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1 Introduction

The study of area preserving maps is a classical topic in dynamical system and goes back at
least to the works of Poincaré and Birkhoff. These maps usually arise as Poincaré maps of
Hamiltonian systems with two degrees or one and half degrees of freedom. Among them a
special class called monotone twist maps has been studied intensively (see [12-16] and [5]).
Here we define a monotone twist map as an orientation preserving C!-diffeomorphism f :
S x [a,b] — S* x [a,b] of an annulus, which preserves each end of the annulus and admits a
lift f: R x [a,b] — R X [a, b]; f(xo,yo) = (21, y1) with the following properties: (a) f preserves
area; (b) twist condition: ’g% > 0.

For a monotone twist map f as above with f(xo,yo) = (21,y1), there is a C? generating

function h : R? — R (up to a constant) given by
dh(xo,z1) = y1dz1 — yodxo.

This is equivalent to
Yo = —O01h(wo,x1); Y1 = O2h(wo, 21).

Such an h is usually referred as the variational principle associated with f, as it allows us
study the dynamics of f using variational method and this is usually known as Aubry—Mather
theory. We give a brief introduction in the following, for details see [5, 16] or [17].

Definition 1.1 A continuous function h : R? — R will be called a variational principle if
it satisfies the following conditions:

o Hi: h(E+ 1,8 +1)=h(¢&) forall £, € R;

o Hy : limj¢|—qoo N(§, € + () = 00, uniformly in &;
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o H3: h(&, (") +h((,&) > nE &) +h((, (), ifE<Cand & <
o Hy : If (§,1,¢) # (§,1,¢) both are minimal, i.e., h(§,n) 4+ h(n,¢) < h(&, ') + h(n', ()
and h(&',n) + h(n, ") < hE,n') +h(n', ') for any ' € R, then (£ —¢')(¢C— () <O0.

e Hy : There exists a positive continuous function p on R? such that
¢ ¢
h(&a C/) + h(C7£/) - h(fafl) - h(ga CI) > /E // P

if€<Cand & <

e Hg : There is a 6 > 0, such that & — 062/2 — h(&,&') is convex, for any €', and &
95'2/2 — h(&, &) is convex, for any &.
Remark 1.2 Bangert [5] only required conditions H; to Hy. Conditions Hs and Hg were
added by Mather [14] and will be needed for our results. One should notice that Hs implies
Hs, and Hs and Hg together imply Hy, for details see [14].

Remark 1.3 Although for a monotone twist map, the associated variational principle is
usually C2. We assume weaker regularity condition in the above definition, so that our result
can be applied to finite composition of monotone twist maps as well. For these maps the
associated variational principle may not be C* (for details see [14] or [16]).

For any {ng < mi} C ZU {#£oo}, let [[{2, R be the configuration space with product
topology. We extend the domain of h to all finite configuration spaces H?:lno R, i.e., both ng
and nj are finite, by setting

ni—1 n1
h(Zngy ey Tny) = Z h(wi,wiy1), Y{zi}i2,, € H R.
i:no i:no

Definition 1.4 A finite configuration {x;};2, ~will be called minimal, if

i=n

h(‘rnou' "7$n1) S h(x;:()’ .’L'* )7

»¥ng

*\ M1 mn1 - * _ * —
for any {z}};2, € Hi:no R with x}, = xp, and x;, = xp, .

A configuration, finite or not, will be called minimal, if any of its finite sub-configuration
is minimal.
We say a configuration is locally minimal, if there is an open neighborhood of it in the

corresponding configuration space, such that the above are true.

ni

i2n, 18 a locally minimal configuration,

Although we do not assume h is C!, when z = {z;}

for any ng < i < ny, both dsh(x;—1, ;) and O1h(z;, x;41) exist and satisfy
O2h(xi—1,2;) + O h(xi, xi41) = 0,
as showed by Mather [14].

Now if h is a variational principle of a monotone twist map or finite composition of monotone
ni—1
i=ng+1

—Oh(zi,xi1) = Ooh(x;—1,x;) is an orbit of f We will call locally minimal configurations

twist maps f and 2 = {x;};2, is a locally minimal configuration, {(;,y;)} with y; =
stationary configurations. Now we can transfer the study of a monotone twist map to the study
of stationary configurations of a variational principle.

Given any two infinite configurations x,y, we write xz(+oo) =y, if lim; 4. z; — y; = 0, or

x(£o0) = u, if y is a constant configuration with y;, = u € R, Vi € Z.
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Ifz e Hig’; R satisfies #(—o00) = y! and z(4+00) = y?, we say x is a heteroclinic configuration
(between y' and y?), when y' # y2, or a homoclinic configuration (between y' and y?), if
y' = y2. Moreover if such an z is a stationary configuration, we will call it a heteroclinic

connection or homoclinic connection.

Definition 1.5 « € R will be called the rotation number of x = {x;}icz, if

lim x;/i exists and equal to «.
li] =00

Remark 1.6 In general it is possible the above sequence may have different limits as ¢ goes
to positive or negative infinity. However in this paper we will only consider those z’s, such that

the limits are the same.

Given a variational principle h, every minimal configuration has a rotation number. For
any rotation number o € R, there is a non-empty compact set M, consisting of minimal
configurations with rotation number a.

For any (m,n) € Z*, define an operator T(,, ,) on [T7Z R by setting
(T(m,n)x)z = Ti4n — M, V1.

If T(,myx = x, we say x is (m,n)-periodic.

Given a rational number a € Q, there is a unique pair (p,q) € Z X ZT with p and ¢
relatively prime and a = p/q (when o = 0, we assume (p,q) = (0,1)). From now on when we
say a rotation number oo = p/q € Q, (p, ¢) will always be such a unique pair of integers.

By the Aubry—Mather theory, if & = p/q € Q and z € M,, is (kp, kq)-periodic, for some
k € Z*, it must be (p, q)-periodic. We define

MET =z e Mo : Tp,g =z} # 0.
This is an ordered set, i.e., if © # y € MR either z <y (z; < y;, Vi € Z) or & > y (x; > yi,
Vi€ Z).
Given a pair of (p, q)-periodic minimal configurations 2° # x'. Without loss of generality

let’s assume 20 < !, we say they are neighboring, if there is no other x € MP® satisfying

2 <z < !, and we define
ME (20 2t) = {x € M, : 2(—00) = 2° and 2(+00) = x'},
M (2%, 2) = {2 € M, : 2(—o0) = 2 and z(+o00) = 2°}.
Again by Aubry-Mather theory, both of the above sets are non-empty.
Let M be the union of M} (2%, z1) over all pairs of neighboring configurations in M,
and M, similarly. Then M, is a disjoint union of M2°*, Mt and M. Both ME UM} and
MPETT UM are ordered sets.

After the above review, we are now ready to state our main results.

Theorem 1.7 Given a rational number o € Q and a pair of neighboring minimal configura-
tions 20 < x1 € MR, Let

I(J{(xo,xl) ={xo:x={x;}icz € Mi(azo,xl)};

I(;( val) = {1[,‘0 T = {l'i}iGZ € M;(xoaxl)}v
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and (z9, 2}) the open interval between = and x}. If
I3 (% @) # (20, 29)  and I3 (2, 2%) # (a, 7)), (gap)

then for every 6> 0 small enough, there is an m = m(é) € N such that for every sequence of

integers ¢ = {q; € Z}fzoioo with q;+1 — q; > 4m and for every j, k € 7 with j < k, there is a
homoclinic or heteroclinic connection x satisfying

L 2d <z <a} foralli€ Z

2. |2 om —ah | < $ and | g, +m — xf;_im| <6 foralli=7j,... k;

3. 2(—00) = 2/ and z(+o0) = xF*+1.
For any j € Z, 27 = 2°, if j is even and 27 = ', if j is odd.

We will try to explain the meaning of the above theorem. Let f : St x [a,b] — S x [a, b] be

the corresponding monotone twist map. Then O! = {(W(x;),yj = 82h(x;-71,x§-))}jez, 1=0,1
are two periodic orbits of f, where 7 : R — S!. Theorem 1.7 shows the existence of infinitely
many multibump homoclinic and heteroclinic orbits between O° and O*.

Under some classical conditions that O, i = 0, 1, are hyperbolic and the associated stable
and unstable manifolds intersect transversally, it is possible to get the above result using geo-
metric and perturbative approaches. Meanwhile in our result, these conditions are not required.
The existence of these multibump homoclinic and heterclinic orbits indicates chaotic dynamics

of these maps. More precisely when the (gap) condition holds, Theorem 1.7 implies the topo-

')
i=—00"

logical entropy of the map must be positive. To see this, consider the sequence {4im}
—+oo

=2 as different subsequences of the previous sequence, Theorem 1.7 can

by choosing ¢ = {q¢;
give us different stationary configurations which satisfies arbitrary choices between the following

two conditions,

|$2m+4im - xgm+4im| < 87 |x2m+4im - x%m+4im| < S

for any j < i < k.

Since 2%, i = 0,1, correspond to the two periodic orbits O?, this means, for any j < k,
we can find an initial condition such that whether its f2m*4™’s (j < i < k) image is close to
O° or O! can be given arbitrarily. As a result, the number of orbit segments distinguishable
with arbitrary fine but finite precision grows exponentially, so the topological entropy of f is
positive.

Using this we recover a result first obtained in [2].

Corollary 1.8 Let ay be the rotation number of f|six(ay and oo the rotation number of
flstxqpy- If the topological entropy of f vanishes, [ must have a (homotopically) non-trivial

invariant circle of rotation number «, for any a € (a1, as).

Proof For any « € (a1, a2)NQ, by the above explanation, the corresponding (gap) condition in
Theorem 1.7 can not hold, as otherwise the topological entropy is positive. Therefore M, must
foliate the whole configuration space and the corresponding orbits of f form a (homotopically)
non-trivial invariant circle in the cylinder with rotation number a.

Because the set of non-trivial invariant circles is closed and so is the set of rotation numbers
for which such non-trivial invariant circles exist, see [2] and [11], for every irrational & € (a1, a2),

f must have a non-trivial invariant circle as well. O
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Now we explain how to apply our results to the geodesics of smooth Riemannian metrics
on the two-dimension torus. The idea of this approach goes back to the work of Morse [18]
and Hedlund [10]. In [5] Bangert explained how the variational principle can be defined for
a smooth Riemannian metric on T? and the stationary configurations give rise to geodesics.
Although only conditions H; to Hy are verified in [5], It was claimed by Mather in [14] that
such a variational principle also satisfies Hs and Hg.

As a result we have the following result as in direct corollary of Theorem 1.7.

Corollary 1.9 If the topological entropy of a geodesic flow on T? wvanishes, then for every

a € Q, minimal geodesics with rotation number o is a foliation of T?.

Related results about geodesic flows on T? with vanishing topological entropy can be found
in [8, 9].

Furthermore we would like to mention an interesting paper [7] by Bolotin and Rabinowitz,
where a similar variational method was applied directly to the geodesics on T? to show the exis-
tence of chaotic geodesics. [7, Theorem 2.3] says that under certain geometric condition, there
are infinitely many homoclinic and heteroclinic geodesics between two periodic neighboring
minimal geodesics.

Although the geometric condition posted in [7] is stronger than our (gap) condition, their
result is also stronger than ours. Namely by our result the geodesics have to spend large
enough time between every bump, while in [7] this is not necessary. There are other interesting
homoclinic and heteroclinic geodesics in their paper beyond the reach of our result.

Our proof uses a variational method similar to those used in [6] and [20], where existence
of multibump homoclinic and heteroclinic orbits of one-dimensional periodic forced pendulum
was proved in the same spirit.

The paper is organized as follows: in Section 2 we introduce a normalized function J, which
is the base of our variational method; in Section 3, we give an alternative proof of the existence
of minimal heteroclinic connections; in Section 4 the existence of infinitely many homoclinic
and heteroclinic connections between a pair of periodic neighboring minimal configurations with
rotation number 0 will be shown; in Section 5, we generalize the previous result to periodic
neighboring minimal configurations with any rational rotation number; in the Appendix, we

give the proofs of several technical lemmas.

2 Preliminary

In this section we define a normalized function J following [6] and [20]. It gives us a convenient
way to determine the asymptotic behaviors of the configurations.

Fix an arbitrary variational principle h : R? — R for the rest of the section. We define an
associated function h: R — R as h(§) = h(§,€).

By Condition Hj, there exists a finite number ¢ = min{h(¢) : ¢ € R}. If h(u) = ¢, we say
w a minimizer of h. When there is no confusion u will also be used to represent the constant
configuration x = {x; = u};cz. The following result is well known and a proof can be found in
[5] or [17].
Proposition 2.1 Ifu € R is a minimizer of h, then as a configuration u € ME™, i.e., it is

7

a minimal configuration.
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Assume ug < u; are two different minimizers of h and h(u) > h(ug), Vu € (ug,u;). We call

ug and uy a pair of neighboring minimizers.

Definition 2.2  Set U := {ug,u;1}. For any positive integer n, we define

X(n):=XnU) ={ox={x;}i—y : z; € [uo, u1]};
X(n):=X(n;U) :={x={z;}"p:x € X(n) and xo = x,};
X :=XU):={x = {x;}°° 2 € [ug,u1]}.

1=—00
Here [ugp,u1] is the closed interval between ug and uq.

Definition 2.3 We define a normalized function J on X by setting
+00
J(x) = Z a;(x), where a;(x) = h(z;,xi41) — ¢, Vi € Z.
i=—oco

Remark 2.4 Although c is a minimizer of h, when & # 7, it is possible h(£,1) — ¢ < 0. This
means J(z) may not have a lower bound. However we will prove there is a finite constant B
independent of n, such that " a;(z) > B, Va € X.

Moreover we will prove J is a well-defined function from X to RU {400}, in the sense that,
for any = € X, either the limit lim,, 4 >, a;(x) exists and converges to a finite number,
or diverges to infinity.

For simplicity, we define translation operators T}, : X — X by Tz = T ) for any k € Z.
It is easy to see J is invariant under 7}.

Lemma 2.5 For anyn € Z* and z € X(n),

n—1

Z a;(z) = h(xo,...,Tn) —nc >0,
=0

the above inequality is an equality iff x; = ug or x; = uy for all 0 < i < n.
Proof For a proof, see [5, Theorem 3.3]. O
To refine the above result, we introduce the following definition.

Definition 2.6 For any x € X (n), we set

d(z,U) = nggnjen{l(iﬁ} |z — .

Lemma 2.7 For any § > 0, let

n—1

#(9) ;== inf inf {Zaz(ac) x e X(n) and d(z,U) > 5}. (2.1)

i=0
Then ¢ is a continuous function satisfying ¢(6) > 0, if § > 0; ¢(6) =0, if § = 0. It increase

monotonically with respect to 6. Moreover, if x € X(n) satisfies

' C—ui|>8 Vi=1,....n—1 2.2
jer?(l),nl}lxl uj| >6, Vi=1,...,n—1, (2.2)

then S0 ai(x) > ne(d).

Proof  First notice that ¢(0) =0 if 6 = 0. From now on we assume ¢ > 0.
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For a fixed n € Z™, by the compactness of {z € X’(n) 2d(z,U) > 6},

n—1

#(d,n) := min {Zaz(ac) cx € X(n) with d(z,U) > 5} > 0.
=0

By induction on n, we will show ¢(d,n) > ¢(d,1), Vn € N, which then implies ¢(5) = ¢(5,1) > 0.

Now let us assume ¢(8, k) > ¢(6,1), for all k = 1,...,n — 1. Given an arbitrary z € X(n)

with d(z, U) > 6, if there is a j € {1,...,n — 1} satisfying z; = x¢ = ,,, then {z;}/_, € X(j)

and {z;}j; € X (n—j). Moreover at least one of d({z;}/_,,U) > ¢ and d({zi}j;,U) > 6 must

be true. Therefore

S i) = min{(, 1), 66,0 — )} > 6(6,1).
i=0

On the other hand, if z; # xo, Vj = 1,...,n — 1, there must be a 1 <k < n — 1 satisfying
(xg — xg—1)(zk — Tx41) > 0. By Condition Hs,

h(xg—1,2k) + h(zk, Try1) > A(@p—1, Tpg1) + M@, Tp)-

Let 2! = (g, %) and 2" = (20,..., Th_1, Thi1,- ..+ Zn). Then z* € X(1),2" 1 € X(n —1),
and at least one of d(2" "1, U) > § and d(z',U) > § must be true, so

1
ai(x) > h(zo, ..., Tp—1, Tht1,- -, Tn) — (0 — Ve + h(xg, k) —c > (4, 1).

n

-
Il
=)

Since z is arbitrary, ¢(0,n) > ¢(0,1). Hence ¢(5) = ¢(5,1). By the definition of ¢(d,1), it is
not hard to see it is continuous and monotonically increasing with respect to §.

For the rest of the lemma, again by induction we assume the corresponding result holds for
kE=1,...,n—1,if z € X(n) satisfies (2.2). We divide the proof to two different cases.

Case 1l Thereisaje {1,...,n—1}, such that x; = zy = z,. Then {Ii}g:o € X(]) satisfies
(2.2) with n replaced by j, and {z;}}_; € X(n — j) satisfies (2.2) with n replaced by n — j. By

the induction assumption

n—1 Jj—1 n—1
S ae) =3 @)+ 3 ai(a) > j6(6) + (n — j)0(6) = né ).
=0 i=0 i=j

Case 2 z; # x9, Vj € {1,...,n — 1}. Then there is a 1 < k < n — 1 satisfying (z) —
Tp—1)(xk — 211) > 0. Let 2! and 27! be defined as above. Then 2"~ satisfies (2.2) with n

replaced by n — 1. As a result,

|
—

n

a’i(‘r) > h(I07 sy Th—1, Lh415 - - .,In) - (Tl - 1)C+ I’L(Ik,l‘k) —c2z Tl(b((s) O

Il
=)

%

By the previous lemma, we can show that Z;:Ol a;(z) has a uniform lower bound, for any

x € X(n). For this we set C' := Lip(h) for the rest of the paper (recall that h is Lipschitz

continuous). Then for any real numbers &, ¢, ¢, and ¢,

[7(&,€") = h(C, NI < C(IE = ¢l +1¢" = ')
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Lemma 2.8 Foranyd >0 andn €N, if x € X(n) satisfies d(z,U) > 0,

|
—

n

a;i(z) > ¢(8) — Clay — 20| > —Clzp — 20|

I
=3

i

with ¢(8) defined by (2.1). Moreover there is a constant B € R, such that
a;(z) = h(zg,...,xy) —nc> B, VYa € X(n) andn €N.

Proof First let us assume d(z,U) = minjego13{|zr — u |} for some k # 0. Now we define a
i e X(n) as
T,, ifi=0,

€Ty =
r;, ifi=1,...,n

Obviously d(&,U) > §, which implies Z?;OI a;(Z) > ¢(0). Meanwhile

Z

M

a;(Z)

= |h(zg, 1) — h(xp, z1)| < Clzy — T0)-

=0 i=0
As a result,
n—1 n—1
ai(x) > Y ai(&) — Clay — xo| > ¢(5) — Clan — xol.
i=0 i=0

Now let us assume d(z,U) = min{|xg — ugl, |zo — u1|}. Then we set

) x;, ifi=0,...,n—1,
xXr; =
rg, ifi=n,
and repeat the previous argument. This proves the first part of the lemma.

For any n € Z* and x € X (n), by what we just proved

|
—_

n

ai(z) = ¢(d(x,U)) = Clen — x| 2 ¢(0) = Clen — 9

s
I
=)

> —Clzy, — xo| > —C(ur — up) =: B.

This proves the second part of the lemma. O

In general, we can not expect B in the above lemma to be non-negative. With the above
lemma, following an approach given in [6], we get the next proposition, which plays a key role

in our proof of the main result. We postpone its proof to Section 6.
Proposition 2.9 J is a well-defined function from X to RU{4o00}. Moreover, if v € X and
J(x) < 400, then x(£o0) = ug or uj.

Again we can not except the lower bound of J to be non-negative. However if we restrict
ourselves to a class of homoclinic configurations, it does have a non-negative lower bound, as
shown by the following lemma.

Lemma 2.10 Ifz € X satisfying x(+00) = z(—00) = ugy (or z(+00) = z(—00) = uy) and
x; # ug (or x; # uy) for some i € Z, then J(z) > 0.
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Proof First there is an ig € Z, such that 0 < § = |z;, — ug| < (u1 — ug)/2. For an integer
N > 0 large enough, we have |z, —ug| < 22 V|n| > N. Therefore |z, —x_,| < %, Vn > N.

2C
By Lemma 2.8,
n—1
0
Z ai(z) > ¢(0) — Cley —x_N| > @ > 0.
i=—n
Since this is true for any n > N, J(x) > 0. O

The multi-bump homoclinic and heteroclinic connections will be found as local minimizers
of J. For this, we need to make sure each component of them does not equal to ug or u;. For
this, the next two lemmas will be needed.

Lemma 2.11 For any & € (0,u; — u), if {z;}7_, satisfies

(a) x; € [ug,u1] for alli=0,1,2;

(b) &1 € [u1 — b, us], and xg # uy or xo # uy;

(¢) h(zo,z1,m2) < h(mg, &, 22), VE € [ug — 8, u1],
then x1 # uy. The statement still holds if we replace every uy by ug and every [u; — 0, u1] by
[wo, ug + 4].

Lemma 2.12 If a finite configuration x = {x; ;’zlno satisfies

(a) z; € [ug,u1] for all i = ng,...,nq;

(0) MTngs -3 Tny) < WYngs -2 Yny )5 for any {yi}i2,, satisfying Yn, = Tng, Yn, = Tn, and
Yi € [ug, u1l,
then x is a minimal configuration. Moreover, if x also satisfies Ty, ¢ {uo,u1} or xn, & {uo,u1},
then z; ¢ {ug,u1} for alli=mng+1,...,n; — 1.

The proofs of the above two lemmas can be found in Section 7.

We finish this section by a comparison lemma, which will be needed later.
Definition 2.13 For any j € {0,1} and k € Z, we define the following operators, G;t(k) :
X — X, as

x;, ifi <k, B uj, ifi <k,
(Gf(k)z); =" 7 and (G (k)x);=< "7
uj, ifi>k xi, ifi>k.
By Definition 2.13 and the Lipschitz continuity of h, we get
Lemma 2.14 For any z € X,

k—1
‘J(G:(k)m) - Z a;(x)| < Cluj — zk;
o
’J(Gj(k)x) - Zai(a:) < Cluj — x|
i=k

3 Minimal Heteroclinic Connections

In this section we prove the existence of minimal heteroclinic connections from uy to u; and
from uq to ug. The result is not new. We include it here because it illuminates some of the ideas
that will be needed in the next section. The strategy is to consider a class of configurations
with the desired asymptotic behaviors, and show that J has at least one minimizer in it, which

is the desired minimal heteroclinic connection.
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Definition 3.1

X0 = X%ug,up) := {r € X : 2(—00) = up and z(+00) = u1 };
X1 i= XYug,u1) = {x € X : 2(—00) = uy and x(+00) = up};
=inf{J(z): 2z € X°}, ¢ :=inf{J(z): € X'}

Remark 3.2 It is easy to see that ¢y and ¢; are finite constants.

Definition 3.3
MO = MO (ug,up) :={z € X°: J(z) = co};
MY = M (g, u) = {z € X" : J(x) = 1.

Theorem 3.4 M (resp., M') is a non-empty set. If v € MO (resp., x € M%), then x is
a minimal configuration, furthermore it is a heteroclinic connection from ug to uy (resp., from
uy to ugp).

Proof Choose a § € (0,(u; — ug)/2) small enough. Let {2"},en C X° be a minimizing
sequence of J, i.e., lim, 4o J(2™) = co. Since J(z™) are invariant under translation operators
Ty, Vk € Z, we may assume

Uy — Ug

0 < |z} —uo| < and |z} —wug| <46, Vi<0, ¥neN. (3.1)

By the compactness of X and lower semi-continuity of J, ™ (passing to a subsequence if
necessary) converges to an € X with J(x) < ¢g. Then Proposition 2.9 tells us xz(+o0) € U.
Since every x™ satisfies (3.1), we must have x(—occ) = ug. To prove z € X°, we only need to
show z(400) = u;.

By a contradiction argument, assume x(+00) = ug. Choose 0 < € < ¢(8)/4C, there is an
N large enough such that x; < ug+¢/2, for all i > N.

For n large enough, we have z7; < ug + €. Because z"(—00) = ug, there exists —k, large
enough, such that z} < ug +¢, Vk < k,. Since d((z},...,2%),U) > |27 — uo| > 9,
N—1
> ai(a™) = ¢(6) - Clafy — 2} | = ¢(6) - Ce,
i=k

As this holds for all k < k,, 30" a;(z™) > ¢(6) —
Now set Z" = G (N)z". Obviously 2" € X, and by Lemma 2.14

+oo N—1
J(@") < Z a;(z™)+ Ce = J(z") — Z a;(z™) + Ce
i=N i=—o0
J(z") = ¢(0) + Ce 4 Ce

This implies liminf,,_, 4 o J(Z") < liminf,, 4o J(2™)—¢(0)/2 < co, which is absurd. Hence
2(+00) = uy and ¥ € X and J(z) > ¢o. As a result, J(z) = ¢p and x € M.

Although z is just a minimizer of J among configurations in X°. By Lemmas 2.11 and 2.12,

)=
J(z") — ¢(6)/2.

)

)

x; ¢ U for any ¢ € Z and in fact it is a (global) minimal configuration, so z is a heteroclinic

connection from wug to u;. O
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By Theorem 3.4,
M° M (ug,u1), M C My (ug,ur). (3.2)

Next proposition shows these minimal configurations are monotone.
Proposition 3.5 If z € MY (resp., v € M), then x is strictly monotonically increasing
(resp., decreasing), i.e., x; < x;41 (resp., x; > xiq1), for all i € Z.
Proof First we show xy # xk41, Vk € Z. Proof by contradiction. Let’s assume x = x4 for
some k € Z. From the proof of Theorem 3.4, z; € (ug, u1), Vi € Z. Then ay(z) = h(xg, x)—c >
0. Set Z=1(...,Zk_1,%kt1,--.), then J(ZT) = J(z) — (h(xk, Tr4+1) — ¢) < ¢g, which is absurd.

Next assume there is a k € Z satisfying (xy — xx—1)(zr — zp4+1) > 0. By Condition Hg,

h(zg—1, 1) + h(Tr, Trr1) > h(zr—1, Thg1) + h(zg, 21).
Set = (...,xp—1,Tk+1,...), then
co = J(x) > J(T) + hzg, zK) — ¢ > J(T).

Since 7 € X°, we get a contradiction. Therefore  must be strictly monotonic and the asymp-
totic behaviors of x guarantee that it must be increasing. O

4 Multi-bump Homoclinic and Heteroclinic Connections

In this section, we prove Theorem 1.7 for 2° = ug and x! = wu;, namely for a pair of (0, 1)-
periodic neighboring minimal configurations. First we find minimizers of J on a class of con-
figurations with desired asymptotic and oscillating behaviors. Then we show these minimizers
are stationary configurations.

0

If we replace 2%, x! and zQ, z} in Theorem 1.7 by ug,u; correspondingly, then by (3.2), the

condition (gap) implies
Iy # (ug,u1) and Iy # (ug,u1), (*)
where I; := {xg: 2z € M7} for j =0, 1.

We assume (*) holds for the rest of this section.

Proposition 4.1 For any 5> 0, there are §; € (0,5), i =0,...,3, and positive constants
€y = 60(50,52), €1 = €1 (51,(53), such that

inf{J(z): 2 € X° 2o =up+ o, orxg=1uy — 2} > co+ ep;

inf{J(z): 2z € X", xog=uy — 1, orxzo=up+d3} >c1 +ey.
Proof We give a detailed proof of the first inequality. The proof of the other is similar and
will be omitted.

By (%) there is a u € (ug,u1) \ Ip. From the ordering structure of M inherited from
M (ug,uy), there is a pair of minimal configurations y < z from M satisfying u € (yo, 20)
and no other configuration from M lies between y and z.

By Proposition 3.5, there is a —ng € Z* large enough such that

U0 < Yng < Zng <u0+5.
Choose a dg € (Yny — U0s Zny — o). Then dg € (ug,u1) \ Iy. Let

onz{xeXo;xnozuo—f—éO} and bozinf{J(x):xEY,?o}.
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Obviously by is finite and d¢ € (ug, u1) \ lo implies
by > co. (4.1)
Since J(Tp,x) = J(z), this implies
inf{J(z):x € Y{} = by > ¢y, where Yy = {x € Xo:20=1uo+d}.
Similarly there is an ny € ZT large enough, such that u; — b < Yny < Zn, < u1. Then we can
find a 2 € (Yn,, #n, ), such that
by = {J(x) : x € Xo, ®g = u1 — 92} > co.

Letting ep = min{by — ¢, ba — ¢}, we get the desired result. O

For the rest of this section, we choose a constant & € (0, (u; — ug)/2) and set

e = min{p(€,¢) : £, € [up, m}; (4.2)
£:=min{¢(5), e (ur —uo — 20)2}. (4.3)
Obviously both £* and & are positive.

From now on we assume ¢ in Proposition 4.1 also satisfies

0<d<dandd < E. (4.4)

1
4C
Definition 4.2 For an m € N, we set

Zy:={x e X :x_p <ug+ 00, Tm > uy — 02};
Zy={xeX :x_pm>uy — 061, &m <ug+ 3},

where 6;, 1 =0,...,3, are those given in Proposition 4.1.

Obviously Zy, Z1 depend on the choice of m, so it will be fixed in all our results. The precise
requirement of m will be given later. For the moment, we just assume it is large enough, so that
both M® N Zy and M! N Z; are non-empty. Choose two minimal configurations y° € M° N Z,
and y' € M N Z.

Remark 4.3 For the sake of simplicity, from now on we make the following agreement that

when we label ¢, e, u,y, Z and G* by an index, that index is considered mod 2.

Let m be a positive integer and ¢ = {¢;}icz a bi-infinite sequence of integers satisfying
Giv1 — q; > 4m, Vi € Z.

Ul
L
Uy — (52 af 1 Tug — 52
uy — (51
N ug + 03 g + dg

Uy + 00T 4 1

J \_/
ug qo—m q0 go+m g1 —m q1 g +m Qg2—m q2 gz +m

Figure 1 The Aubry graph of an z € Z(0,2)
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Definition 4.4 For any pair of integers j < k, we define
Z(j, k) :=={x € X : x(—00) = uj, x(4+00) = upy1 and Tyx € Z;, Yl € {j,...,k}},
and c(j, k) :=inf{J(x) : x € Z(j, k)}.

Proposition 4.5 For any two integers j < k, there exists at least one minimizer x'% € Z(j, k)
satisfying J(27%) = c(j, k).

Proof  The proposition is trivial when j = k, since in this case c¢(j, k) = ¢; and T, vl € Z(j,k)
with J(T_g,57) = J(y7) = ¢;.

When j < k, let {z"}nez C Z(4, k) be a minimizing sequence, lim, 4o J(z™) = c(J, k).
Similar to the proof of Theorem 3.4, we may assume x™ converges to an z € X, such that

limuf J(a") = c(j, ) > J(z).

It is easy to see Ty, x € Z; for j <1 < k, since T, 2" € Z; and ] converges to z; as n goes to
infinity, Vi € Z. To prove x € Z(j, k), we need to show that z(—o0) = u; and xz(4+00) = u41.
Since J(z) is finite, Proposition 2.9 implies z(+o0) € U. Therefore it is enough to show that
x(—00) # u;q1 and x(400) # ug. For k being even, we give a detailed proof of z(+00) # uy.
The other cases can be proven similarly.

By contradiction, let’s assume x(+00) = ur = ug (since we are considering the case that k
is even). Then there is an N large enough (N > g + m), such that

zy < ug + 02/2,
where 05 is the same as defined in Proposition 4.1. Then for n large enough,
.TR[ é (%) + 52.

Meanwhile since z™ € Z(j, k), ™(+00) = ug41 = u1. Hence for each z”, there is a p,, > N

large enough, such that zj; > u1 — d2, Vp > py.

Now for each {z! f=qk +m> there are two possibilities.
Case1 Thereisaj € [gx+m,p]NZ, such that 27 € [ug+8, 1y —6]. Then d({z? —germi U) >
0. By Lemma 2.8,
p—1
> ai@") = ¢(8) — Clay — ap 4, > ¢(8) — Cd. (4.5)
i=qr+m

n

oo +m Delong to [u; — da, uy].

The second inequality follows from the fact that zj; and x

Case 2 For any j € [qx +m,p|NZ, 2} ¢ [ug +0,u; — 6]. Because Ty, 4 € [u1 — 02, un], Ty €

[uo, uo + d2] and x} € [uy — d2,u1], there exist two integers jo < ji from [gr +m +1,p—1]NZ
satisfying

x5, € [ug — 8, ual, x g € [uo, uo + 4],

x} € [ug, up + 5], T g € [ur — 5, uyl.

By condition Hs,

Tho [T 41
5 0) 4 e ) 2 bl ) + R ) + [ [ 77
xT

e n
J1 Jjo+1
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> h(z} % o q) +h(z] 2% ) + e (ur —ug — 26)2. (4.6)
At the same time,
p—1
Z ai(x") = h(xy, 1y h) F R 152 )+ AT g, Tp)
1=qr+m
—(p—qxr —m)c+ h(m?o, x?O_H) + h(x?l,x?1+1). (4.7)
Combine (4.6) and (4.7),
p—1
Z ai(x") > W(xg, fps @)+ RS 2T )+ R g, T)
i=qr+m
+h(xf 2 )+l 2] ) = (p— g —m)e
+ e (ug —up — 26)%.
By Lemma 2.7,

h(xf,,@% 1) + (@] oy, 2t ) — (J1 = Jo)e = ¢(0) > 0.

Then Lemma 2.8 implies

h(Zg pms > 25) + W@l x% o q) + Rz 4, 2p) — (P — g —m — J1 + Jo)c
> ¢(0) — Coy > —Cds.
As a result,
p—1
Z al(x") > 6*(’(1,1 — Up — 25)2 — 052 (48)
i=qr+m
This finishes our discussion of the two different cases.
Recall that & := min{¢(d), e* (u1 — up — 26)?} > 0. By (4.5) and (4.8),
p—1
Z ai(x”) >¢&—(Cos.

i=qr+m
Since the above inequality holds for all p > p,,, the following also holds
+oo

Z ai(x") > & —(Chs.
i=qr+m
Consider the sequence {G7 (gx +m)2" }nen C Z(j, k). By Lemma 2.14 and our assumption
on 4,
+oo
J(G (g +m)a™) < J(z") = Y ai(a™)+ Coy < J(a") — &+ Coy + C6y
i=qr+m
< J(@") — 4206 < J(a") —&/2.

This then implies

liminf J(GT (gr +m)z™) < lim inf J(x™) —&/2 < e(j, k) — &/2 < (4, k),

n—-+o0o
which is a contradiction. This finishes our proof. 0
In the rest of this section we will show minimizers obtained in Proposition 4.5 are stationary

configurations.
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Lemma 4.6 Every minimizer 3% € Z(j, k) with J(27%) = c(j, k) satisfies 27% ¢ {uo,u1} for
all i € Z.

Proof This lemma is an immediate consequence of Lemmas 2.11 and 2.12, once the readers
notice that 27F # ug and 7% # u;. O

Lemma 4.7 Every 2% € Z(j,k) with J(27%) = c(j, k) satisfies
i1 <z, Vi<gj—m, if j(mod 2) = 0;
i1 >z, Vi<g;—m, if j(mod 2) =1
Tiy1 > @i, Vi > qp +m, if k(mod 2) = 0;
Tpp1 < iy Vi > qr+m, if k(mod 2) = 1.

Proof The proof is the same as the proof of Proposition 3.5. O
For the rest of the section, we assume

min{el, 62}

0< , 4.9
2 e (4.9)
and fix an m € Z* satisfying the following conditions:
206
m > : (4.10)
(e)
Y0, <uo+03 and Y9, >uy — dp; (4.11)
Yo, >ur — 8 and  ys. < ug+ do, (4.12)
where §;, i =0, ..., 3, are those given in Proposition 4.1.

Lemma 4.8 c¢(j,k) < c(4,0) + c(l+ 1,k), for any j <1< k.

Proof We give a detailed proof for [ being odd. The other is similar.
We claim it is possible to find two minimizers = € Z(j,1) and y € Z(I+1,k) (J(z) = ¢(j,1)
and J(y) = c(l + 1, k)) satisfying

Tgr—m <Uo+ 00, Ygtrm < Uo+ 3. (4.13)
If | = j, set z = T_,y'. Then by the conditions required for m,
Taror—m < Tqprom = Yam < Uo + 0.
If j <l<k,set z=T_gy". Then T, ,_, is close to uy and x4, |, is close to ug. Hence
Tg_1—m > Tgy_y—m- (4.14)

At the same time, by (4.12),

i'qu,m < ug + 50.
Assume the first inequality in (4.13) does not hold. Then
Tarorm > T —m- (4.15)

By (4.14) and (4.15), (2g,_,—m+--->ZTq1—m) and (Zg_,—m,-..,Tq,,—m) have at least one in-
tersection (see Figure 2, where Au(z) is denoted by the solid curve and Au(Z) by the dashed

curve).
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1y —|02  wy —

uo + (50A/

3 | up + do
\_/
uo q-1—m Qg-1+m q—m q+m Q1 —m
Figure 2 Aubry graphs Au(z) and Au(Z)
Set
ot ={zf}1° ., where 2] = max{x;, 7}, Vi € Z;
v~ ={z; } >, where z; =min{z;,7;}, Vi € Z.

A simple application of condition Hy gives
J(x7)+ J(aT) < J(x) + J(Z).
Since z~ € Z(j,1) and Ty, z™ € Z(1,1),
JET)<J@ )+ (@) —c < J(x)+ J(T) — 1 = c(j,1).
Therefore £~ is also a minimizer of J in Z(j,1), but satisfies
Lo —m < U+ 0o.

So we can simply rename z~ to z.

A similar argument as above can be applied to y as well.

With the claim justified, by Lemma 4.7, the Aubry graphs of z and y must intersect at least
once between ¢; —m and ¢;+1 +m (see Figure 3, where Au(z) is denoted by the solid curve and
Au(y) by the dashed curve).

5%
uy — 51" -_ul B 62
| Auly)
up + 93 _
........................................................ wofug + 60|
ug q—-m q+m Q1 —Mm qi+1+m

Figure 3 Aubry graphs Au(z) and Au(y)

Set
+

2t = {zf ;;Oioo, where z;

= max{xz;,y; }, Vi € Z;

—+oo

27 ={z }; 2, where z; =min{a;,y,}, VieZ.
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Then 2zt € Z(j,k) and 2~ € X with 27 (+00) = ug. Lemmas 2.10 and 4.6 imply J(z7) > 0.

Therefore
c(j k) < J(=T) <IN+ J(27) < J(@) + J(y) = (G, 1) + c(l + 1,k). O

Now we are ready to prove the z7F’s are stationary.
ytop y

Theorem 4.9 Under the assumption (x), for any two different integers j < k, if x/% €
Z(j, k) satisfies J(z7%) = (4, k), it is a stationary configuration, and therefore a homoclinic or
heteroclinic connection from w; to up41.

Proof For simplicity, set x = 27%. By Lemma 4.6, x; ¢ {ug,u1}, so it is enough to show for
L= ..k

Tg—m < Uo + 00, Lg4+m > ui — 02, whenlis even, (4.16)
Tg—m > UL — 01, Zg+m < U+ 03, whenlisodd. (4.17)
Define a finite configuration z* = {27}/ "™ as
xi, if i =q +mor g1 —m;

w1, A @g+m<i<gir—m.

Since x is a minimizer of J in Z(j, k),

qiy1—m—1 qry1—m—1
Z ai(z) < Z a;(z™) < 209. (4.18)
i=qi+m i=qt+m

Set I, = [q1 + m, qi+1 — m] N Z. We claim there is a p; € I;, such that
lzp, —wig1| <e, Vled{j...,k—1} (4.19)
Before proving the claim, we first show |x; — w41 is uniformly bounded by 4,
lz; —wi1| <6, VieLandle {j,...,k—1}. (4.20)

Notice that there is no z; satisfying min{|z; —w;|, |z; —ui1|} > 8, as otherwise d({z; }ic1,, U)
> 6. By Lemma 2.8,

qr41—m—1
> ai(z) = ¢(6) — Co =&~ Cd > 4CH — Cd > 2C0.

i=q+m
The two inequalities in the middle follow from (4.3), (4.4) on & and §. This is a contradiction
to (4.18).
Now we will show there is no z; satisfying |z; — u;| < d. If not, by
‘UQLer - ul+1‘ < 57 |uqz+1*m - ul+1| < 87

and what we just showed, there exist two integers jo < j1 € I;, such that

|xjo - ul+1‘ < § and |:L‘j0+1 - Ul‘ < 5;
| <8

zj, —w| <6 and |rj41 —wp <
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By the same argument of the proof of Proposition 4.5,
qiy1—m—1
Z ai(z) > e (uy —ug — 20)2 — Cd > & — Cé > 204.
1=qi+m
This violates (4.18), which proves (4.20).
Since 0 < § < (u1 — ug)/2,

min{|z; — wl, |2, — 1|} = |xs —wgr|, Vi€ L, andl € {j,...,k}.

Now we are ready to prove our claim. Given an arbitrary [ € {j,...,k — 1}, let’s assume

qi+1—m+1

|z; — ui41| > €, Vi € I;. Define a finite configuration z = {fi}i:qﬁmq as

w1, Hi=g+m—Tlorqu—m+1;
€r;, =
Y )a, ificel.
Since T € X(ql_H —q —2m+ 2;U), by Lemma 2.7,

qr41—m—+1

Z ai(z) > (@1 — @ — 2m + 2)p(e).

i=qr+m—1

Combining with (4.18), we get

qi+1—m qr+1—m
206> > aiz) = ) ai(®@) 206
1=q;+m 1=q;+m—1

> (qu1 — q — 2m + 2)¢(e) — 206 > 2ma(e) — 2C96.

This implies m < 2C8/¢(e), which violates (4.10). As a result, for any [ = 4, ...,k — 1, there is
at least one p; € I; satisfying (4.19).
Finally we are ready to prove (4.16), (4.17). If j <1 < k, set

T = Gf(pl_l)x, T = Gl_+1(Pl)5177 o G, (pi-1) o GZ:_l(pl):zr.
Notice that z+ € Z(j,l — 1), 2~ € Z(I+ 1,k) and 2’ € Z.

U1
wuy — 62—*u1_€—-
uo + do N_.-“A'u,(x/) _
. T Au(x™)
D I
uo o o q +m pi

Figure 4 Aubry graphs of Au(z™), Au(z™) and Au(z’)
Assume z violates either (4.16) or (4.17), then so does z’. Figure 4 show the Aubry graphs
of %, = and 2’ for an even [. By Proposition 4.1, J(x') > ¢; + ¢;. Then Lemmas 2.14 and 4.8
imply
a+e < J@)<J@) - Jat) - J(x) +4Ce
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<c(j, k) —c(g,l —1) —c(l+1,k) + 4Ce
< c(l,l) +4Ce = ¢; 4+ 4Ck,

which is a contradiction to (4.9).

If | = j, we can choose —p;_1 large enough, such that |z,,_, —u;| < . This is possible, since
x(—00) = u;, Yo € Z(j, k). Now we just repeat the above argument with the only modification
that J(z7) > 0, because 2~ € X and z(+00) = u;. The proof for the case | = k is similar. As
a result, x satisfies (4.16) and (4.17), so it is a locally minimal configuration. As a result, x is

a homoclinic or heteroclinic connection from u; to ugy. 0

Remark 4.10 Theorems 3.4 and 4.9 still hold even when {ug,u;} is just a pair of local
minimizers of h satisfying h(u) > h(ug) = h(u1), Vu € (ug,u1). Results about heteroclinic

connection between local minimizers can be found in [21] and [19].

5 Generalization to Configurations with Non-zero Rational Rotation Numbers

In this section, we will generalize our result from the previous section to periodic neighboring
minimal configurations with non-zero rational rotation numbers and give a proof of Theorem 1.7.
Choose an arbitrary variational principle h and an arbitrary rational number o = p/q # 0.

Let 2= <zt be an arbitrary pair of (p, q)-periodic neighboring minimal configurations of h.

Definition 5.1

Xo(q) = Xa(gz™,2") = {z € Xa(q) : 74 = 20 + p};
Xo = Xo(z7 2t = {o = {2 }2° s wi € [x],2]],Vi € Z}.

i=—00

Xo(q) == Xo(gsz™,27) i ={z = {i}l iz € [x;,xj],i =0,...,q}%
(

To use results from the previous section, we define a new function H : R? — R? associated
to h as

H(E,€) = h"(6, +p), V(E¢E)eR™
Here h*? = h*---x h is a g-fold conjunction of h with itself.

Definition 5.2 Given two variational principles hy and ho, we define h* h' : R> — R given

below as their conjunction:
hl * h?(fa 5/) = I(nellg{hl(§7 C) + hZ(Ca 5/)}

Remark 5.3 As showed by Mather [14], the conjunction of two variational principles hy and

ho must be a variational principle as well. This means H is also a variational principle.

Lemma 5.4 For any i € Z, {x;,xj} is a pair of (0,1)-periodic neighboring minimal config-
urations of H.

Proof We give a detailed proof for ¢ = 0 (the others are similar). By a contradiction argument,

let’s assume there is a ¢ € (2 ,2d ), such that
H(CQ) < H(zg, @) = H(zg, ag),

then,
h*(C,¢ +p) < h*(zq, 2 +p) = 1" (g, 2g +p),
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This is a contradiction to the fact that 2=,z is a pair of Since ™,z is a pair of (p, q)-periodic

neighboring minimal configurations of h. O

Definition 5.5 For any y = {y:};>°.. € X({zy,2{}) (see Definition 2.2), we define a

1=—00
+oo
i=—00

(a) xig = y; + ip, Vi € Z;

(b) {xj}giz'Zé)q is a minimal configuration of h, i.e.,

corresponding x = {x; as

h(Zig, - - T(ig1)g) = H(Tig, T(iy1)q) = H(Yi, yiv1), Vi€ Z.

Notice that = defined above must belong to € X, (z7,a™).
Proposition 5.6 Lety € X({zy,2J}) and v € Xo(x~,z") be defined as in Definition 5.5.
If y is a stationary configuration of H, x must be a stationary configuration of h. Moreover if
y(Loo) = x(jf, then x(+o00) = x* correspondingly.

First we explain the main result can be proven by the above proposition.
Proof of Theorem 1.7 It follows immediately from Proposition 5.6 and Theorem 4.9. d

The rest of the section is devoted to the proof of Proposition 5.6.

Definition 5.7 For any x € X,(q), we define

dafz) i= dao, {2~ 2"} == max minfla; — o |, |z, - o ).

We set \; ::%|x;r—x;|forizO,.‘.,q,and)\::min{)\i:i:(),...,q}.

Lemma 5.8 We set ¢ := h(xg,...,2,) = h(zg, .. .,x(‘;). For any 0 < 6 < A, let

$a(8) = inf{h(zo, ..., 24) = ca : @ = {2}y € Xa(q), da(w) > 6} >0,
then ¢q is a monotonically increasing and continuous function of § satisfying
0a(6) >0, if 6 >0; ¢a(6) =0, if § =0.
The proof of this lemma is a simpler version of the proof of Lemma 2.7, so we omit it here.

Lemma 5.9 Let C := Lip(h). Then for any 0 <6 <\, if v = {z;}_, € Xa(q) with do(z)
> J, we have
h(xo, ..., xq) — ca > Ppu(d) — Clxg — 0 — |-

Again the proof is similar to the proof of Lemma 2.8 and we omit it here.

Definition 5.10 For0<e< fé(ﬂ)’ we define

Pa(e) :=nf{0 < 3§ < A: ¢n(d) > (4C + 1)e}.
By the continuity of ¢,,
da(Va(€)) > (4C + 1)e > 4Ce. (5.1)

Because ¢,, is a monotonically increasing continuous function, by simple calculation we see 1,
is also a monotonically increasing continuous function w.r.t. € and 1,(0) = 0.

Let y € X({zg,25}) and 2 € X,(z~,27) be defined as in Definition 5.5, the key to the
proof of Proposition 5.6 is to show that for any i € Z, |z; — xﬂ,j =ig+1,...,(i+1)g—1is
controlled by |z; — xzi\ and this can be done by the following two lemmas.
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Lemma 5.11 For0<e< f‘é(jl), if v € Xo(q; 2™, 2T) is a minimal configuration of h, which
satisfies |v; — x| <e,i=0,q or |z; —x; | <e,i=0,q, then do(z) < 1o () for (e) defined
as above.

Proof We will give the detailed proof for the case |z; — 27| < ,i = 0, ¢, while the other is
similar.

Assuming d, (z) > 1, (¢), then by Lemma 5.9,
h(zo, ..., xq) — Ca = Pa(Vale)) — Clzg — x0 — p| > Pa(Wale)) — 2Ce. (5.2)
The last inequality follows from
|2q = (w0 +p)| = |wg — 2§ +ag +p— (w0 +p)| < |rg — 27| +]zg — 20| < 2.
Then the minimality of x and the Lipschitz continuity of A tell us
h(xo,...,7q) < h(zo,z7,. .. ,x;l, zq) < o +2Ce. (5.3)
Combining (5.2) and (5.3), we have

ba(Vale)) < 4Ck,
but this contradicts (5.1). Hence d,(x) < ¢4(). O

Lemma 5.12 There is a small enough €* > 0, such that if x € X, (q;x~,x") is a minimal
configuration and |v; — xj | < e*, i =0,q (resp., |z; — x| < &%, i =0,q), then |z; — x| < \;
foralli=1,...,q—1 (resp., |x; —x;| < X\ foralli=1,...,q—1).

Proof We will only show the proof for the case |v; — ;| < ¥, i = 0,g. Assume the lemma is
not true, then there is a sequence of positive numbers {e, }nen \, 0 and a sequence of minimal
configurations {z"},en C X4 (q), such that

|z} —af| <en, i=0,q, VneN,
while there is at least one i, € {1,...,q — 1} with
lzf —zf >N, VneN.

Replacing {z™} by a subsequence if necessary, we may assume there is a fixed j € {1,...,¢—1},
such that
|x;l—x;r\ >Aj, VYneN. (5.4)

Passing to a subsequence if necessary, " converges to an z = {z;}{_, € X,(g). Since every z"
is minimal, so is z.

Then x; = lim, 4o 2} = xj, for i = 0, ¢q. Because x is minimal, we must have x; = xj for
alli=0,...,q.

On the other hand, since z; = lim,,_, ;o0 2}, by (5.4), |z; — a?;r| > \;, which is a contradic-
tion. So the assumption we made is incorrect and we are done. O

Now we are ready to prove Proposition 5.6.
Proof of Proposition 5.6 If y € X({zy,x]}) is a stationary configuration of H, i.e., locally
minimal w.r.t. H, by the way x € X (z~,x™) is defined, it is not hard to see x is locally minimal

w.r.t. h, so x is a stationary configuration of h.
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By the monotonicity of 1, for £* satisfying Lemma 5.12, we can find a 0 < £ <
that
0<¢ole) <e* forO<e<é.

We will prove that y(+00) = z§ implies z(+00) = 2. The other cases are similar.

By the way z is defined, we have

lim |z, — 27

— i o ; — 1 A —
Jm ial = m_[zig = (2 +ip)| = lim |y, — 2| =0.

Hence, for any 0 < € < £, there is an ng large enough, such that

|ziq —x;\ <e, i>ng.

Because every {z; }gz:i;)q is a minimal configuration of h, Lemma 5.11 tells us
({xa}gzté)q) Pa(e) < €%, ¥i>no.

Then by Lemma 5.12,

| —xJ+| < Ajmodq), forj=iq+1,...,(i+1)g—1, Vi>ng.
;|

|"L’j—7 J
, we have 5

+

Because of the periodicity of =7,z = Aj (mod q) for any j € Z. Therefore,
lzj — 2] | <ale), forj=ig+1,....(i+1)g—1, Vi>no.

Since v(g) goes to zero when € goes to zero, we have x(+o00) = zT. O

6 Proof of Proposition 2.9
Lemma 6.1 For any x € X, if limsup,,_, | Zz__n a;(z) = 400, then

n—1
= 1' . = .
J(x) i z;n a;(x) = +o0

Proof By a contradiction argument, let’s assume
n—1

lim inf a;(x) = A; < +00.
n—-+oo
i=—n

Choose a constant Ay > Ay +1 — 2B with B given in Lemma 2.8. We can find two positive

integers ng < n; satisfying

nog—1 ni—1
Z al(x) Z AQ, Z az(x) S Al + 1.
i=—mng i=—n1
As a result,
—ng—1 ni—1 ni—1 no—1
Z ai(x) + Z a;(x) = Z a;(x) — Z ai(r) < Ap+1— Ay < 2B,
1=—n1 1=no 1=—n1 1=—no

This implies one of the following two inequalities must be true,

7774()71 ’nl*l
Z a;(x) < B; Z a;(x) < B.
i=—ny i=ng

This contradicts Lemma 2.8. O
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Proof of Proposition 2.9  For the moment we assume J is well defined (this will be shown
later), and will prove the second part of the proposition first. For this it is enough to show that
if the limit of x; does not exist or the limit exists but does not equal to ug or uq, as i — +o0,
. -1
then J(z) = limy, 400 Y i, ai(z) = F00.
We only give the details for ¢ — 4o00. The other case is similar. Choosing a proper

d > 0, there is a sequence of positive integers {k; /" +00};en, and another sequence of integers
{ij € [kj, kj+1)}jen, such that

lim |2y, — g

;i min{|z;, — uol, [vi; —wa[} >0, Vij.

.7‘+1‘ =0;

After passing k; to a subsequence, we may assume |zy,,, — g, | < 4)2(0), Vk;. By Lemma 2.8,

kjt1—1
Z ai(z) > ¢(6) — Clrg,,, — ox;| > @

i:kj

As a result, for any n € ZT,

kn—1 kn,—1 n—1kjr1—1 Qb((s)
Yo @) =B+ Y a@>B+Y. Y )
i=—knp i=ko Jj=1 i=k; 2

Hence limsup,, ZZ, » @i(2) = +00. Then by Lemma 6.1, J(x) = +o0.

Next we will show J(z) is well defined. Because of what we have just shown above, it
is enough to prove that when z(f+o0) € U, lim,— 100 Zl_fn a;(z) either exists and is finite
number, or diverges.

We only give details for the case with z(—00) = ug and z(+00) = u; (the other cases are

similar). Set

n—1 n—1
A; = liminf g a;(x), Ag =limsup g ai(x
n—+00 n—-+oo .
i=—n i=—n

First by Lemma 6.1, if Ay = +o00, J(x) diverges to +00. Now let’s assume Aj is a finite number.
Then it is enough to show A; = As.

By a contradiction argument, let’s assume A; # As. Since A; < Ag, this implies A; < As.
We can find two sequences of positive integers {l; /" +00} en and {n; / +oo};jen satisfying
li+1<n;<ljy1—1,VjeZ", and

lj_l ’ﬂj—l
jm, 3 el =de> g B i) =
Hence for j large enough,
;-1 n;—1 n;—1 ;-1 A — A
1 — A2
Z a;(z) + Z a;(z) = Z a;(z) — Z a;(z) < —5 < 0. (6.1)

1=—n; i=l; i=—n; i=—1;

| A1

Meanwhile x(—00) = wg implies |v_,; — 2| < 7| for j large enough. Then by

Lemma 2.8,

_l.—1
4 A — A
Z ai(z) > =Clz_n;, — 24| > %

1=—ny
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Similarly,

n;—1
: A —A
Z ai(z) > —Clzn, —x1,| > %

i:lj
Therefore for j large enough,
=lj—1 n;—1
A — A
> e + Y wiln) > T

i=—n; i=l;

which contradicts (6.1). O

7 Proof of Lemmas 2.11 and 2.12

it ond y = {yi}i2,. be two minimal configurations. Then the

Lemma 7.1 Let x = {z;
intersection of their Aubry graphs Au(z) N Au(y) contains at most two points. In particular
if it indeed contains two points, they must be the endpoints of the graphs, i.e., Tp, = Yn, and
Ty = Yn,y -

Proof A proof can be found in [5] or [17]. O

Lemma 7.2 If ({,7,() # (¢',n,{') are two locally minimal configurations of a variational
principle h, then

€-&)¢=¢)<o.
Proof It follows from the conditions Hy and Hs. For a proof see Mather [14]. O

Proof of Lemma 2.11  We claim h(xg, z1,22) < h(zo, &, x2), V€ € (u1,+00). Assume this is
not true. There is a n € (u1, +00), such that

h(zo,n,22) < h(x0, 71, 22) < h(x0,u1,T2).
By Condition Hs,

h(zo,u1) + h(u1,m) + h(n, ur) + h(ui, v2)
< h(zo,n) + h(n,v2) + h(ur,u1) + h(uy, ur).

As a result,
h(’LLl, 77) + h(fh ul) < h(ubul) + h(u17u1)7

which is absurd.
Now both (zg,z1,x2) and (u1,u1,u;) are locally minimal configurations satisfying (xo —

up)(x2 —ug) > 0. If 21 = uq, it will contradict Lemma 7.2. Hence x1 # ug. d

ni

Proof of Lemma 2.12  First it is easy to see there must be a minimal configuration z = {z; i=no

satisfying zp, = @pn, and 2z, = @p,. If 2; € [ug, u1], Vi € (ng,n1) NZ, by the definition of x,
Mgy sTny) = h(Zngs -« Zny )s

S0 x is a minimal configuration as well.

Assume there is an ng < ip < ny, such that z;, ¢ [ug,u1], then Au(z) has at least two
intersections with Au(ug) or Au(uq). When the two intersections are the two end points of
Au(z), a basic result of Aubry—Mather theory (see [5]) implies z; = ug or uy, Vi € (ng,n1) NZ.
This means z; € [ug,u1], Vi € (ng,n1) NZ.
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When the two intersections are not the end points of Au(z), it contradicts Lemma 7.1,

because z, ug and u; are minimal configurations. This proves the first part of the lemma.

For the second part, without loss of generality, we assume z,, ¢ {uo,u1}. By Lemma 2.11,

Tng+1 & {uo,u1}. By repeating this process, we get z; ¢ {uo,u1}, Vi € (ng,n1) NZ. O
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