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Abstract In this work, we give some criteria of the weakly compact sets and a representation theorem
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1 Introduction

Since the inception of the study of Banach space, one of the main topics has been compactness.
A set A in a topological space X is said to be compact if any open cover of A has a finite subcover.
A is said to be sequentially compact if any sequence of A has a convergent subsequence. A is
said to be countably compact if any countable subset of A has a cluster point in A [18]. The
three types of compactness coincide if the topology is metrizable.

These types of compactness play indispensable roles not only in theory study but also in
practical applications. In the 1880s, Arzela—Ascoli’s criterion was given for a compact set in
continuous function space [3]. Kolmogorov’s criterion and Riesz’s criterion of the compactness
rose in Riesz function spaces and Orlicz function spaces, respectively [1, 20]. In 1912, Brouwer
gave a fixed point theorem in compact settings [5], which led to impressive developments [7,

8]. From then on, the Brouwer theorem has been one powerful tool of research in numerous
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theoretical and applied branches [9, 14, 19, 21]. It is a mark contribution made by Eberlein
and Smulian that they proved that the three types of weak compactness coincide over a normed
space [11, 26]. James gave one marvelous criterion of a weakly compact set in Banach spaces
related with attainable functional and reflexivity [17].

Orlicz spaces are the extensions of Riesz spaces and have been adopted broadly in re-
cent years, especially in nonlinear problems [22]. In 1962, Ando gave the criteria of weakly
o(Lpr, Ly)-compact sets in Orlicz function spaces [2]. In 1982, Wu studied the compactness
of normed topology and weak topology in Orlicz function spaces for general sense [29]. In
1997, Zhang gave one criterion of normed compact sets in Orlicz sequence spaces [30]. In 2009,
Fabian investigated the weak compactness in L; [12]. For an outline about the development
and applications, we refer the reader for a survey to ([4, 10, 22?7 , 23]). The paper adds to the
literature on the criterion for the weak compactness of Musielak sequence spaces. Anisotropy
is a general phenomenon of appearance in the real world. Musielak spaces broader than Orlicz

spaces are perfect settings for anisotropic nonlinear problems in particular [15].

2 Preliminaries

Let R be the set of all real numbers. Let X be a real Banach space and let B(X), S(X) and X*
be the closed unit ball, the unit sphere, and the dual of X, respectively. A map ® : R — [0, o],
where oo value may be possible, is called an Orlicz function if ® is vanishing and continuous
at zero, convex, even, left continuous on (0, 00) and not identically equal to zero on (—o0, c0).
¢~ (u) and ¢(u) denote the left-hand derivative and right-hand derivative of ®(u) respectively.
For an Orlicz function ® we define the complementary function ¥ : R — [0, o0] in the Young’s

sense by the formula

U(v) = sup{ulv| — ®(u) : u > 0}.

The complementary function ¥ is also an Orlicz function. We define a subdifferential 0®(u) of
®(u) at u > 0 as follows:

0P(u) ={v>0:®(u)+ ¥(v) =uv}.

Set aig = sup{u > 0: ®(u) =0} and g = inf{u > 0: ®(u) = co}. Then we get

(1) i w € [0, B), then 9D (w) = [~ (u), d(u)],

(2) if u = Bg and B¢ < 00, then 0®(Fs) = [¢~ (Ba), 0),

(3) if either (u = B¢ and B = 00) or u > B4, then P (u) = 0.
Analogous situation we get for v and ®(9®(v)).

A sequence Orlicz function ® = {®;}92, is called a Musielak function if ®, is an Orlicz
function for each i. For a given Musielak function ® and a scalar sequence u = (u(1),u(2),...)

we define a convex function, called a module of u, by the formula
(oo}
pa(w) = py (lul) =Y ®s(|u(i)])
i=1
where |u| = (|u(1)],|u(2)],...,|u(n)|,...). Let

log ={u:3X>0, s.t. p,(A\u) < oo},
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this family is linear and is usually equipped with one of the two following equivalent norms:
the Luxemburg norm defined by:

ull (@) = inf{)\ >0:p, (Q)f) < 1}

or the Orlicz norm defined that equals the Amemiya norm by:

[ulle = sup Z ) = Inf —(1+pp(kU))
pg (VS5

it forms a Banach space which is called a Musielak sequence space, denoted by

Loy = (lo, || - [l®),  lo = (la, |- [la)

Let ho(X) = {u = (u(1),...,u(i),0,...) : i = 1,2,...}, the closure of hg in l(g) or lp is
denoted by hg) or he, respectively. If for all i, ®;(u) = M(u), an Orlicz function with its
complementary N(v), we call it an Orlicz sequence space denoted by (57 or 5. For details,
please see [13, 25].

Below we recall the basic facts of the space that will be used for the present paper. The

proof can be referred to as [25].
Lemma 2.1 ([25]) Foru € ls, |ulle <1 or |lull(@e) <1, we have p, (u) < [|ull(@) < |lulle-

Lemma 2.2 ([25]) In a Musielak sequence space, there hold |lul|(e) < ||ulle < 2[jull(s) for all
u € lg,, that says, l(g) is isomorphic to lg.

Lemma 2.3 ([25]) Hélder’s inequality. In Musielak sequence spaces, there hold

Z [u(@v(@)] < ull@lvle  (uele),vely).

Z u(@o(@)| < ullellvlw) (uele,velw)).

Lemma 2.4 (20, 25]) For v € ly, there hold
oo = s 3] = fuf 50+ py )

For the convenience of the readers, we give the following lemmas with slight proofs.
Lemma 2.5 For any sequence v = (v(1),v(2),...), denote ||v|| = sup{d o, u(i)v(i) : Vu €
Ly with p, (0) < 1}. IF o] < 1, then p, (v) < o],

Proof 1f p, (¢(v)) = 3221 @i(¥([lv(@)]))) < 1, we have

Py (V) = Z‘Pi(lv(i)l)

i=1
P ACHONIED IR ACGI)
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< vll-

Hence, it is enough to show that if |jv]| <1, "2, @, (v ([|lv()]])) < 1. If, suppose

> @aa(o(@)) > 1
i=1

Take a natural number n and a positive number D such that
n
1<) ®i(wi(|u(i)]) < D < 0.

By the convexity of an Orlicz function, it follows that

- Yi(lv()])
; (Zz 1‘1’(¢z(|v()))>

ZZ ) ¢l(|v(l)|))(I)Z(wl(lv(l)‘))
1 n
ZZL:l q)z(wz(‘v(l)b) ;@(%(W(Z)D)
=1
thus
i |U i) ,
= ZZZ KNGl
1 n _ .
- Z (1/%(\11( )|)) ;%(W(Z)D\U(m
1 o ) .
= S ) 2 SO+ E D)
1 n ‘ 1 n
= S 2 MO+ s 2 D
1 i )
= S w2 VoD
> 1.
This is contrary to the fact that ||v|| < 1. It ends the proof. 0

Lemma 2.6 For any real sequence v = (v(1),v(2),...), if for any u € l),(u,v) =
Yoo u(i)v(i) is convergent, then ||v| < oo.

Proof 1If, suppose ||v|| = oo. For each natural number n, by the definition of ||v||, we have
Uy, € l(g) such that p, (un) <1, Y72, un(i)v(i) converges and Y .7, un( Ju(i) > 2", and more,
Uy (i)v(i) > 0 for all natural numbers 4, due to the symmetry of /(g). Let 4, = > ;_; 5. We
deduce

(an) = Z(I)z(‘a
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S | ux (i)

SRASNEL)
i=1 k=1

_ Zn:i Pi(Jur(9)])

= o
k=1i=1
n 1 oo

= Q—kZ@(Iuk(z)l)
k=1% =1
-1

<> 5
k=1

<1,

S0 Uy € l(g). By the definition of Luxemburg norm, ||t,[|e) < 1. Set @ = > .2, 3. From

Yooy Hu’;# < Yrei 37 = 1, thanks to l(g) is a Banach space, we get (i) € l(g). Hence, by
the given condition,

o0

> a(i)o(i) < oc.

i=1
On the other hand, compute

> i =3 (340 )t

i=1 k=1
oo n 1
=303 Srmleli)
i=1 k=1
n 1 o0
S PES PCHG
k=17 =1
> 2—k2
k=1
= TL,
so by Levi’s lemma, it leads to a contradiction:
oo
oo > Z a(i)v(i)
i=1
=D vl
=1 k=1

I
M8
M8
wo|E
IS
1=
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> lim n = oco.

It shows ||v]| < co. It ends the proof. O
From Lemma 2.6, we have

Proposition 2.7 For any real sequence v = (v(1),v(2),...,), if for all u € (g, (u,v) =

Yoo u(i)v(i) is convergent, then v € ly.

Proof From Lemma 2.5, p,, (ﬁ) < 1, we see v € ly by the definition. O

3 Riesz Expression of Dual Space

Using ideas and techniques of anisotropy and atom, we give a direct proof for the representation
theorem of Riesz’s type that applies from isotropic cases to anisotropic ones (please confer
[16, 27]).

Theorem 3.1 Representation of Riesz’s Type. In Musielak sequence space, there hold

>~ g

z:p) Uy h<I>
where (u,v) = > .2, u(i)v(i) for all u € higy,v € ly/u € ha,v € l(v).

Proof hzﬂb) >~ Jy. We set a mapping T : ly — h’(“@), where T,, = f for each v € [y, de-
fined by f(u) = (u,v) = > ;2 u(i)v(i) for all u € hg). By Holder’s inequality, it follows
Yooy Ju(@)v(i)| < [Jull(@llv]lw. Obviously, f is linear and |f|| < |[jv|lw, that says, T, =
[ € hig. Now, T is well defined. For each f € hig), let v = (f(e1), f(e2),...) where
e; = (0,...,0,1,0,...). We claim v € ly. In fact, for each u € 3y, we take @ as that
(i) = |u(i)|signf(e;). Clearly, |u(i)| = |u(i)|, so @ € lg. Hence

S u(@)e(@)] = lim > fu(@)e(0)

= lim_ Z |u(d)] f(7)signf (e:)

< HILH;O < En:ﬂ(z),f>
i=1

< tim || Sa@)| 1]
i=1 ()

< lall¢) I £

= [[ull@ I /1]

< o0.

By Proposition 2.7, v € ly. Also from this inequality, we see ||v|l¢ < || f]|. Combining ||f| <
[[v]|w, we get || f]| = ||v]lw. That says, T is an isometric isomorphism where T, = f defined by
Juw) = (u,v) =22 u(i)v(i) for all u € hig),v € ly.

hy = lry). Replacing that |ul|(p) and |[v||w by [Julle and [v||(w) respectively, we get the
conclusion by repeating the above arguments. It ends the proof. O
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4 Weak Compactness of Musielak Sequence Spaces
4.1 A Criterion of Weak Compactness

We say that a set A is relatively (sequentially, countably) compact in a topological space if the
closure of A is (sequentially, countably) compact. Indeed, we may assume A # {0} avoiding

the trivial case of a singleton set.

Theorem 4.1 Given a set A in a Musielak sequence space l(g)y, A admits the relatively se-
quentially weak o (l(w), ly)-compactness if, and only if there hold

(1) A is normed bounded;

(2) for each v € ly, limy_oo SUP e a Yooy |u(@)]|v(i)| = 0.
Proof Sufficiency. By Theorem 3.1, [(g) is the dual space of hg, we have that a normed
bounded A is w* compact thanks to Banach—Alaoglu Theorem, so A is relatively weakly
o(l(s), hy)-compact. Since hy is normed separable [20, 25|, the w* topology, i.e., o(l(s), hw),
on A can be metrizable, then A is relatively sequentially weakly o (I(¢), hw)-compact. Thus for
any sequence u, € A there exist u € /gy and subsequence uy,,, still written as u,, such that
un — u o(l(a), hy)-weakly, in particular, u, (i) — (i) for all natural numbers .

For any v € ly and any positive number ¢, from the given condition, we get a natural
number Iy such that

By Hélder’s inequality, > ;> |u(i)v(i)| < [lull@)llv]le < oo, there exists a natural number
Iy > Iy such that

oo

PTIORGIRS %

i=I

From u, (i) — wu(¢) for all natural numbers i, we get a natural number ng such that for all

n > ng

Z| w)(@)llo(i)] < .

Therefore, for all n > ng

(v, un —u)| = Z(un(i) — u(i))o(i)
I o
| = w )+ 3 (un — u)(i)oi)
i=1 i=I1+1
I %)
<> =)@+ | S (= w)i)oi)
i=1 i=I1+1
I e’}
<D N = )@@+ D (= uw)@)]lo(0)]
i=1 i=11+1
I e’} [e%s}

<D M =) @I@+ Y Tun@lo@) + Y u(@)llo()]

i=1 i=I,+1 i=I,+1
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I e}

<D (un — w) (D)o@ |+SUPZ|U + ) fu@)||o)]
=1 z>I i=I1+1

< 15 + S n €

—4 4 4

< E.

This shows that for all v € Iy, (v,u, —u) — 0. Hence A is relatively sequentially weakly
o(l(a), ly)-compact.

Necessity. Since A is relatively sequentially weakly o(l(g),lv)-compact A is o(l(),lv)-
bounded. By the Banach uniformly bounded principle, we get (1) A is normed bounded.

Next, we will prove (2) for all v € Iy

hm supZ|u (D)]]v(2)

I—o0 ue

Otherwise, for some v € Iy and positive g¢ such that there exists a strictly increasing sequence

of natural number {I,,} satisfying

supZ|u (1) > ¢o.

ueA

We take u,, € A such that

oo

Z |un (1)v(2)] > eo.

i=1I,
Since A is relatively sequentially weakly o(l(s),lw)-compact, we deduce that the sequence
{un} has a subsequence, still written as {u,} for simplicity, and for some u € () such that
up — u 0(l(p),ly)-weakly. Subsequently, u, — u o(l(3), hw)-weakly. By Holder’s inequality
ooy Ju(@)|Jv(@)] < [ull(@)llv]le < oo, there exists a natural number I’ such that

> lu(i)loGi)] < -

i=I
Thus, for all I,, > I,

> (i) - ()] = Z |un (1)0(2)] = fu(@)v(@)]

i=I, i=Iy
= > fun(@)o(@)] = D [uli)v(i)
i=I, i=1In
e
> &0 — EO
— €o
=5

For simplicity, we still written u,, — u as u,. Then for all natural number n,

> lua(i)o(i)] 2 3,
i=I,

and u, — 0 o(l(s), ly)-weakly, especially, u, (i) — 0 for all natural numbers 1.



Weakly Compact Sets and Riesz Representation Theorem 475

By Hoélder’s inequality > o, |ui(i)||v(i)] < oo, we write I; = 0, there exists a natural

number I > I; such that Zi—’izm lui ()||v(i)| < 2. We write u,, = uy, so we have

I{ [e'e] [e'e]
. . . . . . €0 €0 350
D lun, D@ = Y @)@ - D (@) = 5 -2 =
i=I1+1 i=I1+1 i=I1+1

Since uy, (i) — 0 for all natural numbers ¢, there exists a natural number ny such that I,,, > I7,
I . .
it lun, (D[Jo(D)] < -
By Hoélder’s inequality .7 [un, (¢)||v(i)] < oo, we take a natural number I}, > I, such
that Z;}ilézﬂ |tn, (1)|[v(i)] < 5. Then we have

’ ’

I

ng ng n2
Yo lun @@= D Jun @+ Y fun, (6)o(0)]
i:];zl—i-l i=I;L1+1 i=In2+1
I,
> Y lung(D)u(d)]
i=1n2+1
[} %}
= D lun (@@= Y funy (8)o(0)]
i=In,+1 i:[;L2+1
> 0 <o
-2 8
_350

In induction procedure, for each nature number k, by u, (i) — 0 for all natural numbers 4, there

exists a natural number ny, such that I,,, > I, ,

I"L/—l c
. . 0
> o @)t} < 2.
i=1
By Holder’s inequality ;2 |un, (4)||v(i)| < oo, we take a natural number I}, > I,,, such that

> lun D00 < 3

i>1,
Thus, we have

’7 !
I, I, I,

Yo lun @@= Y0 fun (Do@) + Y fun, (D)u(d)

+1 i=1! +1 i=Ipn, +1

i=1
ng—1

!

ng—1
!

I’Vl k

> 3 (0(0)
i=I,, +1

)

= D lun 0@ = Y Jun, (D)o(D)]
i=I,, +1 i>I

L2

-2 8

- 360

3
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We set 0(i) = [v(i)|signuy, (i) as I, | <i <1, where I = 0. Obviously, |0(i)| = [v(i)| for

Nk—1
all 4. Since ly is symmetry, we get ¥ € ly. But for all k

(B tn) = 3t (8)3(0)

=1
I;k—l I:Lk o

= un @)+ Y w3+ Y un, (1)3()
i=1 =1, 41 i=I +1
L T, oo

= > wn D)+ Y fun @@+ D un (D)3(0)
=1 i:I:I,C_1+1 z:l,’lk—i-l

Loy L, o0

IV
|
S
S
Eal
—~
~
SN—
<
—~
~
-
+
<
3
S
—~
~.
-
<
—
o~
-
|
<
3
kol
—
S
S~—
o
—~
S
-

i=1 1 I”k 1—i—l 7 I,{Lk-i-l
I;zk. 7/ka1 oo
= > @@= Y Jun @) = D fun, (()o(d)]
% Ink,1+1 i=1 1_17’%+1

8 8 8
T8
This is a contradiction with that (9, u,,) — 0, as a result of u, — 0 o(lg,ly)-weakly. It ends
the proof. 0

A set A is sequentially weakly o(l(g),lv)-compact ensures that A is o(l(¢),lw)-closed. We
immediately have

Corollary 4.2 Given a set A in a Musielak sequence space l(gy, A admits the sequentially
weak o (l(s), lw)-compactness if, and only if there hold

(1) Ais o(l(®), lw)-closed,

(2) A is normed bounded,

(3) for each v € ly

hm supZ|u )|v(4)

—>ooE

4.2 A Modular Criterion of Compactness with Limitation Expression

We give a modular criterion which is gotten rid of elements of lg of Theorem 4.1.

Theorem 4.3 Given lim,_.g cb"'i“) =

0 for all i, a set A in a Musielak sequence space l(q)
admits the relatively sequentially weak o(l(), ly)-compactness if, and only if there holds

hm Sup p@ (gu)

= 0.
§—0yuecA g

Proof Sufficiency. From Theorem 4.1, it is enough to show that Condition (1) and (2) of
pcp(;u) = 0, there exist &, 0 < & < 1 such that

Theorem 4.1 hold. By lim¢_osup,cy

SUP,cA L&u) <1. Thus SUPyea Po(§1u) < & <1, by Lemma 2.1, we have sup,,c 4 HfluH(@) <

1, ie. supueA [ull(@) < & That is, (1) A is normed bounded.
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Next, for each v € Iy, by the definition, there exists a positive number A with p, (Av) < co.
For any € > 0, by the given condition, there exists a positive number ¢ such that
A
sup P2 (&9 A
u€A § 2
We take a natural number Iy such that ), W;(Av(i)) < % Then for all u € A and for all

natural numbers I > I

S utie(i)] < 3 Julioi)|
i=1 i=Ip
1 & .
-5 ; lu(i)| Mo ()
< 5 S (@i (€lu(@)]) + Ti(Al(i))]
i=Ig
1S ‘ 1 o
= ; ®;(€uli)) + 3 ; ; (A(i)
1 & , 1 —
<& ; Pi(6u(d)) + ¢ ; Wi (Ao(i))
=GP €O + g5 2 W)
1 Xe 1 &Xe
2 tes
3273

that says

hm sup Z |u(7)

I—oo ueA

i.e., (2) of Theorem 4.1 holds. Combining (1) and (2), by Theorem 4.1, we get that A is
relatively sequentially weakly o(l(g), lw)-compact.

Necessity. Since A is relatively sequentially weakly o(l(s),lw)-compact, A is o(l(s),lv)-
bounded. So A is normed bounded thanks to Banach uniformly bounded principle. Moreover,
A is relatively sequentially weakly o(l(g), lv)-compact if, and only if AA is for each A > 0. Then,

without loss of generality, assume sup,,¢ 4 [[u[/(@) < 1, we will show

lim sup ==~ Po(E1) =0.

§—0yeAa

Otherwise, for some positive gg

1nfsupw—l #>50,

E>0ucA £—0 uEA
®(u)

where the identity holds because =~ is nondecreasing. For each natural number n, we take



478 Gong W. Z. et al.

u, € lg such that
1
p \onrT U
Pq(g 1+1 n) > 0.
ZoTT

From Young’s inequality [20], we see that for each i

\I/i(gbi(w—lﬂun(t))) <, (@ (Qn—lﬂun(t))> + <I>i<2n1+1un(t)> < @, (22%%@)).

By Lemma 2.1, we get that for each n

(o)) =S (o (0n0))

= ?.
We set v(i) = sup,, ¢;(zmrrtn(i)) @ =1,2,.... From the left continuity of an Orlicz function,

we have

Now, v is well defined and v € ly. Again since A is relatively sequentially weakly o(l(),lw)-
compact, by Theorem 4.1, there exists a natural number I such that

3

sup » _ [u(i)o(i)] < .
i=1
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Note, for all i |u(i)| < ¢; where ¢; = inf{t > 0 : ®;(¢) > 1} < oo for all u € A, from

lim, g (biT(“) = 0, we obtain that for n large enough

I 1
2,L+1 un )) (I)i(2n+1 Ci) €0
§ Lilgrrtnld) g~ Bilgrir) <o

i=1 2n+1 i=1 2n+1

It leads a contradiction:

2n+1 i=1 277+1 i=T+1 rFT
I
1 1
SZ (2n+1 Un ) q>l<2”+1u"(l)> T
i=1 = I+1 2n+1
1
+ Z Wil i n+1
i= I+1 2 2n,+1
! 1 1
SZ (2n+1 Z) ® (2n+1 ”(’)) )
i=1 2"“ i= I+1 on T
= 1 1
+ Z v <¢i<2n+1u(z))> . 1+1
i=I+1 "
I 0o
1 1 1 . 1 . 1
:Z(I%(QTLHCZ) — + Z W'un(lﬂ(ﬁi(ﬁun(l))T
i=1 2n+1 i=I+1 ontT
! 1
<3 (gma) ot 3 il ()
i=1 + i=I+1
! 1 1 > 1
<Y (e )+ 2 s o ()
i=1 2nFL =141 "
I 1 1 oo
=300 (e ) =+ 3 funlilh)
i=1 2+ i=I+1
<o %
— 4 4
— o
=5
It ends the proof. O

Due to the same reason mentioned before Corollary 4.2, we have
P, (u) _

Corollary 4.4 Given lim,_q =0 for all i, a set A in a Musielak sequence space ()

admits the sequentially weak U(Z(q)), ly)-compactness if, and only if there hold

(1) A is o(l(@), lw)-closed,

(2) limg_o sup, 4 22 (Efu) =0.

4.3 A Modular Criterion of Compactness without Limitation Expression
We give one criterion of a modular type which is gotten rid of the computation of limitation.

Definition 4.5 (cf. [2]) For Musielak functions ® and ® over real field R we say ® more

rapid than ® (write P - ®) provided that for any positive number k, there is positive number
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D such that for all 0 < u, ®;(Du) > Dr®;(u) i=1,2,....

u
admits the relatively sequentially weak o(l(p), lv)-compactness if, and only if there exists a
Musielak function ® more rapid than ® (write ® > ®) such that

Theorem 4.6 Given lim,_.g 0 for all i, a set A in a Musielak sequence space l(q)

sup p, (u) < 1.
u€A

Proof Due to the reason mentioned in Theorem 4.3, we assume sup,¢ 4 ||u[/(s) < 1 without
loss of generality.
Sufficiency. By ® > ®, that says, for any positive number € < 1, let k = % in the condition
of ® = ®, we have a positive number D such that for all 0 < w, @(Du) > D%(I)i(u), 1=1,2,....
For each u € A, we take a positive number £ < 1 such that % > D. Then we have

IN A
(LI G RON G IGOEE ORI
)
(=
=
N—

N

where the fifth inequality holds because the function f(u) = @ is nondecreasing. That is,

lime_,o SUP,c 4 @ = 0. By Theorem 4.3, it follows that A is relatively sequentially weakly
o(l(®), ly)-compact.

Necessity. By Theorem 4.3, A is relatively sequentially weakly o(l(s),lw)-compact ensures
Py (Eu)

that lime_o SuUp,¢c 4 e = 0. We take 1 > & > --- > & — 0 such that
Ps (gku) 1
sup ————— < ——-.
ueA gk 22k

Analogously to that of [2], for each ¢ and any u € R, we set an Orlicz function as follows:

= o Pi(Epu)
@l(u)—;2 e
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Then ®; > <I> Indeed, for any positive x we take a natural number &’ such that 22K > i and
denote D = =—. Therefor, for all u € R

Erru
O;(Dv)yg,u = P ( > )

®;(u)

i g2k Pi(Er1) P4( fku
k=1
> 92k’ (I)i(fk'u)
- Sk
— 92k ®i(v)
9%
> kD®,(v)

it holds for all v > 0 due to the arbitrariness of u. By the arbitrariness of i, it follows that
P = &. Moreover, we have that for all u € A,

It ends the proof. a
Analogously to the above, we have
Corollary 4.7 Given lim,_.g (biT(“) =0 for all i, a set A in a Musielak sequence space l(g)
admits the sequentially weakly o (l(s), lv)-compactness if, and only if there hold
(1) Ais o(l(@), lw)-closed,
(2) there exists a Musielak function ® more rapid than ® (write ® = ®) such that

sup p, (u) < 1.
u€A
From Theorem 4.1, 4.3, and 4.6, we see
Remark 4.8 1In /), a set A is relatively sequentially weakly o(l(s), lv)-compact if, and only

if |A] is, where |A] = {|u| : u € A}.
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By Lemma 2.2, [(g) is isomorphic to lg, we have

Remark 4.9 All results obtained in the main results hold in a Musielak sequence space lg

with Orlicz norm since the sequentially weak compactness is invariant under an isomorphism.

5 Applications to Orlicz Sequence Spaces

Let us notice that in the case of ®; = M, i = 1,2, ..., Musielak sequences spaces become the
well-known Orlicz sequence spaces. Based on the results obtained in the previous parts of this
paper we easily get respective criteria for Orlicz sequence spaces [(pr).
Corollary 5.1  Given a set A in an Orlicz sequence space l(nry, A admits relatively sequentially
weakly o(l(ary, [N )-compact if, and only if there hold

(1) A is normed bounded,

(2) for each v € ly

lim su u(?)||v(e)| =0
Jim sup > (@0

Corollary 5.2 Given a set A in an Orlicz sequence space Iy, A admits sequentially weakly
o(liary, In)-compact if, and only if there hold

(1) Ais o(lary, In)-closed,

(2) A is normed bounded,

(3) for each v € ly

lim su u(?)||v(z)| = 0.
Jim sup 3 (@0

M (u)

Corollary 5.3 Given lim, .o —;

= 0, a set A in an Orlicz sequence space l(pry admits
relatively sequentially weak o(l(npy, In)-compact if, and only if limg o sup,,¢ 4 @ =0.

M (u)

Corollary 5.4 Given lim, .o =,

= 0, a set A in an Orlicz sequence space l(pry admits
sequentially weak o (l(nry, In)-compact if, and only if there hold

(1) A is o(lary, In)-closed,
Py (Eu) . O
e =0.

(2) limg_,o Sup,eca
Definition 5.5 (cf. [2])  For Orlicz functions M and M over real field R we say M more rapid

than M for small u (write M > M) provided that for any positive number k, there are positive

numbers D and d such that for 0 < u with M(u) < d, M(Du) > DxM (u).

u

Corollary 5.6 Given lim,_, = 0, a set A in an Orlicz sequence space l(pry admits
relatively sequentially weakly o(l(nry, IN)-compact if, and only if there exists an Orlicz function
M more rapid than M (write M - M) such that

sup p (u) < 1.
ucA

Corollary 5.7 Given lim,_.q

Miu) = 0, a set A in an Orlicz sequence space l(np) admits

sequentially weakly o(l(ary, In)-compact if, and only if
(1) Ais o(l(ary, In)-closed,
(2) there exists an Orlicz function M more rapid than M (write M = M) such that

sup p (u) < 1.
u€A
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Remark 5.8 All results obtained in the main results hold in an Orlicz sequence space s

with Orlicz norm since the sequentially weak compactness is invariant under an isomorphism.
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