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Abstract In this paper, we study some properties of weighted composition operators on a class of
weighted Bergman spaces Af with 0 < p < oo and ¢ € Wy. Also, we completely characterize the
g-Carleson measure for A?, in terms of the averaging function and the generalized Berezin transform
with 0 < ¢ < co. As applications, the boundedness and compactness of weighted composition operators
acting from one Bergman space AY, to another A are equivalently described and the Schatten class
property of the weighted composition operator acting on Ai are given. Our main results are expressed
in terms of certain Berezin type integral transforms.
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1 Introduction

Let D be the open unit disk and dA be the normalized Lebesgue area measure on . For
a strictly subharmonic function ¢ on I, the space L%, consists of those Lebesgue measurable

functions f such that

1Fllp = { / |f<z>|pe-w<z>dA<z>}” <00, 0<p<os,

e ¥ < 00, p=o0.

[[fllse.e = sup[f(2)
zeD

Let H(D) denote the space of all analytic functions on D. The weighted Bergman space AL

consists of those analytic functions in L7, that is,

A” = [2 N H(D).
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Write R as the set of the real numbers and Cj as the space of all continuous functions p on
D such that lim|,_; p(z) = 0. Define

ﬁ—{p:ID)—>]R:||p||L— sup M<oo,p€00}.
z,weD, z#w |z — w)|
Let Ly denote the set of those p € £ with the property that for each € > 0, there exists a
compact subset £ C D such that |p(z) — p(w)| < €|z — w| whenever z,w € D\ E.
We denote A ~ B if there exist constants C7,Cy > 0 such that A < C1B (or A < B) and
A>CyB (or A Z B).
The weight class W), first introduced in [16], is defined as

9 1
Wo—{goe(] :Ap > 0,and 3 p € Ly suchthat\/A_(p:p},
where A denotes the standard Laplace operator. We would like to mention two classes of weights
related closely to Wy here. One is denoted by OP, introduced by Oleinik and Perel’'man [25, 26]
and well studied in [3, 5, 19, 20]. The other one is denoted by BDK, introduced by Borichev,
Dhuez and Kellay [6] and widely considered in [2, 7, 8, 14, 29, 30]. The relationship of these
three weights was given in [16] as OP\W, # 0, Wo\OP # 0, Wo\BDK # () and BDK C W.

Let ¥ be an analytic function on D and ¢ be an analytic self-map of . The weighted
composition operator Wy, 4 induced by ¢ and ¢ is defined by Wy, of =¥ -(fo¢) for f € H(D).
If ¢(z) = z, then the weighted composition operator Wy, 4 becomes the multiplication operator
My. When v is identically 1, Wy 4 reduces to the composition operator C, systematically
studied in [10, 31, 32]. As a combination of pointwise multiplication operators and composition
operators, the arise of weighted composition operators is of great significance. For example,
isometric operators on Hardy spaces HP and Bergman spaces AP with 1 < p < oo and p # 2
are necessarily weighted composition operators of a certain kind, see [13, 18]. It has attracted
great research interest to study the properties of the weighted composition operators on different
function spaces with different kinds of weights, mainly focus on their boundedness, compactness,
Schatten p-classes, compact differences, essential norms, spectra properties and so on. The
readers may refer to [1, 4, 9, 11, 12, 17, 22-24, 27, 28] for details.

Motivated by the above work, in this paper, we study the bounded, compact and Schatten p-
classes weighted composition operators Wy,  on the weighted Bergman space AL with ¢ € Wp.
More concretely, we answer the question when Wy, 4 : AL, — AZ, is bounded or compact for
0<p<ooand 0 < g < oo. We also consider the question when Wy 4 on Ai belongs to the
Schatten p-classes. In the process of investigation, we still find the relationship between the two
questions and Carleson measure on AP, and our main results are naturally expressed in terms
of the generalized Berezin transform. Part of our proofs are inspired by the recent work around
the large Fock spaces setting [4], but extra different work needs new methods and techniques
in Bergman spaces setting.

Several auxiliary notations are needed to state our main results.

Recall from [16, Lemma 3.3] that the point evaluation at each z € D is a bounded linear
functional on Ai. By the Riesz representation theorem, for every z € D, there exists a unique
element K, € Ai such that f(z) = (f, KZ>A§0 for all f € Ai, where the inner product is defined
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by
)z = [ Fwiglwie " daqw)
for f,g € AZ. We call K. (-) = K(-, z) the reproducing kernel at z.
For 0 < p < o0 and z € D, the normalized reproducing kernel of A{’; is given by k, ., =

K./||K;|lp,- When p = 2, we abbreviate the notation ks , as k, for simplicity.
Our main results will be expressed in terms of the following integral transform

Brasl[6)(2) = [ Iy (0wl i()le " dA(w), = €D,

where 0 < p < 00, 0 < ¢ < 00, ¥ is an analytic function on D and ¢ is an analytic self-map of
D. For any Borel set F in D, we define the pullback measure

paolB) = [ (e 7OdA() (1)
¢ (E)
and set
dvg¢(2) = €??Pdp, 4(2), 2 €D. (1.2)
For 1 < p < oo, we set LP = LP(D, dA).

Now we state our main results.
Theorem 1.1 Let 0 < p < g < o0 and ¢ € Wy with \/— ~ p € Ly. Assume that ¢ is an
analytic function on D and ¢ is an analytic self-map of D. Then

(a) The weighted composition operator Wy, 4 is bounded from AL to AL if and only if

By ge(l]) € L. (1.3)
Moreover,
Wl 4o == 1Bpgs (Dl oe- (1.4)
(b) The weighted composition operator Wy, 4 is compact from AL, to AL if and only if
lim_ By q.(¢[)(2) = 0. (1.5)

|z|—1

In order to characterize the bounded and compact weighted composition operators Wy, 4

from A{’D to AL when 0 < ¢ < p < o0, or 0 < ¢ < oo and p = oo, we need the measure dA,
defined by

dA(z)

p(2)?

Theorem 1.2 Let 0 < g < p < oo and ¢ € Wy with ﬁ ~ p € Ly. Assume that 1 is an

dr,(z) = z € D. (1.6)

analytic function on D and ¢ is an analytic self-map of D. Then the following statements are
Y g
equivalent:
(a) The weighted composition operator Wy, 4 is bounded from AL to AL.
(b) The weighted composition operator Wy, 4 is compact from AL to AL.
(c) The integral transform B, 4 4(|1]) is in L (D, dX,).
Moreover,

s = DB (D o o o -
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Theorem 1.3 Let0 < q < oo and p € Wy with \/%so ~ p € Lg. Assume that 1 is an analytic
function on D and ¢ is an analytic self-map of D. Then the following statements are equivalent:
(a) The weighted composition operator Wy, 4 is bounded from A% to AY.
(b) The weighted composition operator Wy, 4 is compact from A% to AZ.
(¢) The integral transform Beo q.4(|¢]) is in L' (D, d),).
Moreover,

Wy sll%s —ag = 1Boc,g.6 ([N L2m,an,)- (1.8)

Recall that if T is a compact operator on a separable Hilbert space H, then there exist

orthonormal sets {ex}r and {0} in H such that

Tx = Zx\k<x,ek>ok, x € H,
k

where A\ is the k-th singular value of T
For 0 < p < o0, let S,(H) denote the Schatten p-class of operators on H. The class S,(H)
consists of all compact operators T on H with its singular value sequence {\; }; belonging to 17,

the p-summable sequence space. For more information about S,(H), refer to [34, Chapter 1].

Theorem 1.4 Let 0 < p < oo and ¢ € Wy with ﬁ ~ p € Ly. Assume that 1 is an analytic
function on D and ¢ is an analytic self-map of D. Then the weighted composition operator
Wy € Sp(A2) if and only if B s(1¢)]) € LP/2(D,d),).

Throughout this paper, the notation ||T||4—p denotes the operator norm of T' from A to
B, and D(z,r) denotes the Euclidean disc centered at z with radius r > 0. For convenience,
we simply write D" (z) instead of D(z,rp(z)).

The paper is organized as follows. In Section 2, we present some technical lemmas that will
be used in the subsequent sections. In Section 3, we formulate some geometric characterizations
of Carleson measures for A?. The main proofs on the boundedness, compactness and Schatten

p-class of the weighted composition operators are given in Section 4 and Section 5, respectively.

2 Preliminaries

In this section, we begin with an estimate on the function p, which behaves an analogue of

Harnack’s inequality for harmonic functions, see [16, Lemma 3.1].

Lemma 2.1 Let p € L be positive. Then there exist positive numbers a and C such that
O p(w) < p(2) < Cp(w) (2.1)

for any z € D and w € D*(z).
We continue with a covering lemma given in [16, Lemma 3.2].

Lemma 2.2 If p € L is positive, then there exist positive constants o and s, depending only
on ||pllz, such that for 0 < r < «a there is a sequence {ax}r, C D satisfying

() D = U, D" (ar).

(b) D*"(ar) N D*"(a;) =0 for k # j.

(c) {D?*(ay)}r is a covering of D of finite multiplicity N.

A sequence {ay }y satisfying (a)—(c) in Lemma 2.2 is called a (p, r)-lattice.
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The following result plays an important role in proving our main theorems and can be
regarded as one type of generalized sub-mean property of |fe™?|P, which describes the bound-

edness of the point evaluation functionals on A% for 0 < p < oco.

Lemma 2.3 Let ¢ € Wy with \/%sa ~p€ Lyand 0 <p < oo. There exist positive constants
a and C such that for r € (0,a] and f € H(D),

C
fepe D < Co [ e daw).
p(2)? D7 (z)
Proof This is an easy consequence of [16, Lemma 3.3] and Lemma 2.1. O

As in [16], in what follows, we always assume « to be chosen such that the conclusions of
Lemmas 2.1-2.3 are valid.

Let ¢ € Wy with ﬁ ~ p € Ly. For z,w € D, we define the distance

dt
p(y(t)’
where the infimum is taken over all piecewise C! curves v : [0,1] — D with v(0) = 2 and
(1) = w.
The next lemma gives the upper bound estimate of the reproducing kernel K (z,w) for all

dzvw) =it [ /(o)

z,w € D and the lower bound estimate of K (z,w) near the diagonal, refer to [16, Theorem 3.2]
for the details.

Lemma 2.4 Let ¢ € Wy with ﬁ ~ p € Ly. There are positive constants C1,Ca,0 such
that

0 (2) ()
|K (z,w)| < C1——————e 7% EW) 5 e D, (2.2)
p(z)p(w)
and
K> e by 23)
zy,w)| > Co————~—, w € DY(2). .
* p(2)p(w)
We also need the asymptotic estimates of the || - ||, norm for the reproducing kernel, see
[16, Corollary 3.2].
Lemma 2.5 Let ¢ € Wy with \/%so ~p€Lyand 0 < p<oo. Then for z € D, we have
1K= llpp = e p(z)7 2. (24)

Lemma 2.6 Letp € Ly, —o0 <l < oo and 0 > 0. Then there exists some constant C > 0
such that

/ p(w)le 74 dA(w) < Cp(2)'+2, 2z eD.
D

Proof Taking k = 0 in [16, Corollary 3.1] we obtain the desired result. O

Lemma 2.7 Let o € Wy withﬁzp€£0,0<p§ooandl€R. Then for z € D, we

have

[ 1wz pe o) dA(w) = g 220D, (2.5)
D
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Proof On one hand, (2.2) and Lemma 2.6 imply that
[ 1K o2 ' aaq)

Sclepsa(Z)p(Z)fp/p(w)lfpe*pﬂdp(zﬁw)dA(w)
D

< Cyel? ) p(z)20-P)H (2.6)

for positive constants C7, Cy and o.
On the other hand, by (2.3) and Lemma 2.1, there exist positive constants C3 and Cy4 such
that

/\K(w7z)|pe_p“’(w)p(w)ldA(w)
D

> Cgep‘P(Z)p(z)_p/ p(w) "PdA(w)
D (z)
> 0yeP?(?) ()20 P+
This together with (2.6) gives (2.5). O

The following proposition was proved in [33, Proposition 2.2].

Proposition 2.8 Let0 < p < oo and p € Wy with ﬁ ~p e Ly. Then the set {k, . :z € D}
is bounded in AL, and the normalized reproducing kernel ky, . tends to zero uniformly on compact

subsets of D as |z| — 17.
Given a positive Borel measure p on D and r,¢t > 0, the averaging function fi,. and the

t-Berezin transform fi; with respect to p are defined to be

i) = 2 e,
and

i(e) = [ (e " du(w), =€ D,
D

respectively.
If t = 2, then the ¢t-Berezin transform becomes the classical Berezin transform, see [34,

Chapter 6] for example. In this case, we abbreviate the notation fi; as & for simplicity.

Proposition 2.9 Let 0 < p < o0, § € (0,a] and p be a positive Borel measure on D. Then
there exists a constant C' > 0 such that

/ FEPe " Pdu(z) < C / F(2)IPe P9 s (2)dA(z)
D D

for any f € H(D).

Proof Given § € (0,a], in views of Lemma 2.1, there exists an r € (0, a] such that

XDT(z)(w) < XDé(w)(Z)v z,w € D. (27)

This, in combination with Lemmas 2.3, 2.1 and Fubini’s theorem, concludes that for any f €

H(D),
/ 1f(2) |pe—pw(2)0l'u /

/ w)[Pe PP d A (w)dp( )
T(Z)
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B /D ﬁ /DXDv-(z>(w)\f(w)l”e_p“’(w)dA(w)du(Z)

X D3 (w) (Z)

< w)IPe=PP(W) 4 A (w /
[ 1rtw) () [ ot
= [ Iw)pe s (w)dA(w).
D
This finishes the proof. O

Given a measurable function f, let ft be the t-Berezin transform of f. If we set du = fdA,

du(z)

then we write fi = ji;.
Proposition 2.10 Let 1 <p < oo andt > 0. Then the operator f — ft is bounded on LP.
Proof For p =1, applying Fubini’s theorem and using estimates (2.4) and (2.5), we obtain

1Follos = / Fi(2)|dA(z)
w)[te= )| f(w w z
< / / ez () | () [dA(w)dA(2)

t
:/D D%e—w(w)u(wﬂd/l(w)d/l(z)
zllt,p

= [l ([ K222 2aA() Jaatw)

~ / | (w)|dA(w)
D
= ||fHL1-

For p = o0, it is easy to check
i) < / .2 () ™20 | £ ()| dA ()
D
< fllo~ / k2 () e~ 4 A ()
D

= £ llze--

Hence, we get ||EH oo < ||f]lpe. It follows by interpolation that the operator f — /1 is bounded
on LP for all 1 < p < co. Il

Proposition 2.11 Let 0 < p < 0o and p be a positive Borel measure onD. Then the following
statements are equivalent:

(a) fir € LP for some (or any) t > 0.

(b) fis € LP for some (or any) § € (0, a].

(c) The sequence {fi,(ay)p(ax)?/P} € IP for some (or any) (p,r)-lattice {ay} with r € (0, al.

Moreover, we have

el = Fslle = IHE(ar)p(ar) > Yillir. (2.8)

Proof The equivalence (b) < (c) was proved in [33, Proposition 2.5] with

7is |l Lo = [{7ir (ar)p(ar)* P llio- (2.9)

It suffices to show the equivalence (a) < (b) to complete the proof.
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(a) = (b). For z € D and ¢ € (0, @], Lemmas 2.4 and 2.1 give
eP(w)te(2)

p(z)2
This combined with estimate (2.4) shows that

L .
Mﬁ(z)_ p(2)2 /D5(z) d:u( )

e o t9(E) ()22 / K (w, 2)[fe () dpa(w)
D3 (2)

K (w,2)| =~ we DA(z).

< e—tga(z)p(z)Zt—2/ |K(w, Z)‘te—tga(w)du(w)
D

~ / .2 () '~ dpu (o)

— 7il2), (2.10)
which yields statement (b) with
slle S Btllre, 0<p < oco. (2.11)
(b) = (a). For 1 < p < o0, by taking f = k; , and p = ¢ in Proposition 2.9, we obtain
fin(2) S (is)(z), t>0, z€D.
Hence, this together with Proposition 2.10 gives
el e S WEs)eller S lAslle, 1<p< oo (2.12)

For 0 < p < 1, given any (p,r)-lattice {ay}r with r € (0, «], note that there exists some
constant B > 1 such that

U D"(w) € DP"(a;), weD, (2.13)
weD" (ay)
see [16, Lemma 3.1 (B)] and its proof. Then we can divide the lattice {ay }x into J subsequence

{ajr}r (j = 1,2,...,J) such that each sequence {a; s}, is a (p, Br)-lattice. It follows from
estimate (2.9) that

J
> hsr(ar)plan)’ = fise(a;r)?plain)® < |isllf (2.14)
k

j=1 k
for § € (0,a]. By estimate (2.4), Proposition 2.9, Lemma 2.2, (2.13), estimate (2.2) and Lemma
2.1, we deduce

()P = o179 p(2)2t0 2 < / K (w, z>|tew<w>du<w>)
p
<e—tpso(2) 2tp 2p /|K w, z) t«P(w)’\ (w)dA(w ))

(
< e tPe(3) () 2P~ 2p<2/ " K(w,z)[te t@(w)ﬁr(w)dA(w))p
(

p
< e tPe( Z) 2“’ 2p Z/‘BT (a;) | K (w, z)|te_t“’(w)dA(w))
D (aJ)

p
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< e—tpsa(Z)p(z)2tp—2p ZﬁBr(aj)p ( /D (
. -

<)Y 0y p0) % supplan) e
j w€DT(a;)

P
| K (w, 2) |te_t“’(w)dA(w)>

a;)

5P(Z)tp_QpZﬁBr(aj)pp(aj)zp_tp sup e topde(zw),
J weD"(aj;)

Integrating both sides above and using Lemma 2.6, we get

lly £ 3 ne(ay) sl [ ey tretoreaacs)
j weD"(aj

<D fipe(ag)’plag)* = s )p(w)tp‘z”“
j weD"(a;

< hie(a;)plaj)’.
J
Therefore, this combined with estimate (2.14) yields

lielTe S D Bpe(a)?pla;)? S il 0<p<l.
i

This together with estimate (2.12) gives the implication (b) = (a) with
[Fellze < lsllze, 0 <p < oo (2.15)

The quantity equivalences (2.8) come from estimates (2.9), (2.11) and (2.15), which completes
the proof of Proposition 2.11. O

3 Carleson Measures

For 0 < p < oo and a positive Borel measure p on D, let

AP {f Lebesgue measurable : /]D |f(2)[Pe P?Edp(z) < oo}.

Let 0 < p < ooand 0 < g < 0co. A positive Borel measure ;1 on D will be called a g-Carleson
measure for AP if there is a positive constant C' such that

( / f(z)Iqe‘q“’(z’du(Z)y < Ollfllny

for all f in AP. This means the identity operator Id : AL, — LZ  is bounded. Correspondingly,
p is said to be a vanishing g-Carleson measure for A% if

/ () |e 1 dp(z) — 0,
D

whenever {fi}; is bounded sequence in AP, that converges to 0 uniformly on compact subsets
of D as k — oo.
To characterize the g-Carleson measures for A7, with 0 < p < oo and 0 < ¢ < oo, the

following so-called partial atomic decomposition of A% is needed.



2240 Cao G. F. et al.

Proposition 3.1 Let 0 < p < oo and ¢ € Wy with \/%so ~pe Ly If {ar}r is a (p,r)-lattice
with r € (0, @, then the function

F(2) = ckkp.a(2)

k

belongs to AL for any sequence {ck}r € IP. Moreover,

1Elpe S [Herdillir-

Proof The result for 0 < p < oo was proved in [33, Proposition 2.1]. For p = oo, it follows
from (2.4) and Lemma 2.3 that

1F llos,p = sup | F(z)]e™ )
z€D

< 50 37 ol o (e

|K (2, ak | —o(2)
—a 3 e
z€D HKak”oosa

~ sug Z x| K (2, ag) | plag)2e™#lan)—#(2)

<sup2\ck\/ ( ) (z,w)|e?W dA(w)e =)
o

S Iertrlliee
for {c}r € 1°°. This completes the proof. O
Theorem 3.2 Let0 <p<qg<oo, p €W wzth ~ p € Ly and pu be a finite positive

Borel measure on D. Then the following statements are equzvalent
(a) p is a g-Carleson measure for AL.
(b) figp?~24/P € L™ for some (or any) t>0.
(c) figp>~29/P € L™ for some (or any) § € (0,a] small enough.
(d) {fir(ag)p(ax)?=29/P},, € 1°° for some (or any) (p,r)-lattice {ay}y with r € (0,a] small

Moreover, we have

1, g = (72007 e = 27 e = [ (@plan)® P (31)
Proof The equivalences of (a) < (¢) < (d) were proved in [33, Theorem 3.1] with
1 g = 50207 = {7 (@)l 27 . (32)

We are to show the implications (b) = (c) and (d) = (b) to complete the proof of this theorem.
(b) = (c). This implication follows easily from estimate (2.10) with

1750?27 | e S NHep® 27| . (3.3)

(d) = (b). Suppose {fi,(ar)p(ar)?~29/P}; € 1 for some (p,r)-lattice {ay} with r € (0,q]
taken small enough. For any a € D, Lemma 2.1 gives that

D" (w) € D**(a), for w € D"(a). (3.4)
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Given t > 0, let s = tp/q. Then

1
sup | f(w)]*e™P(W) <
weDT(a)l ( )| p(a)2

[ 1s©re9aa) (3.5)
D2 (a)

for arbitrary f € AZ, by combining Lemmas 2.3, 2.1 and (3.4).

In views of estimate (2.4), we have the following fact
ko ()P p(2)2 729 ~ |k, L (w)[!,  z,w € D. (3.6)
This together with Lemma 2.2 and (3.5) yields
(@0l = [ @) =20 )
~ /D ks (w)[fe ™) dpu(w)

<3 [ le du)
kP ak

q/p
SZMD’“(%»( sup |k:s,z<w)|8ew<w>>
k

weD" (ak)

< ?mmp(m“w( /

Notice that ¢/p > 1, with the fact

6
Zbig(Zbk>, b >0, 1<6<o0 (3.8)
k k

and Lemma 2.2, we deduce

q/p
|ks,z<<>|8e-w<<>dA<<>) B

22 (ay)

q/p
n(2)pl2)2 290 < supmak)p(ak)“q/p(} gl ks,z<<>|5ew<<>dA<o)
k k D2°(ak)

< Na/p Sl;ip ﬁr(ak)p(ak)2‘2‘””\lks,z |i7¢

< sup fir (ag) plax)? =29/,

where N is chosen as in Lemma 2.2. This gives (b) with

7e0® 29\ 1 S {7 () plar)® 2P Yl
This estimate together with (3.2) and (3.3) gives (3.1), and the proof is complete here. O

Theorem 3.3 Let 0 < p < q < oo, p € Wy with ﬁ ~ p € Ly and p be a finite positive
Borel measure on D. Then the following statements are equivalent:

(a) p is a vanishing q-Carleson measure for AL,

(b) limy, - fir(2)p(2)2724/P = 0 for some (or any) t > 0.

(c) lim; - fis(2)p(2)?=24/P = 0 for some (or any) 6 € (0,a] small enough.

(d) limy,_ o0 fir-(ag)plag)?=29/P = 0 for some (or any) (p,r)-lattice {ax}r with v € (0,

small enough.
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Proof The equivalences of (a) < (¢) < (d) were proved in [33, Theorem 3.2]. The proof of
(b) = (c) is similar to the corresponding part of Theorem 3.2. It is enough to show (d) = (b)
to complete the proof.
(d) = (b). Suppose fi,(ar)p(ar)?*=29/P — 0 as k — oo for some (p,r)-lattice {ay} with
€ (0,«] taken small enough. Then for arbitrary e > 0, there exists some positive integer
K such that fi.(ax)p(ax)?~29/P < ¢ whenever k > K. Since UkK:1 D22 (qy,) is compact in
D, Proposition 2.8 gives that {ks.}.ep C Aj, uniformly converges to 0 on U,f;l D2o(ay,) as
|z| — 17, where s = tp/q. From estimates (3.7), (3.5), (3.8) and Lemma 2.2, as |z| is sufficiently
close to 17, we deduce

fir(2)p(2)? 207

~ / e () fe ™ ()

</ ()7 dp(w)
Uk=1 D2 (ax)

/
b Y wr@n( s fhsw)e @)

k=K +1 weD(ay)
00 q/p

St 3 Aol ([ (0Fe A

k=K+1 D2 (ax)

00 q/p

Se+ sup ﬁr(ak)P(ak)2_2q/p( > / Iks,z(C)|Se_W(odA(C))

k>K+1 k=K+17D**(ax)
<e+ Nq/p||ksyz||§7¢5
Se

where N is chosen as in Lemma 2.2. This means fi;(2)p(2)>729/P — 0 as |z| — 1. O

The following theorem is a direct consequence of Proposition 2.11 and [33, Theorem 3.3].

Theorem 3.4 Let0 < g < p < oo, ¢ € Wy with \/— ~ p € Lo and p be a finite positive
Borel measure on D. Then the following statements are equivalent:

(a

) u is a vanishing q-Carleson measure for AL
(b) p is a g-Carleson measure for AP.
(c) fig € L7 for some (or any) t > 0.
( ) fis € L7 for some (or any) & € (0,0] small enough.

) {1 (ax p(ak)2_2q“’}k € 1777 for some (or any) (p,r)-lattice {a}r with r € (0,ql.

Moreover, we have

1Tl pe =~ Wil ey = sl en =~ [ a)plan)* 2P| oo (39)

In order to characterize the g-Carleson measure for A;" with 0 < ¢ < oo, we will use the

approach given by Luecking [21] via Khinchine’s equality. Recall that the Rademacher functions
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ry, are defined by

ro(t) = ro(2™), n>1,

where [t] denotes the largest integer less than or equal to t. The Khinchine’s inequality is given
in the following.
Khinchine's inequality. For 0 < p < oo, there exist positive constants C; and Cs de-

pending only on p such that, for all natural numbers m and all complex numbers by, bo, . .., by,

cl<§:bj|2>2§ Zbr] dt<Og(Z|b |2>
j=1

Theorem 3.5 Let 0 < q < o0, ¢ € Wy with \/%w ~ p € Ly and p be a finite positive Borel

measure on . Then the following statements are equivalent:

(a) p is a vanishing q-Carleson measure for A% .

(b) p is a g-Carleson measure for AZ.

(c) fiy € Lt for some (or any) t > 0.

(d) s € L* for some (or any) § € (0,a) small enough.

(e) {u(D"(ak))}x € 1* for some (or any) (p,r)-lattice {ax i, with r € (0,q].
Moreover, we have

Ml _ g, = Bl = N17sler = [{p(D" (ar) bl (3.10)

Proof The equivalence of (¢) < (d) follows from Proposition 2.11 with

[FellLr = llzsz (3.11)

The implication (a) = (b) is trivial. It remains to show (b) = (e), (¢) = (d) and (d) = (a).
(b) = (e). Assume that p is a g-Carleson measure for A%’ For any (p, r)-lattice {ay }) with
€ (0,al, let
F(2) =) rkooa (2),
k

where the sequence {ci } is in {*°. According to our assumption and Proposition 3.1, we get

/

00,04 (Z)

e~ 4% Z)dﬂ /\F )|%e~ qp(z dM( )
SIEIS My pa

S Hewdellioe Ml g,

Replacing ¢j with rg(t)cg in the above inequality and then integrating with respect to ¢ from 0
to 1, we obtain

~ G dp(z)dt S IHewdallis Al g - (3.12)

q
Z () cikoo,a, (7)] €
D1y
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Applying Fubini’s theorem and Khinchine’s inequality, we get

q
(t)crkoo,ar (2) efq“"(z)d,u(z)dt

q
(t)erkoo.ap (2)] dte™ ¥ dpu(2)

oE %

2/ (;woo @F) e ()
-/ (%:IckIQXDv-(m(Z))gdu(Z), (3.13)

where the last step is from the following observation given by Lemmas 2.1, 2.4, 2.5

|K(Z,ak)|2 2¢p(2)

|koo,ak(z)‘2 = K, ~e , z € D" (ag).

oo

By using the fact (3.8) when ¢ > 2 or Holder’s inequality when ¢ < 2, and with estimates (3.12)
and (3.13), we conclude that

> lexl'u(D" (@) -/ > ekl o ()
</ (Z|ck|2xDr<ak><z>) o)

S Hendhillie M3 _ g,

Since {cg}r is an arbitrary sequence in [*°, we may in particular take ¢, = 1 for all &k in the
above inequality and then get {u(D"(ax))}r € 1! with

(D" (@) bl S 1 - (3.14)

(e) = (d). Assume that {u(D"(ax))},, € I* for some (p,r)-lattice {ax}x with r € (0,a]. For
§ € (0,a] small enough, we have D°(z) C D?*(ay,) whenever z € D" (ay), it follows that

2)dA(z z
[ st <% /| o FE()AC)
_ wD°(2) 40,
‘;/DT(%) o AC)
<37 D (@)
k

S u(D"(ar))
k
where the last step is from Lemma 2.2. Thus, we have [is € L' with

75l < [{p(D" (ar)) il (3.15)

(d) = (a). Suppose fis € L' for § € (0, o] small enough, we aim to show that y is a vanishing
g-Carleson measure for A;", that is, if {fx}r is a bounded sequence in A;O that converges to 0

uniformly on compact subsets of D as k — oo, then limy_. o ||kaLg . =0
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Since p € L, there exists a positive constant s such that p(z) < s(1 —|z|). Since ¢ € (0, o]

is taken small enough, we fix § < 5- and then have
D%(z)c{wemz |w>g}, as 2| > r (3.16)
for r > % It follows from Lemma 2.3 that

(2 [1e=19() < ﬁ /D ()71 dAw).

2(2)
Integrating both sides on the above formula over the annulus {z € D : |z| > r} with respect to
the measure u, using Fubini’s theorem, (3.16) and Lemma 2.1, we obtain

/ ()| %99 dp(2)
{z€D: |z|>r}

1 — w
< /{ P /D p Ve A )
z€D: |z|>r 2(z

N q,—qp(w) 1 >
N/{WED: le>%}|fk(w)| ° (/[)5(111) p(z)“"du(z) dAw)

< / | () |67 By (w) dA(w).
{web: |w|>%L}

Moreover, noting that jis € L', and then for arbitrary fixed & > 0, there exists 7o € (0,1) such

that
/ fs(w)dA(w) < e
{weDb: |w|>2}

which implies

/ e O Sl ([ fawaaw)
{z€D: |z|>r0} i {web: |w|>2}
<e. (3.17)

~

On the other hand, since f; — 0 uniformly on compact subsets of D as k& — oo, we have

lim [(2)[* e dpu(z) = 0.

oo Jlz<r
This together with (3.17) yields

kh—>n;O ||kaLa’,‘, = Oa

which proves (a). The equivalences of norm estimates in (3.10) come from (3.11), (3.14), (3.14)
and the proof of (d) = (a). This completes the proof. O

Remark 3.6 In fact, the special case of the above conclusion as ¢t = 2 was proved in [15,
Theorem 2.9].

4 Bounded and Compact Weighted Composition Operators

Proof of Theorem 1.1 = 'We prove part (a) of Theorem 1.1 firstly. Assume that Wy, 4 : AL — AL
is bounded, where 0 < p < g < co. For any z € D, we have

e / e (6(0)) |93 ()]t~ 99 () d A (uo)
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= [Wy.okp.z 117,
S MWy olln — aa- (4.1)
Taking the supremum over z € D, we obtain (1.3) with
1 Bp.g.6(I9) ?45,%141- (4.2)

Conversely, suppose that By, 4 4(|¢]) is in L™. By setting t = ¢, s = p in (3.6), we get
|kq,Z(w)|qP(z)272q/p >~ |kp . (w)|?,  2z,weD.

This together with (1.1) and (1.2) yields that

T2 = [ [k ()16 g )220

= [ Ve 0t )

/ e ($())] 98 (0) %6~ 9 dA(u0)
= Bya(V)(2) (4.3)

and then (%)qp2_2Q/ P is bounded on D by our assumption. An application of Theorem 3.2
implies that v, 4 is a g-Carleson measure for A?. It follows from (3.1) and (4.3) that

/D () 7= dug 4 (1) S | Bpg.p (WDl | FI9,,  ¥F € AP,

Hence, using (1.1) and (1.2) again, we obtain

o= [ @)t 1 aaw)

- / | () 7dptg 0 (10)
D

- / 1 () 761 du (1)

S 1Bp.a.s (19D | F115,0- (4-4)
Therefore, Wy, 4 is bounded from A? to A% with

Wyl a5 S 1Bp.a.([¥Dlz~-

This together with (4.2) gives the norm estimate in (1.4).

We proceed to prove part (b) of Theorem 1.1.

Assume that the weighted composition operator Wy ¢ is compact from AL to AL with
0 <p < g<oo. Forany z € D, since k, ., converges to 0 uniformly on compact subsets of D by
Proposition 2.8, we get [[Wy ¢kp |lqo — 0 as [z| — 17. Note that

Bpq.s(10])(2) = Wy okp.2 [l o
from (4.1), and this makes the establishment of (1.5).

Conversely, if

i Bpgo(1¥D(z) =0,
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then (4.4)q(2)p(2)2729/P converges to zero as |z| — 17 in views of estimate (4.3), and v, 4 is a

vanishing g-Carleson measure for A?, by Theorem 3.3. This implies that

/D (=) 715 dy o () — 0, (4.5)

whenever {fy.}1 is a bounded sequence in A?, that converges to 0 on compact subsets of D.

Consequently,

o= (10 00) o (16)

as k — oo by replacing f by fi in (4.4), and this shows Wy, 4 is compact from A? to A%. The

W fr

proof is complete here. O

In fact, the proof of Theorem 1.1 reveals the following Corollary.

Corollary 4.1 Let0 < p < q < o0 and ¢ € Wy with \/— ~ p € Ly. Assume that 1 is an
analytic function on D and ¢ is an analytic self-map of D. Then

(a) The weighted composition operator Wy,  is bounded from AL to AL if and only if the
measure vq, defined in (1.2) is a g-Carleson measure for AP,

(b) The weighted composition operator Wy 4 is compact from AL to A% if and only if vy 4
is a vanishing q-Carleson measure for A7,

The other corollary of Theorem 1.1 gives a more useful necessary condition for the bound-
edness of the weighted composition operator.
Corollary 4.2 Let0 <p < q < o0 and ¢ € Wy with \/— ~ p € Ly. Assume that 1 is an

analytic function on D and ¢ is an analytic self-map of D. If the weighted composition operator
Wy, is bounded from AY to A%, then

p(z)2/q e?(9(2))
sup
zep p((2))/P e?(2)
Proof ~ Assume that the weighted composition operator Wy, 4 is bounded from A? to A% for

9 (2)] < oo

0 < p < g <oo. In views of Theorem 1.1, we have sup,cp By, q,4(|¢])(2) < co. In particular,
Sup By.q.0([W1)(#(2)) < oo, (4.7)

since ¢ is an analytic self-map of D. Applying Lemmas 2.3, 2.4 and 2.5, we deduce
Byas(lvie / kp.o(2) (D(w))] 1 (w) |72 dA(w)
= /Dr(z) ‘kp@(z)(fi)(w))|q\1/1(w)|qe*’1%9(w)dA(w)
p(2)2 kp o) ($(2))|9]10(2) | 7e 99 ()

= oz 2|K( ( ) ( ))| q,—qp(z)
ol PRI e e

b,
p(z)Q/q e?(9(2)) q
S (P(¢(Z))2/P 0r(2) W(Z)) :

This together with (4.7) yields the desired result. O

Now, we turn to prove Theorem 1.2.
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Proof of Theorem 1.2 The implication (b) = (a) is trivial. To finish our proof, it suffices to
show the implications (a) = (b) and (a) < (c).

(a) = (b). Assume that the weighted composition operator Wy 4 is bounded from A, to
A% with 0 < g < p < oco. For any f € AL, we have

/D F(2)[7e= %@y 4 (2) = Wy o117,

< ||Ww,¢||?4;_,,43, ||f

by (4.4). In views of Theorem 3.4, v, 4 is a vanishing ¢g-Carleson measure for AP, A similar
discussion as (4.5) and (4.6) leads to

b0

im ([Wy ¢ fillge =0
k—oo

for any sequence {fy}r in AP that converges to 0 on compact subsets of D as k — oo, which
implies the compactness of Wy 4.

(c) = (a). Suppose that the integral transform B, 4 (|¢|) € L7 (D, dX,), where 0 < ¢ <
p < oo and d), is given in (1.6). According to (4.3), we have

[P daw) = [ (@atwptwy /7, o)
D D
= [ Braslohw) 5 ar,(w

< oo. (4.8)

An application of Theorem 3.4 yields that v, 4 is a g-Carleson measure for AZ. Thus,

/le(Z)lqe_W(z)qu,qb(Z) S 1Bp.ae (0D IflI5  Vf €AY

_p_
Lr—a(D,dX,)

by combining (3.9) and (4.8). This along with (4.4) implies that the weighted composition
operator Wy, 4 is bounded from A{’j, to AL with

% as < 1Bpao(l0D)

(a) = (c). If the weighted composition operator Wy 4 is bounded from AY to Af with
0 < g < p < oo, then for arbitrary f € A7,

W,

L7257 (D,dA,) (4.9)

L@ () = IWoa I S Woolly g 115,

by (4.4). This implies that v, 4 is a g-Carleson measure for AL. According to Theorem 3.4, we
have (54)q € L7-7 with

1Tl o S Wl po-
Combining this with (4.8) we conclude that By 4.4(|%|) € L (D, d\,) with

< q
1B (9D, 2, 5 an ) S Wl as-

This together with (4.9) gives (1.7), which completes the proof of Theorem 1.2. O
Theorem 1.3 can be obtained by following a similar approach as in the proof of Theorem

1.2. We include it here for completeness.
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Proof of Theorem 1.3  The implication (b) = (a) is trivial. It is enough to show the implica-
tions (a) = (b) and (a) < (c) to complete this proof.

(a) = (b). Assume that the weighted composition operator Wy 4 is bounded from AZ to
Af with 0 < ¢ < co. According to (4.4), we have

/le(Z)l"e’W(Z)de(Z) = W6 fllge < IWpollam_ s lf 1%,

for any f € AZ’. Thus vy, is a vanishing ¢-Carleson measure for AZ® in views of Theorem 3.5.
It follows by a similar discussion of (4.5) and (4.6) that

im [|[Wy 6 frllge =0
k—oo

for any sequence {fx}x in AZ> that converges to 0 on compact subsets of I as k — oo, which
gives that Wy, 4 is compact from AZ® to AL.
(c) = (a). Suppose the integral transform B g44(]¢|) € L'(D,d),) for 0 < ¢ < co. By
using (2.4), we have
_ K W)? K (w)]?
1Ko~ e22(2)p(2) 24
K (w)|?

= ——F—p(2
e%@(z)p(z)(%_z)qp( )

|kq,2(w)|qp(z)2-

‘koo,Z(w”q

2

1R

This along with (1.1) and (1.2) gives
Trod(@0()? = [ Il g w)o(a)*
= [ Vo)1 o )
D
= [ Vs w)fotw)] e 7 dAw)
D
= Boo g (19D (2)-
Hence, according to the definition of dA, in (1.6) and our assumption, we obtain

/ (Tr3)a(2)dA(2) = / (Tra)a(2)p(2)2dMn(2)
D D
- / Brerauo ([0 (2)dA(2)

< 0. (4.10)

An application of Theorem 3.5 yields that v, 4 is a g-Carleson measure for AZ°. Then

/D\f(Z)Iqe_q“’(z)qu,qs(Z)S 1Bp.a.o (VDI @arx) 1 f e VI € AZ

by using (3.10) and (4.10). This along with (4.4) shows that the weighted composition operator
Wy,¢ is bounded from AZY to AZ with

Wyl a2 S 1Boo.g.s (YDl 0,ar,)- (4.11)
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(a) = (c). Assume that the weighted composition operator Wy, 4 is bounded from A%’ to
AZ for 0 < g < oo, with the fact in (4.4), we deduce

AV@WﬁW@@wwﬁwmwﬂh

S ‘|WTP,¢H?4;04.A‘$||ngOLp
for any f € AZ’. This implies that vy 4 is a g-Carleson measure for AZ°. According to Theorem
3.5, we have (v4), € L' with
1(g0)aller S 1Wo,6ll% 4 -
Combining this with (4.10) we conclude that B, ,(|¢|) € L*(D, d),) with

1Bp,a.6 ($D 11 ®,a7,) S IWeppll 0 _ g

This together with (4.11) gives (1.8), which completes the proof. O

5 Schatten Class Weighted Composition Operators

In this section, we aim to prove the Schatten p-class weighted composition operators on A?a.
To this end, we first introduce the notion of the Toeplitz operator 7}, induced by a positive

measure u as follows,

/f K(z,w)e”2*Wdu(w), zeD.

Proposition 5.1 ([33, Proposition 5.1]) Let 0 < p < oo and p be a positive Borel measure on
D. Then the following statements are equivalent:

(a) p e LP(D,dA,).

(b) s € LP(D, dA,) for some (or any) 6 € (0,a].

(c) The sequence {fi,(wk)}r € IP for some (or any) (p,r)-lattice {wy} with r € (0,q].
Theorem 5.2 ([33, Theorem 5.1]) Let ¢ € Wy with \/— ~pe Ly, 0<p<ooandpbea
finite positive Borel measure on D. Then the Toeplitz operator T, € S, (Az) if and only if the
function fis € LP(D,d\,) for some (or any) 6 € (0,a].

We can now prove the last main theorem of this work.

Proof of Theorem 1.4 For any f,g € A2, by (1.1) and (1.2), we deduce that
Wi sWoof 9)az = Wy o f Wy 69) a2
= [ Fow) () e dAw)
/f () dpiz, g (w)
= [ St o ). (5.1)

By applying Fubini’s theorem and the reproducing property, we obtain

Tonod iy = [ ([ FR e o 0) oA )

=/ﬂmHE€M”WMW)
D
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This together with (5.1) gives

<W$7¢W¢a¢f7 g>A2¢ = <Tl/2,¢>fa g>Ai

for any f,g € A%. Tt follows that

Wi sWoo =Toy -

This, in combination with Theorem 1.26 in [34] implies that the weighted composition operator
Wy.s € Sp(A2) if and only if the Toeplitz operator T, , € Sp/2(A%), which is equivalent to

(720)s € LP*(D,d,), 6 € (0,0

according to Theorem 5.2. It is also equivalent to

(730)2 € LV/(D,d),)

by Proposition 5.1. We complete the proof by observing the fact

Baog([9])(2) = (124)2(2), z€D. O

Acknowledgements We thank the referees for their time and comments.

References
[1] Aron, R., Lindstrom, M.: Spectra of weighted composition operators on weighted Banach spaces of analytic
functions. Israel J. Math., 141, 263-276 (2004)
[2] Arroussi, H., Park, I., Pau, J.: Schatten class Toeplitz operators acting on large weighted Bergman spaces.
Studia Math., 229(3), 203-221 (2015)
[3] Arroussi, H., Pau, J.: Reproducing kernel estimates, bounded projections and duality on large weighted
Bergman spaces. J. Geom. Anal., 25(4), 2284-2312 (2015)
[4] Arroussi, H., Tong, C.: Weighted composition operators between large Fock spaces in several complex
variables. J. Funct. Anal., 277(10), 3436-3466 (2019)
[5] Asserda, A., Hichame, A.: Pointwise estimate for the Bergman kernel of the weighted Bergman spaces with
exponential weights. C. R. Math. Acad. Sci. Paris., 352(1), 13-16 (2014)
[6] Borichev, A., Dhuez, R., Kellay, K.: Sampling and interpolation in large Bergman and Fock spaces. J.
Funct. Anal., 242(2), 563-606 (2007)
[7] Constantin, O., Peldez, J. A.: Boundedness of the Bergman projection on LP spaces with exponential
weights. Bull. Sci. Math., 139(3), 245-268 (2015)
[8] Constantin, O., Peldez, J. A Integral operators, embedding theorems and a Littlewood—Paley formula on
weighted Fock spaces. J. Geom. Anal., 26(2), 1109-1154 (2016)
[9] Contreras, M. D., Herndndez—Diaz, A. G.: Weighted composition operators between different Hardy spaces.
Integral Equations Operator Theory, 46(2), 165-188 (2003)
[10] Cowen, C., MacCluer, B.: Composition Operators on Spaces of Analytic Functions, Studies in Advanced
Mathematics, CRC Press, Boca Raton, FL, 1995
[11] Cuckovié, Z., Zhao, R.: Weighted composition operators on the Bergman spaces. J. Lond. Math. Soc.,
70(2), 499-511 (2004)
[12] Cuckovié, Z., Zhao, R.: Weighted composition operators between different weighted Bergman spaces and
different Hardy spaces. Illinois J. Math., 51(2), 479-498 (2007)
[13] Forelli, F.: The isometries of HP. Can. J. Math., 16, 721-728 (1964)
[14] Galanopoulos, P., Pau, J.: Hankel operators on large weighted Bergman spaces. Ann. Acad. Sci. Fenn.
Math., 37(2), 635-648 (2012)
[15] He, Z., Wang, X., Liu, Y.: Toeplitz operators between Bergman spaces with exponential weights Ag and
A . Acta Math. Sinica, Chin. Ser., 64(3), 655-668 (2021)
[16] Hu, Z., Lv, X., Schuster, A.: Bergman spaces with exponential weights. J. Funct. Anal., 276(5), 1402-1429

(2019)



2252
(17]

(18]
(19]

[20]
[21]
[22]
[23]
[24]
[25]
[26]
[27]
28]
[29]
[30]
[31]
[32]
[33]

(34]

Cao G. F. et al.

Hyvarinen, O., Lindstrom, M., Nieminen, I., et al., Spectra of weighted composition operators with auto-
morphic symbols. J. Funct. Anal., 265(8), 1749-1777 (2013)

Kolaski, C. J.: Isometries of weighted Bergman spaces. Can. J. Math., 34(4), 910-915 (1982)

Lin, P., Rochberg, R.: Hankel operators on the weighted Bergman spaces with exponential weights. Integral
Equations Operator Theory, 21(4), 460-483 (1995)

Lin, P., Rochberg, R.: Trace ideal criteria for Toeplitz and Hankel operators on the weighted Bergman
spaces with exponential type weights. Pacific J. Math., 173(1), 127-146 (1996)

Luecking, D. H.: Embedding theorems for spaces of analytic functions via Khinchine’s inequality. Michigan
Math. J., 40(2), 333-358 (1993)

MacCluer, B. D., Zhao, R.: Essential norms of weighted composition operators between Bloch-type spaces.
Rocky Mountain J. Math., 33(4), 1437-1458 (2003)

Manhas, J. S.: Compact differences of weighted composition operators on weighted Banach spaces of
analytic functions. Integral Equations Operator Theory, 62(3), 419-428 (2008)

Mengestie, T.: Carleson type measures for Fock—Sobolev spaces. Complex Anal. Oper. Theory, 8(6), 1225—
1256 (2014)

Oleinik, V. L.: Embedding theorems for weighted classes of harmonic and analytic functions. J. Sov. Math.,
9, 228-243 (1978)

Oleinik, V. L., Perel’'man, G. S.: Carleson’s embedding theorems for a weighted Bergman spaces. Math.
Notes, 7(5-6), 577-581 (1990)

Park, I.: The weighted composition operators on the large weighted Bergman spaces. Complex Anal. Oper.
Theory, 13(1), 223-239 (2019)

Park, I.: Compact differences of composition operators on large weighted Bergman spaces. J. Math. Anal.
Appl., 479(2), 1715-1737 (2019)

Pau, J., Peldez, J. A.: Embedding theorems and integration operators on Bergman spaces with rapidly
decreasing weights. J. Funct. Anal., 259(10), 2727-2756 (2010)

Pau, J., Peldez, J. A.: Volterra type operators on Bergman spaces with exponential weights. Contemp.
Math., 561(1), 239-252 (2012)

Shapiro, J. H.: Composition Operators and Classical Function Theory, Universitext: Tracts in Mathematics,
Springer-Verlag, New York, 1993

Singh, R. K., Manhas, J. S.: Composition Operators on Function Spaces, North-Holland Mathematics
Studies, North-Holland Publishing Co., Amsterdam, 1993

Zhang, Y., Wang, X., Hu, Z.: Toeplitz operators on Bergman spaces with exponential weights. Complex
Var. Elliptic Equ., (2022) https://www.webofscience.com/wos/alldb/full-record/WOS:000758715700001
Zhu, K.: Operator Theory in Function Spaces, Second edition, Mathematical Surveys and Monographs,
American Mathematical Society, Providence, RI, 2007



