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Abstract Let G be a simple graph with 2n vertices and a perfect matching. The forcing number
F(G, M) of a perfect matching M of G is the smallest cardinality of a subset of M that is contained
in no other perfect matching of G. Among all perfect matchings M of G, the minimum and maximum
values of f(G, M) are called the minimum and maximum forcing numbers of G, denoted by f(G) and
F(G), respectively. Then f(G) < F(G) < n — 1. Che and Chen (2011) proposed an open problem:
how to characterize the graphs G with f(G) = n — 1. Later they showed that for a bipartite graph G,
f(G) =n —1if and only if G is complete bipartite graph K, ,. In this paper, we completely solve
the problem of Che and Chen, and show that f(G) =n — 1 if and only if G is a complete multipartite
graph or a graph obtained from complete bipartite graph K, ,, by adding arbitrary edges in one partite
set. For all graphs G with F(G) = n — 1, we prove that the forcing spectrum of each such graph G
forms an integer interval by matching 2-switches and the minimum forcing numbers of all such graphs
G form an integer interval from |} | to n — 1.

Keywords Perfect matching, minimum forcing number, maximum forcing number, forcing spectrum,

complete multipartite graph
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1 Introduction

We only consider finite and simple graphs. Let G be a graph with vertex set V(G) and edge set
E(G). The order of G is the number of vertices in G. A graph is trivial if it contains only one
vertex. Otherwise, it is non-trivial. The degree of vertex v in G, written dg(v), is the number
of edges incident to v. An isolated verter is a vertex of degree 0. The maximum degree and
the minimum degree of G are denoted by A(G) and 6(G), respectively. If all vertices of G have
degree k, then G is k-reqular. A complete graph of order n is denoted by K,,. Let P,, be a path
with n vertices and P, be the complement of P,.

For an edge subset F' of G, we write G — F for the subgraph of G obtained by deleting the
edges in F. If F = {e}, we simply write G — e instead of G — {e}. For a vertex subset T of G,
we write G — T for the subgraph of G obtained by deleting all vertices in 7" and their incident
edges. If T = {v} is a singleton, we write G — v rather than G — {v}. For a vertex subset T of
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G, we write G[T] for the subgraph G — (V(G)\ T), induced by T. For a graph H, G is H-free
if it contains no H as an induced subgraph.

A perfect matching of a graph G is a set of disjoint edges covering all vertices of G. A
graph G is factor-critical if G —u has a perfect matching for every vertex u of G. A graph G is
bicritical if G contains an edge and G — u — v has a perfect matching for every pair of distinct
vertices v and v in G. A 3-connected bicritical graph is called a brick. For a nonnegative integer
l, a connected graph G with at least 2] + 2 vertices is [-extendable if G has a perfect matching
and every matching of size [ is contained in a perfect matching of G.

A perfect matching coincides with a Kekulé structure in organic chemistry or a dimer
covering in statistic physics. Klein and Randié [13] proposed the “innate degree of freedom”
of a Kekulé structure, i.e., the least number of double bonds can determine this entire Kekulé
structure, which plays an important role in resonant theory. Afterwards, it was called the
forcing number by Harary et al. [10]. A forcing set for a perfect matching M of G is a subset
of M that is contained in no other perfect matching of G. The smallest cardinality of a forcing
set of M is called the forcing number of M, denoted by f(G, M).

Let G be a graph with a perfect matching M. A cycle of G is M-alternating if its edges
appear alternately in M and E(G)\ M. If C is an M-alternating cycle of G, then the symmetric
difference M @ E(C) := (M \ E(C)) U (E(C)\ M) is another perfect matching of G. We use
V(S) to denote the set of all end vertices in an edge subset S of E(G). An equivalent condition

for a forcing set of a perfect matching was mentioned by Pachter and Kim as follows.

Lemma 1.1 ([18]) Let G be a graph with a perfect matching M. Then a subset S C M is a
forcing set of M if and only if G — V(S) contains no M-alternating cycles.

Let ¢(M) denote the maximum number of disjoint M-alternating cycles in G. Then
f(G,M) > ¢(M) by Lemma 1.1. For plane bipartite graphs, Pachter and Kim obtained the

following minimax theorem.

Theorem 1.2 ([18]) Let G be a plane bipartite graph. Then f(G, M) = c(M) for any perfect
matching M of G.

The minimum (resp. mazimum) forcing number of G is the minimum (resp. maximum)
value of f(G,M) over all perfect matchings M of G, denoted by f(G) (resp. F(G)). Adams
et al. [2] showed that determining a smallest forcing set of a perfect matching is NP-complete
for bipartite graphs with the maximum degree 3. Using this result, Afshani et al. [3] proved
that determining the minimum forcing number is NP-complete for bipartite graphs with the
maximum degree 4. However, the computational complexity of the maximum forcing number
of a graph is still an open problem [3].

Xu et al. [29] showed that the maximum forcing number of a hexagonal system is equal to
its resonant number. The same result also holds for a polyomino graph [16, 39] and for a BN-
fullerene graph [22]. In general, for 2-connected plane bipartite graphs, the resonant number
can be computed in polynomial time (see Ref. [1] due to Abeledo and Atkinson). Hence, the
maximum forcing numbers of such three classes of graphs can be computed in polynomial time.

Moreover, some minimax results have been obtained [38, 39]: for each perfect matching
M of a hexagonal system G with f(G, M) = F(G), there exist F(G) disjoint M-alternating
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hexagons in G; for every perfect matching M of polyomino graphs G with f(G, M) = F(G) or
F(G) -1, f(G, M) is equal to the maximum number of disjoint M-alternating squares in G.

Zhang and Li [32], and Hansen and Zheng [9] independently determined the hexagonal
systems G with f(G) = 1, and Zhang and Zhang [35] gave a generalization to plane bipartite
graphs G with f(G) = 1. For 3-connected cubic graphs G with f(G) = 1, Wu et al. [28]
showed that it can be generated from Ky via Y — A-operation. For a convex hexagonal system
H(ay,as,a3) with a perfect matching, recently Zhang and Zhang [36] proved that its minimum
forcing number is equal to min{a;, as, a3} by monotone path systems.

For n-dimensional hypercube @Q,,, Pachter and Kim [18] conjectured that f(Q,) = 272
for integer n > 2. Later Riddle [21] confirmed it for even n by the trailing vertex method.
Recently, Diwan [8] proved that the conjecture holds by linear algebra. Using well-known Van
der Waerden theorem, Alon showed that F(Q,) > ¢2"~! for any constant 0 < ¢ < 1 and
sufficient large n (see [21]). There are also some researches about the minimum or maximum
forcing numbers of other graphs, such as grids [3, 12, 14, 15, 18], fullerene graphs [11, 22, 23, 34],
toroidal polyhexes [26], toroidal and Klein bottle lattices [12, 14, 21], etc.

We denote by Ga,, the set of all graphs of order 2n and with a perfect matching. Let G € Ga,.
Then each perfect matching of G has n edges and any n — 1 edges among it form a forcing set.
So we have that f(G) < F(G) < n—1. Che and Chen [6] proposed how to characterize the
graphs G with f(G) =n — 1. Afterwards, they [5] solved the problem for bipartite graphs and
obtained the following result.

Theorem 1.3 ([5]) Let G be a bipartite graph with 2n vertices. Then f(G) =n — 1 if and
only if G is complete bipartite graph K, ;.

In this paper, we solve the problem of Che and Chen. Let IC;n be a family of graphs
obtained by adding arbitrary additional edges in one partite set to complete bipartite graph
K, . In Section 2, we discuss some basic properties for graphs G € Ga,, with F(G) = n — 1,
and obtain that G is n-connected, 1-extendable except for graphs in IC;'{’n. In particular, we
give a characterization for a perfect matching M of G with f(G, M) =n — 1. In Section 3, we
answer the problem proposed by Che and Chen, and obtain that f(G) = n — 1 if and only if
G is either a complete multipartite graph with each partite set having size no more than n or
a graph in KO}, . In Section 4, for all 1-extendable graphs G' with F(G) = n — 1, we determine
which of them are not 2-extendable. Finally in Section 5 we show that f(G) > |7 ] for any
graph G € Gs,, with F(G) = n — 1, and the minimum forcing numbers of all such graphs form
an integer interval [ ) |,n—1]. Also we prove that the forcing spectrum (set of forcing numbers

of all perfect matchings) of each such graph G forms an integer interval.

2 Some Basic Properties of Graphs G € Ga,, with F(G) =n —1
Let G € Go,, with F(G) =n — 1. In this section, we will obtain some basic properties of graph
G. By definition of forcing numbers, we obtain the following observation.
Observation 2.1 Let G € Gy,,. Then
(i) F(G) =n—1if and only if f(G, M) =n — 1 for some perfect matching M of G, and
(ii) f(G) =n —1if and only if f(G, M) =n —1 for every perfect matching M of G.
We call a graph G € Gy, with F'(G) = n — 1 minimal if F(G —e) <n — 2 for each edge e
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of G. Next we give a characterization for a perfect matching M of G with f(G,M)=n — 1.

Lemma 2.2 Let G € Go,, forn > 2. Then G has a perfect matching M such that f(G, M) =
n—1 if and only if G[V ({e;, e;})] contains an M-alternating cycle for any two distinct edges e;
and e; of M. Moreover, G is minimal if and only if G[V ({e;,e;})] is exactly an M -alternating
4-cycle for any two distinct edges e; and e; of M.

Proof (1) Suppose that f(G,M)=mn—1. Then M \ {e;,e;} is not a forcing set of M for any
two distinct edges e; and e; of M. By Lemma 1.1, G[V ({e;,e;})] contains an M-alternating
cycle. Conversely, for any subset S of M with size less than n — 1, there are two distinct edges
in M\ S. By the assumption, G — V(S) contains an M-alternating cycle. By Lemma 1.1, S is
not a forcing set of M, that is, f(G,M) >n — 1.

(2) Suppose that G is minimal. Since f(G,M) = n — 1, G[V({e;,e;})] contains an M-
alternating 4-cycle for any two distinct edges e; and e; of M. Moreover, G[V ({e;, ¢;})] is exactly
an M-alternating 4-cycle. If not, then G[V ({e;,e;})] is isomorphic to K4 or a graph obtained
from K, by deleting an edge, say u,u;, where e; = wv; for [ = ¢,j. Then G[V ({e;, e;})] — viv;
contains an M-alternating cycle. So F(G — v;v;) = f(G — v;vj, M) =n — 1, which contradicts
the minimality of G.

Conversely, by the assumption, we have f(G,M) = n — 1 where M = {e; = wu; |l =
1,2,...,n} is a perfect matching of G. By Observation 2.1, F(G) = n — 1. Next we are to
prove that G is minimal. Let G’ = G — e where e is an arbitrary edge of G. We can show that
G’ has a perfect matching. If e ¢ M, then M is a perfect matching of G'. If e = e; € M for
some 1 < ¢ <mn, then G[{w;, v;, u;,v;}] is exactly an M-alternating 4-cycle C for any j # i and
1 <j <n. Then M & E(C) is a perfect matching of G’. For any perfect matching M’ of G,
we will show that f(G',M') <n —2, and so G is minimal.

Without loss of generality, any edge e of G can be represented as either u;v; or u;v; where
J # 1 because any edge u;v; can be written as v;u; by switching two end vertices. Let w € {u, v}.
Case 1 e = u;v;.

Then {u;w;,v;w,} C M’ for some integers j, k different from . It follows that v,w; ¢
E(G') C E(G) since G[{u;,v;,uj,v;}] is a 4-cycle by the assumption. Then G[{u;, w;, v;, wy}]
does not contain a 4-cycle of G’ since v; cannot be adjacent to either w; or w; in G'. By
Lemma 1.1, M’ \ {w;w;, v;wg} is a forcing set of M’. So, f(G',M') <n —2.

Case 2 e = u;v; where j # 4.

Subcase 2.1:  Both u;v; and u;v; are contained in M'. By the assumption, G[{u;, v, u;, v;}]
is an M-alternating 4-cycle of G where {u;v;,u;v;} € M. So G'[{u;,v;,uj,v;}] is just a path
of length three since G’ = G — e = G — w;v;. By Lemma 1.1, M’ \ {u;v;, u;v,} is a forcing set
of M'. So, f(G',M') <n—2.

Subcase 2.2: At least one of u;v; and u;v; is not contained in M’. Without loss of gener-
ality, assume that ujv; ¢ M'. Since e = u;v; is not an edge of G’, there exists a vertex w; # u;
such that vjw; € M’. Note that v;v; cannot be an edge of G’ C G since G[{u;,v;,u;,v;}] is
an M-alternating 4-cycle of G. Then w; # v;. If v;w; ¢ E(G’), then v; is adjacent to neither
wy nor v; in G'. So G'[{v;, wy, wy, v;}] contains no M'-alternating cycles where v,w, € M’. By
Lemma 1.1, M"\ {v;w, vjw; } is a forcing set of M’. Thus, f(G',M') <n—2. If v;w; € E(G’),
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then ww; ¢ E(G') C E(Q) since G[{v;, us, ug, v} is exactly an M-alternating 4-cycle by the
assumption. Since G’ = G —e, we have e = u,;v; ¢ E(G’). So u;, is adjacent to neither w; nor v;
in G, and G'[{w;, wk, w;,v,}] contains no M’-alternating cycles where w;wy, € M’. By Lemma
1.1, M"\ {uwg,v;w} is a forcing set of M’. So, f(G',M') <n —2. m|

By Lemma 2.2, adding some extra edges to a minimal graph G maintains the same maximum
forcing number as G. Clearly, K, , is minimal for n > 1 by Lemma 2.2. For n > 3, we have

other such minimal graphs shown in Figure 1.

U, U, U u, u, U, u, u, u, u, u,

v, v, Vv, v, v, v, V, v, v, v, v,

Figure 1 Some examples of minimal graphs with n = 3 and 4

Let G be a graph with a perfect matching. An edge e of G is called a fixed double bond if
e is contained in all perfect matchings of G. The connectivity and edge connectivity of G are
denoted by x(G) and A(G), respectively.

Lemma 2.3 Assume that G € Ga,, has F(G) =n—1>0. Then

(i) G has no fized double bond, that is, G — e has a perfect matching for each edge e of G.

(ii) kK(G) > n. Moreover, if G is minimal, then G is n-regular, and x(G) = A\(G) = n.
Proof (i) It has been implied in the sufficiency part of (2) in the proof of Lemma 2.2.

(ii) Since F(G) = n — 1, there exists a perfect matching M of G such that f(G,M) =n—1
where M = {u;v;|i =1,2,...,n}. For any X C V(G) with | X| < n, there is at least one pair
of vertices u; and v; not in X for some 1 <7 < n. Then for the other vertices not in X, say u;
(resp. vj), either w;u; or v;u; (resp. u;v; or v;v;) is contained in E(G) by Lemma 2.2. Hence
G — X is connected and so G is n-connected. Therefore, x(G) > n.

If G is minimal, then for any 1 < ¢ < n, u; (resp. v;) is adjacent to exactly one of u; and
v; for any 1 < j <n and j # ¢ by Lemma 2.2. Combining that u;v; is an edge, we obtain that
u; and v; are of degree n. So G is n-regular. Combining that n < k(G) < A(G) < §(G) = n,
we obtain that (G) = A(G) = n. |

The number of odd components of G is denoted by o(G). The following result gives an
equivalent condition for a bicritical graph.

Lemma 2.4 ([17]) A graph G is bicritical if and only if for any X C V(G) and |X| > 2,
o(G-X)<|X|-2.

Next we will show that K.}, is a subclass of graphs G € Ga,, with F(G) = n — 1 such that

n,n

G contains an independent set of size n.

Lemma 2.5 Assume that G € Ga,, has F(G) =n—1. Then G is a graph in K}, if and only

if G contains an independent set of size n. Otherwise, G is a brick, and thus 1-extendable.

Proof (1) The necessity is obvious. We prove sufficiency next. Since F(G) = n—1, there exists
a perfect matching M of G such that f(G, M) =n—1. Let {u1,us,...,u,} be an independent
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set of size nin G and let M = {u,;v; |1 =1,2,...,n}. Then u;u; ¢ E(G) for any 1 <i < j <n.
+

n,n’

By Lemma 2.2, {u;vj,v;u;} is contained in E(G). Hence, G is some graph in K}, for there
may be some other edges with both end vertices in {v1,va,...,v,}.

(2) If G is not a graph in ICLL7 then we will prove that G is a brick. For n > 3, G is
3-connected by Lemma 2.3. For n < 2, exactly one graph K, that is not in IC,*;n is 3-connected.
Next we prove that G is bicritical. Suppose that X C V(G) with |X| > 2. If | X| < n — 1, then
G — X is connected by Lemma 2.3. Hence o(G—X) <1 < |X|—1. Otherwise, we have | X| > n.
Then o(G — X) < |V(G — X)| < n. Since G is not a graph in K}, G contains no independent

set of size n. Hence o(G — X) <n —1 <|X|— 1. Since G is of even order, o(G — X) and | X|
are of the same parity. So o(G — X) < |X| — 2. By Lemma 2.4, G is bicritical. O

3 Graphs G € G5,, with the Minimum Forcing Number n — 1

In this section, we will determine all graphs G € Ga,, with f(G) = n— 1 to completely solve the
problem proposed by Che and Chen [6].

Tutte’s theorem states that G has a perfect matching if and only if o(G — S) < |S| for any
S C V(G). By Tutte’s theorem, Yu [30] obtained an equivalent condition for a connected graph
with a perfect matching that is not l-extendable. Recently, for an (I — 1)-extendable graph G
with I > 1, Alajbegovié et al. [4] obtained that G is not l-extendable if and only if there exists
a subset S C V(G) such that G[S] contains ! independent edges and o(G — S) = |S| — 2] + 2.
In fact, S can be chosen so that each component of G — S is factor-critical (see Theorem 2.2.3

in [7]). Combining these, we obtain the following result.

Lemma 3.1 Letl > 1 be an integer and G be an (I—1)-extendable graph of order at least 21+2.
Then G is not l-extendable if and only if there exists a subset S C V(G) such that G[S] contains
1 independent edges, all components of G — S are factor-critical, and o(G — S) = |S| — 20 + 2.

A complete multipartite graph is a graph whose vertices can be partitioned into sets so that
u and v are adjacent if and only if v and v belong to different sets of the partition. We write
K\ ns,...n,, for the complete k-partite graph with partite sets of sizes nq,ng,...,n;. In fact, a
complete multipartite graph is a Ps-free graph (see Exercise 5.2.2 in [27]).

Lemma 3.2 ([27]) A graph is Ps-free if and only if it is a complete multipartite graph.
Theorem 3.3 Let G € Go,,. Then f(G) = n — 1 if and only if G is a complete multipartite

graph with each partite set having size no more than n or G is some graph in IC:{’H,

Proof Sufficiency. Suppose that G is some graph in IC;,L. Then any perfect matching M of
G is also a perfect matching of K, ,,. By Lemma 2.2, f(G, M) = n — 1. By the arbitrariness of
M, f(G)=n—1.

Suppose that G = K, n,,. n, 1S a complete multipartite graph where 1 < n; < n for
1 <i < kandk > 2. First we will show that G has a perfect matching. For any nonempty
subset S of V(G), if G — S has at least two vertices from different partite sets of G, then
G — S is connected and o(G — S) < 1 < |S|. Otherwise, all vertices of G — S belong to one
partite set of G. Then |V(G — S)| < n and |S| > n. Hence o(G — S) < n < |S|. For S = 0,
o(G — S) = o(G) = |S]. By Tutte’s theorem, G has a perfect matching.

Clearly, the result holds for n = 1. Next let n > 2. Suppose to the contrary that f(G) <
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n—2. Then there exists a perfect matching M of G and a minimum forcing set .S of M such that
|S| = f(G,M) = f(G). By Lemma 1.1, G — V(S) contains no M-alternating cycles. So there
are two distinct edges {u;v;, u;v;} € M\ S and G[{u;,v;, u;,v;}] contains no M-alternating
cycles. That is to say, neither {w;u;, v;v;} nor {u;v;,v;u;} is contained in E(G). Without loss
of generality, we assume that none of w;u; and u;v; belong to E(G). Then G[{u;,uj,v;}] is
isomorphic to P5, which contradicts Lemma 3.2.

Necessity. Suppose that f(G) = n — 1. If G is a complete multipartite graph, then each
partite set of G has size no more than n for G has a perfect matching. If G is not a complete
multipartite graph, then by Lemma 3.2, G contains an induced subgraph H isomorphic to
P3;. Note that the edge e of H is not in any perfect matching of G. Otherwise, there is a
perfect matching M of G containing e. By Observation 2.1, f(G,M) = n — 1. Let v be
the vertex of H except for both end vertices of e, and ¢’ be the edge of M incident with v.
Then G[V ({e, €'})] contains no M-alternating cycles for v is not incident with any end vertices
of e, which contradicts Lemma 2.2. So G is not l-extendable. By Lemma 3.1, there exists
S C V(G) such that G[S] contains an edge, all components of G — S are factor-critical, and
o(G—-28)=15]>2.

We claim that all components of G — S are singletons. Otherwise, assume that C; is a
non-trivial component of G — S. Let M be a perfect matching of G. By Observation 2.1,
f(G,M)=n—1. Since o(G — S) = |S|, M matches S to distinct components of G —.S. Assume
that e; is an edge in M N E(C4) and ey is an edge of M which connects a vertex of S and
a vertex of another component Cy of G — S. Then G[V ({e1, e2})] contains no M-alternating
cycles, which contradicts Lemma 2.2. Therefore, each component of G — S is a singleton and
so |S| 4+ o(G — S) = 2n. It follows that o(G — S) = n since we have shown that o(G — S) = |5].

So G contains an independent set of size n. By Lemma 2.5, G is a graph in IC,J;". a

Taking n = 3 for (BXE)JHlple7 [(3737 K37271, K3717171, K272,27 K2727171, K27171,171, K@ are all complete
multipartite graphs with each partite set having size no more than 3 and K3 3 + e is the unique
graph in IC;3 except for above complete multipartite graphs, where e is an edge connecting any

two nonadjacent vertices of K3 3.

4 Extendability of Graphs G € G3,, with F(G) =n —1
Let G be a graph in Ga,, with F(G) = n—1 and be different from graphs in Ile‘)n. By Lemma 2.5,

G is l-extendable. However, it is not necessarily 2-extendable. We know that an l-extendable
graph is (I — 1)-extendable for an integer | > 1, and 2-extendable graphs are either bricks or
braces (2-extendable bipartite graphs) [19]. In this section, we will determine which graphs in

Lemma 2.5 are 1-extendable but not 2-extendable.

Theorem 4.1 Let G € Gy, with F(G) = n — 1 where n > 3. Then G is 1-extendable but
not 2-extendable if and only if G has a perfect matching M = {u;v; |i = 1,2,...,n} with
f(G, M) =mn—1 so that one of the following conditions holds.

(i) n > 4, G[{v1,va,...,v,}] consists of one triangle and n — 3 isolated vertices, and
G[{u1,uz,...,un}] has at least two independent edges (see an example in Figure 2 (a)).
(ii) {v1,v2,...,0n-1} is an independent set, G[{ui,us, ..., u,,v,}] has at least two inde-

pendent edges, and {v;vy,vju,} C E(G) for some i and j with 1 < 4,5 < n —1 (see examples
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(b) and (c) in Figure 2).

Y V2 V3 Vs Vs oM V2 Vs Vs Vs

(b) (©)

Figure 2 Three examples for non-2-extendable graphs

Proof Sufficiency. Since f(G,M) = n — 1, by Lemma 2.5, G is l-extendable or G contains
an independent set of size n. We claim that G contains no independent set of size n. If we
have done, then G is l-extendable. Let S = {uj,ua,...,u,} (resp. {ui,us,...,un,v,}) be a
subset of V(G) corresponding to (i) (resp. (ii)). Then G[S] contains two independent edges,
all components of G — S are factor-critical, and o(G — S) = |S| — 2. By Lemma 3.1, G is not
2-extendable.

Now we prove the claim. Let I be any independent set of G. We will prove that [I| <n—1.
We consider the graphs G satisfying (i). Let {v1,vs,...,v,_3} be the set of n — 3 isolated
vertices and G[{vn—2,vVn—1,0,}] be the triangle of G[{vi,va,...,v,}]. I T C {uy,uz,...,upn},
then |[I| < n — 2 for G[{u1,us,...,u,}] has at least two independent edges. Otherwise, there
exists v; € I for some 1 <4 < n. Forany 1 < j < n and j # i, G[{u;, v, u;,v;}] contains
an M-alternating 4-cycle by Lemma 2.2. So if v;v; ¢ E(G) for some j then v;u; € E(G) and
uj ¢ I. Hence, if 1 <i <mn —3 then u; ¢ I for any 1 < j < n and j # i since v;v; ¢ E(G).
Hence I C {vy,v2,...,vp} and [I| <n—2. Ifn—-2<i<n,thenwu; ¢ I forany 1 <j<n-3
since v;v; ¢ E(G). Hence I C {v1,va,...,0p-3,0;} U ({Un—2,un—1,un} \ {w;}). If v1 € I, then
{tn—2,un—1,un} NI =10 by Lemma 2.2, so |I| < n — 2. Otherwise, v; ¢ I. Then |I| <n — 1.

We consider the graphs G satisfying (ii). If I C {uy,ua,...,un, vy}, then |I| < n —1 for
G[{u1,ug, ..., u,,v,}] has at least two independent edges. Otherwise, there exists v, € I for
some 1 < k < n—1. Since vyv; ¢ E(G) for any 1 <1 < n—1and !l # k, vyu; € E(G)
since G[{ug, v, u;,v;}] contains an M-alternating 4-cycle by Lemma 2.2. So u; ¢ I and I C
{v1,v2,...,0n,u,}. By the assumption, {vju,,v;v,} € E(G). If i # j, then {vju,,v;v,} are
two independent edges and |I| < n — 1. Otherwise, G[{v;, Un,un}] is a triangle and |[I| <n — 1.

Necessity. By Lemma 3.1, there exists a subset S C V(G) such that G[S] contains two
independent edges, all components of G — S are factor-critical, and o(G — S) = |S| — 2. Hence
S| > 4. Let C; (1 < i < |S|—2) be all components of G — S. Since F(G) = n — 1, there
exists a perfect matching M of G so that f(G, M) =n — 1. We claim that G — S has at most
one component containing exactly three vertices, and the others are trivial. Otherwise, G — S
has one component, say C{, containing at least five vertices or G — S has two components, say
C; and Oy, containing exactly three vertices. Since G — S has exactly |S| — 2 factor-critical
components, in either case there is one edge e; in M belonging to C; or C5. Then none of end

vertices of e; are adjacent to any vertex, say w, of another component. So G[V ({e1, e2})] cannot



Mazimizing Minimum and Mazimum Forcing Number 1297

contain an M-alternating cycle, where es is the edge in M incident with w, which contradicting
Lemma 2.2.

If one component of G — S is a triangle and the other components are singletons, then
S| = n > 4. Let V(C;) = {v;} for each 1 < i < n —3, V(Crh_2) = {vn—2,0p_1,v,} and
u;v; € M for each 1 < i <n—3. Since f(G, M) =n—1, each edge of C,,_5 does not belong to
M by Lemma 2.2. So we denote the remaining three edges of M by u,_ovy_2,Up_1v,_1 and
UpUp. Thus M = {wv;|i=1,2,...,n} and S = {uy,ug,...,u,}. Hence (i) holds.

If all components of G — S are trivial, then |S| = n+ 1 and o(G — S) = n — 1. Let
V(C;) = {vi} and u;v; € M for each 1 <4 <n — 1. Then the remaining edge of M is denoted
by u,vy,. So {v1,va,...,v,—1} is an independent set of G and S = {uq,us,...,un, v, } with
G|[S] containing at least two independent edges. Since G is not a graph in IC;’L"n, G contains no
independent set of size n by Lemma 2.5. Combining that {v1,va,...,v,—1} is an independent
set of G, there exists ¢ and j with 1 <i,j <n — 1 such that {u,v;,v,v;} is contained in E(G).
So (ii) holds. |

Next we will determine all minimal non-2-extendable graphs in Theorem 4.1.

Corollary 4.2 Let graph G in Theorem 4.1 be minimal. Then G is not 2-extendable if and
only if (ii) in Theorem 4.1 holds where i # j, {ui,ua,...,un—1} is an independent set and
G{tun, Un,ui,v;}] is just a 4-cycle for 1 < i <n —1 (see an example in Figure 2 (c)).
Proof Sufficiency. It suffices to prove that G is minimal by Theorem 4.1. Since f(G, M) =n—
1, by Lemma 2.2, G[{u;, v, u;,v;}] contains an M-alternating 4-cycle for any 1 <i < j <n—1.
By the assumption, {u,us,...,u,—1} and {v1,va,...,v,—1} are two independent sets. So
neither v;v; nor w;u; is an edge of G. Hence G[{u;, v;, u;,v;}] is exactly a 4-cycle. Combining
that G[{un,vn,u;,v;}] is just a 4-cycle for 1 < ¢ < n — 1, we obtain that G is minimal by
Lemma 2.2.

Necessity. By Theorem 4.1, G has a perfect matching M = {u;v;|i = 1,2,...,n} with
f(G,M)=mn—1 so that (i) or (ii) holds. First we show that each graph G satisfying (i) is not

minimal. Let {vq,va,...,v,_3} be the set of n — 3 isolated vertices and G[{v,—2,vn_1,v,}] be
the triangle of G[{v1, va,...,v,}]. Then there is at least one vertex, say u; for some 1 < i < n-—3,
incident with one of the two independent edges of G[{u1,us, ..., uy}]. Assume that u;u; is such

an edge for some 1 < j < n. By Lemma 2.2, G[{u;,v;, u;,v;}] contains an M-alternating 4-
cycle. Since v;v; ¢ E(G), we have {u;vj,v;u;} C E(G). But wu; € E(Q), G[{u;, vi, uj,v;}] is
not a 4-cycle. So G is not minimal by Lemma 2.2.

Next let G be a graph satisfying (ii). Since G is minimal, G[{ug, vk, u;,v;}] is just a 4-
cycle for 1 < k < I < n by Lemma 2.2. Since {v;v,,vju,} C E(G) for some ¢ and j with

1<4,j <n-—1, we have i # j. Since {v1,va,...,V,—1} is an independent set, vyv; ¢ E(G) for
1<k <l<n-—1. By Lemma 2.2, G[{ug, vk, u;, v }] is a 4-cycle ugvjuvpuy and upu; ¢ E(G).
Hence {u1,us,...,u,—1} is an independent set. O

5 Minimum Forcing Numbers and Forcing Spectrum of Graphs G with F(G) =
n—1

The forcing spectrum of a graph G is the set of forcing numbers of all perfect matchings of

graph G. If the forcing spectrum of G is an integer interval, then we say it is continuous (or
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consecutive). Afshani et al. [3] showed that any finite subset of positive integers is the forcing
spectrum of some graph. Besides, they [3] obtained that the forcing spectra of column continu-
ous subgrids are continuous by matching 2-switches. Further, Zhang and Jiang [33] generalized
their result to any polyomino with perfect matchings by applying the Z-transformation graph.
Zhang and Deng [31] obtained that the forcing spectrum of any hexagonal system with a forcing
edge form either the integer interval from 1 to its Clar number or with only the gap 2. For
more researches on the forcing spectra of special graphs, see [2, 3, 11, 20, 24, 25, 37].

Let G € Gy, with F/(G) = n — 1. In this section we will prove that f(G) > |}, and
find that all minimum forcing numbers of such graphs G form an integer interval [| 7 |, n — 1].
Further, we will show that the forcing spectrum of each such graph G is continuous. Next we

give a lemma obtained by Che and Chen.
Lemma 5.1 ([5]) Let G be a k-connected graph with a perfect matching. Then f(G) > | ].

Combining Lemmas 2.3 and 5.1, we have the following result.

Corollary 5.2 Let G € Go,, with F(G) =n —1. Then f(G) > |} ].

For 0 < k < [",'], let Hy € Ga, be a minimal graph with f(Hy, My) = n — 1, where
My = {uwv; |i = 1,2,...,n} is a perfect matching of Hy, so that Hg[{ui,uz,...,u,}] con-
tains exactly k edges {ug;—ju9; |t = 1,2,...,k}. Then Hy[{v1,va,...,v,}] contains exactly k
edges {vo;_1v9; |1 =1,2,...,k} and Hg[{uak+1,V2k+1;--.,Un, Up}] is iSomorphic to a complete
bipartite graph (see examples in Figure 3).

u, U, Uy u, Uy ug U u, Uy u,

Figure 3 Hj with k= |";'| and n =6 and 7

Remark 5.3 For 0 < k < ["}'], f(Hy) < n—k — 1. Especially, for & = [","]| we have

2
f(Hy) = [3], i.e., the lower bound of Corollary 5.2 is sharp.
Let M = {ugi—1u2s, v2i—1v2 |1 = 1,2,. .., k}U{uokq 102k 41, U2kt 2V2k42, - - -, UnVUn } De a per-
fect matching of Hy. It follows that S = {vg;—1v9; | i = 1,2,..., k}U{uskt2V2k+2, U2k +3V2k+3, - - - 5

UnUp }+ i a forcing set of M by Lemma 1.1 (see examples in Figure 3, where bold lines form ).
So f(Hy) < f(He, M) <|S|=k+(n—-2k—-1)=n—k—1.

Especially, for k = |";"] we have f(Hy) <n—k—1=[}]. Combining Corollary 5.2, we
obtain that f(Hy) = |5 ].

Next we will prove that f(Hy) =n —k —1 for 0 < k < |";"]. Here we give two simple

facts that can be obtained from Lemma 1.1.

Fact 5.4 If G’ is a spanning subgraph of G with f(G’, M) = |S| for some perfect matching
M of G/, then f(G, M) > |S|.
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Fact 5.5 Let M be a perfect matching of G with M = My U Ms, and let G; = G[V (M,)] for
i=1,2. Then f(G7M) > f(GlaMl) + f(G27M2)'

Lemma 5.6 For 0 <k<[",'], f(Hy)=n—k—1.

Proof By Remark 5.3, it suffices to prove that f(Hy) > n —k — 1. We proceed by induction
on n. It is trivial for n = 1. Since Hy = K, ,,, we have f(Hp) = n — 1 by Theorem 1.3. By
Remark 5.3, for k = | "' | we have f(Hy) = |] =n —k — 1. So next we suppose n > 2 and
1<k< ";3. Let M be any perfect matching of Hi. Then we have the following claims.

Claim 1 If u;u; € M for some 1 < i < 2k, then f(Hy, M) >n—k—1.
Let H? = Hj, —{u;,v;} and My = M\ {w;v;}. Then H? is isomorphic to H}, withn’ =n—1
and k' = k — 1. By the induction hypothesis,

f(H27M2):f(Hl/c’aM2)Zf(Hl/c’) an_kl_lzn_k_l‘

By Fact 5.5, f(Hg, M) > f(H? M) >n—k— 1.
Claim 2 If Hy has an M-alternating 4-cycle containing exactly two edges of {ug;—1usa;,
Voi—1v9; |1 =1,2,...,k}, then f(Hp, M) >n—k— 1.

If M N {ugi—qugi,vo—1v2; |1 =1,2,...,k} = 0, then we assume that C is an M-alternating
4-cycle of Hy, and {ug;—1ug;,vaj_1v2;} is contained in C for some 1 < i,j < k. So C =
Uj—1V2j— 1V UiUni—1 OF Usn;—1V2;V2j_1U2;U2;—1. Let H2 = Hy — V(C) and My = M N E(H?),
M; = M\ My, H' = Hy[V(M;i)]. Then H' contains C and f(H', M;) > 1 by Theorem 1.2.
On the other hand, H? — {v2;_1v2;, u2j_1uz;} is isomorphic to H}, withn’ =n—2, k' <k —1,

and M, is a perfect matching of Hj,. By the induction hypothesis and Fact 5.4,
f(H? Ms) > f(Hj,, M) > f(Hy,)>n' =k —1>n—k—2.

By Fact 5.5, f(Hy, M) > f(H*, M)+ f(H>,M3) > 1+ (n—k—2)=n—k— 1.
If M N {ugi_1ugi,vei_1v2; |1 = 1,2,...,k} # 0, then the intersection of the two sets is
denoted by M;. By the structure of Hy, all vertices of {uy,ua,...,u,} \ V(M;) must match

into all vertices of {v1,va,...,v,} \ V(Mi). So we have
|M1 N {’U,ijl'uaj ‘] =1,2,.. ,k}‘ = ‘Ml n {D2j71’l)2j ‘j =1,2,.. ,k‘}|

Let My = M\ M; and H® = Hy[V(M;)] for i = 1, 2. For any pair of edges {ua;_1ug;, voj_1v2;}
of My where 1 < ,j <k, Hi[{u;—1,u2,v25_1,v2;}] is either a 4-cycle or K4 by the structure
of Hy. So Hy[{ugi—1,uz2;,v2j_1,v2;}] contains an M;-alternating 4-cycle, and so H' contains
lﬂgl‘ disjoint M;-alternating 4-cycles. By Lemma 1.1, f(H?', M;) > “\gl‘. On the other hand,

H? = {ugj_1ug; |vaj_1v2; € My, j =1,2,... k} U{vgj_1v9j |ugj_1ug; € My,j =1,2,...,k}

[ M|
2

is isomorphic to Hj, with n’ =n — |M;|, ¥ <k — . Since

M| _n=3— (M| _n—2— M| _ {n—1—|M1|J B Vf_lJ’

K <k-—
= 2 = 2 2 2 2

by the induction hypothesis and Fact 5.4, we obtain that

| M, |

f(H?, My) > f(H},, My) > f(Hp,)>n' =k —1>n—k—1-— )
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By Fact 5.5, we obtain that

P > FE D) + FE2 A0 > ML <n—k— - f‘f') kL

By Claims 1 and 2, from now on we suppose that M contains no u;v; for any 1 < i < 2k
and any M-alternating 4-cycle of Hj contains at most one edge of {ug;_1ug;,va;—1v2; |7 =
1,2,...,k}. Particularly, M contains no edges of {ua;_1ug;,v2;—1v2; |7 = 1,2,...,k}. So we
may assume {vius,vous} is contained in M. Next we are going to consider the edge of M
incident with vz, say wvzu;. Then [ has four possible values: | < 2,1 =6, 7 <[ < 2k and
l > 2k 4+ 1. Furthermore, if 7 <[ < 2k, then we suppose | = 7 and continue to consider the
edge of M incident with vs. Until we obtain an edge vyu; € M so that one of the other three
cases (I <h—1,1=h+3,1>2k+1) holds (since Hy, is finite, such edge exists).

u, u, u, u, us ug u, ug
v, v, v, v, Vs Vg @ v, Vg
a
u, u, U, u, us ug u, ug
7 S S | Sl
S SRS o SR SRS
SN S S P IZEAGRE PPIPRASSIIIS
NS 20 T T s Ve N TSNS
CHCRSEIES KK S MK
S M2 IS (N0 S><7 ITRTNSZ N0 SR
S SOIRIERIS S EF ISR KIS
2 S ISR INSL S DB2
s S
W=
v, v, v, v, Vs Vg v, M

Figure 4 Illustration for the proof of Lemma 5.6, where bold lines form M;

If I = h + 3, then let My = {vius,vous,...,vaunts} (see an example in Figure 4 (a) where
h=5), My = M\ My, and H® = Hy[V(M;)] fori = 1,2. Then H' contains an M;-alternating 4-
cycle viusvouszvy. By Theorem 1.2, f(H', M;) > 1. On the other hand, H? — {ujuz, vh12vh13}
is isomorphic to Hj, with n’ =n — |M;]|. Since contribution of the edges vius, vyunts to k' is
—2, 0, and that of each other edges in M; is —1, we have k' = k — |M;]. Since

/
K =k — My < n—3;2|M1\ - n—22—\M1| < {n—1;|M1J _ {n 2—1J7

by the induction hypothesis and Fact 5.4,
f(H?, M) > f(H},, My) > f(Hp,)>n' =k —1=n—k—1.

By Fact 5.5, f(Hy, M) > f(H*, M)+ f(H?,M3) >1+n—k—1=n—k.

Ifl € [2k+1,n]U[1,h — 1] (see an example in Figure 4 (b) where h = 5, [ = 2), then we
continue to consider the edge of M incident with vy, 19, say vp4ou;. Then ¢ has three possible
values: 1 < h+1, h+4 <i <2k and i > 2k+1. Furthermore, if h+4 < i < 2k, then we suppose
1 = h + 4 and continue to consider the edge of M incident with vj 4. Until we obtain an edge
of M, say vyu; with ¢t € [2k + 1,n] U [1,r — 1] (By the finiteness of Hy, such edge exists) (see
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an example in Figure 4 (b) where r = 9, ¢t = 11). Let My = {vjus, vaus, ..., Vpty, ..., V.U },
My = M\ My, and H® = Hy[V(M;)] for i = 1,2. Then H? — ujus is isomorphic to H}, with
n' = n — |M;|. Since contribution of the edges vius, vpuy, vrur to k' is —2, 0, 0 and that of
each other edges in M is —1, we have k' = k — (|[M1]| — 1). Since
n—1-=2|M| n—2—|M] n—1—|M]| n —1

M +1 < 2 = 2 = 2 2 |

by the induction hypothesis and Fact 5.4,
f(H?, M) > f(H},, My) > f(Hp)>n' =k —1=n—k—2.

By Fact 5.5, f(Hy, M) > f(HY, My) + f(H?>, M3) > 1+ (n—k—-2)=n—k— 1.
By the arbitrariness of M, we obtain that f(Hg) >n—k — 1. O

Combining Lemma 5.6 and Corollary 5.2, we obtain the following result.

Theorem 5.7  All minimum forcing numbers of graphs G € Gap, with F(G) =n —1 form an
integer interval [| 5 |,n —1].

Suppose that M is a perfect matching of G. If C'is an M-alternating cycle of length 4, then
M @ E(C) is a matching 2-switch on M. Afshani et al. [3] obtained that a matching 2-switch

on a perfect matching does not change the forcing number by more than 1.

Lemma 5.8 ([3]) If M is a perfect matching of G and C is an M-alternating cycle of length
4, then

By Lemma 5.8, if My, Ms,...,Ms is a sequence of perfect matchings such that M; 4
is obtained from M; by a matching 2-switch for 1 < ¢ < s — 1, then the integer interval
[min{ f(G, My), f(G, M)}, max{f(G, M), f(G, Ms)}] is contained in the forcing spectrum of
G.

Theorem 5.9 If G € Gy, with F(G) =n — 1, then its forcing spectrum is continuous.

Proof Let My = {u;v; |i = 1,2,...,n} be a perfect matching of G with f(G, M) =n — 1.
Then we will prove that My can be obtained from any perfect matching M of G by repeatedly
applying matching 2-switches. If we have done, then M, can be obtained from a perfect
matching of G with the minimum forcing number by repeatedly applying matching 2-switches.
So the forcing spectrum of G is continuous by Lemma 5.8.

We proceed by induction on n. For n = 1, G = K> and the result is trivial. Next, for n > 2,
f(G, M) =n—1> 0. Take any perfect matching M of G different from M. Then we have

the following claims.

Claim 1 If M;N M # (), then M, can be obtained from M by repeatedly applying matching
2-switches.

Suppose M; N M contains an edge u;v; for some 1 < i < n. Let G’ = G — {u;,v;} and
M’ = M\ {uv;}, M, = Mg\ {u;v;}. Then G’ has 2(n —1) vertices, M’ and M are two distinct
perfect matchings of G’. By Lemma 2.2, f(G’,M]) = n — 2. By the induction hypothesis,
M! can be obtained from M’ by repeatedly applying matching 2-switches. Hence, M, is also

obtained from M by the same series of matching 2-switches, and the claim holds.
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Claim 2 If My & M contains a cycle of length 4, then M, can be obtained from M by
repeatedly applying matching 2-switches.

Assume that C'is a cycle of length 4 contained in M, & M and V(C) = {u;, v;, u;,v,}. Let
M' = M @& E(C). Then {w;v;,u;v;} € M;NM'. By Claim 1, M, can be obtained from M’
by repeatedly applying matching 2-switches. Hence M can be obtained from M by repeatedly
applying matching 2-switches, and the claim holds.

By Claims 1 and 2, from now on we suppose that M;NM = () and M,® M contains no cycles
of length 4. Then we may suppose that vius € M. So ujvy ¢ M. Without loss of generality,
we assume that uyvg € M. If ugvs is an edge of GG, then C7 = ujviusvsuy is an M-alternating
4-cycle. So M' = M @ E(C}) is a perfect matching of G and My N M’ = {ujv;}. From Claim
1, we are done. Otherwise, uavs is not an edge of G. By Lemma 2.2, {ugus, vav3} C E(G) (see
Figure 5 (a)). Next we consider the following two cases according as whether voug belongs to
M or not.

Case 1  wuz € M. If viuz € E(G), then Cy = viugvausvy is an M-alternating 4-cycle. So
M’ = M @ E(Cs) is a perfect matching of G and M; N M’ = {ugv2}. From Claim 1, we are
done. Otherwise, vius ¢ E(G). By Lemma 2.2, {ujug, v1v3} C E(G) (see Figure 5 (b)). Then
C5 = ujugvavsuy is an M-alternating 4-cycle and Cy = vavzviugvy is an M @ E(Cs)-alternating
4-cycle. So M' = M & E(C3) @ E(Cy) is a perfect matching of G that is obtained from M by

two matching 2-switches and My N M’ = {ugvs}. From Claim 1, we are done.

Case 2 wyug ¢ M. Without loss of generality, we can suppose that vouy € M. If vuy is an
edge of G, then C5 = vjusvougvy is an M-alternating 4-cycle. So M’ = M & E(C5) is a perfect
matching of G and My N M’ = {ugve}. From Claim 1, we are done. Otherwise, viuy is not
an edge of G. By Lemma 2.2, {ujuq,v1v4} C E(G) (see Figure 5(c)). Next we distinguish the

following two subcases according to ugvy € M or not.

U U, U, u U, &
A S A S
.,/ <N / /
/Y\\ Y\\ //
/ B / '/
/ o / Ao
/ N / /N
v, v, vy v, v, vy
(a) (b)

Figure 5 Illustration for the proof of Theorem 5.9

Subcase 2.1:  usgvy € M (see Figure 5 (d)). Then Cs = ujvsvaugus and C7 = vivsugusvy are
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two M-alternating 4-cycles. By two matching 2-switches we have that M’ = M®E(Cs) D E(C7)
is a perfect matching of G. Hence, M’ = (M \{ujv3, voug, v1us, uzvg })U{vavs, uj g, usus, v104 }.
So My @ M’ contains a 4-cycle ususvsvous. From Claim 2, M, can be obtained from M’ by
repeatedly applying matching 2-switches, so we are done.

Subcase 2.2: wugvy ¢ M. Then we may suppose uzvs € M. If uyvs is an edge of G, then
Cs = ujvsuzvszuy is an M-alternating 4-cycle. So M’ = M @ E(Csg) is a perfect matching of
G and M; N M’ = {usvs}. From Claim 1, we are done. So we may suppose u1v5 ¢ E(G). By
Lemma 2.2, {vivs,uius} € E(G) (see Figure 5 (e)). Then Cy = uguzvsviug and Cg are two
M-alternating 4-cycles. By two matching 2-switches we have that M' = M @ E(Cy) ® E(Cs) is
a perfect matching of G. Hence, M’ = (M \ {ujv3, vaug, v1us, uzvs}) U {vovs, ujug, ugus, v10s }.

So My @ M’ contains a 4-cycle ususvzvsus. From Claim 2, we are done. O
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