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Abstract In this paper, we study some properties of weighted composition operators on a class of

weighted Bergman spaces Ap
ϕ with 0 < p ≤ ∞ and ϕ ∈ W0. Also, we completely characterize the

q-Carleson measure for Ap
ϕ in terms of the averaging function and the generalized Berezin transform

with 0 < q < ∞. As applications, the boundedness and compactness of weighted composition operators

acting from one Bergman space Ap
ϕ to another Aq

ϕ are equivalently described and the Schatten class

property of the weighted composition operator acting on A2
ϕ are given. Our main results are expressed

in terms of certain Berezin type integral transforms.
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1 Introduction

Let D be the open unit disk and dA be the normalized Lebesgue area measure on D. For
a strictly subharmonic function ϕ on D, the space Lpϕ consists of those Lebesgue measurable
functions f such that

‖f‖p,ϕ =
{ ∫

D

|f(z)|pe−pϕ(z)dA(z)
} 1

p

<∞, 0 < p <∞,

‖f‖∞,ϕ = sup
z∈D

|f(z)|e−ϕ(z) <∞, p = ∞.

Let H(D) denote the space of all analytic functions on D. The weighted Bergman space Apϕ
consists of those analytic functions in Lpϕ, that is,

Apϕ = Lpϕ ∩H(D).
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Write R as the set of the real numbers and C0 as the space of all continuous functions ρ on
D such that lim|z|→1 ρ(z) = 0. Define

L =
{
ρ : D → R : ‖ρ‖L = sup

z,w∈D,z �=w

|ρ(z) − ρ(w)|
|z − w| <∞, ρ ∈ C0

}
.

Let L0 denote the set of those ρ ∈ L with the property that for each ε > 0, there exists a
compact subset E ⊂ D such that |ρ(z) − ρ(w)| ≤ ε|z − w| whenever z, w ∈ D \ E.

We denote A 	 B if there exist constants C1, C2 > 0 such that A ≤ C1B (or A � B) and
A ≥ C2B (or A � B).

The weight class W0, first introduced in [16], is defined as

W0 =
{
ϕ ∈ C2 : Δϕ > 0, and ∃ ρ ∈ L0 such that

1√
Δϕ

	 ρ

}
,

where Δ denotes the standard Laplace operator. We would like to mention two classes of weights
related closely to W0 here. One is denoted by OP, introduced by Oleinik and Perel’man [25, 26]
and well studied in [3, 5, 19, 20]. The other one is denoted by BDK, introduced by Borichev,
Dhuez and Kellay [6] and widely considered in [2, 7, 8, 14, 29, 30]. The relationship of these
three weights was given in [16] as OP\W0 = ∅, W0\OP = ∅, W0\BDK = ∅ and BDK ⊂ W0.

Let ψ be an analytic function on D and φ be an analytic self-map of D. The weighted
composition operator Wψ,φ induced by ψ and φ is defined by Wψ,φf = ψ · (f ◦φ) for f ∈ H(D).
If φ(z) = z, then the weighted composition operator Wψ,φ becomes the multiplication operator
Mψ. When ψ is identically 1, Wψ,φ reduces to the composition operator Cϕ systematically
studied in [10, 31, 32]. As a combination of pointwise multiplication operators and composition
operators, the arise of weighted composition operators is of great significance. For example,
isometric operators on Hardy spaces Hp and Bergman spaces Ap with 1 ≤ p < ∞ and p = 2
are necessarily weighted composition operators of a certain kind, see [13, 18]. It has attracted
great research interest to study the properties of the weighted composition operators on different
function spaces with different kinds of weights, mainly focus on their boundedness, compactness,
Schatten p-classes, compact differences, essential norms, spectra properties and so on. The
readers may refer to [1, 4, 9, 11, 12, 17, 22–24, 27, 28] for details.

Motivated by the above work, in this paper, we study the bounded, compact and Schatten p-
classes weighted composition operators Wψ,φ on the weighted Bergman space Apϕ with ϕ ∈ W0.
More concretely, we answer the question when Wψ,φ : Apϕ → Aqϕ is bounded or compact for
0 < p ≤ ∞ and 0 < q < ∞. We also consider the question when Wψ,φ on A2

ϕ belongs to the
Schatten p-classes. In the process of investigation, we still find the relationship between the two
questions and Carleson measure on Apϕ, and our main results are naturally expressed in terms
of the generalized Berezin transform. Part of our proofs are inspired by the recent work around
the large Fock spaces setting [4], but extra different work needs new methods and techniques
in Bergman spaces setting.

Several auxiliary notations are needed to state our main results.

Recall from [16, Lemma 3.3] that the point evaluation at each z ∈ D is a bounded linear
functional on A2

ϕ. By the Riesz representation theorem, for every z ∈ D, there exists a unique
element Kz ∈ A2

ϕ such that f(z) = 〈f,Kz〉A2
ϕ

for all f ∈ A2
ϕ, where the inner product is defined
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by

〈f, g〉A2
ϕ

=
∫

D

f(w)g(w)e−2ϕ(w)dA(w)

for f, g ∈ A2
ϕ. We call Kz(·) = K(·, z) the reproducing kernel at z.

For 0 < p ≤ ∞ and z ∈ D, the normalized reproducing kernel of Apϕ is given by kp,z =
Kz/‖Kz‖p,ϕ. When p = 2, we abbreviate the notation k2,z as kz for simplicity.

Our main results will be expressed in terms of the following integral transform

Bp,q,φ(|ψ|)(z) =
∫

D

|kp,z(φ(w))|q|ψ(w)|qe−qϕ(w)dA(w), z ∈ D,

where 0 < p ≤ ∞, 0 < q < ∞, ψ is an analytic function on D and φ is an analytic self-map of
D. For any Borel set E in D, we define the pullback measure

μq,φ(E) =
∫
φ−1(E)

|ψ(z)|qe−qϕ(z)dA(z) (1.1)

and set

dνq,φ(z) = eqϕ(z)dμq,φ(z), z ∈ D. (1.2)

For 1 < p ≤ ∞, we set Lp = Lp(D, dA).
Now we state our main results.

Theorem 1.1 Let 0 < p ≤ q < ∞ and ϕ ∈ W0 with 1√
Δϕ

	 ρ ∈ L0. Assume that ψ is an
analytic function on D and φ is an analytic self-map of D. Then

(a) The weighted composition operator Wψ,φ is bounded from Apϕ to Aqϕ if and only if

Bp,q,φ(|ψ|) ∈ L∞. (1.3)

Moreover,

‖Wψ,φ‖qAp
ϕ→Aq

ϕ
	 ‖Bp,q,φ(|ψ|)‖L∞ . (1.4)

(b) The weighted composition operator Wψ,φ is compact from Apϕ to Aqϕ if and only if

lim
|z|→1−

Bp,q,φ(|ψ|)(z) = 0. (1.5)

In order to characterize the bounded and compact weighted composition operators Wψ,φ

from Apϕ to Aqϕ when 0 < q < p < ∞, or 0 < q < ∞ and p = ∞, we need the measure dλρ
defined by

dλρ(z) =
dA(z)
ρ(z)2

, z ∈ D. (1.6)

Theorem 1.2 Let 0 < q < p < ∞ and ϕ ∈ W0 with 1√
Δϕ

	 ρ ∈ L0. Assume that ψ is an
analytic function on D and φ is an analytic self-map of D. Then the following statements are
equivalent:

(a) The weighted composition operator Wψ,φ is bounded from Apϕ to Aqϕ.
(b) The weighted composition operator Wψ,φ is compact from Apϕ to Aqϕ.
(c) The integral transform Bp,q,φ(|ψ|) is in L

p
p−q (D, dλρ).

Moreover,

‖Wψ,φ‖qAp
ϕ→Aq

ϕ
	 ‖Bp,q,φ(|ψ|)‖

L
p

p−q (D,dλρ)
. (1.7)
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Theorem 1.3 Let 0 < q <∞ and ϕ ∈ W0 with 1√
Δϕ

	 ρ ∈ L0. Assume that ψ is an analytic
function on D and φ is an analytic self-map of D. Then the following statements are equivalent:

(a) The weighted composition operator Wψ,φ is bounded from A∞
ϕ to Aqϕ.

(b) The weighted composition operator Wψ,φ is compact from A∞
ϕ to Aqϕ.

(c) The integral transform B∞,q,φ(|ψ|) is in L1(D, dλρ).
Moreover,

‖Wψ,φ‖qA∞
ϕ →Aq

ϕ
	 ‖B∞,q,φ(|ψ|)‖L1(D,dλρ). (1.8)

Recall that if T is a compact operator on a separable Hilbert space H, then there exist
orthonormal sets {ek}k and {σk}k in H such that

Tx =
∑
k

λk〈x, ek〉σk, x ∈ H,

where λk is the k-th singular value of T .
For 0 < p <∞, let Sp(H) denote the Schatten p-class of operators on H. The class Sp(H)

consists of all compact operators T on H with its singular value sequence {λk}k belonging to lp,
the p-summable sequence space. For more information about Sp(H), refer to [34, Chapter 1].

Theorem 1.4 Let 0 < p <∞ and ϕ ∈ W0 with 1√
Δϕ

	 ρ ∈ L0. Assume that ψ is an analytic
function on D and φ is an analytic self-map of D. Then the weighted composition operator
Wψ,φ ∈ Sp(A2

ϕ) if and only if B2,2,φ(|ψ|) ∈ Lp/2(D, dλρ).

Throughout this paper, the notation ‖T‖A→B denotes the operator norm of T from A to
B, and D(z, r) denotes the Euclidean disc centered at z with radius r > 0. For convenience,
we simply write Dr(z) instead of D(z, rρ(z)).

The paper is organized as follows. In Section 2, we present some technical lemmas that will
be used in the subsequent sections. In Section 3, we formulate some geometric characterizations
of Carleson measures for Apϕ. The main proofs on the boundedness, compactness and Schatten
p-class of the weighted composition operators are given in Section 4 and Section 5, respectively.

2 Preliminaries

In this section, we begin with an estimate on the function ρ, which behaves an analogue of
Harnack’s inequality for harmonic functions, see [16, Lemma 3.1].

Lemma 2.1 Let ρ ∈ L be positive. Then there exist positive numbers α and C such that

C−1ρ(w) ≤ ρ(z) ≤ Cρ(w) (2.1)

for any z ∈ D and w ∈ Dα(z).

We continue with a covering lemma given in [16, Lemma 3.2].

Lemma 2.2 If ρ ∈ L is positive, then there exist positive constants α and s, depending only
on ‖ρ‖L, such that for 0 < r ≤ α there is a sequence {ak}k ⊂ D satisfying

(a) D =
⋃
kD

r(ak).
(b) Dsr(ak) ∩Dsr(aj) = ∅ for k = j.
(c) {D2α(ak)}k is a covering of D of finite multiplicity N .

A sequence {ak}k satisfying (a)–(c) in Lemma 2.2 is called a (ρ, r)-lattice.
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The following result plays an important role in proving our main theorems and can be
regarded as one type of generalized sub-mean property of |fe−ϕ|p, which describes the bound-
edness of the point evaluation functionals on Apϕ for 0 < p <∞.

Lemma 2.3 Let ϕ ∈ W0 with 1√
Δϕ

	 ρ ∈ L0 and 0 < p < ∞. There exist positive constants
α and C such that for r ∈ (0, α] and f ∈ H(D),

|f(z)|pe−pϕ(z) ≤ C

ρ(z)2

∫
Dr(z)

|f(w)|pe−pϕ(w)dA(w).

Proof This is an easy consequence of [16, Lemma 3.3] and Lemma 2.1. �
As in [16], in what follows, we always assume α to be chosen such that the conclusions of

Lemmas 2.1–2.3 are valid.
Let ϕ ∈ W0 with 1√

Δϕ
	 ρ ∈ L0. For z, w ∈ D, we define the distance

dρ(z, w) = inf
γ

∫ 1

0

|γ′(t)| dt

ρ(γ(t))
,

where the infimum is taken over all piecewise C1 curves γ : [0, 1] → D with γ(0) = z and
γ(1) = w.

The next lemma gives the upper bound estimate of the reproducing kernel K(z, w) for all
z, w ∈ D and the lower bound estimate of K(z, w) near the diagonal, refer to [16, Theorem 3.2]
for the details.

Lemma 2.4 Let ϕ ∈ W0 with 1√
Δϕ

	 ρ ∈ L0. There are positive constants C1, C2, σ such
that

|K(z, w)| ≤ C1
eϕ(z)+ϕ(w)

ρ(z)ρ(w)
e−σdρ(z,w), z, w ∈ D, (2.2)

and

|K(z, w)| ≥ C2
eϕ(z)+ϕ(w)

ρ(z)ρ(w)
, w ∈ Dα(z). (2.3)

We also need the asymptotic estimates of the ‖ · ‖p,ϕ norm for the reproducing kernel, see
[16, Corollary 3.2].

Lemma 2.5 Let ϕ ∈ W0 with 1√
Δϕ

	 ρ ∈ L0 and 0 < p ≤ ∞. Then for z ∈ D, we have

‖Kz‖p,ϕ 	 eϕ(z)ρ(z)
2
p−2. (2.4)

Lemma 2.6 Let ρ ∈ L0, −∞ < l < ∞ and σ > 0. Then there exists some constant C > 0
such that ∫

D

ρ(w)le−σdρ(z,w)dA(w) ≤ Cρ(z)l+2, z ∈ D.

Proof Taking k = 0 in [16, Corollary 3.1] we obtain the desired result. �

Lemma 2.7 Let ϕ ∈ W0 with 1√
Δϕ

	 ρ ∈ L0, 0 < p ≤ ∞ and l ∈ R. Then for z ∈ D, we
have ∫

D

|K(w, z)|pe−pϕ(w)ρ(w)ldA(w) 	 epϕ(z)ρ(z)2(1−p)+l. (2.5)
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Proof On one hand, (2.2) and Lemma 2.6 imply that∫
D

|K(w, z)|pe−pϕ(w)ρ(w)ldA(w)

≤ C1epϕ(z)ρ(z)−p
∫

D

ρ(w)l−pe−pσdρ(z,w)dA(w)

≤ C2epϕ(z)ρ(z)2(1−p)+l (2.6)

for positive constants C1, C2 and σ.
On the other hand, by (2.3) and Lemma 2.1, there exist positive constants C3 and C4 such

that ∫
D

|K(w, z)|pe−pϕ(w)ρ(w)ldA(w)

≥ C3epϕ(z)ρ(z)−p
∫
Dα(z)

ρ(w)l−pdA(w)

≥ C4epϕ(z)ρ(z)2(1−p)+l.

This together with (2.6) gives (2.5). �
The following proposition was proved in [33, Proposition 2.2].

Proposition 2.8 Let 0 < p <∞ and ϕ ∈ W0 with 1√
Δϕ

	 ρ ∈ L0. Then the set {kp,z : z ∈ D}
is bounded in Apϕ and the normalized reproducing kernel kp,z tends to zero uniformly on compact
subsets of D as |z| → 1−.

Given a positive Borel measure μ on D and r, t > 0, the averaging function μ̂r and the
t-Berezin transform μ̃t with respect to μ are defined to be

μ̂r(z) =
μ(Dr(z))
ρ(z)2

, z ∈ D,

and

μ̃t(z) =
∫

D

|kt,z(w)|te−tϕ(w)dμ(w), z ∈ D,

respectively.
If t = 2, then the t-Berezin transform becomes the classical Berezin transform, see [34,

Chapter 6] for example. In this case, we abbreviate the notation μ̃t as μ̃ for simplicity.

Proposition 2.9 Let 0 < p < ∞, δ ∈ (0, α] and μ be a positive Borel measure on D. Then
there exists a constant C > 0 such that∫

D

|f(z)|pe−pϕ(z)dμ(z) ≤ C

∫
D

|f(z)|pe−pϕ(z)μ̂δ(z)dA(z)

for any f ∈ H(D).

Proof Given δ ∈ (0, α], in views of Lemma 2.1, there exists an r ∈ (0, α] such that

χDr(z)(w) ≤ χDδ(w)(z), z, w ∈ D. (2.7)

This, in combination with Lemmas 2.3, 2.1 and Fubini’s theorem, concludes that for any f ∈
H(D), ∫

D

|f(z)|pe−pϕ(z)dμ(z) �
∫

D

1
ρ(z)2

∫
Dr(z)

|f(w)|pe−pϕ(w)dA(w)dμ(z)
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=
∫

D

1
ρ(z)2

∫
D

χDr(z)(w)|f(w)|pe−pϕ(w)dA(w)dμ(z)

�
∫

D

|f(w)|pe−pϕ(w)dA(w)
∫

D

χDδ(w)(z)
ρ(w)2

dμ(z)

=
∫

D

|f(w)|pe−pϕ(w)μ̂δ(w)dA(w).

This finishes the proof. �
Given a measurable function f , let f̃t be the t-Berezin transform of f . If we set dμ = fdA,

then we write f̃t = μ̃t.

Proposition 2.10 Let 1 ≤ p ≤ ∞ and t > 0. Then the operator f �→ f̃t is bounded on Lp.

Proof For p = 1, applying Fubini’s theorem and using estimates (2.4) and (2.5), we obtain

‖f̃t‖L1 =
∫

D

|f̃t(z)|dA(z)

≤
∫

D

∫
D

|kt,z(w)|te−tϕ(w)|f(w)|dA(w)dA(z)

=
∫

D

∫
D

|K(w, z)|t
‖Kz‖tt,ϕ

e−tϕ(w)|f(w)|dA(w)dA(z)

	
∫

D

|f(w)|e−tϕ(w)

( ∫
D

|K(w, z)|te−tϕ(z)ρ(z)2t−2dA(z)
)
dA(w)

	
∫

D

|f(w)|dA(w)

= ‖f‖L1 .

For p = ∞, it is easy to check

|f̃t(z)| ≤
∫

D

|kt,z(w)|te−tϕ(w)|f(w)|dA(w)

≤ ‖f‖L∞

∫
D

|kt,z(w)|te−tϕ(w)dA(w)

= ‖f‖L∞ .

Hence, we get ‖f̃t‖L∞ ≤ ‖f‖L∞ . It follows by interpolation that the operator f �→ f̃t is bounded
on Lp for all 1 ≤ p ≤ ∞. �

Proposition 2.11 Let 0 < p <∞ and μ be a positive Borel measure on D. Then the following
statements are equivalent:

(a) μ̃t ∈ Lp for some (or any) t > 0.
(b) μ̂δ ∈ Lp for some (or any) δ ∈ (0, α].
(c) The sequence {μ̂r(ak)ρ(ak)2/p}k ∈ lp for some (or any) (ρ, r)-lattice {ak} with r ∈ (0, α].

Moreover, we have

‖μ̃t‖Lp 	 ‖μ̂δ‖Lp 	 ‖{μ̂r(ak)ρ(ak)2/p}k‖lp . (2.8)

Proof The equivalence (b) ⇔ (c) was proved in [33, Proposition 2.5] with

‖μ̂δ‖Lp 	 ‖{μ̂r(ak)ρ(ak)2/p}k‖lp . (2.9)

It suffices to show the equivalence (a) ⇔ (b) to complete the proof.
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(a) ⇒ (b). For z ∈ D and δ ∈ (0, α], Lemmas 2.4 and 2.1 give

|K(w, z)| 	 eϕ(w)+ϕ(z)

ρ(z)2
, w ∈ Dδ(z).

This combined with estimate (2.4) shows that

μ̂δ(z) =
1

ρ(z)2

∫
Dδ(z)

dμ(w)

	 e−tϕ(z)ρ(z)2t−2

∫
Dδ(z)

|K(w, z)|te−tϕ(w)dμ(w)

≤ e−tϕ(z)ρ(z)2t−2

∫
D

|K(w, z)|te−tϕ(w)dμ(w)

	
∫

D

|kt,z(w)|te−tϕ(w)dμ(w)

= μ̃t(z), (2.10)

which yields statement (b) with

‖μ̂δ‖Lp � ‖μ̃t‖Lp , 0 < p <∞. (2.11)

(b) ⇒ (a). For 1 ≤ p <∞, by taking f = kt,z and p = t in Proposition 2.9, we obtain

μ̃t(z) � (˜̂μδ)t(z), t > 0, z ∈ D.

Hence, this together with Proposition 2.10 gives

‖μ̃t‖Lp � ‖(˜̂μδ)t‖Lp � ‖μ̂δ‖Lp , 1 ≤ p <∞. (2.12)

For 0 < p < 1, given any (ρ, r)-lattice {ak}k with r ∈ (0, α], note that there exists some
constant B > 1 such that ⋃

w∈Dr(aj)

Dr(w) ⊂ DBr(aj), w ∈ D, (2.13)

see [16, Lemma 3.1 (B)] and its proof. Then we can divide the lattice {ak}k into J subsequence
{aj,k}k (j = 1, 2, . . . , J) such that each sequence {aj,k}k is a (ρ,Br)-lattice. It follows from
estimate (2.9) that

∑
k

μ̂Br(ak)pρ(ak)2 =
J∑
j=1

∑
k

μ̂Br(aj,k)pρ(aj,k)2 � ‖μ̂δ‖pLp (2.14)

for δ ∈ (0, α]. By estimate (2.4), Proposition 2.9, Lemma 2.2, (2.13), estimate (2.2) and Lemma
2.1, we deduce

|μ̃t(z)|p 	 e−tpϕ(z)ρ(z)2tp−2p

(∫
D

|K(w, z)|te−tϕ(w)dμ(w)
)p

� e−tpϕ(z)ρ(z)2tp−2p

(∫
D

|K(w, z)|te−tϕ(w)μ̂r(w)dA(w)
)p

≤ e−tpϕ(z)ρ(z)2tp−2p

(∑
j

∫
Dr(aj)

|K(w, z)|te−tϕ(w)μ̂r(w)dA(w)
)p

� e−tpϕ(z)ρ(z)2tp−2p

(∑
j

μ̂Br(aj)
∫
Dr(aj)

|K(w, z)|te−tϕ(w)dA(w)
)p
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≤ e−tpϕ(z)ρ(z)2tp−2p
∑
j

μ̂Br(aj)p
( ∫

Dr(aj)

|K(w, z)|te−tϕ(w)dA(w)
)p

� ρ(z)tp−2p
∑
j

μ̂Br(aj)pρ(aj)2p sup
w∈Dr(aj)

ρ(w)−tpe−tσpdρ(z,w)

� ρ(z)tp−2p
∑
j

μ̂Br(aj)pρ(aj)2p−tp sup
w∈Dr(aj)

e−tσpdρ(z,w).

Integrating both sides above and using Lemma 2.6, we get

‖μ̃t‖pLp �
∑
j

μ̂Br(aj)p sup
w∈Dr(aj)

ρ(aj)2p−tp
∫

D

ρ(z)tp−2pe−tσpdρ(z,w)dA(z)

�
∑
j

μ̂Br(aj)pρ(aj)2p−tp sup
w∈Dr(aj)

ρ(w)tp−2p+2

�
∑
j

μ̂Br(aj)pρ(aj)2.

Therefore, this combined with estimate (2.14) yields

‖μ̃t‖pLp �
∑
j

μ̂Br(aj)pρ(aj)2 � ‖μ̂δ‖pLp , 0 < p < 1.

This together with estimate (2.12) gives the implication (b) ⇒ (a) with

‖μ̃t‖Lp � ‖μ̂δ‖Lp , 0 < p <∞. (2.15)

The quantity equivalences (2.8) come from estimates (2.9), (2.11) and (2.15), which completes
the proof of Proposition 2.11. �

3 Carleson Measures

For 0 < p <∞ and a positive Borel measure μ on D, let

Lpϕ,μ =
{
f Lebesgue measurable :

∫
D

|f(z)|pe−pϕ(z)dμ(z) <∞
}
.

Let 0 < p ≤ ∞ and 0 < q <∞. A positive Borel measure μ on D will be called a q-Carleson
measure for Apϕ if there is a positive constant C such that

( ∫
D

|f(z)|qe−qϕ(z)dμ(z)
) 1

q

≤ C‖f‖p,ϕ

for all f in Apϕ. This means the identity operator Id : Apϕ → Lqϕ,μ is bounded. Correspondingly,
μ is said to be a vanishing q-Carleson measure for Apϕ if

∫
D

|fk(z)|qe−qϕ(z)dμ(z) → 0,

whenever {fk}k is bounded sequence in Apϕ that converges to 0 uniformly on compact subsets
of D as k → ∞.

To characterize the q-Carleson measures for Apϕ with 0 < p ≤ ∞ and 0 < q < ∞, the
following so-called partial atomic decomposition of Apϕ is needed.
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Proposition 3.1 Let 0 < p ≤ ∞ and ϕ ∈ W0 with 1√
Δϕ

	 ρ ∈ L0. If {ak}k is a (ρ, r)-lattice
with r ∈ (0, α], then the function

F (z) =
∑
k

ckkp,ak
(z)

belongs to Apϕ for any sequence {ck}k ∈ lp. Moreover,

‖F‖p,ϕ � ‖{ck}k‖lp .
Proof The result for 0 < p < ∞ was proved in [33, Proposition 2.1]. For p = ∞, it follows
from (2.4) and Lemma 2.3 that

‖F‖∞,ϕ = sup
z∈D

|F (z)|e−ϕ(z)

≤ sup
z∈D

∑
k

|ck||k∞,ak
(z)|e−ϕ(z)

= sup
z∈D

∑
k

|ck| |K(z, ak)|
‖Kak

‖∞,ϕ
e−ϕ(z)

	 sup
z∈D

∑
k

|ck||K(z, ak)|ρ(ak)2e−ϕ(ak)−ϕ(z)

� sup
z∈D

∑
k

|ck|
∫
Dr(ak)

|K(z, w)|e−ϕ(w)dA(w)e−ϕ(z)

� ‖{ck}k‖l∞
for {ck}k ∈ l∞. This completes the proof. �

Theorem 3.2 Let 0 < p ≤ q < ∞, ϕ ∈ W0 with 1√
Δϕ

	 ρ ∈ L0 and μ be a finite positive
Borel measure on D. Then the following statements are equivalent:

(a) μ is a q-Carleson measure for Apϕ.
(b) μ̃tρ2−2q/p ∈ L∞ for some (or any) t > 0.
(c) μ̂δρ2−2q/p ∈ L∞ for some (or any) δ ∈ (0, α] small enough.
(d) {μ̂r(ak)ρ(ak)2−2q/p}k ∈ l∞ for some (or any) (ρ, r)-lattice {ak}k with r ∈ (0, α] small

enough.
Moreover, we have

‖Id‖q
Ap

ϕ→Lq
ϕ,μ

	 ‖μ̃tρ2−2q/p‖L∞ 	 ‖μ̂δρ2−2q/p‖L∞ 	 ‖{μ̂r(ak)ρ(ak)2−2q/p}k‖l∞ . (3.1)

Proof The equivalences of (a) ⇔ (c) ⇔ (d) were proved in [33, Theorem 3.1] with

‖Id‖q
Ap

ϕ→Lq
ϕ,μ

	 ‖μ̂δρ2−2q/p‖L∞ 	 ‖{μ̂r(ak)ρ(ak)2−2q/p}k‖l∞ . (3.2)

We are to show the implications (b) ⇒ (c) and (d) ⇒ (b) to complete the proof of this theorem.
(b) ⇒ (c). This implication follows easily from estimate (2.10) with

‖μ̂δρ2−2q/p‖L∞ � ‖μ̃tρ2−2q/p‖L∞ . (3.3)

(d) ⇒ (b). Suppose {μ̂r(ak)ρ(ak)2−2q/p}k ∈ l∞ for some (ρ, r)-lattice {ak}k with r ∈ (0, α]
taken small enough. For any a ∈ D, Lemma 2.1 gives that

Dr(w) ⊂ D2α(a), for w ∈ Dr(a). (3.4)
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Given t > 0, let s = tp/q. Then

sup
w∈Dr(a)

|f(w)|se−sϕ(w) � 1
ρ(a)2

∫
D2α(a)

|f(ζ)|se−sϕ(ζ)dA(ζ) (3.5)

for arbitrary f ∈ Asϕ by combining Lemmas 2.3, 2.1 and (3.4).
In views of estimate (2.4), we have the following fact

|kt,z(w)|tρ(z)2−2q/p 	 |ks,z(w)|t, z, w ∈ D. (3.6)

This together with Lemma 2.2 and (3.5) yields

μ̃t(z)ρ(z)2−2q/p =
∫

D

|kt,z(w)|tρ(z)2−2q/pe−tϕ(w)dμ(w)

	
∫

D

|ks,z(w)|te−tϕ(w)dμ(w)

≤
∑
k

∫
Dr(ak)

|ks,z(w)|te−tϕ(w)dμ(w)

≤
∑
k

μ(Dr(ak))
(

sup
w∈Dr(ak)

|ks,z(w)|se−sϕ(w)

)q/p

�
∑
k

μ̂r(ak)ρ(ak)2−2q/p

( ∫
D2α(ak)

|ks,z(ζ)|se−sϕ(ζ)dA(ζ)
)q/p

. (3.7)

Notice that q/p ≥ 1, with the fact

∑
k

bθk ≤
( ∑

k

bk

)θ
, bk > 0, 1 ≤ θ <∞ (3.8)

and Lemma 2.2, we deduce

μ̃t(z)ρ(z)2−2q/p � sup
k
μ̂r(ak)ρ(ak)2−2q/p

( ∑
k

∫
D2α(ak)

|ks,z(ζ)|se−sϕ(ζ)dA(ζ)
)q/p

� Nq/p sup
k
μ̂r(ak)ρ(ak)2−2q/p‖ks,z‖ts,ϕ

� sup
k
μ̂r(ak)ρ(ak)2−2q/p,

where N is chosen as in Lemma 2.2. This gives (b) with

‖μ̃tρ2−2q/p‖L∞ � ‖{μ̂r(ak)ρ(ak)2−2q/p}k‖l∞ .

This estimate together with (3.2) and (3.3) gives (3.1), and the proof is complete here. �

Theorem 3.3 Let 0 < p ≤ q < ∞, ϕ ∈ W0 with 1√
Δϕ

	 ρ ∈ L0 and μ be a finite positive
Borel measure on D. Then the following statements are equivalent:

(a) μ is a vanishing q-Carleson measure for Apϕ.
(b) lim|z|→1− μ̃t(z)ρ(z)2−2q/p = 0 for some (or any) t > 0.
(c) lim|z|→1− μ̂δ(z)ρ(z)2−2q/p = 0 for some (or any) δ ∈ (0, α] small enough.
(d) limk→∞ μ̂r(ak)ρ(ak)2−2q/p = 0 for some (or any) (ρ, r)-lattice {ak}k with r ∈ (0, α]

small enough.



2242 Cao G. F. et al.

Proof The equivalences of (a) ⇔ (c) ⇔ (d) were proved in [33, Theorem 3.2]. The proof of
(b) ⇒ (c) is similar to the corresponding part of Theorem 3.2. It is enough to show (d) ⇒ (b)
to complete the proof.

(d) ⇒ (b). Suppose μ̂r(ak)ρ(ak)2−2q/p → 0 as k → ∞ for some (ρ, r)-lattice {ak} with
r ∈ (0, α] taken small enough. Then for arbitrary ε > 0, there exists some positive integer
K such that μ̂r(ak)ρ(ak)2−2q/p < ε whenever k > K. Since

⋃K
k=1D

2α(ak) is compact in
D, Proposition 2.8 gives that {ks,z}z∈D ⊆ Asϕ uniformly converges to 0 on

⋃K
k=1D

2α(ak) as
|z| → 1−, where s = tp/q. From estimates (3.7), (3.5), (3.8) and Lemma 2.2, as |z| is sufficiently
close to 1−, we deduce

μ̃t(z)ρ(z)2−2q/p

	
∫

D

|ks,z(w)|te−tϕ(w)dμ(w)

≤
∫

⋃
K
k=1D

2α(ak)

|ks,z(w)|te−tϕ(w)dμ(w)

+
∞∑

k=K+1

μ(Dr(ak))
(

sup
w∈Dr(ak)

|ks,z(w)|se−sϕ(w)
)q/p

� ε+
∞∑

k=K+1

μ̂r(ak)ρ(ak)2−2q/p

( ∫
D2α(ak)

|ks,z(ζ)|se−sϕ(ζ)dA(ζ)
)q/p

� ε+ sup
k≥K+1

μ̂r(ak)ρ(ak)2−2q/p

( ∞∑
k=K+1

∫
D2α(ak)

|ks,z(ζ)|se−sϕ(ζ)dA(ζ)
)q/p

< ε+Nq/p‖ks,z‖ts,ϕε
� ε,

where N is chosen as in Lemma 2.2. This means μ̃t(z)ρ(z)2−2q/p → 0 as |z| → 1−. �

The following theorem is a direct consequence of Proposition 2.11 and [33, Theorem 3.3].

Theorem 3.4 Let 0 < q < p < ∞, ϕ ∈ W0 with 1√
Δϕ

	 ρ ∈ L0 and μ be a finite positive
Borel measure on D. Then the following statements are equivalent:

(a) μ is a vanishing q-Carleson measure for Apϕ.

(b) μ is a q-Carleson measure for Apϕ.

(c) μ̃t ∈ L
p

p−q for some (or any) t > 0.

(d) μ̂δ ∈ L
p

p−q for some (or any) δ ∈ (0, α] small enough.

(e)
{
μ̂r(ak)ρ(ak)2−2q/p

}
k
∈ l

p
p−q for some (or any) (ρ, r)-lattice {ak}k with r ∈ (0, α].

Moreover, we have

‖Id‖q
Ap

ϕ→Lq
ϕ,μ

	 ‖μ̃t‖
L

p
p−q

	 ‖μ̂δ‖
L

p
p−q

	 ‖{μ̂r(ak)ρ(ak)2−2q/p}k‖
l

p
p−q

. (3.9)

In order to characterize the q-Carleson measure for A∞
ϕ with 0 < q < ∞, we will use the

approach given by Luecking [21] via Khinchine’s equality. Recall that the Rademacher functions
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rn are defined by

r0(t) =

⎧⎪⎨
⎪⎩

1, 0 ≤ t− [t] <
1
2
,

−1,
1
2
≤ t− [t] < 1,

rn(t) = r0(2nt), n ≥ 1,

where [t] denotes the largest integer less than or equal to t. The Khinchine’s inequality is given
in the following.

Khinchine′s inequality. For 0 < p < ∞, there exist positive constants C1 and C2 de-
pending only on p such that, for all natural numbers m and all complex numbers b1, b2, . . . , bm,

C1

( m∑
j=1

|bj |2
) p

2

≤
∫ 1

0

∣∣∣∣
m∑
j=1

bjrj(t)
∣∣∣∣
p

dt ≤ C2

( m∑
j=1

|bj |2
) p

2

.

Theorem 3.5 Let 0 < q < ∞, ϕ ∈ W0 with 1√
Δϕ

	 ρ ∈ L0 and μ be a finite positive Borel
measure on D. Then the following statements are equivalent:

(a) μ is a vanishing q-Carleson measure for A∞
ϕ .

(b) μ is a q-Carleson measure for A∞
ϕ .

(c) μ̃t ∈ L1 for some (or any) t > 0.
(d) μ̂δ ∈ L1 for some (or any) δ ∈ (0, α] small enough.
(e) {μ(Dr(ak))}k ∈ l1 for some (or any) (ρ, r)-lattice {ak}k with r ∈ (0, α].

Moreover, we have

‖Id‖q
A∞

ϕ →Lq
ϕ,μ

	 ‖μ̃t‖L1 	 ‖μ̂δ‖L1 	 ‖{μ(Dr(ak))}k‖l1 . (3.10)

Proof The equivalence of (c) ⇔ (d) follows from Proposition 2.11 with

‖μ̃t‖L1 	 ‖μ̂δ‖L1 . (3.11)

The implication (a) ⇒ (b) is trivial. It remains to show (b) ⇒ (e), (e) ⇒ (d) and (d) ⇒ (a).
(b) ⇒ (e). Assume that μ is a q-Carleson measure for A∞

ϕ . For any (ρ, r)-lattice {ak}k with
r ∈ (0, α], let

F (z) =
∑
k

ckk∞,ak
(z),

where the sequence {ck}k is in l∞. According to our assumption and Proposition 3.1, we get∫
D

∣∣∣∣
∑
k

ckk∞,ak
(z)

∣∣∣∣
q

e−qϕ(z)dμ(z) =
∫

D

|F (z)|qe−qϕ(z)dμ(z)

� ‖F‖q∞,ϕ‖Id‖qA∞
ϕ →Lq

ϕ,μ

� ‖{ck}k‖ql∞‖Id‖q
A∞

ϕ →Lq
ϕ,μ
.

Replacing ck with rk(t)ck in the above inequality and then integrating with respect to t from 0
to 1, we obtain∫ 1

0

∫
D

∣∣∣∣
∑
k

rk(t)ckk∞,ak
(z)

∣∣∣∣
q

e−qϕ(z)dμ(z)dt � ‖{ck}k‖ql∞‖Id‖q
A∞

ϕ →Lq
ϕ,μ
. (3.12)
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Applying Fubini’s theorem and Khinchine’s inequality, we get∫ 1

0

∫
D

∣∣∣∣
∑
k

rk(t)ckk∞,ak
(z)

∣∣∣∣
q

e−qϕ(z)dμ(z)dt

=
∫

D

∫ 1

0

∣∣∣∣
∑
k

rk(t)ckk∞,ak
(z)

∣∣∣∣
q

dte−qϕ(z)dμ(z)

�
∫

D

( ∑
k

|ckk∞,ak
(z)|2

) q
2

e−qϕ(z)dμ(z)

	
∫

D

( ∑
k

|ck|2χDr(ak)(z)
) q

2

dμ(z), (3.13)

where the last step is from the following observation given by Lemmas 2.1, 2.4, 2.5

|k∞,ak
(z)|2 =

|K(z, ak)|2
‖Kak

‖2∞,ϕ

	 e2ϕ(z), z ∈ Dr(ak).

By using the fact (3.8) when q ≥ 2 or Hölder’s inequality when q < 2, and with estimates (3.12)
and (3.13), we conclude that

∑
k

|ck|qμ(Dr(ak)) =
∫

D

∑
k

|ck|qχDr(ak)(z)dμ(z)

�
∫

D

( ∑
k

|ck|2χDr(ak)(z)
) q

2

dμ(z)

� ‖{ck}k‖ql∞‖Id‖q
A∞

ϕ →Lq
ϕ,μ
.

Since {ck}k is an arbitrary sequence in l∞, we may in particular take ck = 1 for all k in the
above inequality and then get {μ(Dr(ak))}k ∈ l1 with

‖{μ(Dr(ak))}k‖l1 � ‖Id‖q
A∞

ϕ →Lq
ϕ,μ
. (3.14)

(e) ⇒ (d). Assume that {μ(Dr(ak))}k ∈ l1 for some (ρ, r)-lattice {ak}k with r ∈ (0, α]. For
δ ∈ (0, α] small enough, we have Dδ(z) ⊂ D2α(ak) whenever z ∈ Dr(ak), it follows that∫

D

μ̂δ(z)dA(z) ≤
∑
k

∫
Dr(ak)

μ̂δ(z)dA(z)

=
∑
k

∫
Dr(ak)

μ(Dδ(z))
ρ(z)2

dA(z)

�
∑
k

μ(D2α(ak))

�
∑
k

μ(Dr(ak)),

where the last step is from Lemma 2.2. Thus, we have μ̂δ ∈ L1 with

‖μ̂δ‖L1 � ‖{μ(Dr(ak))}k‖l1 . (3.15)

(d) ⇒ (a). Suppose μ̂δ ∈ L1 for δ ∈ (0, α] small enough, we aim to show that μ is a vanishing
q-Carleson measure for A∞

ϕ , that is, if {fk}k is a bounded sequence in A∞
ϕ that converges to 0

uniformly on compact subsets of D as k → ∞, then limk→∞ ‖fk‖Lq
ϕ,μ

= 0.
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Since ρ ∈ L, there exists a positive constant s such that ρ(z) ≤ s(1 − |z|). Since δ ∈ (0, α]
is taken small enough, we fix δ < 1

2s and then have

D
δ
2 (z) ⊂

{
w ∈ D : |w| > r

2

}
, as |z| > r (3.16)

for r > 1
3 . It follows from Lemma 2.3 that

|fk(z)|qe−qϕ(z) � 1
ρ(z)2

∫
D

δ
2 (z)

|fk(w)|qe−qϕ(w)dA(w).

Integrating both sides on the above formula over the annulus {z ∈ D : |z| > r} with respect to
the measure μ, using Fubini’s theorem, (3.16) and Lemma 2.1, we obtain∫

{z∈D: |z|>r}
|fk(z)|qe−qϕ(z)dμ(z)

�
∫
{z∈D: |z|>r}

1
ρ(z)2

∫
D

δ
2 (z)

|fk(w)|qe−qϕ(w)dA(w)dμ(z)

�
∫
{w∈D: |w|> r

2 }
|fk(w)|qe−qϕ(w)

( ∫
Dδ(w)

1
ρ(z)2

dμ(z)
)
dA(w)

�
∫
{w∈D: |w|> r

2 }
|fk(w)|qe−qϕ(w)μ̂δ(w)dA(w).

Moreover, noting that μ̂δ ∈ L1, and then for arbitrary fixed ε > 0, there exists r0 ∈ (0, 1) such
that ∫

{w∈D: |w|> r0
2 }
μ̂δ(w)dA(w) < ε,

which implies∫
{z∈D: |z|>r0}

|fk(z)|qe−qϕ(z)dμ(z) � ‖fk‖qA∞
ϕ

( ∫
{w∈D: |w|> r0

2 }
μ̂δ(w)dA(w)

)

� ε. (3.17)

On the other hand, since fk → 0 uniformly on compact subsets of D as k → ∞, we have

lim
k→∞

∫
|z|≤r0

|fk(z)|q e−qϕ(z)dμ(z) = 0.

This together with (3.17) yields
lim
k→∞

‖fk‖Lq
ϕ,μ

= 0,

which proves (a). The equivalences of norm estimates in (3.10) come from (3.11), (3.14), (3.14)
and the proof of (d) ⇒ (a). This completes the proof. �

Remark 3.6 In fact, the special case of the above conclusion as t = 2 was proved in [15,
Theorem 2.9].

4 Bounded and Compact Weighted Composition Operators

Proof of Theorem 1.1 We prove part (a) of Theorem 1.1 firstly. Assume that Wψ,φ : Apϕ → Aqϕ
is bounded, where 0 < p ≤ q <∞. For any z ∈ D, we have

Bp,q,φ(|ψ|)(z) =
∫

D

|kp,z(φ(w))|q|ψ(w)|qe−qϕ(w)dA(w)
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= ‖Wψ,φkp,z‖qq,ϕ
≤ ‖Wψ,φ‖qAp

ϕ→Aq
ϕ
. (4.1)

Taking the supremum over z ∈ D, we obtain (1.3) with

‖Bp,q,φ(|ψ|)‖L∞ ≤ ‖Wψ,φ‖qAp
ϕ→Aq

ϕ
. (4.2)

Conversely, suppose that Bp,q,φ(|ψ|) is in L∞. By setting t = q, s = p in (3.6), we get

|kq,z(w)|qρ(z)2−2q/p 	 |kp,z(w)|q, z, w ∈ D.

This together with (1.1) and (1.2) yields that

(ν̃q,φ)q(z)ρ(z)2−2q/p =
∫

D

|kq,z(w)|qe−qϕ(w)dνq,φ(w)ρ(z)2−2q/p

	
∫

D

|kp,z(w)|qdμq,φ(w)

=
∫

D

|kp,z(φ(w))|q|ψ(w)|qe−qϕ(w)dA(w)

= Bp,q,φ(|ψ|)(z) (4.3)

and then (ν̃q,φ)qρ2−2q/p is bounded on D by our assumption. An application of Theorem 3.2
implies that νq,φ is a q-Carleson measure for Apϕ. It follows from (3.1) and (4.3) that∫

D

|f(w)|qe−qϕ(w)dνq,φ(w) � ‖Bp,q,φ(|ψ|)‖L∞‖f‖qp,ϕ, ∀f ∈ Apϕ.

Hence, using (1.1) and (1.2) again, we obtain

‖Wψ,φf‖qq,ϕ =
∫

D

|f(φ(w))|q|ψ(w)|qe−qϕ(w)dA(w)

=
∫

D

|f(w)|qdμq,φ(w)

=
∫

D

|f(w)|qe−qϕ(w)dνq,φ(w)

� ‖Bp,q,φ(|ψ|)‖L∞‖f‖qp,ϕ. (4.4)

Therefore, Wψ,φ is bounded from Apϕ to Aqϕ with

‖Wψ,φ‖qAp
ϕ→Aq

ϕ
� ‖Bp,q,φ(|ψ|)‖L∞ .

This together with (4.2) gives the norm estimate in (1.4).
We proceed to prove part (b) of Theorem 1.1.
Assume that the weighted composition operator Wψ,φ is compact from Apϕ to Aqϕ with

0 < p ≤ q <∞. For any z ∈ D, since kp,z converges to 0 uniformly on compact subsets of D by
Proposition 2.8, we get ‖Wψ,φkp,z‖q,ϕ → 0 as |z| → 1−. Note that

Bp,q,φ(|ψ|)(z) = ‖Wψ,φkp,z‖qq,ϕ
from (4.1), and this makes the establishment of (1.5).

Conversely, if

lim
|z|→1−

Bp,q,φ(|ψ|)(z) = 0,
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then (ν̃q,φ)q(z)ρ(z)2−2q/p converges to zero as |z| → 1− in views of estimate (4.3), and νq,φ is a
vanishing q-Carleson measure for Apϕ by Theorem 3.3. This implies that∫

D

|fk(z)|qe−qϕ(z)dνq,φ(z) → 0, (4.5)

whenever {fk}k is a bounded sequence in Apϕ that converges to 0 on compact subsets of D.
Consequently,

‖Wψ,φfk‖q,ϕ =
( ∫

D

|fk(z)|qe−qϕ(z)dνq,φ(z)
) 1

q

→ 0 (4.6)

as k → ∞ by replacing f by fk in (4.4), and this shows Wψ,φ is compact from Apϕ to Aqϕ. The
proof is complete here. �

In fact, the proof of Theorem 1.1 reveals the following corollary.

Corollary 4.1 Let 0 < p ≤ q < ∞ and ϕ ∈ W0 with 1√
Δϕ

	 ρ ∈ L0. Assume that ψ is an
analytic function on D and φ is an analytic self-map of D. Then

(a) The weighted composition operator Wψ,φ is bounded from Apϕ to Aqϕ if and only if the
measure νq,φ defined in (1.2) is a q-Carleson measure for Apϕ.

(b) The weighted composition operator Wψ,φ is compact from Apϕ to Aqϕ if and only if νq,φ
is a vanishing q-Carleson measure for Apϕ.

The other corollary of Theorem 1.1 gives a more useful necessary condition for the bound-
edness of the weighted composition operator.

Corollary 4.2 Let 0 < p ≤ q < ∞ and ϕ ∈ W0 with 1√
Δϕ

	 ρ ∈ L0. Assume that ψ is an
analytic function on D and φ is an analytic self-map of D. If the weighted composition operator
Wψ,φ is bounded from Apϕ to Aqϕ, then

sup
z∈D

ρ(z)2/q

ρ(φ(z))2/p
eϕ(φ(z))

eϕ(z)
|ψ(z)| <∞.

Proof Assume that the weighted composition operator Wψ,φ is bounded from Apϕ to Aqϕ for
0 < p ≤ q <∞. In views of Theorem 1.1, we have supz∈D

Bp,q,φ(|ψ|)(z) <∞. In particular,

sup
z∈D

Bp,q,φ(|ψ|)(φ(z)) <∞, (4.7)

since φ is an analytic self-map of D. Applying Lemmas 2.3, 2.4 and 2.5, we deduce

Bp,q,φ(|ψ|)(φ(z)) =
∫

D

|kp,φ(z)(φ(w))|q|ψ(w)|qe−qϕ(w)dA(w)

≥
∫
Dr(z)

|kp,φ(z)(φ(w))|q|ψ(w)|qe−qϕ(w)dA(w)

� ρ(z)2|kp,φ(z)(φ(z))|q|ψ(z)|qe−qϕ(z)

= ρ(z)2
|K(φ(z), φ(z))|q

‖Kφ(z)‖qp,ϕ |ψ(z)|qe−qϕ(z)

�
(

ρ(z)2/q

ρ(φ(z))2/p
eϕ(φ(z))

eϕ(z)
|ψ(z)|

)q
.

This together with (4.7) yields the desired result. �
Now, we turn to prove Theorem 1.2.
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Proof of Theorem 1.2 The implication (b) ⇒ (a) is trivial. To finish our proof, it suffices to
show the implications (a) ⇒ (b) and (a) ⇔ (c).

(a) ⇒ (b). Assume that the weighted composition operator Wψ,φ is bounded from Apϕ to
Aqϕ with 0 < q < p <∞. For any f ∈ Apϕ, we have∫

D

|f(z)|qe−qϕ(z)dνq,φ(z) = ‖Wψ,φf‖qq,ϕ
≤ ‖Wψ,φ‖qAp

ϕ→Aq
ϕ
‖f‖qp,ϕ

by (4.4). In views of Theorem 3.4, νq,φ is a vanishing q-Carleson measure for Apϕ. A similar
discussion as (4.5) and (4.6) leads to

lim
k→∞

‖Wψ,φfk‖q,ϕ = 0

for any sequence {fk}k in Apϕ that converges to 0 on compact subsets of D as k → ∞, which
implies the compactness of Wψ,φ.

(c) ⇒ (a). Suppose that the integral transform Bp,q,φ(|ψ|) ∈ L
p

p−q (D, dλρ), where 0 < q <

p <∞ and dλρ is given in (1.6). According to (4.3), we have∫
D

(ν̃q,φ)q(w)
p

p−q dA(w) =
∫

D

((ν̃q,φ)q(w)ρ(w)2−2q/pt)
p

p−q dλρ(w)

	
∫

D

Bp,q,φ(|ψ|)(w)
p

p−q dλρ(w)

<∞. (4.8)

An application of Theorem 3.4 yields that νq,φ is a q-Carleson measure for Apϕ. Thus,∫
D

|f(z)|qe−qϕ(z)dνq,φ(z) � ‖Bp,q,φ(|ψ|)‖
L

p
p−q (D,dλρ)

‖f‖qp,ϕ, ∀f ∈ Apϕ

by combining (3.9) and (4.8). This along with (4.4) implies that the weighted composition
operator Wψ,φ is bounded from Apϕ to Aqϕ with

‖Wψ,φ‖qAp
ϕ→Aq

ϕ
� ‖Bp,q,φ(|ψ|)‖

L
p

p−q (D,dλρ)
. (4.9)

(a) ⇒ (c). If the weighted composition operator Wψ,φ is bounded from Apϕ to Aqϕ with
0 < q < p <∞, then for arbitrary f ∈ Apϕ,∫

D

|f(z)|qe−qϕ(z)dνq,φ(z) = ‖Wψ,φf‖qp,ϕ � ‖Wψ,φ‖qAp
ϕ→Aq

ϕ
‖f‖qp,ϕ

by (4.4). This implies that νq,φ is a q-Carleson measure for Apϕ. According to Theorem 3.4, we
have (ν̃q,φ)q ∈ L

p
p−q with

‖(ν̃q,φ)q‖
L

p
p−q

� ‖Wψ,φ‖qAp
ϕ→Aq

ϕ
.

Combining this with (4.8) we conclude that Bp,q,φ(|ψ|) ∈ L
p

p−q (D, dλρ) with

‖Bp,q,φ(|ψ|)‖
L

p
p−q (D,dλρ)

� ‖Wψ,φ‖qAp
ϕ→Aq

ϕ
.

This together with (4.9) gives (1.7), which completes the proof of Theorem 1.2. �
Theorem 1.3 can be obtained by following a similar approach as in the proof of Theorem

1.2. We include it here for completeness.
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Proof of Theorem 1.3 The implication (b) ⇒ (a) is trivial. It is enough to show the implica-
tions (a) ⇒ (b) and (a) ⇔ (c) to complete this proof.

(a) ⇒ (b). Assume that the weighted composition operator Wψ,φ is bounded from A∞
ϕ to

Aqϕ with 0 < q <∞. According to (4.4), we have∫
D

|f(z)|qe−qϕ(z)dνq,φ(z) = ‖Wψ,φf‖qq,ϕ ≤ ‖Wψ,φ‖qA∞
ϕ →Aq

ϕ
‖f‖q∞,ϕ

for any f ∈ A∞
ϕ . Thus νq,φ is a vanishing q-Carleson measure for A∞

ϕ in views of Theorem 3.5.
It follows by a similar discussion of (4.5) and (4.6) that

lim
k→∞

‖Wψ,φfk‖q,ϕ = 0

for any sequence {fk}k in A∞
ϕ that converges to 0 on compact subsets of D as k → ∞, which

gives that Wψ,φ is compact from A∞
ϕ to Aqϕ.

(c) ⇒ (a). Suppose the integral transform B∞,q,φ(|ψ|) ∈ L1(D, dλρ) for 0 < q < ∞. By
using (2.4), we have

|k∞,z(w)|q =
|Kz(w)|q
‖Kz‖q∞,ϕ

	 |Kz(w)|q
eqϕ(z)ρ(z)−2q

=
|Kz(w)|q

eqϕ(z)ρ(z)(
2
q −2)q

ρ(z)2

	 |kq,z(w)|qρ(z)2.
This along with (1.1) and (1.2) gives

(ν̃q,φ)q(z)ρ(z)2 =
∫

D

|kq,z(w)|qe−qϕ(w)dνq,φ(w)ρ(z)2

	
∫

D

|k∞,z(w)|qdνq,φ(w)

=
∫

D

|k∞,z(w)|q|ψ(w)|qe−qϕ(w)dA(w)

= B∞,q,φ(|ψ|)(z).
Hence, according to the definition of dλρ in (1.6) and our assumption, we obtain∫

D

(ν̃q,φ)q(z)dA(z) =
∫

D

(ν̃q,φ)q(z)ρ(z)2dλρ(z)

=
∫

D

B∞,q,φ(|ψ|)(z)dλρ(z)

<∞. (4.10)

An application of Theorem 3.5 yields that νq,φ is a q-Carleson measure for A∞
ϕ . Then∫

D

|f(z)|qe−qϕ(z)dνq,φ(z) � ‖Bp,q,φ(|ψ|)‖L1(D,dλρ)‖f‖q∞,ϕ, ∀f ∈ A∞
ϕ

by using (3.10) and (4.10). This along with (4.4) shows that the weighted composition operator
Wψ,φ is bounded from A∞

ϕ to Aqϕ with

‖Wψ,φ‖qAp
ϕ→Aq

ϕ
� ‖B∞,q,φ(|ψ|)‖L1(D,dλρ). (4.11)
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(a) ⇒ (c). Assume that the weighted composition operator Wψ,φ is bounded from A∞
ϕ to

Aqϕ for 0 < q <∞, with the fact in (4.4), we deduce∫
D

|f(z)|qe−qϕ(z)dνq,φ(z) = ‖Wψ,φf‖qq,ϕ
� ‖Wψ,φ‖qA∞

ϕ →Aq
ϕ
‖f‖q∞,ϕ

for any f ∈ A∞
ϕ . This implies that νq,φ is a q-Carleson measure for A∞

ϕ . According to Theorem
3.5, we have (ν̃q,φ)q ∈ L1 with

‖(ν̃q,φ)q‖L1 � ‖Wψ,φ‖qA∞
ϕ →Aq

ϕ
.

Combining this with (4.10) we conclude that Bp,q,φ(|ψ|) ∈ L1(D, dλρ) with

‖Bp,q,φ(|ψ|)‖L1(D,dλρ) � ‖Wψ,φ‖qA∞
ϕ →Aq

ϕ
.

This together with (4.11) gives (1.8), which completes the proof. �

5 Schatten Class Weighted Composition Operators

In this section, we aim to prove the Schatten p-class weighted composition operators on A2
ϕ.

To this end, we first introduce the notion of the Toeplitz operator Tμ induced by a positive
measure μ as follows,

Tμf(z) =
∫

D

f(w)K(z, w)e−2ϕ(w)dμ(w), z ∈ D.

Proposition 5.1 ([33, Proposition 5.1]) Let 0 < p <∞ and μ be a positive Borel measure on
D. Then the following statements are equivalent:

(a) μ̃ ∈ Lp(D, dλρ).
(b) μ̂δ ∈ Lp(D, dλρ) for some (or any) δ ∈ (0, α].
(c) The sequence {μ̂r(wk)}k ∈ lp for some (or any) (ρ, r)-lattice {wk} with r ∈ (0, α].

Theorem 5.2 ([33, Theorem 5.1]) Let ϕ ∈ W0 with 1√
Δϕ

	 ρ ∈ L0, 0 < p < ∞ and μ be a
finite positive Borel measure on D. Then the Toeplitz operator Tμ ∈ Sp(A2

ϕ) if and only if the
function μ̂δ ∈ Lp(D, dλρ) for some (or any) δ ∈ (0, α].

We can now prove the last main theorem of this work.

Proof of Theorem 1.4 For any f, g ∈ A2
ϕ, by (1.1) and (1.2), we deduce that

〈W ∗
ψ,φWψ,φf, g〉A2

ϕ
= 〈Wψ,φf,Wψ,φg〉A2

ϕ

=
∫

D

f(φ(w))g(φ(w))|ψ(w)|2e−2ϕ(w)dA(w)

=
∫

D

f(w)g(w)dμ2,φ(w)

=
∫

D

f(w)g(w)e−2ϕ(w)dν2,φ(w). (5.1)

By applying Fubini’s theorem and the reproducing property, we obtain

〈Tν2,φ
f, g〉A2

ϕ
=

∫
D

( ∫
D

f(w)K(z, w)e−2ϕ(w)dν2,φ(w)
)
g(z)e−2ϕ(z)dA(z)

=
∫

D

f(w)g(w)e−2ϕ(w)dν2,φ(w).
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This together with (5.1) gives

〈W ∗
ψ,φWψ,φf, g〉A2

ϕ
= 〈Tν2,φ

f, g〉A2
ϕ

for any f, g ∈ A2
ϕ. It follows that

W ∗
ψ,φWψ,φ = Tν2,φ

.

This, in combination with Theorem 1.26 in [34] implies that the weighted composition operator
Wψ,φ ∈ Sp(A2

ϕ) if and only if the Toeplitz operator Tν2,φ
∈ Sp/2(A2

ϕ), which is equivalent to

(ν̂2,φ)δ ∈ Lp/2(D, dλρ), δ ∈ (0, α]

according to Theorem 5.2. It is also equivalent to

(ν̃2,φ)2 ∈ Lp/2(D, dλρ)

by Proposition 5.1. We complete the proof by observing the fact

B2,2,φ(|ψ|)(z) = (ν̃2,φ)2(z), z ∈ D. �
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