (w,, (t), 2 (t) — Tn) dt’
kT
SdQ/O |t 2 (8)] + a0)] - | (t) — ]
kT
—dy / £t |7 + (1= $)n(D)] + a0)]| - |7n(2)] dt
0
kT
<d / OR(Tn + (1= 8)Fa(®)]) + UE)] - [7a ()] dt
kT
< dy / [CoA(OR(Tn]) + Cor(DR(En()]) + Crry(t) + U(B)] - |En(8)] dt

ds kT . ) kT . ) 3 )
< (24 +eC37k)/ |2, (1)] dt+C4,k(/ | & (2)] dt) + Cs xh*(|Zx)), (3.30)
0 0

where Cg i, := CSkQTdQ( OkT y(t) dt)? > 0.

Suppose |Z,| — +oo holds as n — oo, (3.30), (B”) and (3.27) yield
1 kT kT
o) < 2d2/ |:'rn(t)|2dt—/ OO (1, 20| + ao) di
0 0

kT
+‘/ CO[F(t, |2, (1) + ag) — F(t,|Z,] + ao)] dt‘
0

13 kT kT :
< do +eC3p / |20 (£)[2 dt + Cy / |2, ()% dt
24 0 0

kT
+ Co k(7)) — dl/ F(t, || + a0) dt
0
13 _ 2 2/~
< 24d2+603,k (C7.kh(|Zn]) + Co.x)° + Cs xh=(|Zn|)

+ Ca(Crih[n]) + o) — dy /OkT F(t, 7] + ao)dt
< Oy 1h%(|1Zn]) + Croxh(|Zn]) + Cr1x
—dy /OkT F(t,|Zn] + ao)dt, n large enough, (3.31)
where constants Cg j, C10., > 0, C11 5 > 0. (3.31), Lemma 2.8 and (F1) yield

_ _ kT _
r(a) < H(aul) [Cou g 171) + Cros ) — B Jo7 £ 1o 0kl

+C _ -
R H(1Z,) H{(|Zn])

+Cik

— —00, N — 00,
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which contradicts the boundedness of {¢g(z,)}, thus {|Z,|} is bounded, so {||z,|1} is bounded
via (3.27). Then {||a,||} is bounded via the equivalence of norm || - ||; and | - ||.
Step 2 We claim that {z,,} has a convergent subsequence in Hj..

Using similar argument in the proof of Proposition 3.1, one can also show that ¢y satisfies

the nonsmooth (PS) condition. O

Lemma 3.7 Assume f satisfies (f'). Then pi(x) — +o0o holds as ||z|| — +oo with x € H}p
for every given k € N*, so there is a certain constant My, such that pi(x) > My holds for
allz € HYp.

Proof The proof is similar to that in [12, Lemma 3.2]. O
Lemma 3.8 Assume [ satisfies (f') and (F1). Then ¢i(T + ex) — —oo holds as |T| — +oo
in R C Hjp for every given k € N*, so one has supgcp k(T + ex) < 400, where eg(t) :=
kcos(3nt) € H}p

Proof  Using (3.30), (F1) and Lemma 2.8, one has

1 kT kT
or(T +ep) = 2/ eG(t)|ék(t)|2dt—/ COF (L, |Z| + ag) dt
0 0

kT
- / ODF(t, ]2 + ex(t)] + ao) — F(t, 2] + ao)] dt
0

km? ds 2km?  CypmyV/2k
<d :
< ds T + <24 + 503,k> T + \/T

_ Rz di [P, |2+ ao) dt
+ H(|z (C&k e 0 _
(DL Ok (1) H (|2
— —00, |Z| — +o0, T€E€R. O

Proposition 3.9 Assume f satisfies (f') and (F1). Then for every given k € N*| there exists
a constant o), > 0 large enough such that functional ¢y, possesses at least a critical value cy

characterized as

o= inf  max  or(x(z+ex)),
X€EL2 2€[—7Ta k72, k]

where Ty := {x € C([~r2k,72.4) + ex, Hip)|x(ex £72%) = e £ 12} In addition, one has

—oo < inf pp < ¢ < sup iz + ex) < +oo.
H} . z€R

Proof The proof is similar to that in Proposition 3.4. O

Proposition 3.10 Assume [ satisfies (f'). Let xp be a critical point of functional ¢y, then
||zg||Le — +o0 holds as k — +oo for every given k € N*.

Proof The proof is similar to that in [12, Lemma 3.6] via the proof in Proposition 3.5. O
Proof of Theorem 1.4  For every k € N*| ¢ has a critical point zj with ||zg|pe — 400
(k — 400) via Proposition 3.9 and Proposition 3.10. Condition (B”) implies that ¢ satisfies
condition (a) of (2) in Lemma 2.6 and Proposition 3.10 implies that x(¢) #Z 0 holds for k large

enough. Then (2) in Lemma 2.6 implies that the zero set of zy, is isolated, so x(t) is a periodic
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solution of (2.1) via (1) in Lemma 2.6. Thus |zx(t)| is a periodic bouncing solution of (1.1) for
any sufficiently large integer k.

Next, we claim that z;, is nontrivial if & € N* is large enough. In fact, if z4(t) = bi(# 0)
holds for all ¢ € [0, kT], then Proposition 3.10 implies that by — 400 holds as k — 400, and
f (&, |bk| + ag) = 0 holds via (2.1), which contradicts condition (B”).

4 Example

Example 4.1 Function f € C(R X [ag, +00),R) is defined as

2(x — ag) In(2 + (z — ap)?) — 2(x — ag)
In?(2 + (z — ag)?)

where n € C(R, [0, +00)) is a 2m-periodic function with

?

[t ) =n(t)

sint+1, te[0,m),

() = 1, t € [m,2n].

Then f(t,x) is 27m-periodic, F(t,x) := [ f t,s) ds =n(t )(lnf;f(”;aszj = 125)- Set g(t) = sint,
then g € C(R,R), g(t+ 2m) = g(t ) and G(t fo s)ds =1 — cost with G(27) = 0.

Let 6(s) =1In(2+ s?) > 1. Then for the given constant 7 > 0, one has

! 1 ! s 1
d ds = _Inln(2+ s*)|* t :
/T SIn(2 + 2) S>/.,.1n(2+82)~(2+82) s 2nn( +s%)|; — o0, t— 40
Thus, 6 satisfies (61) and (62).
Obviously, conditions (A), (H2) and (B’) hold. At the same time, one has

1
li x| +ao)|z|— |2~ F(t,|x| +
Jim [f( 2] + ao) - ( 9<|z|>) (t,]al ao)}
: n(t) 2 2 2n(t) 4n(t)
= lim 2—|z|" —4In(2 + |z|7)] = lim
2| — +o00 1n2(2 + ‘(I;|2)[ ] ( )] |z|—+oo In2 - In(2 + |z|) In2
= —o0, Vtel0,2n],
which implies that (H1) holds.
From the definition of f, one has f(¢,z) < 0 holds for all z € [ag, /e — 2+ ag) and t € R.
Thus f dissatisfies the condition (B).

Example 4.2 Define functions A(t) = [sint| and f € C(R x [ag, +00),R) with
2(x — ag) In(2 + (z — ag)?) — 2(x — ag) 1

ftz) = A(t) 22+ (7 — ag)?) 100’
then f(t,z) is 27-periodic, F(t,z) = [ f(t,s)ds = )\(t)(lnf;iz:asf)j ) = 125) + 100 (@ — ao).
Set g(t) = sint, then g € C(R,R), g(t + 27) = ¢(t) and G(¢ fo s)ds = 1 — cost with
G(2m) =0.

Obviously, condition (B”) holds. Let h(t) = ln(2z-t2)’ v(t) = 6|A(t)| and I(t) = |i,. The

)
calculation similar to [12, Example 4.1] implies that h satisfies (h1) — (h4), then f satisfies (f').

27
SRR el + ao)d
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1n?;fx22) — 2 [T 27| x|
= lim < o] At)dt + o] >
x|—+o0 z S z S
hel =+ 0 In(24s2)d8 70 100 f, In(24s2) 45
2|x|3+4z|

2|z| In(24+22)— 22

2m 2
n . In(2
= lim o’ (2+2%) / A(t)dt + lim min(2 +a7)
0

|| =+ 00 1mﬁka x| —>+o0 50|z

27
:2/ A(t)dt > 0,
0

thus (F1) holds.
But, we claim that f dissatisfies (F2). Otherwise, for a.e. t € [0,27] and every x € R, there

is a constant og > 0 such that

Y v | P (A PR BT

Dividing both sides of (4.1) by ln%;f;) — 2, (Jz| > 2), one has

In2-In(2 + 22) - |z
N ()] < ool At
|(”%<(Hdmmmumﬁmwﬂmm@+ﬂ)
Let |z| — 400 on both sides of (4.2). Then

), a.e. t € [0,27], || > 2. (4.2)

|cost| < aglsint|, a.e.t € [0,2n],

that is, |cot t| < o holds for a.e. ¢ € [0, 2], which is impossible.
From the definition of f, one has f(¢,z) < 0 holds for all z € [\/6572 + ag, \/6372 + ap) and

te g, FIUlF, '§7]. Thus f dissatisfies the condition (B).
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