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Abstract Quantum uncertainty relations are mathematical inequalities that describe the lower bound
of products of standard deviations of observables (i.e., bounded or unbounded self-adjoint operators).
By revealing a connection between standard deviations of quantum observables and numerical radius
of operators, we establish a universal uncertainty relation for k£ observables, of which the formulation
depends on the even or odd quality of k. This universal uncertainty relation is tight at least for
the cases k = 2 and k = 3. For two observables, the uncertainty relation is a simpler reformulation of
Schrodinger’s uncertainty principle, which is also tighter than Heisenberg’s and Robertson’s uncertainty
relations.

Keywords Numerical radius of operators, quantum uncertainty principle, quantum observables,

quantum deviations

MR (2010) Subject Classification 47A12, 47A63, 81Q10, 81P05

1 Introduction

In the mathematical framework of quantum mechanics, a quantum system can be simulated
in a complex Hilbert space H with the inner product (:|-) and a pure state is described by a
unit vector |z). Quantum observables for a state |x) are bounded or unbounded self-adjoint
operators on H with domain containing |z) (Ref. [25]). The mean value of observable A for
the pure state |x) is (A) = (z|A]x). The uncertainty principle, discovered first by Heisenberg
in 1927 (Ref. [10]), is often considered as one of the most important topics of quantum theory
(Ref. [11, 25]) and can be linked to quantum entanglement and other important topics (Ref.
[2, 20]). Heisenberg’s uncertainty principle says that

Oq0p > E, (1.1)

2

Received September 16, 2021, accepted December 15, 2021
Supported by National Natural Science Foundation of China (Grant Nos. 11771011, 12071336)

1) Corresponding author




1242 He K. and Hou J. C.

where 0, and o, denote standard deviations of the position operator ¢ and momentum operator
p respectively, h is the reduced Planck constant. In 1929, Robertson generalized Heisenberg’s

uncertainty principle, which says that, for observables A, B and pure state |z),
1
7405 > SI(1A, B, (12)
where [A, B] = AB — BA is the Lie product of A and B,
oa =+ (A%) —(A)?2 and op=+/(B?) —(B)?

are the standard deviations of A and B, respectively [22]. Schrodinger gave a uncertainty

principle, which is sharper than Robertson’s and asserts that

2

oa0n > \/ T BYE + |34, BY) - (415 (13)

where {A, B} = AB + BA is the Jordan product of A and B [23]. Schrédinger’s uncertainty
principle holds for mixed state, too. Recall that a mixed state p is a positive operator on H
with trace 1. Then the mean value of observable A for the state p is (4) = Tr(Ap) and the
standard deviation of A is o4 = 1/(42) — (A)2 = /Tr(A2p) — Tr(Ap)2. Here we assume that
both Tr(Ap) and Tr(A?p) are finite. Furthermore, many other ways to formulate uncertainty

relations were put forward, such as in terms of entropies (Ref. [4, 26]) and even for the multi-
observable case (Ref. [12]), or based on other approaches, such as majorization and skew
information and so on (Ref. [5, 6] and their references). Furthermore, variance-based sum
uncertainty relations also be focused on (Ref. [3, 16, 18, 19]). Recently, some new technologies
of improving state-independent uncertainty relations based on joint numerical ranges were found
in [7, 24]. In the paper, we pay attention to refine the original uncertainty relations based on
product form of deviations of observables.

What happens for the multi-observable case?

There is a natural way to get uncertainty relation from the uncertainty principles in (1.2)
or (1.3). For example, let A, B, C be three observables, then by applying (1.2) one gets

0h0B0G > %I([A,B]><[B,C]><[A,C]>\- (1.4)

But (1.4) is not sharp enough.
Let A= ¢ B =pand C =+ = —p— ¢g; then [p,q] = [q,7] = [r,p] = %, and thus (1.4),
together with (1.1), gives

B\ 3
2 2 2
0,00, > <7'2> (1.5)

with 7 = % > 1.
This also happens for Pauli matrices X,Y, Z. As [X,Y] = 2iZ, one has %|<[X7 Y| = (Z2)].

Similarly 1[([X, Z])| = |(Y)| and 3[([Y, Z])| = [(X)|. Thus by (1.4)
axotay > [(X)(Y)(2)].
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Also it was announced in [17] that
ox0v0y > —=[(X)(Y)(Z)|. (1.6)

This inequality is also tight and achieves “=" at p = 1(I + %X + %Y + %Z)

Therefore, to obtain multi-observable uncertainty relations that are sharp enough, one needs
new approaches. Let Ay, Ag, ..., Ax be any k observables of a quantum system. The purpose of
this paper is to establish a lower bound of 04,04, - - - 04, in terms of (4;A4;), (4;)(A;) and <A§)
For the case when k = 2, the uncertainty relation is equivalent to Schrédinger’s uncertainty
principle that is tight and has a simpler representation. For the case when k = 3, we show that

the uncertainty relation is tight by taking Pauli matrices as observables.

2 Multi-observable Uncertainty Relations

Our main idea is based on the following observation, which establishes a formula to connect
the standard deviation of a quantum observable A of a state |z) to the norm as well as the
numerical radius of [A,|z)(z|], the Lie product of A and the rank one projection |z){z| (or
written equivalently as z ® x).

Let us recall some notions in mathematics. Let 7" be a bounded linear operator acting on
a complex Hilbert space H. The numerical range of T is the set W(T) = {(«|T|z) : |z) €
H,||z)|| = 1}, and the numerical radius of T is w(T) = sup{|A| : A € W(T)}. The topic of
numerical range and numerical radius plays an important role in mathematics and is applied
into many areas (Ref. [8, 9, 13]). Denote by ||T'|| the operator norm of T. In the following
lemma, we show a connection between the standard deviation and numerical radius.

Lemma 2.1 Let |z) be a pure state and A an observable for it. Then
oa = [[[A, [z) (@[] = w([A, |2) (z]])-

Proof Let H be the associated Hilbert space for the pure state |2) and the observable A. Write
Alz) in the form A|x) = a|x) + Bly), where normalized |y) is orthogonal to |z). Since A is self-
adjoint we have oo = (x| Alx) € R. Moreover, by self-adjointness of A, the Lie product of A and
the rank one projection |z)(x| is represented by the following matrix relative to decomposition
H = [z]®[y] ® {x,y}*, here [z] = span{z}. Then

(o s
[A, |z)(z]] = s 0 ® 0.

Note that [A, |x)(z]|] is a skew self-adjoint operator because
[A, |2) (2T = ~[A4, |z)(z]).

Thus its numerical range W ([A4, |z){(z]]) = i[—|3], |8]], and hence w([4, |z){x|]) = ||[4,z®z]| =
|8]. Tt follows that

w4, |z)(=]))* = [I[A, |2)(=]lll = |8
= [[Alz) — (x]Alz) |2}
= (2](A — (2] Al))?|z)
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= (z|A%|z) — ((z]Alz))?
= (42) - (4)? = 5.

Therefore, o4 = w([A4, |x)(z|]) = ||[4, |x){z]]||. We complete the proof. O

Lemma 2.1 is helpful for exploring new quantum uncertainty relations. Indeed, by Lemma
2.1, for any observables A1, As, ..., Ay for a pure state |x), as the numerical radius is less than

or equal to the operator norm (see Ref. [9]), we have

k k
Ha H Aj, ) (]|
i=1 i=1

Note that, the value of H =104, does not depend on the order arrange of observables but
w(]_[?:l[Aj, |z)(z|]) does. Therefore, the inequality (2.1) can be sharped to

k k
H% > m;txw(H[A,r(j), |x><x|]>, (2.2)

Jj=1

k

H Aj, ) (]

‘ (U Aj, |z) x|> (2.1)

where the maximum is over all permutations 7 of (1,2, ..., k). Thus the question of establishing
an uncertainty relation for k observables is reduced to the question of calculating the numerical

radius of the operator
k

D" = [[1Axg). l)x]), (2.3)

j=1
which is an operator of rank < 2.

The exact value of w(D,(:)) is computable and we can establish a multi-observable uncer-

tainty relation by (2.2). For simplicity, and with no loss of generality, we state our results only
for 7 =id.
One may ask why not work on the stronger inequality

k
17 zIIﬁme

j=1
In fact, we will show from Eq. (2.17) that, this inequality does not lead to a stronger uncertainty

relation. So the numerical radius is the better choice.
The following is our main result, here we agree on HjeA a; = 1if A = 0. It is surprising
that our uncertainty relation for any k£ observables has different formulation depending on the

even or odd quality of the integer k.
Theorem 2.2 Let Ay, Ao, ..., Ay with k > 2 be observables.
(1) If k = 2n, then

n—1

IIaA (II|A%A%+n <A%NAw+DOU@%AwJ—<AD@bM|+UmUA%) (2.4)

7j=1
(2) If k = 2n+ 1, then, identifying 2n + 2 with [(2n 4+ 2) mod (2n+ 1)] =1,

2n+1 |: 2n+1

Hv/_2 Hhmm1<>%m|
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+ 0%, [T (A2 Azji1) — (Agj)(Agjga)]
j=1

[N

+ 01242n+1 ﬁ ‘<A2j*1A2j> - <A2j71><A2j>|2 . (25)

j=1
Next we show the proof of Theorem 2.2, which can be considered as the new proof of
Schrodinger’s uncertainty principle in [23]. Before start the proof of Theorem 2.2, we need a

lemma.

Lemma 2.3 Let

0 a b

0 a
Elz C 0 0 ) E2:

c 0

0 0 0

Then .
w(Er) = 5VI[b1* + (la + [e])?

and

w(Bz) = 5 (la] + |e]).

Proof With ac = |ac|e®?, o(E;) = {£+/]acle’?,0}. Tt is easily checked that E; satisfies the
conditions of Theorem 2.3 and 2.4 of Ref. [15], and hence the numerical range W(E;) of Ej is
an elliptic disc with foci {4+/]acle!’}. Thus the numerical radius w(E;) is the half length of

major axis of the ellipse.
Let FF =e E;. Then w(F) = w(E;). As o(F) = {£+/]ac|,0}, we see that

w(F) = [[Re(F)].

Note that

1 : )
o (Re()) = {05 e 4 o0V}
A simple computation shows that
|ae—19 4 E€i9|2 — (|a‘ + |C|)2.

Therefore, we have
1
w(Br) = w(F) = SVI[bI* + (la] +[e)*.

It is also easily checked that
1 - - 1
w(By) = 5lae™ + ] = Z(lal + ).
We complete the proof. O
Proof of Theorem 2.2 According to the assumption of Theorem 2.2, it is enough to prove the
theorem for the pure states.
For any given observables A1, Ao, ..., A, with k > 2, let
k

Dy, = H[Aja |$><.’E|],

J=1
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which has the form

Dy, = ag|x){x| + b |Ar1x) (x| + ck|x)(xAk| + di| Arx) (z Ay

A direct computation gives

ag = —(A1A4),
by = (As),

c2 = (Aq),

dy = —1.

For any k > 3, since Dy, = Dy_1[Ag, |x){z|], one may take

ap = ap—1(Ag) + cr_1(Ap_14s),
b = br—1(Ag) + dr—1(Ax—14%),
ck = —agp—1 — ck—1{Ax_1),
d = —bg—1 — dp_1(Ap-1).

Take unitors vectors |y), |z) so that {|x), |y),|2)} is orthogonal and

{Lhw=<&nm+o&w»

|[Akz) = (Ag)|z) + B'ly) ++'|2)-
Then

B =03 (A1 Ar) — (A1) (AR),  oa, = VIR + V%

and

He K. and Hou J. C.

(2.6)

(2.7)

(2.8)

Dy, = (ap + b (A1) + cx(Ax) + di (A1) (Ax)) ) (x| + (. + di (A1) 5 |2) (Y|

+ (e + di(AL))Y'|2) (2] + (b + di(Ak))oa, ly) (|
+ droa, B'y) (Yl + droa, ' [y) (2|
= [V )]+ 15 12) (] + F5 |2) (2|
+ 150 )l + £5 [u) (ul + 155 1w el
Note that, by (2.7), we have

A = en1 ((Apm1Ar) — (Ago) (Ar)) + dier (A (A1 Ag) — (A1) (A1) (Ar))

= = AP (A1 Ak) = (Ap ) (AR))
ek +di(Ar) = —crp—2((Ap—2Ar_1) — (Ar—2)(Ar_1))
— dg—2((A1)(Ar—2Ak—1) — (A1)(Ar—2)(Ak—1))
(k—1)
=—fi1 5
dip = —bp—1 — dp—1(Ak—1) = dp—2((Ax—2)(Ar—1) — (Ar—24k_1))
and

b, + di(Ak) = di—1((Ak—14x) — (Ak—1)(Ax)) = —dk11,



Numerical Radius of Operators and Quantum Uncertainty Relations 1247

which reveal that
= =P (A1 A) — (A1) {AR)),
s =l
& = -0y,
) = —diproa, = (Aro1Ar) — (A (A £,
£ = dpoa, B = ((Ap—2Ak—1) — (Aj—2)(Aj-1))dr—204, 3,
£ = droay = (Ap—2Ar—1) — (Ap—2){Ax_1))di—204,7"-

It is easily checked that

(A1)(Ag) — (A1 A9) 0 0
D2 = 0 —UAlﬁ/ _UAl'Y/ ®0
0 0 0

and D3 = D4 @ 0, where Dj is

0 ((A142) — (A1)(A2))8"  ((A142) — (A1)(A2))Y
((A2)(As) — (A2435))0a, 0 0
0 0 0
if dim H > 3;
. ( (A)(4) ~ (Aids) 0 )
0 —04,04,
and
D3 = ( 0 ((A1Ag) — (A1)(Az))0 4, )
((A2)(A3) — (A243))0 4, 0

if dim H = 2. Hence, by identify the case of dim H = 2 with the case 7' = 0, we may agree
that Dy and D3 have respectively the block matrix
* 0 0
0 * * | @0 (2.10)
0 00

and
0 * x

« 0 0 |®0. (2.11)
00 0

Then Eq. (2.9) implies that Dg, has the matrix (2.10) if &k = 2n is even and Dag,y; has the
matrix (2.11) if £ = 2n + 1 is odd.
Let us first calculate w(Ds). It is easily checked that

w(Ds) = max{<A1A2> — (A1)(A5)], %|<A1A2> — (A1) (42)] + %}



1248 He K. and Hou J. C.

Thus we have
oA, 04, > w(D2) > [(A1)(A2) — (A1 A2)] (2.12)

and
w(D2) = 5 (A1 ds) — (A){As) | + 04,0,).

If k = 2n is even, then it follows from (2.9) that
1= 1A Az) = (A {Az)) -+ (Ak1 Ak) = (Axa)(AR)]. (2.13)
Since Dy, has the form (2.10), by (2.9) and (2.12), we have

1Doall = max {771 A/ |72 + 172712} = ol a, 0,

and

w(Dgn)Zmax{|f(2n 5 (17871 + 15 |2+|f23")|2>}

1
= §|d2n|(|<141A2n> — (A1) (A2n)| + 04,04,,)

It needs to check that the second “=” holds true in the calculation of w(Da,,). To see this, by
the definition of di_o, 8’ and f(2" ,

SIS+ IR +17871)
~ ({As-2 1) = (Aol aDdicaon, | 5 (81 + VIFT+ )

> |((Ap—24r—1) — (Ap—2)(Ar_1))dr—204, (']
= |((Ag—2Ak—1) — (Ak—2)(Ak_1))dr—204,04,]
> |((A1Az) — (A1) (A)) - ((Ae1Ar) — (Ap_1)(AR))] = [F37).

So the maximal value of w(Ds,) is obtained on the second item, and the equality holds true.
Now dy = —1 and

|don| = |dan—2]| - [(A2n—2A2n—1) — (A2n—2)(A2n—1)|

(1

([(A1Azn) — (A1)(A2n)| 4+ 04,04,,)- (2.14)

entail that
1

w(Dan) = wm&ﬁa—mmmmﬁo

DN | =
S
Il

As HJ 104; > w(Day,), this completes the proof of (2.4).
If k =2n + 1 is odd, then D, 1 has the patten (2.11). Applying Lemma 2.3 gives

1 2n+1 (2n 2n+1
w(Dapy1) = \/ A+ T2 + 1A
1
= LS8+ Mansalon)? + 1377

1 2n) n
= A @IS 200,01+ ldonin20%, + ST RIS+ 712).
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Therefore,
w(Dan11) = 5\ /2mmal (A Aznr) — (An){ Az )] + 7305, + 720, (2.15)
where
m = [ [ [(A2j-142;) — (A1) (As))]
j=1
and
n
my = [ [ [{A2jAzj11) — (Az;)(Agji1)l.
j=1
As H?"J{l oa; > w(Danq1), we complete the proof of (2.5) by (2.15). O
Going through the proof of Theorem 2.2, it is straightforward to verify that “=" holds if
and only if
k k k
TL104s etl = | T ket = w( TTeAr oot (2.16)
j=1 j=1 j=1

Thus the uncertainty relation is tight if Eq. (2.16) holds for some observerbles A, Ag, ..., Ay
and some state. This is the case as will be illustrated in Section 4.

We remark that Theorem 2.2 holds for any state p with |Tr(A;p)| < oo and Tr(A%p) < oo,
j=1,2,...,k. To see this, denote by Co(H) be the Hilbert—Schmidt class in H, which is a
Hilbert space with inner product (7, S) = Tr(T7S). Then, a positive operator p is a state if
and only if /p is a unit vector in C(H). For a self-adjoint operator A on H, define a linear
operator La on Co(H) by LaT = AT if Tr(TTA%T) < co. It is clear that L, is self-adjoint as
LL = L4+ = L4. Note that

(A) = Tr(Ap) = (VplLal\/p) = (La)
and thus
OA =O0L,, <LALB>:<LAB>=<AB>.

Then, Theorem 2.2 is true by applying (2.1) to La,, La,, ... and the pure state |,/p).

) LAk

Finally we will explain why the sharper inequality

k
[Toa = 1Dl (2.17)
j=1
cannot achieve sharper uncertainty relations than the weaker inequality H§=1 oa; > w(Dy)
can.

If k = 2n is even, then by (2.9) and (2.10) one has

n—1

[Danll = 04,045, [ [(A2jA2j41) = (Asgj)(Azji)l-
j=1
This together with (2.17) gives

2n—1

H oa; = H‘ (A2jAzj11) — (A2j)(Azj41)l,
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which is weaker than the inequality (2.4).
If Kk =2n+1 is odd, then by (2.9) and (2.11) one has

2n+1 2n+1 2n+1 .
1Dl = mase {17302 4 3D, 75274 Big)

2
= max{|f1(1n) |0A2n+17 |d2ﬂ+2|0A1 }7

which gives
2n n
[Toa, = [T 1(A2j-142;) — (Azj-1)(As)|
j=1 j=1

or
2n+1 n

1T o4 = T 1{A2A0541) — (A2;)(As; 1),
j=2 7j=1

again weaker than (2.4).

3 The Case of kK = 2: A Reformulation of Schrédinger’s Principle

Before to see the uncertainty relations presented by Theorem 2.2 is sharper than those obtained
by Heisenberg’s uncertainty principle (1.2) and Schrodinger’s uncertainty principle (1.3), we
illustrate some application of Theorem 2.2 for the cases k = 2. Applying Theorem 2.2 (1) to
the case when k = 2, the following result is immediate.

Theorem 3.1 Let A and B be observables for a state. Then
oaop = [(AB) — (A)(B)], (3.1)

which is equivalent to Schrodinger’s uncertainty principle.

The expression of inequality is quite simpler than that of Schrédinger’s uncertainty principle.
We show that (3.1) is in fact equivalent to Schrédinger’s uncertainty principle (1.3).
To check it, write (A)(B) = r and (AB) = s +it, where s,¢,7 € R. Then (BA) =s —it. A

simple computation gives

(AB) — (A)(B)] = /(s — )7 + 2,
2
ﬁ<[A,BJ>|2+];<{A,B}>—<A><B> = Vis—rE e

and )
3[4, B = [t

So, we get

oa0p 2 [(A)(B) = (AB)

2

- \/%K[A,Bmz + ’%<{A,B}> — (A)(B)

> _|([4,B)]. (3.2)

.
2
Now we are at a position to show that Theorem 2.2 is sharper than the uncertainty relations

obtained by the approach mentioned in the introduction section.
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Let Ay, Ao, ..., A be observables.
If k = 2n is even, by the inequality (3.2) one has

k n—1
H A, _< H (UA% 0A21+1)> (04,04,,)
j=1 j=1

n—1

> ((TT 1AasAayon) — ()] ) A dsn) = (A0 )

1 n—1

> g (T 405 Aoy ) s, A2 (33)

which is weaker than the inequality (2.4) since 04,04,, > [(A142,) — (A1) {A2,)]|.
If Kk =2n+ 1 is odd, by (3.2) again we have

k n n
H .24 (H OAsz;_10As; ) (H(UA2JUA2]'+1)) (UA10A2H+1)

> (TTI0As-145) = (a0 () (Aayidag ) = (e} ey )] )
[{A1Azn41) — (A1) (A2n41)]
> ey 110021, Az Aas, Ay ) ) KAs, Azl (3.4)

j=1

which is clearly weaker than the inequality (2.5) as a®+b* > 2aband 64,04,,,, > [(A1dsp1)—
(A} (Azn 1)l

4 Uncertainty Relations for Three or Four Observables

By Theorem 2.2, one gets an uncertainty relation for any three observables like the following.

Theorem 4.1 Let A, B,C be three observables for a state p in a state space H, then
TATHOE > 1((fcl<AB> (A)(B)]* + a3 1(BC) — (B)(C)[*)
+ §I(<AB> — (A)(B))((BC) = (B}(C))((AC) — (A){(C))]. (4.1)
Particularly, for the case when o qoc = [(AC) — (A)(C)| or (AB) = (A)(B) or dim H = 2,
oATBOC > %(UA|<BC> —(B){O)| + ac[{(AB) — (A)(B)]). (4.2)

It is mentioned that, indeed, when dim H = 2, the D3 in the proofs of Lemma 2.1 and
Theorem 2.2 is has the simple form. We have

OAO0BOC Zw(D3) =w 0 (<AB>_<A><B>)UB
((B{(C) = (BC))oa 0

=5(04l{BC) = (B)(C)| + 0c|[(AB) — (A)(B)).

/\l\gl)_m

The inequalities (4.1) and (4.2) are tight as illustrated by applying to Pauli matrices.
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Example 4.2 Uncertainty relations for Pauli matrices.
Let X,Y, Z be Pauli matrices, that is,

X =

)

10 i 0 0 -1
Recall that, for any dense matrix p € M>(C), p has a representation
1
p=5LtnX+rY +r37)

with Bloch vector (rq,72,73)" € R3 and r3+r3+r3 < 1; and p is pure if and only if r¥+r3+r2 = 1.
Recall also that XY =iZ, YZ =iX and 0% =1 — (A)? for A € {X,Y,Z}, (X?) = (Y?) =
(22) =1 and ((X),(Y),(2)) = (r1,72,75).

Applying the inequality (4.2) of Theorem 4.1 to X,Y, Z we get

OXOYOz = %(UX|1<X> — (Y)(2)] + 02[i(2) = (X)(YV)])
= %(\/(1 —(X))(X)2+(V)2(2)2) + /(1= (2))(Z2)? + (X)2(Y)?) ). (4.3)
The inequality (4.3) is tight and “=” holds if the Bloch vector satisfies |ri| = |r3| = \% and
T9 = 0.

This illustrates that Theorem 2.2 is tight for three observables. Since Schrédinger’s un-
certainty principle (1.3) is tight and our uncertainty relation is equivalent to Schrodinger’s
uncertainty principle by (3.2), Theorem 2.2 is also tight for two obserables.

Moreover, by Theorem 3.1,

(1= (2))(1 - (X)?) = (V)* + (X)*(2)?,

hence we have

ooty > i[a — (X))(X)2+ (N2 + (1= (2 (2)* + (X)Y)?)]
+ %m —(2)) (1= (X)) ((X)2+ (V)2(2)2)((2)? + (X)2(Y)?)
> i[“ — (X))(X)2+ (N)22)D) + (1= (2))((2)* + (X)(Y)?)]
+ §¢<<Y>2 +(X2Z2)((X)2+ (V2(2)2)(2)2 + (X)2(Y)?)
> (V)2 + (X)Z2)2)(X)2 + (V) Z2)2)(2)2 + (X)2(Y)?)
> /Y NXNZ) (X)) (2)2(2)(X)(Y))
= 2V2(X)(Y)(2)|* (4.4)
Particularly, one has
ok oyol > 2V/2/(X)(YV)(Z)|3. (4.5)

Observe that we always have

1> o%oy0 = (1)1 -r3)(1—7r3) >
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since the function (1 —7§)(1 — 73)(1 — r3) has its minimum value £ at |ri| = |ro| = |r3] = %
and the maximum value 1 at p = %IQ. Moreover, |rirors| achieves simultaneously its maximum
value ﬁ at |r1| = |ra2| = |r3] = % Thus the inequality (4.5) can be sharped to

totot > 2800y 21 (4:6)

Comparing (4.3) with (1.6), (4.6) and even Eq. (6) of [21], although these inequalities are
all tight, one of the remarkable advantage of (4.3) is that, even if some of (X), (Y), (Z) are zero,

Ox0y0z

we still may get a positive lower bound of oxoyoz. For instance, saying (Y) = 0, we have

oxovos > 5 (T~ ORXP + /L= (227

saying (Y) = (Z) = 0, we have

1
IX0Y0Z 2 5 (1 —(X)?)(X)?,
while we cannot get any information from (1.6) and (4.6).

Before conclusion we state the uncertainty relation from Theorem 2.2 for four observations,

which has a relatively simple expression.

Theorem 4.3 Let Ay, A, A3, Ay be observables. Then
1
00,104,040, 2 5|{A245) — (A2)(A3)|([{A1Ag) — (A1)(Ad)| + 04,04,)- (4.7)

The inequality (4.7) is tight. For example, Consider bipartite continuous-variable system.
Let (A1, A4, A2, A3) = (G1,P1, G2, P2), where §;, p; are the position and momentum in the ith
mode satisfying the canonical commutation relation. As Heisenberg’s uncertainty principle (1.1)
is tight, we say that

0010 00s0p > 3 ldapa) — (@) (52} (1) — (@2) (5o} | + 0. (48)
is tight, the “=" is attained at p = e, where e = €1 ® e, e; and ey are the states on which the
equalities of Heisenbergs uncertainty principles of {p1,¢1} and {pa, G2} respectively.

Similarly, considering the positions and momentums (i, p1, - - -, Gn, Pr) in an n-partite con-
tinuous variable system, one sees that the uncertainty relation (2.4) in Theorem 2.2 is tight.

However we do not know whether the uncertainty relation (2.5) is tight for odd k = 2n+1 > 5.

5 Conclusion

Uncertainty relations discover lower bounds of the product of standard deviations of several
observables. Larger the lower bound is, more powerful the corresponding uncertainty relation
is. There are no known uncertainty relations that valid for arbitrary k observables. By finding
the equality of deviation and the norm of the Lie product of the observable and the pure state,
we reduce the question of establishing multi-observable uncertainty relation to the question
of computing the numerical radius of an operator of rank < 2. This enables us establish a
universal uncertainty relation for any k observables, of which, the formulation depends on the
even or odd quality of k. For two observables, our uncertainty relation is exactly a simpler
reformulation of Schrédinger’s uncertainty principle. The uncertainty relation provided in this
paper is tight, at least for the cases of two and three observables, as illustrated by examples.
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