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Abstract In this paper, the bifurcation of limit cycles for planar piecewise smooth systems is studied
which is separated by a straight line. We give a new form of Abelian integrals for piecewise smooth
systems which is simpler than before. In application, for piecewise quadratic system the existence of

10 limit cycles and 12 small-amplitude limit cycles is proved respectively.
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1 Introduction

During the past few decades, a large number of problems raised from practical physics and
engineering have been described in the form of discontinuous systems which can exhibit more
complex dynamical phenomena in the real world [2, 10-12]. Piecewise differential systems are
discontinuous systems which have different definitions in different regions. For example, the

planar differential system

(PH(z,y),Q%(x,y)), h(z,y) >0,
(P~ (z,9),Q (z,y)), h(z,y) <0,

is a piecewise differential system, also called switching system, where P*(z,y) and Q*(z,y)

(#,9) = (L.1)

are analytic functions in D* = {(2,y) € R? : +h(z,y) > 0}, respectively. In many papers,
authors deal with the simplest case: h(z,y) = x.

In piecewise smooth differential systems, many people considered the number of limit cycles
and showed that there are more limit cycles than smooth systems. For example, there is no
limit cycle in linear systems, but in piecewise smooth linear systems the existence of limit cycles
is possible, see [1, 5, 13, 14, 16, 17, 20, 27, 28, 30] for instance. For piecewise linear systems
with two zones separated by a straight line, an example with 3 limit cycles was firstly detected
numerically in [17] by Huan and Yang. Later, it was analytically proved by Llibre and Ponce in
[27]. Up to now, it is still an open problem whether 3 is the maximum number of limit cycles

that piecewise linear differential systems with two zones separated by a straight line can have.
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For piecewise differential systems, there are many techniques to compute the bifurcation
of limit cycles, such as Lyapunov constants, Averaging theory and Milnikov function. Using
Lyapunov constants, the authors in [7, 15, 29] studied the number of limit cycles bifurcating
from the center of piecewise systems. Chen and Du in [7] obtained 9 small-amplitude limit cycles
around a center in a switching Bautin system. Tian and Yu in [29] showed the existence of 10
small-amplitude limit cycles bifurcating from a center in quadratic switching system. Recently
Guo et al. in [15] obtained 18 limit cycles on a class of Zs-equivariant cubic switching systems.
Averaging theory is developed in [9, 18, 23, 24] to studying the periodic solutions of piecewise
systems. Llibre and Mereu in [23] obtained 5 limit cycles by the first order of Averaging
theory. Recently, for a quadratic vector field with the curve of discontinuity y 4+ v/3z = 0 in
[9], the authors predicted that there are at most 7 limit cycles by the first order averaging
method and at least 16 limit cycles can exist in neighborhood of the origin by the second order
averaging method. Higher-order Averaging method can be seen in [25, 26] and Buica proved
the equivalence of the Averaging method and the Melnikov function method in [3].

In this paper, we focus on Melnikov function method to study limit cycles of piecewise
differential systems which bifurcate from a period annulus. For Melnikov function method,
many works have been made in [21, 22] and reference therein. Liu and Han in [22] considered

the following system

o (Hf (z,y) +ef"(z,y), —H (x,y) + eg*(2,9)), >0,
(&,9) = (1.2)
(Hy (z,y) +ef(z,y), —H; (z,y) + g~ (x,y)), =z <0,

where f*(z,y),g%(z,y), H (z,y) are analytic functions. The unperturbed system (1.2)|.—o
has a family of periodic orbits and satisfies the following assumptions:

H1. There exists an open interval («, 8), and two points A(h) = (0,r(h)),C(h) = (0,7(h)) such
that for h € (o, B), HY(A(h)) = HY(C(h)) = h, H-(A(h)) = H=(C(h)), where r(h) # 7(h).
H2. When = > 0, system (1.2)|.—o has an orbital arc I'; starting from A(h) and ending at
C(h) defined by H*(z,y) = h. When z < 0, system (1.2)|c=o has an orbital arc I, starting
from C'(h) and ending at A(h) defined by H ™ (x,y) = H™ (A(h)). See Figure 1.

A
A(h) | Y
P

C(h)

Figure 1 A family of orbits {T's, : T, = T';f UT;, , h € (o, B)} of system (1.2)e—0

Under assumptions H1 and H2, {T', : I, = I} UT, ,h € (o, 8)} is a family of periodic
orbits of system (1.2)|.—¢ which is called a period annulus. Without loss of generality, suppose
I';, has a clockwise orientation. The authors obtained the first order of Melnikov function,
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known as Abelian integral, to study the number of limit cycles. For sufficiently small |e| > 0,
the Abelian integral of system (1.2) is

_ Hy(A(W) [ Hy (Ai(h)
I(h) - H_(A(h)) (H;(Al(h)) ~/F;r g+(1:,y)d1: - f+($7y)dy+/

g_(x,y)dw—-f_(x,y)dy)-
Fh

Similar to smooth systems, for sufficiently small |¢| > 0, the number of isolated zeros of I(h)
(taking into account the multiplicities) gives an upper bound of the number of limit cycles of
system (1.2) (taking into account the multiplicities) in any compact domain of period annulus.

In [21], Li et al. generalized system (1.2) to

Ht (z, +(z,

o <ﬁ —|—6f+(.’17,y),—]\£4r,i((x Z)) +€g+($,y)), r > 0’

(@,9) = <Hy(l,y) f e (o) _Hy () e (@ y)) e (1.3)
M~ (z,y) T M (z,y) ’ ’ ’

where M*(z,y) are the integrating factors and system (1.3) satisfies H1, H2. For sufficiently
small |¢] > 0, the authors gave the Abelian integral

H (AR) [ Hy (Ay(1)
109 = iy Ui i o M o8 e = M ) ey
# Mg s = M @s )y ). (1.4

The conditions H1 and H2 are the standard ones to have a period annulus. And the
expression for the function I(h) is (more or less) the usual one, maybe only difference with
a multiplicative coefficient. Motivated by the above works, we consider system (1.1) with
h(z,y) = = and always suppose that system (1.1) has a center at (0,0) and P is the period
annulus. Furthermore, we make the following assumption H3 and define P+ = D* N P.

H3. The closed orbit in P transversely intersects the line x = 0.

Theorem 1.1 Suppose that the assumption H3 holds for system (1.1), then system (1.1) has

a first integral on P as the following form

Ht(z,y), x>0,

H(z,y)=q
H (x7y)7 x<07

where
(1) H*(z,y) are analytic in P* \ {(0,0)} respectively;
(2) limy_,o+ H*(z,y) = lim,_,o- H (z,y) on P.
Remark 1.2 Though P*(z,y) and Q*(z,y) are analytic in D*, H*(xz, ) may not be analytic
in P* respectively. For example, system
. (z—yz+y), x>0,

(#,9) =

(—x—y,x—y), <0

satisfies the condition of Theorem 1.1 and hence has a first integral H(z,y) as the above form.
If H"(z,y) of system (&,9) = (z —y,x +y), x > 0, is analytic in point (0,0), then H™(z,y)
is also an analytic first integral of the smooth system (&,y) = (x — y,x + y) in a neighborhood
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of (0,0). Notice that (0,0) is focus of the smooth system. For arbitrary orbit (x(t),y(t)) near
(0,0), lim;_, o H™(z,y) = H*(0,0) which is a contradiction to the definition of first integral.
Under the assumption H3, system (1.1) has a first integral H(z,y) and M*(z,y) are the
integrating factors responding to H¥(x,%) respectively. Then system (1.1) can be written as
the following form on P which is system (1.3)|c=o
Ht(x, o+
y( y)’i z(l',y) , $>0,
(.’E y): M+(l',y) M+(Jf,y)
’ Hy(wy)  HZ@w)
M—(z,y)" M—(z,y))’ '

The perturbed system of (1.1) is defined as (1.1),. Next, under the assumption H3 we consider
system (1.1). which is actually equivalent to studying system (1.3). Denote

M*(z,y), 0, (z,y), 0,
M(z,y) = @y, o> flz,y) = fHwy), o> g(w,y) =

gt (z,y), >0,
M_(I7y)’ l‘<07 f_(x7y)) x<07 g_(x?y)7 ‘/I:<0'

Theorem 1.3 Suppose that the assumption H3 holds for system (1.1), then for sufficiently
small |e] > 0,
(1) the Abelian integral of system (1.1)¢ can be expressed as

I(h) = g M (z,y)[g(z,y)dx — f(x,y)dy], (1.5)

(2) if I(h*) =0 and I'(h*) # 0 hold for h* € (o, B), that is, I(h) has a simple zero h* with
h* € (a, B), then system (1.1)¢ has a limit cycle near Tpx.

(3) if I(h) has k simple zeros with h € (o, ), then system (1.1) has at least k limit cycles.

It is worth pointing out that the form of Abelian integral (1.5) of piecewise smooth systems
is same as that of smooth systems. And our form of Abelian integral here is more concise than
that in [21, 22].

As an application, we consider a class of quadratic systems in the following form

. (Y(1+ a1z + azy) + ef T (2,9), —2(1 + a1z + azy) + g™ (z,y)), = >0,
(&,9) = - ’ (1.6)
(y(L 4+ b1z 4+ b2y) + ef (z,y), (x+ 1)1 + bix + bay) + €g~ (z,y)), =z <0,

where |e| > 0 is a small parameter and

2 2
Fray) =Y pya'y’, gh@y)= > 'y,

i+j=0 i+5=0
2 2
fﬁ (xvy) = Z Sijxlij g (w,y) = Z tz-jxlyj.
i+5=0 i+j=0

Theorem 1.4 For sufficiently small |e] > 0, there exists a system (1.6) with 10 limit cycles

bifurcating from the period annulus of system (1.6)e=o.

In Theorem 1.4, we obtain 10 limit cycles which bifurcate from the period annulus. If we
consider small-amplitude limit cycles bifurcating from the period annulus near the center, more

limit cycles can be obtained.
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Theorem 1.5 For sufficiently small |e] > 0, there exists a system (1.6) with 12 small-

amplitude limit cycles bifurcating from the period annulus near the center of system (1.6)c=g-

2 Preliminary

In this section we present some results which shall be used to investigate the piecewise sys-
tem (1.6).
Lemma 2.1 Consider p + 1 linearly independent analytic functions f; : U C R — R, i =
0,1,...,p.

(1) Given p arbitrary values x; € U, i = 1,2,...,p, there exist p+ 1 constants C;, i =
0,1,...,p such that

fla) =) Cifi(x), (2.1)
i=0

is not the zero function and f(x;) =0 fori=1,2,...,p.

(2) Furthermore, there exists f(x) in (2.1) such that it has at least p simple zeroes in U.

Lemma 4.5 in [6] proved the same conclusions, but they need an extra condition “there
exists j € {0,1,...,p} such that f;|y has constant sign”.
Proof For part (1), from expression (2.1), by imposing f(x;) = 0 for these p arbitrary values
x;, we get a homogeneous linear system in the variables C;, ¢ = 0,1,...,p. This system has
solutions different from the zero solution. Furthermore the independence of the functions f;(z),
i1 €{0,1,...,p} proves that the function f(z) is not a zero function.

For part (2), the analytical function fi(z) is not a zero function. Otherwise, it contradicts
the assumption of independence. In a compact subset K C U, choose p values z;, i = 1,2,...,p,
such that fi(z;) # 0. From part (1), we can regard z; as the zero point of f(z). Define:

1) p1 the number of zeroes of f(x) on which f(x) has a local minimum and f;(z) > 0;

x)

(

2) po the number of zeroes of f(x) on which f(z) has a local minimum and fi(z) < 0;
( >0
( z) < 0;

(
(2) (z)
(3) ps the number of zeroes of f(x) on which f(x) has a local maximum and fi(
(4) p4 the number of zeroes of f(x) on which f(x) has a local maximum and f;(
(5) ps the number of zeroes of f(x) on which f(z) has a simple zero;

(6) pg the number of zeroes of f(x) on which f’(x) vanishes but where f(x) has neither a
local minimum nor a local maximum.

Obviously, p = Z?:l pi- Without loss of generality, we suppose p1 + py > p2 + ps.

When z; is a zero of f(z) where f(x) has a local minimum and f;(z1) > 0, then z; is a

m-order zero of f(x) where m is an even number. We have
f(x)=alzx —z)" +O0(x —z)™™, z€V,
and .
filz) == Zbl(:c —21) + 0z —x)™, 2 €V,
i=0
where V' C K is a neighborhood of z; and aby > 0. Define

fe(@) = f(z) —efi(z), z€V.

For a small € > 0, the function F'(¢, z) = f.(z +x1) is an analytic function such that F(0,0) =0
and %—5(0, 0) # 0. By the implicit function theorem, in a neighborhood of (0,0) we can write
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€ = €(z) = 32" + O(2™) such that F(e(z),2) = 0. From the equality ¢ = €(z) we obtain

z=2z(e)=+x7% %"e# + 0(e%), a > L, a € R, which assure two simple zeros of fc(x) in V.

Figure 2 The point z; on which f(z) has a local minimum and f1(z1) >0

When z; is a zero of f(x) where f(z) has a local maximum and f;(z) < 0, two simple zeros
can be also obtained in the above process.

For a zero of f(x) where f(z) has neither a local minimum nor a local maximum, it is easy
to prove that one simple zero of f.(x) exists for a small enough € > 0 in the above process.

At last, the number of simple zeroes of f.(x) is at least 2(p1 + p4) + p5 + ps. On account of
p1 + pa > pa + ps, then 2(p1 + p4a) + ps + ps > Z?:l p; = p. So the proof is completed. O

Next, the following lemma gives sufficient conditions for the existence of small-amplitude
limit cycles.
Lemma 2.2 Suppose that ¢ = (c1,ca,...,c,) and Abelian integral I(h) = > 52, Ai(c)h’ such
that A;(¢*) =0,i=1,2,...,N =1, Ax(c*) # 0. If there exists 1 < i1 < iz < ... < ip < N
satisfying

rank(a(Ail(c),Aiz(c),...,Aik(c)) o ) s
(e, e,y ck)

and Aj(c) = O(|A4;,(c), ..., A (c)]) for any iy < j < 441, then I(h) = 0 can have k distinct
real positive roots near h = 0.
Proof Indeed, Lemma 2.2 is the same as Lemma 3.2 in [7] and Theorem 2.1 in [8]. For
convenience to readers, we prove it here.

By the assumption, we can select A;, (¢), A;,(¢c),..., A; (c) with1 <y <is <--- <ip <N
such that

) =k, (2.2)

rank (8(1411 (C)v Aiz (C)v ceey Aik (C))
and for iy < i, < j < ipy1 < ig,
<8(Ai1 (¢), Ai(0), . .. ,Aip(c))
rank

d(c1,cay. .., ck)
8(61,62,...,Ck) C*>

_ rank (5<Ai1 (0), Aiy (0), -+, Ay, (0), A;(0))

8(01,(32, e 7Ck)

) (2.3)
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From (2.3), in a neighborhood of ¢*, the linear part of A;(c) can be expressed by the linear
parts of Aj,(c), Ai,(c),..., A, (c), e, Aj(c) = Y%, aAi(c) + O(|c — ¢*[). Based on (2.2),
A;(e), 1 = 1,...,k are independent in a neighborhood of ¢*. Since (A4;1(c*),..., Ai(c*)) =
(0,...,0), in a small neighbourhood of ¢* we can perform a change of coordinates such that
Ai (¢) = M, Ai(¢) = Aa,..., A (¢) = A\, where A1, Ag,..., A; can be chosen independently.
Taking \, = m,e¥ ~% (1 < p < k) where m,, can be chosen independently, we have
k
I(h) =Y mpeN v + AnhN + ®(h,e),
p=1

where ®(h,€) contains only terms of order greater than N in h and e. It is easy to prove that
Aj(c)h? discussed above fells in ®(h,€). Define

k
I(h) =Y mpeN rhir + AxhN.

p=1
Suppose h = ¢h and divide both sides of the equations I(eh) and I(eh) by €V, respectively.
Define

s s () s . N (O - .
I(h,e) 2 == = "mph™ + AyhN +o(e), 1(h) & N = mph' + AyhN.
p=1 p=1

€

With the independence of my,...,my, the function I(h) can have k distinct positive roots
hy, p = 1,...,k such that I'(h,) # 0. Thus, I(hy,0) = 0 and I'(h,,0) # 0. By the implicit
function theorem, I(h, €) can have k distinct positive roots hy(€), p = 1,..., k such that h, () —
Bp as e — 0.

Then I(h) can have k distinct positive roots. O

3 Proof of Theorems 1.1 and 1.3
Proof of Theorem 1.1~ When z > 0, V(z1,y1) € P\ {(0,0)}, there exists an orbit

FJr : {(zvy) T = ‘T(t7$13y1)7y = y(tazlayl)}

through (x1,y1) where x(t,21,y1) and y(¢,z1,y1) are analytic depending on (z1,y1). Denote
(0,y*) and (0, y,) which are two intersection points of I'* and z = 0 with y* > 0 > y,. Then
there exists ¢t = ¢, such that

x(t*amlvyl)zov y(t*vxlayl):y*'

%h:t* # 0. By the implicit function theorem,

we obtain t, = t,(x1,y1). Define H'(z1,y1) = ys, then H(x1,y1) = y(ta(z1,91),21,91) is
analytic in P* \ {(0,0)}.

When z < 0, V(za,y2) € P~ \ {(0,0)}, there exists I'" : {(x,y) : = = Z(t,22,92),y =
§(t, x2,y2)} which intersects the line z = 0 at (0,¢*) and (0, §.). By the same way, there exists

Since the assumption H3 holds, then

t = t, such that Z(f.,72,72) = 0 and (., T2,y2) = J». Because the assumption H3 holds,
we obtain t, = f,(x2,y2). Define H™ (22,vy2) = 7, then H ™ (z2,y2) = y(t.(w2,92), T2, y2) is
analytic in P~ \ {(0,0)}.

Because P is a period annulus, I'" UT ™ is a periodic orbit if and only if (0, y.) = (0, 7).
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Define
H+('r) y)7 'r > 07

H(z,y) =
H (z,y), z<0.

Then, on = U, H(z,y) = yx« is a constant and H(z,y) is not a constant on P. Therefore,

system (1.1) has a first integral H(x,y). Obviously, H*(x,y) are analytic in P* \ {(0,0)}
respectively and lim,_,o+ H¥(z,y) = lim,_,o- H™ (z,y) on P. O

(z1,41)

iy
S~

(0,y)

Figure 3 The graphs are trajectories of systems (1.1) and (1.1).

In fact, the first integral of a system is not unique. Therefore, we will select the appropriate
first integration as required in the following discussions.
Proof of Theorem 1.3  According to the proof of Theorem 1.1 and the assumption H3, we
denote
Uy ={(z,y) | H*(z,y) = h}, x>0,
I‘;Z{(x,y)\H*(x,y):h}, xz <0,

I'y =

as a orbit of system (1.1). {T's,h € (a, 8)} is the period annulus P.

See the right graph of Figure 3. Suppose that the orbit I, .y of the system (1.1) changed
by T'j, also passes through A. Next, we calculate the displacement function d(h,e) = H* (D) —
H*(C) which is similar to [21]. Based on Theorem 1.1, we obtain

H*(D) - H*(C) = [H"(D) = H"(A)] + [H(A) = H~(C)].
First, we have
H™ (D) - HT(A)

+
L[ e,
Tt

dt
(h,e€)
- [P (e e P (SR )
o[ [P e+ P g

:€</r; (D) e+ D ]+ 000
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— e</F+ (M (z,9)gT (@, y)de — M (z,y)f T (z,y)dy) + o(e)>, (3.1)
Similarly,
H(A)~ H™(C) = €</

Combining (3.1) and (3.2),

(M~ (z,y)g™ (z,y)dz — M~ (z,y)f~ (z,y)dy) + O(ﬁ))- (3.2)

h

) = ([ 01 g (0.9)de = M) o))

+ /7(M‘(fv, Y)g~ (z,y)dx — M~ (z,y)f~ (2,y)dy) + 0(6))

_ ( [ Moo g)ds — o))+ 0<e>)

= e(I(h) + O(e)).

If I(h*) = 0 and I'(h*) # 0, h* € (a, B), then, for sufficiently small || > 0, d(h,¢€) has a
zero point h(e) near h* by the implicit function theorem and system (1.1). has a limit cycle
near I'p~. If I(h), h € (, 8), has k simple zeros, system (1.1), has at least k limit cycles. O

4 Applications

Let’s rewrite system (1.6) as

(#.9) (Y1 4+ a1z + a2y) + efT(2,y), —z(1 + a1z + agy) + eg™ (z,y)), x>0,
T,y) =
(y(1+ bz +boy) +ef~(z,y), (v + 1)(1 + b1z + bay) + €9~ (z,y)), =<0,

The unperturbed system (1.6).—¢ has a period annulus around the origin and the closed orbit
transversely intersects the line 2 = 0. According to Theorem 1.1, system (1.6).—¢ has a first
integral

H(z,y) =4 B s o
H (.’E,y)——($+1) +y +17 £E<07

and an integrating factor

1
M*y) = a0,
M(z,y) = Iy +a1%+a2y .
(r,y) = ——, =<0
The periodic orbit is
Uy = {(z,9)[H" (z,y) = h}, >0,

T, =
L, ={(z,y)|H (v,y) =h}, z<0.

Now we can obtain the algebraic structure of Abelian integral I(h) of system (1.6).
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Lemma 4.1 For system (1.6), Abelian integral has the form I(h) = Ellil k;I;(h) where k; is

arbitrary and

1 T
Ii(h) = —d Is(h) = —d
(1) Z%1+aw+aw2h 2(h) A;1+mw+@yy’
x? 1
Is(h) = —d I4(h) = —d
3(h) /F: 1+ a12 + agy v La(h) /FI 1+ a1z + azy s
1 x
I5(h) = ——————dy, Ig(h)= —dy,
5( ) /F 1+b11’+b2y y 6( ) Ah 1+b11‘+b2y y

22 1
L= | —% 4y L= — da,
= [ s B ﬁthm+@yx

Ig(h) = / ady, Tio(h) =h?, I (h)=h.
Iy

The proof of Lemma 4.1 can be found in Appendix.

Proof of Theorem 1.4  From Lemma 2.1 and Lemma 4.1, the proof of Theorem 1.4 only needs
to prove that I;(h),i =1,2,...,11 are linearly independent.

Next apply Maple to get the 15 order Taylor expansion of I;(h),i = 1,2,...,11, at h = 0.
Since h is sufficiently small, we obtain 0 = S (=1)"(a1x + agy)™. For convenience,
suppose a; = 1, as =2, by = 3, by = 5.

On T} = {(z,y) : 2% + y* = h}, let z = Vhcosb, y = Vhsin .

=
2

+oo
Il(h):Zh"T“/ (=1)™ (a1 cos 0 + az sin 6)" cos §d0
n=0 2

onb oy T api e 1T 2080 125w 1052, 4875w . 15104,
2 8 15 16 35 128 63
303757 . 740864 1 7218757 5 14645248 i 67031257 -
s — R - g 200000,
256 693 1024 3003 2048
145371136 . 15
_ BRI R L omd),
6435 +0(r)
1 4, 7 64 . 45 1696 . 1375 20864 o 11375
Iy(h) = —=mh+ -h2 — —gh* + —h2— —ah®+ ——h?— ——rxh! hz— h?
2(h) = —g7mh+ 3 s T 15 6™ " 105 128 7" T 315 256
9560 . 196875 11337728 1s 1753125 85348352 15
ALY B 2 BT 22000WE, 8 oms
9 1022 " T 9009 2018 " T 15015 +O(h%),
4, 3 32, 17 32 . 475 2432 o 3675 35328 .
Is;(h) = ——h2 + Zah? — Z=h2 + —7h3 — Z=h2 + —gh* — h2 h? — h=
a(h) = =gh? & gmh™ = Jph® & qemh” = “=h* + oo 105 T a6 " 385
60375 1150976 s 515625 7AGA1408 15
——7h® — El T h? +O(h®
1024 " 3003 T 508 " 45045 +O(R%),
8 15 924 . 125 2624 . 4375 2560 o 39375
I4(h) = —7Th+ gh% — Zﬂ'h2+ 1—5]’),% — ?ﬂ'hS—F ﬁh%_ Wﬂ'}fl‘f‘ Thg — Wﬂ'hs
1223680 1 721875 1061084 15 6703125 262627328 15
h2 — RS+ " he — n’ h= + O(h®).
t =503 T s Mt ozt P 10 Tt T eazs 0 TOM)

OnTl; ={(z,y): —(z+1)*+y*+1 = h}, let s = y* —h and we get © = /1 + s—1 which can

_ 1. 12,13 5 4, 7 5_ 21 6, 33 7_ 429 8 715 9 10
be expressed as © = 55— 55"+ 155" — 1555 + 3565° — 15915 T 30185 — 307635 Tessges TO().

31016254

9
h2
315

=X N L 56,5 1414 :
Is(h) = [ > (=1)™(brz + bay)"dy = 2h7 + S h? + ——h? +5060h7 +

h n=0
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+465435232h% 42675916182, 15 660577871444

231 * 1001 * 715 h% * O(hg)’
To(h) = —%h% _ ii—;lh _ %h 22;552h% _ 7023?62h% _ 1598333496/1%
- 14574558094451474]1% Lo,
I7(h) _ %h% n igih n 3371356h% n 3(2)2?2]1% n 14;11)40h§ n 121425100415404h1_25 n O(hS),
Is(h) = _I?)_Oh% _ % 5 69750}1% _ 403(1)56h% _ 25122810}1% _ 253931020939660}1%
_ 2361?2;?5582}1% n O(hg),
Io(h) = —%h% - %h - 3—25h - %h - %h* - %lr - ﬁh +O(h®).

Denote I;(h) 2 Y°0°, Gy jh% + O(h%), i = 1,2,...,11, and C = (Ci;)11x15. Using Maple,
rank(C) = 11 is obtained which implies I;(h), i = 1,2,..., 11, are linearly independent. So the
proof is completed. O
Proof of Theorem 1.5  Let a; = 1,b; = 3. Using the same method of Theorem 1.4, we get the
20 order Taylor expansion of I;(h), i = 1,2,...,11, which are omitted here for brevity. Then
the Abelian integral of system (1.6) has the following form:

20

11
h) =Y kIi(h) = > Ah® +O(h?),
=1

i=0
where k; is arbitrary and A; is a polynomial of as, by and k;, j =1,2,...,11.
Ay =0,
Ay = =2k + 2 ks + ko,
Ay = %Wkl - %W/@ - %a277k4 + k11,
Az < - %a% — g)kl + ékg — %]4}3 + §a2k4 + <§b§ + 2) ks — ;sz; - %bgkg - %k‘g,
Ay = (gagﬁ + §7T> ki + 1 — %a%w — %T) ko + gﬂ'kg + ( — gagﬂ' — gagﬂ'> ks,

3

2, 8 4, 16 8, 16
As=(—Zat—2a2— Nk + (2a2+ — Jho+ (= —a2 — 2 ks + ( 2ad + —an )k
5 <52 52 1>1+(5a2+15 R OIS LR A R Ty L

2 14 4 2 14 2
k S ke + —k — Zb3 — —by ks — —k
5+( 2 )6+ 7+< 502 152)8 15"

15 15

5 5 5 1 3 5 3 5
Ag = <16a27r+ 8a27r+ 16 )kl + ( 16@1”* ga%* 167T>k2 + (16@%7T+ 16”)]%

5 5 5
+ (— Eagﬂ gagﬂ 1—6a27r) ks,

32 12 16 2 4 32 32 4 32
A7 = <—— — —a§—7a§— ?ag)kl—i— <?a2 +— a3 + 35)k2+ ( 35a‘21— %ag

32 12 16 32 30 2 6 78 2
— —)k:} + (7(13 + 7&% + £G2>k4 + < 7 + 7b6 + 7b2 gbg)kg, + <— —b4
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38 10 16 2 , 10, 2 2
— 2 )k b2+ )k — OB - by — b5 ks — —k
105 2 7) 6+(105 35) 7+< 352 7 72)7 35

Next, Lemma 2.2 is applied to prove that I(h) can have 12 simple zero points. The first step
starts A; = 0,7 =1,2,...,6, which yield k;, : = 1,2,...,6, successively.

1
ki1 = k5 + *k107
2k

ke = —agky + ks + klo + 771_11

1 1 1 2k
by = —5 (a3 — b5 —3)ks — §k6 - §b2k8 — ko — jazki + = =

. ]. 2 2 2 8CL2]€11

k'4 = @ (2(12 + 6b2 + 18)k5 — 6]156 — 6b2k8 — Gk'g + CL2]€10 — - s

2

1
ks = ~ 5 ((_4a§ + 4b3 + 30) kg — 8ky 4 (—4a3by + 12b3 + 30bo) ks + (—4a3 + 6)kg
5

+ (4a3 + a3)k1o — 8“%:“” )
My = 4a3 + 2a32b3 — 6b3 + Ta2 — 19b3 —
ke = 2]346 <(12a2 12a2b3 — 32a3 — 4b3 — 12)k7 + (18aSby — 18a3b3 — 36a35bs + 36a2b3

— 14a3by + 14b3)ks + (18a$ — 18a3b; — 48a3b3 — 6by — 110a3 — 16b3 — 36)ko

+ (9aSba — 9agbs + 27aS — 24a3b2 — 3a2bs — Hdas — 9a2bs — 21a2) ki

+ (1645 + 8aSba — 24a3b; + 24aS — 96a3b3 + 24a3by — 240a5 + 72a3b3 + 168a )kﬁ ) :
Mg = 9a$ — 3a3b3 — 6a2bs — 18a3 + 2a3b3 — 2b3 — Ta3 + b3. (4.1)

Then As; = 0,47 = 4,5,...,10, are found under the above processes. Next, Ag;_1 = 0,7 =

4,5,6,7, yield kv, ks, ko, k1o successively which can be seen in Appendix. Meanwhile, A5, A17
and Aj9 can be presented as

16 3F1s
Ays = 643502k11( 5—1)%(a3 — b3)° e
16 L F
Apr = ——aSkiy(a — 1 _p2)3t
17 = Toaze5 2k (3 — 1*(a3 — 03)° =,
16 319
Ao = 1 — b2
19 — 138567 kll(aQ ) ( b ) K )

K = 7(3a3 + 1)(1155a5b3 — 1050a5b3 4 175a3bS — 2541a8 — 2226a5b% + 2849a3b3 — 306a2bS
+ 10080a$ —1715a3b2 —2000a2b; +67b5 —12285a3 +4100a2b3 +233b3 +4330a2 —866b32),
Fi5 = 3465a5b3 — 2310aSb; + 525a5b5 — 7623a5 — 21252a5b3 + 11925a5b5 — 22024205 + 3265
+ 58674a$ + 46041a3b3 — 19704a3b;5 + 218965 — 169839a5 — 39882a3b3 + 10281b;
+ 21882043 + 1022063 — 105760,
Fi7 = 90090a3°b3 + 45045a3b3 — 60060a5bS + 17325a305 — 198198al" — 567567a5b3
— 467610a5b; + 355305a5b5 — 73242a3b5 + 1152b3° + 104504445 + 1649076a5b3
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+ 1561545a3b5 — 698334a3b5 + 7610965 — 723294a$ — 3304251a3b3 — 2050776a3b;

+ 44840105 —4977912a3 +4392804a3b3 +885108b3 +10962120a3 —2559160b3 — 6610320,
Fig = 135135a12b2 + 120120ai%b3 + 45045a5b5 — 90090a5b5 + 30030a3b3° — 297297412

— 858858a3"b3 — 937365a5b3 — 658944a5bs + 582780a3bs — 127644a3b5” + 2112b3>

+ 1327326a3° + 2220504a5b3 + 2620332a5b5 + 2709882a5b5 — 1256826a3b5 + 136398b5°

— 81252645 — 1323036a5b2 — 3518886a3b3 — 4330056a2b5 + 891944b5 — 72329448

— 8205231a3b3 + 3123204a3b3 + 234876105 — 11524557a3 + 20435754a3b3 — 1934317b

4 3144543603 — 14143404b3 — 21482352.

According to Lemma 2.2, define

T(k1, ... ko, az, by) = det (8(A1’A2’A3’A4’A5’A‘S’A“A‘""A“’A”’A“’A”)> :

O(k1, k2, ks, ka, ks, ke, k7, ks, ko, k10, az, b2)
When A; =0,i=1,...,7,9,11,13, we take k;, j = 1,...,10 into J(ki, ..., k1o, az, bs) one by
one and obtain

32768a;°b,%k{, (a3 — 1)°(b3 — 1)%(a3 — b3)° Fy
B 10902270710491613578125 K2’
where F'; is a polynomial of degree 36 in as,bs. Due to the size of Fj, it can be seen in

J(az,b2) £ J(k1,. .., kg, a2,bs) =

Appendix.

The second step shows the existence of (az,b2) = (a3,b}) such that Fi5 = Fi7 = 0 and
Fig x Fy #0.

First, to find the existence of a3, b5 satisfying Fi5 = Fi7 = 0, we use the Maple built-in
command ’RealRootIsolate’ where the width of the interval is less than or equal 515 and get

27195 54391 1517583 758791
Rl = g = y 02 = )

163847 32768 10485767 524288

I [ 54391 27195] , [ 1517583 758791
277 W’M]’ 2= { 1048576’524288”’
I (27195 54391 758791 1517583
1“2~ _16384’32768]’ 2= {524288’ 1048576”’
[ 54391 27195] [758791 1517583
e m’_@]’ 2= {524288’ 1048576”’
[ [671 429451 . [ 241228922683 120614461341
127|512 %} °T [_ 549755813888’ _274877906944”’
L[ 42045 6717, [ 241228922683 120614461341
27| 7 32168 _ﬁ}’ T [_ 549755813888’ _274877906944”’
I (22375 447517 [ 17140589133 4285147283
%27 | 163847 32768]’ T { 34359738368’8589934592”’
[ _[_ 44751 223757 [ 17140580133 4285147283
27 |7 32768 _@]’ T [_ 34359738368 8589934592”’
[ (6741 431431 , [ 7079261381833247403  56634091054665979223
1“2~ |2096° 262144]’ ? {_ 4611686018427387904’_36893488147419103232”’
I [ 431431 6741 . [ 7079261381833247403  56634091054665979223
127 | 7 262144 _M]’ T [_ 4611686018427387904° _36893488147419103232”’
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0 — (6741 431431 [ 56634091054665979223 7079261331833247403
> 140967 262144 |’ > | 36893488147419103232  4611686018427387904 | |’

[ [ 431431 6741] {56634091054665979223 7079261381833247403”
= ; 02 = )

127 | 262144 4096 36893488147419103232 4611686018427387904
[ [22375 44751 4285147283 17140589133

1“2~ _M’M]’ 27 [8589934592’ 34359738368”’

[ [ 44751 22375 4285147283 171405891337 ]

127 | 7 32768 _M]’ 27 {8589934592’ 34359738368]’

671 429451 [120614461341 241228922683
2= 512 32768} > [274877906944’ 549755813888”’
[ [ 42945 671] ,  [120614461341 241228922683 ]
127 |~ 32768 ‘5@}’ > [274877906944’ 549755313888 | H

where solutions of Fi5 = Fi7 = 0 are located. The theory and algorithms are described in

[4, 19] and their references.
Second, we find a3, b5 such that Fi5 = Fiy = Fig =0 and Fy5 = Fi7 = F; =0.

Fis1719
= Basis([Fi5, Fi7, F19], plex(az, b))
= [175b5 — 800bS + 786b3 + 928by% — 1409, —175b5 + 415 b3 + 336a2 + 7T1b2 — 1287],
Fis177
= Basis([Fi5, Fi7, Fy], plex(as, b))
= [175b5 — 800bS + 786b3 + 928by? — 1409, —175b5 + 415b3 + 33642 + 7163 — 1287].
The existence of b5 satisfying Fi5 = Fi7 = Fig = 0 and Fi5 = Fi7 = F; = 0 can be obtained

from the Maple built-in command

1
Ry = realroot (175 b5 — 800b5 + 786 b + 928 b3 — 1409, 215)

_ || 1517583 758791 758791 1517583
N 10485767 524288 |7 | 524288 1048576 | |

where b3 falls into one of the above two intervals.

: " 671 42945 241228922683 _ 1206144613417] . :
Third, we take the (a3,05) € [[553 53768)» [~ 510755813888 — 2rastrooeoad)] With b3 & Ro such
that Fy5 = Fi17 = 0 and Fig x Fy # 0. Without loss of generality, we suppose ki1 as a constant
and it is easy to verify Aj5 = A;7 =0 and A9 X J(ag,b2) # 0 when (ag,bs) = (ab, b3).
The third step continues to prove K # 0 and M; # 0, i = 5,6,...,10. It is proved by the

same method in the second step and we omitted it here.

At last, we solve kF, 4 = 10,...,1 one by one according to the expressions of k; in (4.1)
and Appendix, which satisfy (41,..., A7, Ag, A11,A413) = (0,...,0). For (k7,..., k5, a3, b3),
the results (Ay, ..., A7, Ag, A11, A13, A15, A17) = (0,...,0) and A9 X J(a3,b3) # 0 hold. Here,
J(a%,b5) # 0 means J(k3,...,k}y,a5,b5) # 0. By Lemma 2.2, I(h) = 0 can have 12 simple
positive roots near the origin.

System (1.6) can have at least 12 small-amplitude limit cycles bifurcating from the period

annulus. 0

Next we simulate an example to check numerically the existence of 12 limit cycles.
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Let a; = 1, by = 3. From the proof of Theorem 1.5, we know that A; = 0,7 =1,...,6 can be
solved one by one using the 6 parameters: ki, ..., kg. Here Ao; = 0,7 =4,...,9. Next Ag; 1 =
0,7 =4,...,7 can be solved one by one using the 4 parameters: k7, ..., k1o. At last, we solved
A5 =0 and A;7 =0 by ag and by. We select a5 = 1.310568177 - -- |, b5 = —4.387928541 - - - x
107! and solve k7, i = 10,...,1 one by one, which satisfy (A1, ..., A7, Ag, A11, A13, A15, A17) =
(0,...,0) and A9 x J(kT, ..., kio,a3,b5) #0.

Without loss of generality, suppose k117 = 10000w. By Lemma 2.2, it is enough to prove
that

6
I(h) =Y Aih' + Azh™ + Agh® + A1rh'' + Ay3h'® 4 Aysh'® 4 Ayzh'T 4 Agh?
i=1
has 12 distinct positive roots which are approximated amplitudes of the 12 limit cycles where
the coefficients are functions with as, by and k; for j =1,...,10.

To prove that I(h) has 12 distinct positive roots, we do it in two steps.

First step is that we determine the perturbed values of the parameters as and by such that
hY5(Ajgh* + A17h% + Ais) has 2 positive roots.

For sufficient small €, suppose as = a3 + l11€ + l12€% and by = bl + o€ + l22€2. Substituting

them into A5 and A1y and expanding them in Taylor series, we have
A5 =0+ Esje + Esoe® + O(€®), A7 =0+ Epje + Ere® + O(€%).
Without loss of generality, we suppose E5; = 0, E52 = —1, E7; = 10, E7o = 0 and choose
e = 10719, By a directly computation,
lin = —4.343174836 - -- x 1072, ;5 = 3.244135303 - x 107!, Iy = 1.688910736.. .,
loy = —1.488390040..., ap = 1.310568177..., by = —4.387928540--- x 1071,
Ais = —9.999999799 - - - x 1072',  Ay7 = 1.000000000- - - x 1077,  Ajg = —0.8049804384 - - - .

Then h'%(A1gh* + A17h? + Ajs) has two positive roots
h = 3.1751882638--- x 1075 3.51024841218--- x 10~°.

The second step is select perturbed k;,7 = 10,...,1 one by one. For example, we select
k1o = kio(az, ba) — 10728 which yields A3 = 9.686292015 - - - x 10733 and the truncated equation
hY3(A19hS + A17h* + A15h? + Ag3) gives 3 positive roots

h = 1.042398565 - - - x 107, 2.997871756 - - - x 107%, 3.510259794 - - - x 10~°.
Similarly, we can perturb k;,i =9,...,1, as
kg = kg (K10, az, ba) — 10742,
ks = ks(ko, k10, az, ba) + 107°°,
k7 = kr(ks, ko, k10, ag, ba) + 10774,
ke = ke (K7, ks, ko, k10, az, ba) + 1072,
ks = ks(ke, kv, ks, ko, k10, az, by) — 10724,
ky = ka(ks, ke, kr, ks, ko, k10, as, ba) — 10719,
ks = k3(ky, ks, ke, k7, ks, ko, k10, ag, by) + 107117,

o~ o~ o~ o~ o~ o~
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ko = ko(ks, ka, ks, ke, k7, ks, ko, k10, az, ba) — 107130,
ki = ki (ka, ks, ka. ks, ko, kv, ks, ko, k19, as, ba) + 107144,
so that

Ajg = —0.8049804384 ..., A;7 = 1.000000000- - - x 1072,
A5 = —9.999999799 - - - x 1072, Ay = 9.686292015 - - - x 10733,
A = —8.859349489 - - - x 10740, Ay = 7.475397682--- x 1079,
A7 = —1.782857998 - - x 107 7%, Ag = 1.676323576--- x 1078,
As = —1.626379739 - x 1079, A, = 1.767944944 - - - x 10719,

A = —1.333333333--- x 10717, Ay = 1.570796326 - - - x 107130,
Ay = —2.000000000 - - - x 10~ 144,
and I(h) yields 12 positive roots
h = 1.4477383097 - -- x 1071, 1.2723535513--- x 1073,

6.6284774064 - - - x 10713, 1.1515969596 - - - x 10~

9.5886045923 - - - x 10711, 8.3483520448 - - - x 10~ 1°,
1.5167863256 - - - x 1078,  9.5500039201 - - - x 107,
3.0275184581--- x 1077,  9.8638310682--- x 1077,
2.9999761542--- x 1075, 3.5102597932- - x 1077,

Meanwhile, we can verify (ki,..., k10, a2, b2) in a small neighbourhood of (k7, ..., &k, a3, b5).

Remark 4.2 Naturally, we conjecture that 13 small-amplitude limit cycles can bifurcate from

the period annulus of system (1.6).—g. Because of the huge calculation, we will study it in the

future.

Acknowledgements We thank the referees for their time and comments which improve the

quality of this paper.

References

[1] Artés, J., Llibre, J., Medrado, J., et al.: Piecewise linear differential systems with two real saddles. Math.
Comput. Simulat., 95, 13-22 (2013)

[2] Banerjee, S., Verghese, G.: Nonlinear Phenomena in Power Electronics: Attractors, Bifurcations, Chaos,
and Nonlinear Control. Wiley-IEEE Press, New York, 2001

[3] Buica, A.: On the equivalence of the Melnikov functions method and the averaging method. Qual. Theory
Dyn. Syst., 16(3), 547-560 (2017)

[4] Boulier, F., Chen, C., Lemaire, F., et al.: Real Root Isolation of Regular Chains. In: Feng R., Lee W., Sato
Y. (eds.) Computer Mathematics, Springer, Berlin Heidelberg, 2014

[5] Cardin, P., Torregrosa, J.: Limit cycles in planar piecewise linear differential systems with nonregular
separation line. Physica D, 337, 67-82 (2016)

[6] Coll, B., Gasull, A., Prohens R.: Bifurcation of limit cycles from two families of centers. Dyn. Contin.
Discrete Impuls. Syst., Ser. A, 12, 275-287 (2005)

[7] Chen, X., Du, Z.: Limit cycles bifurcate from centers of discontinuous quadratic systems. Comput. Math.
Appl., 59, 3836-3848 (2010)

[8] Christopher, C.: Estimating limit cycle bifurcations from centers. In: Differential Equations and Symbolic
Computation, Trends in Mathematics, Birkh&user Basel, 23—35 (2005)



Piecewise Quadratic Differential Systems 607

[9] da Cruz, L., Novaes, D., Torregrosa, J.: New lower bound for the Hilbert number in piecewise quadratic

differential systems. J. Differ. Equations, 266, 4170-4203 (2019)

[10] Dankowicz, H., Jerrelind, J.: Control of near-grazing dynamics in impact oscillators. Proc. R. Soc. A, 461,
3365-3380 (2005)

[11] di Bernardo, M., Feigin, M., Hogan, S., et al.: Local analysis of C-bifurcations in n-dimensional piecewise-
smooth dynamical systems. Chaos Soliton. Fract., 10(11), 1881-1908 (1999)

[12] di Bernardo, M., Kowalczyk, P., Nordmark, A.: Sliding bifurcations: a novel mechanism for the sudden
onset of chaos in dry friction oscillators. Int. J. Bifurcat. Chaos, 13, 2935-2948 (2003)

[13] Euzébio, R., Llibre, J.: On the number of limit cycles in discontinuous piecewise linear differential systems
with two zones separated by a straight line. J. Math. Anal. Appl., 424, 475-486 (2015)

[14] Freire, E., Ponce, E., Torres, F.: Canonical discontinuous planar piecewise linear systems. SIAM J. Appl.
Dyn. Syst., 11, 181-211 (2012)

[15] Guo, L., Yu, P., Chen, Y.: Bifurcation analysis on a class of Za-equivariant cubic switching systems showing
eighteen limit cycles. J. Differ. Equations, 266(2-3), 1221-1244 (2019)

[16] Han, M., Zhang, W.: On Hopf bifurcation in non-smooth planar systems. J. Differ. Equations, 248, 2399—
2416 (2010)

[17] Huan, S., Yang, X.: On the number of limit cycles in general planar piecewise linear systems. Discrete
Cont. Dyn. S., 32(6), 2147-2164 (2012)

[18] Itikawa, J., Llibre, J., Novaes, D.: A new result on averaging theory for a class of discontinuous planar
differential systems with applications. Rev. Mat. Iberoam., 33(4), 1247-1265 (2017)

[19] Kulpa, W.: The Poincaré-Miranda theorem, American Mathematical Monthly, 104(6), 545-550 (1997)

[20] Li, L.: Three crossing limit cycles in planar piecewise linear systems with saddle-focus type. FElectron. J.
Qual. Theo., 70, 14 pp. (2014)

[21] Li, S., Cen, X., Zhao, Y.: Bifurcation of limit cycles by perturbing piecewise smooth integrable non-
Hamiltonian systems. Nonlinear Anal., 34, 140-148 (2017)

[22] Liu, X., Han, M.: Bifurcation of limit cycles by perturbing piecewise Hamiltonian systems. Int. J. Bifurcat.
Chaos, 20, 1379-1390 (2010)

[23] Llibre, J., Mereu, A.: Limit cycles for discontinuous quadratic differential systems with two zones. J. Math.
Anal. Appl., 413(2), 763-775 (2014)

[24] Llibre, J., Mereu, A., Novaes, D.: Averaging theory for discontinuous piecewise differential systems. J.
Differ. Equations, 258(11), 4007-4032 (2015)

[25] Llibre, J., Novaes, D., Teixeira, M.: Higher-order averaging theory for finding periodic solutions via Brouwer
degree. Nonlinearity, 27(3), 563-583 (2014)

[26] Llibre, J., Novaes, D., Teixeira, M.: Corrigendum: Higher-order averaging theory for finding periodic
solutions via Brouwer degree. Nonlinearity, 27(9), 2417 (2014)

[27] Llibre, J., Ponce, E.: Three nested limit cycles in discontinuous piecewise linear differential systems with
two zones. Dynam. Contin. Discrete Impuls. System. Ser. B, 19(3), 325-335 (2012)

[28] Llibre, J., Ponce, E., Zhang, X.: Existence of piecewise linear differential systems with exactly n limit
cycles for all n € N. Nonlinear Anal., 54, 977-994 (2003)

[29] Tian, Y., Yu, P.: Center conditions in a switching Bautin system. J. Differ. Equations, 259, 12031226
(2015)

[30] Zou, C., Liu, C., Yang, J.: On piecewise linear differential systems with n limit cycles of arbitrary multi-
plicities in two zones. Qual. Theory Dyn. Syst., 18, 139-151 (2019)

APPENDIX

Proof of Lemma 4.1  According to Theorem 1.3, we have

I(hf/ g @y o @y dy+/ g @y . _S@y) g

ri 1+ aiz+axy 14 aiz+asy - l+biz+boy 14 bz + boy 4

where

2 2
Fay) = > pua'y’, gt@y) = > az'y’,

i+j=0 i+7=0
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Po1y

14+ a1z + azy

P11y

14 a1z + azy

Po2y”

14+ a1z + azy

qioT

14 a1x + azy

2
q20T

14+ a1z + azxy

q11TY

14 a1z + azy

qo1y

1+ a1x+ azy

qo2y”

14 a1z + azy

Ji G. L. et al.
Fay) =Y sux'y’, g (xy)= > tyz'y.
i+j=0 =0
When z >0, (&,9) = (y(1 + a1z + azy), —z(1 + a1z + azy)), then zdz = —ydy.
dy = B2 (L(0) + arTa(h) + 210 (), )
2
dy = =P (1) + an (k) + T I (W) @
2
Po2 2 z
dy = ?(Il(h) + 2a1[2(h) + a1]3(h) + 2]10(h) + Eallll(h)):
2
v — qaﬂ(fl(h) + ailz(h) + 26o(h)),
2
v = L1 (h) + arls(h) + S1a (h)),
a2 2
q11 2 u
.= 7?%(11(;1) + 2a112(h) + aiIz(h) + 210(h) + §a1[11(h))7
v = B (i) + G Ta(h) + aaTa(R) + 201 To(h),
2
o= 22 2011y (h) + 3aiTa(h) + a}Ta(h) + axTa(h) + 5 (a3 + a3) I (h)
2
+4aili0(h)).

When z < 0, (l’,y) = (y(l + bz + b2y)7 (l’ + 1)(1 +biz + b2y))7 then (l’ + 1)dl’ = ydy.

J

—

R T T I

S$112Y

; 1+b1x+b2y

Ell

S01Y

| gy =
;1+b1x+bgy 4 bo

2
S02Y

- 14+ biz+ by

t101‘

14 b1z + bay

to1y

1+b1$ + be

2
tzol’

14 b1z + bay

t11$y

1+b1$ + be

to2y”

1+b1$ + be

dy = " (~Is(h) — bilz(h) + Is(h)), (4)

b2

501

= 22 (—I5(h) — bis(h) + 2Io(h)),

dy = %(L:,(h) + 2b1I(h) + b1 I7(h) — bilo(h) — 2I10(h)),
v = %20(_15(/1) — buls(h) — baIs(h) + 2110(R)),
v = t;—g(blk(h) +bilo(h) + (br = Dbals(h) — 2b1110(h)),
= 2552_20(15(11) + (b1 = DIs(h) = bilr(h) + bals(h) + Io(h) — 2Lo(R),

e = "L (b, — 1)I5(h) — b (b — 2)Is(h)

b3
+ b3 I7(h) — (b1 — 1)bols(h) — bilo(h) + 2(by — 1)T10(h)),

= t;—j(bl(b1 — 2)I5(h) + b3 (b1 — 3)Is(h) — b5 I7(h)

+ ba(by — 1)*Ig(h) + (b — b3)Io(h) — 201 (b1 — 2)T10(R)).

From the above, the Abelian integral I(h) can be expressed by I;(h), i = 1,2,...,11. Thus, I(h)
has the form I(h) = leil kiI;(h). From (1), it is easy to verify that poo, P10, P20, goo, Soo, S10, S20 and

too are only contained in k; which imply the arbitrariness of k;, ¢ = 1,2, ..., 8, respectively. From (4),
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s11 only appears in kg, k7 and kg9 where we can obtain that kg is arbitrary. By the same way, k1o and

k11 are also arbitrary which can be proved by (2) and (3) respectively.

kr =

ks =

kg =

kio =

1
A ((180a§b§ — 216a5b3 + 36a3bs — 300asbs + 324a3by — 24a3bs — 180a3bs + 192a3b5
7

— 12b5 — 20a3b3 + 2003)ks 4 (—90a5b3 + 54aSbs + 36a3b3 — 540a5 + 312a5b3 + 324a3b5

+ 1205 + 1116a$ + 18a3b3 — 234a3bs + 108bS + 108a3 — 140a3b3 — 76bs — 108a3 — 36b3)ke

+ (90a3bs — 108a5bS + 18a5b5 — 45a5b3 — 123a5bs + 162a3bs + 6a3bs + 120a5b3 — 132a3bs

+ 66a3b5 — 45a3b5 — 27asbs — 30a3b3) k10 + (48a3° — 96a3°b3 + 96a5bs — 96a5bS + 48a3b5

— 672a3" + 280a5b3 — 376a5bs + 816a3b3 — 48a3b5 + 1200a5 + 240a3b3 + 192a3bs — 528a3bs

— 600a3b3 + 216a3b3 + 240a§b§)%),

1
4 Mg

— 108a3b50 + 32b3° + 650a5b5 — 630a5bs — 72a3bs — 140a3b5 — 36b5° — 426a5b3 — 210a3bs

+ 72a3b5 — 4865 — 114a3b3 + 50a3bs + 4b3 + 36a3b3) ke + (1050a3°bS — 1260a5b5 + 162a5b5°

+ 48a3b5> — 630a3°b3 — 1450a5b5 + 2118a5b3 — 54asby’ + 16a3by> — 315a3°b3 + 1725a5b3

— 1410a3b3 + 180a3b5 — 36a3b5° + 975a5b5 — 759a5b3 + 216a3b5 — 222a3b53 — 639a5b3

— 297a3bs + 162a3b5 — 171a3b3 + 57a3bs + 54a3b3)kio + (240a3° — 160a3" b3 — 432a5°b3

+ 784a3"b3 — 704a5b5 + 144a5b5° + 128a5b3> — 1920a3" + 480a3°b3 + 1104a3 by — 4432a5b5

+ 5616a5b5 — 720a5b5" — 128a3by” + 4992a3> — 312a3"b3 + 1800a3bs + 4080a5bs — 8544asbs

+ 288a3b5” — 5184a3° 4 1224a5b5 — 6408a3bs + 3456a3b3 + 1776a3b5 4+ 1872a5 — 3768a5b5

+ 4200a3b3 — 1296a3b5 + 3096a3b3 — 456a3bs — 432a3b3) @> ,
™

((—420@01;‘2l + 360a3b5 — 36a5b5 + 96a3b3> — 210a3°b3 + 1210a3bs — 636a5b3

__a
262 Mo

— 240a3b3° — 43470a5b3 — 135450565 + 7575asb5 + 1968a3b3° — 120b5° + 8505a5b3

+ 134925a5b3 — 2475a3b5 + 2865a3b5 — 384b3° — 29295a5b5 — 89875a3b3 + 2525a3b5 — 715b5

+ 25335a3b3 — 23961a3bs 4+ 51065 + 1323a3b3 + 7533bs — 3564b3) k10 + (14000a3°b3

— 33040a3*b5 + 14480a3°b5 + 14800a3°b5 — 10880a5b3° + 640a5b3> — 5600a3°

— 7952005 b3 4 226720a32b; — 81120a3°b5 — 29440a5b5 + 14720a5b3° + 320a3b3>

+ 43680a3" + 90000a3b3 — 559920a5°b3 + 150600a5b5 — 23400a5b5 + 21120a3b5°

—1920a3by> — 127200a3” + 142240a3°b3 + 594384a3bs — 116472a3b5 + 70952a3b5

— 28032a3b3° + 960b3> + 184640a3° — 293608a5b3 — 60264a5bs + 42520a3b5 — 45800a3b5

+ 307205° — 153408a5 4 62040a3b3 — 519880a3bs — 3880a3bs + 5720b5 + 76896a5

<(7560a§b§ — 5040a5b3" + 360a3b3” + 8505a5b5 — 19845a5b5 + 7680a3b3°

+ 157896a3b3 + 432744a3b3 — 4080b5 — 19008a3 — 124632a3b5 — 60264b3 + 28512b3) ki)
ﬂ'
kll

TTIVI10

(5880a3°b5 — 19320a5°b5 + 22960a5°b5° — 11760a3'b3> + 2520a3°bs* — 280a3°b3°

— 6615a2°b3 — 22155a5%b5 + 113995a5°b5 — 143465a57b3° + 67200a32b5% — 9520a5°ba*
+ 560a5b3° — 10290a3°b3 + 78330a35b5 — 63490a5°bS — 187530a5*b5 + 303940a32b3°

O
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— 136360a3°b3> + 12600a3b3* — 560a5b3° + 2205a3° + 86625a5°b3 — 381619a3°b3
+ 480529a3*b5 — 26726a32b3 — 246158a5°b3° + 125048a5b3> — 16552a5b5" + 2216a3bs°
— 21420a5® — 274512a3°b3 + 1001868a3 b3 — 1076212a5°b5 + 321832a3°b5 — 3172a5b3°
— 24704053 + 23336a3bs" — 2984a3b3° + 85638a5° + 356902a3 b3 — 1527973a3>b3
+ 1218855a3°bS — 207109a5b3 + 128263a5b5° — 79216a3bs> — 11896a3bs* + 536b3°
— 179844a3" + 4266a3°b3 + 1343986a5°b5 — TAT562a5b5 — 132942a5b5 — 25648a3b5°
+ 72472a3b5% 4 79205 + 208605a3> — 508455a3 b5 — 627105a5b3 + 271395a5b5
+ 184520a3b5 — 62680a3b5° — 10120b3> — 126360a3” + 501344a3b3 + 119128a5b3
— 105208a3b3 — 29552a3b5 + 15720b3° + 31176a5 — 155880a5b3 + 34640a3b5 — 6928b3),
M7 = (3a3 + 1)(15a5 — 3a3bs — 2a3bs — 10bS — 36a3 + 6bs + 9a3 + 3b3),
Mg = b3(3a3 + 1)(az — b2)*(175a5b3 — 35a3bs — 8asbs — 70a3 — 400asbs + 26a3bs + 8b3
+ 195a5 + 123a3b3 + 9bs — 114a3 — 46b3 + 9),
My = (3a3 + 1)(2520a3b5 — 1680a5b5 + 120a3b3° — 2835a5b3 — 5425a5b5 + 3200a3b3
— 40a3b3° — 4410a5b3 + 10360a5b3 4+ 910a3b5 — 800a3b5 — 80b5° + 94545 + 15015a5b3
— 9675a3bs 4+ 891a3b5 + 336b5 — 3570a3 — 13740a5b3 + 1110a3bs — 432b5 + 4005a3
+ 1983a3b3 + 176b3 — 1188a3),
Mg = bS(by — 1)%(b2 + 1)?(3a3 + 1)(1155a5b3 — 1050a5bs + 175a3bs — 2541a5 — 2226a5b3
+ 2849a3b3 — 306a3bS + 10080a3 — 1715a3b5 — 2000a3b3 + 67b5 — 12285a3 + 4100a3b3
+ 233b5 4 4330a5 — 866b3),
Fy = (11816106427125 b5 — 77986302419025 b3 4 172110030187095 b3 — 127006263939555) a3’
+ (—32613109278750 b — 10235318818725 b5 + 1018959116580405 b3
— 2959249854936375 b3 + 2451611942304525)a3® + (38757191232375 bs°
+ 322853906355750 b5 — 1317393970993485 b5 — 4908574564740693 b
+ 22590408982071546 b3 — 21475552945687533)a3° + (—25600895397000 b3
— 466944916266675 by’ — 783457952341680 b5 + 11584179718584165 b3
+ 6074054329114233 by — 100023539590817766 b3 4 112638986308670283) a3’
+ (10139029621875 by* + 319129297398450 b3> + 2245676316036615 by’
— 3492578501189316 b — 46894464240611526 b3 + 42038364363396093 b3
+ 279956015685334296 b5 — 392752565515717407)as” 4 (—2409885843750 bj°
— 123859317980475 by* — 1674968685562620 by> — 4952279746282491 b’
+ 28822687702506684 b3 + 104442422275939734 b5 — 241151938125016527 b
— 498630966689040444 b3 + 954575438198020569) a3’ + (321848690625 b5
+ 28137226171950 b3° + 639627421121325 by* + 4733681376992202 b3>
+ 1852774753200354 by° — 89286976360107198 b5 — 114697002396543138 b3
+ 625549477728238857 bs 4 509977348600290390 b — 1645307783712569727)as’
+ (—19100812500 b3° — 3577414546125 b3° — 136808148084300 b3°
— 1807163045677773 by* — 7468906464133776 by + 16481868407473734 b3’
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+ 155266151371030998 b5 — 13363986212646462 b5 — 968186326588250643 b3
— 125569733152166658 b3 + 1997099352163026585) a3’ + (212935912875 b3"
+ 16033423232610 b5® 4 357761668416795 b3° + 2996268038670294 b5

+ 5522018967967770 by> — 42739351147182006 b3 — 156621163336510266 b5
+ 226322819257448529 b5 4 910503172340007984 by — 407556217314234639 b3
— 1641259490197938066)as* + (—2116800000 b3> — 890818611165 b3°

— 37136512352454 b5° — 536887604767209b3° — 2839391849468118 b5

+ 943248558997086 by + 50032693437258870 b3° + 76651543146954456 b5

— 316586849094069969 b3 — 446675367561873258 b + 587583438358166787 b3
+ 812223140717303814) a3’ + (12018182400 b3> 4 1782903465591 b3°

+ 46375157456916 bi® + 443322839068371 b3 + 1235747352295218 bi*

— 5041928856213198 by> — 28523718231944361 b5° + 5761061398267392 b3

+ 197956710060749247 b§ 4 6185241010918992 b3 — 323332689361321488 b3

— 133817837749508160) a3’ 4 (—38707200 b3* — 22878173952 b3° — 1696471416009 b3°
— 27560872480032 b3® — 147079140569817 b3° + 146772635654238 b3*

+ 3263798474444070 b3 + 2919041379309957 by° — 25853716083733710 b5

— 30084679962464535 b5 + 114166077763754910 b3 + 12829753931213400 b3

— 92870765832353040) a5 + (82169856 b3* + 14485731840 b5 4 492157105089 b3’
+ 1399510893902 by® — 45828708191743 b3® — 365107743837017 by* — 126064506870772 bs”
+ 5568089224849855 by” + 8963410421857910 b5 — 34881074804678000 b3

— 45907614911525920 b3 + 74948349766797280 b3 + 59422465363367680)as

+ (11907072 b3* + 2171022336 b3” + 298005901033 b3° 4 6707170710246 b3
+ 53677234927051 b® + 110981058654881 ba* — 676737148673066 bs>

— 2971126312895659 b3” + 1383287697028450 b3 + 22013544628131920 b3

— 3101518573693760 by — 35163323813616000 b3 — 10803337492188800)a3

+ (—20090880 b3* — 4143796992 b3 — 216924008483 b3° — 3002590146821 b3
— 15478441374301 b1% — 1019120151887 bi* + 265257687790508 bi2

+ 541132108023616 b3° — 1299050882589280 b5 — 4866576728219360 b3

+ 5352468905154560 by 4 5183582022790400 b3 ) a3 + 7409664 b3*

+ 1039502592 b3% 4 41174368977 b3° + 430794171213 b3® 4 1532504597673 bs°
— 3003136917537 bt — 32501401212102 b3% — 26168155997160 b2’

+ 197103344224080 b5 4 369680430111360 b3 — 878680574736000 bj.



