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Abstract Let u = {u(t,z),t € [0,T],z € R} be a solution to a stochastic heat equation driven by a
space-time white noise. We study that the realized power variation of the process u with respect to the
time, properly normalized, has Gaussian asymptotic distributions. In particular, we study the realized

power variation of the process u with respect to the time converges weakly to Brownian motion.
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1 Introduction

The study of single path behavior of stochastic processes is often based on the study of their
power variations and there exists a very extensive literature on the subject. Recall that, for
p > 0, the p-power variation of a process X, with respect to a subdivision m, = {0 = t,,0 <
tha <--- <tpn =1} of [0,1], is defined to be the sum

S X (tnk) = X (tnp—1)]”-
k=1

For simplicity, consider from now on the case where ¢, = k/n, forn € Nand k € {1,...,n}. In
the present paper, we wish to point out some interesting phenomena when X is a solution to a
stochastic heat equation. In fact, we will also drop the absolute value (when p is odd). More

precisely, we will consider
> AXxY, (1.1)
k=1

where AXj; = AX(k/n) denotes the increment X (k/n) — X ((k —1)/n).

The analysis of the asymptotic behavior of quantities of type (1.1) is motivated, for instance,
by the study of the exact rates of convergence of some approximation schemes of scalar stochastic
differential equations driven by a Brownian motion B (see, e.g., Corcuera et al. [2], Neuenkirch
and Nourdin [8] and Nourdin [9]), besides, of course, the traditional applications of quadratic
variations to parameter estimation problems.

Now, let us recall some known results concerning the p-power variations (for p € N, ), which
are today more or less classical. First, assume that B is the standard Brownian motion. Let p,
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denote the p-moment of a standard Gaussian random variable following an N(0,1) law, that
is, prap—1 = 0 and po, = (2p — D! = (2p)!/(p!2P) for all p € N4. By the scaling property of the
Brownian motion and using the central limit theorem, it is immediate that (see, e.g., Nourdin
[9]), as n — oot

1

n
L
S P PABL = i) £ N0,z — 42). (1.2)
=1

k

S

Assume that H # 1/2, that is, the case where the fractional Brownian motion B has no
independent increments anymore. Then (1.2) has been extended by Dobrushin and Major [4],
Taqqu [13], Breuer and Major [1], Giraitis and Surgailis [7], Corcuera et al. [2] and Nourdin
[9]. Swanson [12] extended (1.2) to modifications of the quadratic variation of the solution of
the stochastic heat equation driven by a space-time white noise. Motivated by (1.2), in the
present paper, we show that (1.2) with different mean and variance also holds for the solution
to a stochastic heat equation driven by a space-time white noise.
Consider a centered Gaussian field W = {W (¢, A);t € [0,T], A € By(R%)} with covariance

E[W(t, AW (s, B)] = (s A\ONANDB), s,te[0,T], A B e By(RY), (1.3)

where )\ denotes the Lebesque measure and By, (R?) is the collection of all bounded Borel subsets
of R%. Also consider the stochastic partial differential equation

% = %Au—k W, tel0,T], zeR? (1.4)
u(0,2) =0, z€RY
where T' > 0 is a constant and the noise W is defined by (1.3). The noise W is usually referred
to as a space-time white noise because it behaves as a Brownian motion with respect to both
the time and the space variables. It is well known (see for example the now classical paper
Dalang [3]) that (1.4) admits a unique mild solution if and only if d = 1 and this mild solution
is defined as

u(t,x):/o /RG(t—s,a:—y)W(ds,dy), tel0,T], z€eR, (1.5)

where the above integral is a Wiener integral with respect to the Gaussian process W (see, e.g.,
Dalang [3] or Walsh [15] for details) and G is the Green kernel of the heat equation given by
ort)~1/2e==/(2)  if >0,z €R,
G(t,z) = (2m?) (1.6)
0 ift<0,xcR.
Swanson [12] showed that the covariance function of the solution (1.5) satisfies the following:
for every z € R we have
1
V2

Swanson [12] showed that the process u with respect to the time has infinite quadratic vari-

Elu(t, z)u(s,z)] = (Vt+s—+/|t—s|), foreverys,tel0,T]. (1.7)

ation and is not a semimartingale, and also investigated central limit theorems for modifications
of the quadratic variation of the process u with respect to the time. Tudor and Xiao [14] inves-

tigated the exact uniform and local moduli of continuity and Chung-type laws of the iterated
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logarithm of the process u with respect to the time. In fact, they investigated these path prop-
erties for a more wide class, namely, the solution to the linear stochastic heat equation driven
by a fractional noise in time with correlated spatial structure. Wang and Xiao [16] investigated
the exact moduli of non-differentiability of the process u with respect to the time by using
general methods for Gaussian random fields. In this paper we show that the fluctuations of the
realized power variation of the process u with respect to the time, properly normalized, have
Gaussian asymptotic distributions. Our proof is based on the approach method of Swanson
[12]. The new ingredients of our present paper are to make use of the product-moments of
various orders of the normal correlation surface of two variates in Pearson and Young [10] and
to establish exact convergence rates of variances of the realized power variation of the process
u with respect to the time.

In order to establish this result we first introduce some notation. Let F'(t) = u(t, z), where
z € R is fixed. We consider discrete Riemann sums over a uniformly spaced time partition
tr, = kAt, where At = n~!. Let AF), = F(ty) — F(tx—1) and o7 = E[AF?]. For any p € Ny
and n € Ny, we define

Lnt)

F),=> AFY
k=1

and
[nt]
V= 3o

For k € Ny, let v, = 2k — vk — 1 — vk + 1. For real number > 1, define J, = J(r) =
> orey Ve It follows from (2.13) below that .J, is a positive and finite constant depending only
on r. For any p € N, we put

kp = <#4p —l‘2p 22p 1 zp: ) —u) (2u)! ><2>p (1.8)

u:l

and
-1

(2p—1)!(2p—1)! J2u+1 2\""/?
= _9 — — . 1.9
Xp (“4” 2 92p—2 Z p—1-wp-1-w2ur D )\7 (1.9)

We will first show the exact convergence rate of variance for the realized power variation of

the process F'.
Theorem 1.1 Fizp e N;. Then

n~ P Var(U(F)y) — kpt, (1.10)
and

n =3P Var(V(F)y) — Xpt (1.11)

for each fized t > 0 as n tends to infinity.

By (1.10), we have the following convergence in probability for the realized power variation

of the process F'.
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Corollary 1.2 Fizp € N;. Then
nHPRUYNE), — Kyt (1.12)

in L? and in probability for each fized t > 0 as n tends to infinity, where K, ugp( )P/2,
Remark 1.3 Since U} (F); is monotone, (1.12) implies that n_1+1’/2UZ’}(F)t — K, t uniform
convergence in probability in the time interval [0, 7] with some T" > 0.
Remark 1.4 The 4-th variation, namely, p = 2 in (1.12), has also be explicitly obtained by
Pospisil and Tribe [11]. The constant is 3/7, see Proposition 3.2 of Pospisil and Tribe [11]. In
this paper, the corresponding constant is equal to Ko = 6/7. The difference comes from the
factor 1/2 in front of the Laplace operator in (1.4) because the factor of the covariance function
in (1.7) becomes 1/(24/7) in the case of Pospisil and Tribe [11].

The central limit theorems for the realized power variation of the process F' are as follows.

Theorem 1.5 Fizp e N;. Then

Lnt]
(F(t), % > (PPAF - K,,)) 5 (F(t), kY2 (1)), (1.13)

k=1
as n tends to infinity, where K, is given in (1.12) and W = {W(t),¢ € [0,T]} is a Brownian
motion independent of the process F, and the convergence is in the space D([0,T])? equipped
with the Skorohod topology.

Theorem 1.6 Fizp e N;. Then
1 & 2p-1\\ £
(F(t),% > (nTHHPRART )) = (F(), x)* W (), (1.14)
k=1
as n tends to infinity, where W = {W(t),t € [0,T]} is a Brownian motion independent of the
process F, and the convergence is in the space D([0,T))? equipped with the Skorohod topology.

Throughout this paper, we use C' to denote unspecified positive and finite constants whose

values may change in each appearance.

2 Proof of Theorem 1.1
We start with the following facts. See, e.g., Corcuera et al. [2] for the first one, and Eqgs. (viii)

and (ix) in Pearson and Young [10] for the second one. The last one is cited from Lemma 2.1

of Swanson [12].

e Let £ be a random variable following an N(0,0?) law. Then, for any r € N,

E€') = o (21)
e Suppose that (U, V) ~ N (0, (‘;12‘ 05)), where p = (Juav)*lE[UV]. Then, for any p € N,
2p 2k
R[72Py2P ( 2p 2p 2.2
and
e 2p—1)!(2p - 1)! (20)2’“

E2p12p1:p( 2p12p1 _
v 222 Z P 1= B — 1= B2k + 1)

(2.3)
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e If 0 < s < t, then

1
_M

2(t —s)

™

‘E|F(t) — F(s)]? — |t —s|% (2.4)

Proof of Theorem 1.1 ~ We first prove (1.10). For 1 < i < j < |nt], define p;; = (0;0,)7"
[nt]
> (AFY — piopoy?)

‘E[AF;AF};]. By (2.1) and (2.2), we have
]
k=1

[nt] Int] |nt]
= E[AF —uzp0y)] +2) Y E[(AFT — ugyo ") (AFY — pzyo’’)]

Var(U7(F),) = IE[

k=1 i=1 j=i+1
[nt] [nt] |nt]
= Z AF4p )+2 Z Z AF2pAF2p] ,LLQPUZQPUJQP)
=1 j=i+1

[nt)
= (/1’410 - Mgp) Z Oép
2u [nt] |nt]

2217 1 Z I(2u)! Z Z JQpJQppfju (2.5)

u=1 i=1 j=i+1

It follows from (2.4) that 07 < Cn~'/2 for all 1 < k < |nt|. By (2.4) and Lagrange mean value
theorem, it holds that for any real number r» > 2 and 1 < k < |nt],

9 \N/A , 9\ (r—2)/4 5
r_ [ 2 < _ r— el _ “
Tk (mr) -2 (Uk * (mr) ) Tk nmw
C 32 C 34
k k
Note that
1 L]
Z 3/4 —>/ a3 e = 4/t (2.7)
It follows from (2.6) (with r = 4p) and (2.7) that
. [nt] . 2 \?
Py P — (E) —0. (2.8)

k=1

Hence

|nt] [nt] 9 p 9 P 9 P
e en S (= () ) e () = () e e
k=1 k=1

It follows from (1.7) that

E[AFAF;] = \/7\/J+Z—\/j—l—\/j+l—1+\/j—l—|—l
it i—14+j—i— 1+ \j+i—2—/5—1),
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1
EARAE] = =\ 5—(3j+i-1 +7j-i)- (2.10)

Thus, for 1 <u <pand 1 <i<j < |nt], by binomial expansion,
O'QPO'QPP?]U O_Qp 2u ]2;0 Qu( [AFAFJDQu

( ) m 2p 2u0_2p 2u(n—1/2,yj+i_l+n—1/2,yj_i)

which simplifies to

2u

—u —2u —2u 2u — v u—v.
ey oo ()(n V2 im1)” (0 ) (2.11)
v=0

If we write v, = f(k—1) — f(k), where f(z) = vz + 1 —+/z, then for each k > 2, the mean
value theorem gives v, = |f'(k — 01)| = L(k — 61 + 62)~%/2 for some 61,0, € [0,1]. This yields
that for all £k € N,

1
I 212)
and hence, for any r» > 1,
M
ng — J, (2.13)
k=1
with some J, = J(r) > 0 as M — oo.
Note that since j+i— 1> (j 4 7)/2, we have
71/2 2 1
1/2 - == - 2.14
n- . .
R (TR P E R CEa 2

Note that (2.4) gives that o7 < Cn~/2 for all 1 < k < [nt], and that (2.12) gives n='/2y;_; <
Cn='2 and n=Y2v,,; 1 < Cn™Y2 for all 1 < i < j < [nt]. Hence, by (2.14), for all
1 <v < 2u,

[nt] |[nt]
WIS S P
i=1 j=i+1
|nt] [nt]
SCn72y 0 Y 7 i)
=1 j=i+1
, |nt] [nt] 1
—5/2
<Cn ;j;l LR (2.15)

which tends to zero as n — oo since fo fot(:v + )73 2drdy < oco.
Let B = {BH(t), t € Ry} be a fractional Brownian motion with index H € (0, 1), which
is a centered Gaussian process with E[(BH () — B (s))?] = |s — t|?! for s,t € R,. Then, for

o el (o (5) -2 (7)) (o (5) -2 ()]
—%[2(]2 ) (=)

= —5n (2.16)
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Thus,
[nt] [nt] lnt]—1 |nt]
03D IEEIRED i Sp e
i=1 j=i+1 i=1 j=i+1

[nt]—1 |nt]

o2 3 (e (1) - () (o () ()]

[nt]—1

=2 3| (s () e () (e () - ()]

Ln—

B L) () )

?

&
[

1/2
t
= _<M) + |nt]n=1/2. (2.17)
n
This yields
|nt] [nt]
ntY N ot (2.18)
i=1 j=i+1
Note that for M > 0, by (2.12), we have

Int]  Lnt]

,1+pz Z 2p 2u 2p Qu( 71/2%‘—1‘)2“

1=1 j=i+M+1
[nt] |nt]

<CM 3(2u—1)/2 —I/QZ Z —1/27] ’L
i=1 j=i+M+1

nt] |nt
< MRy LZJ LZJ Yimi (2.19)
i=1 j=i+1
This, together with (2.18), yields
[nt]  |nt]
n~1+p Z Z U?p—2uaj2_p—2u(n71/2,yj_i)2u < CM—3(2u=1)/24 (2.20)

i=1 j=i+M+1

which tends to zero by letting M — oc.
By (2.6) (with r = 2p — 2u), (2.7) and (2.16), we have
[nt] [nt]

oy Yy 2

2 p/2—u/2
2p—2u

Ui — e g
: = nm
=1 j=i+1

|nt] |nt]

<Cn” 5/42 Z 3/4 (n™1255-)

=1 j= z+1z

< —Cn~5/* %ﬁ%[_ (Lnti—i)lm_'_ (%)1/2 - (%>1/2}

i=1 Y

Lnt] 1/2 N 1/2 Lnt]
< _—Cn\/? Z{ ( [nt] — ) +<\_nt]—;1 Z) }+n—7/4z3£/4

zlt

’iji)2u
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1/2 1/2 [nt]
o [(2) L (20) /]+n—7/4 <
n n e t3/4

. . t
which tends to zero as n — oo since fo x73/*dx < oo. Hence, we have

[nt] |[nt] 9 p/2—u/2
n—1+pz Z (0’1-2;02“— (E) )0?p2u(n_1/27ji)2u = 0.

i=1 j=i+1

Similarly, we have
[nt] [nt] 9 \ P/2-u/? - 9 \ P/2—u/2 )
—1+ —2u —1/2 2
) (@) e
=1 j=i+1
For any M > 0,

[nt] i+M —u p—u M p—u
_ _ w 2 nt “ 2
e E E ( ) (n12y0) = <7r> 7nJ E W= <ﬂ_> Jaut

i=1 j=i+1
asn — oo and M — oo.
Note that for 1 <u<pand1<i<j<|nt],

/2—u/2
G?p72u0]2p72u — (U?pQu _ <i>p >Uj2p2u
nm
9 p/2—u/2 _— 9 p/2—u/2 9 p—u
) -G )G

Hence, by (2.22)—(2.24), we have

[nt] i+M 9\ P
Y Y o (2)

i=1 j=i+1

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

as n — oo and M — oo. Thus, combining (2.11), (2.15), (2.20) and (2.26), we have for any

1<u<p,

[nt] [nt] 2 p—u
p 1P E E 02p02ppfju — (2m)™ (—) Jout
T

=1 j=i+1
Therefore, by (2.5), (2.9) and (2.27), we have

n~ P Var(Uy) (F))

H(‘“p‘“?p Pl Z )(2u>><g>pt‘“pt'

u:l

This proves (1.10).
We now prove (1.11). If follows from (2.1) and (2.3) that

Var(V,)"(F),)
[nt] [nt]
=> Y EAFPTIAFT
i=1 j=1
[nt] [nt] |[nt]
=Y EAFP?+2) Y EAFP'AFPTY
k=1 i=1 j=i+1

(2.27)

(2.28)
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[nt]
=2 3ol
lnt] |nt]

(2p - 1) (2p - 1) 2 2p—1 2p 1 2u+1
. (2.2
+ 22p—3 Z « (p—1—u)!(p—1 —u)!(2u+1)! ;];10 Pij (2.29)

It follows from (2.6) (with r = 4p — 2) and (2.7) that
Lnt)

n—3/2+p Z 0_2[)—2
k=1
it o g\ ) 9 \P1/2
_ ., —3/2+p D— =3/2+p [ 2 t
SR G C) B R ) B

. (2) o (2.30)

T
Similarly to the argument of (2.27), we have for any 0 <u <p—1,

[nt] [nt] 2 p—u—1
,3/2+pz Z O_2p 1 2p 1 ?ju-’rl (27T)U1/2<—> J2u+1t. (231)

™
1=1 j=141

Therefore, by (2.29)—(2.31), we have

n~3/2+p Var(V," (F)¢)

—1
(2p — 1Y 2p—1'p J2ut1
_}<M4p2 22p—2 Z p—1—w)l(p—1—u)l(2u+1)!

u=0
9 p—1/2
N t= t. 2.32
<7r> Xp (2.32)
This proves (1.11). The proof of Theorem 1.1 is completed. O

Proof of Corollary 1.2 Write

nPRUN(F), — Kt

Lt
n= UM ), — B[UR(F)]) + popn ™ 117/2 3 (ffip -

> (- (1))
+u2p<%>p/2<% _ t>. (2.33)

Obviously, the third term of (2.33) tends to zero as n — oo. It follows from (2.6) (with r = 2p)
and (2.7) that the second term of (2.33) tends to zero as n — oco. Hence, by (1.10), we have

E(ln~TP2UR(F), — Kpt]*] — 0
This proves (1.12). O

3 Proofs of Theorems 1.5 and 1.6

The following lemma is needed to prove Theorems 1.5 and 1.6.
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Lemma 3.1 Let Xq,..., X4 be mean zero, jointly normal random variables, such that ]E[X,%] =
1 and p;; = E[X;X,]. Put & = X, — E[X}]. Then, for any p € Ny,

e

k=1

< (112 pul + ) (3.1)

1
VI ik 2%

whenever |p12] < 1. Moreover,

4
< . .
‘ELUI&} < C max |pi (32)
Furthermore, there exists € > 0 such that
4
< 2 :
‘E{ggk} <O max o (3:3)

whenever |p;;| < e foralll <i# j <A4.

Proof Following the same lines as the proof of Lemma 3.3 in Swanson [12] with hg(Xk) = &k,
1 <k <4, we get Lemma 3.1 immediately. O

Proposition 3.2 Fizr € N,. Put

Wy if T 1S even,

0, ifr is odd,

Cpr =

and
[nt]

W(F)y =n~ 2T 4N (AR = c,0p).
k=1
Then, there exists a constant C' such that
E[[W (F), =W}

" n

(F).4] < c(M) 5.

for all 0 < s <t and all n € N. The sequence {W(F)} is therefore relatively compact in the
Skorohod space Dg|0, c0).

Proof We follow the method of Proposition 3.5 in Swanson [12] to prove (3.4). Let S = {k €
Ni:|ns|+1<k <---<ky<|nt]}. Fork € Sandie {1,263}, define h; = k;1 — k; and let
S; ={k €S : h; =max{hy, ha, h3}}. Define N = |nt] —(|ns]+1) and for j € {0,1,..., N}, let
S/ = {k € S; : max{hy, hg, hs} = j}. Further define 7, = 77" = {k € 8/ : min{hy, ha, h} =
¢} and VP = V" = {k e T, : med{hy, hy,hs} = v}, where “med” denotes the median

function. For k € S, define
4

Up = H(AF,;, — crop).
j=1
Observe that
Lnt)
> (AF] —coop)

E[|[W™(F); — W(F),|*"] = n2+7“E{
k=|ns|+1

]

<42 [E(UL|
keS
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3
<4aln NN E[UL), (3.5)

i=1 keS;
and that
N
SR =D BT
keS; J=0 ges?
N V7]
= S EvIY. Y Y Em
J=0 =0 keT}/ J=0¢=|Vj]+1 keT}
N Vil g J J
=¥y |E[Uk]| +Z S 3N R (3.6)
j=0 £=0 v=€ keV 3=0 ¢=| /7] +1 v=L kEV?

Let X; = oy 'AFy, and

§=X; —E[X]] = O'I;T(AF,; = Crop,,).

Then
4 4
sl = (T14% ) e[ IT ]| (3.7
j=1 j=1
By (2.10) and (2.12), we have for all ¢ # j € N,
2n—1/2
EBARAR) < 2. (3.8)
It follows from (2.4) that for all 1 < k < |nt],
7 V2p~12 <|E[AF?]| < 20712 (3.9)
It follows from (3.8) and (3.9) that
-1 - 2T
Ipig| = [E[X.X,]| = o Lo BIAF, AR )| < — 2T (3.10)

ki — k|32
Suppose 0 < ¢ < |v/j]. Fix v and let k € V! be arbitrary. If i = 1, then j =
maX{hl,hg,hg} = hl = /{ig — k‘l. If i = 3, thenj = max{hl,hg,hg} = hg = k‘4 — k?3. In
either case, by (3.2) and (3.10), we have

Cn" 1 1\
|E[U;€H < j3/2 < C((ﬁv)?’/z + ‘m)n .
If ¢ = 2, then j = max{hy, ho, h3} = ha = k3 — ko and fv = hzhy = (kg — k3) (ko — k1). Hence,
by (3.1) and (3.10),

1 1\
) < gy + 3 )

Now choose i’ # i such that hy = £. With i’ given, k is determined by k;. Since there are two
possibilities for ' and N + 1 possibilities for k;, |V7| < 2(N + 1). Therefore,

: V3] j )
ZZZ|EUk|<CN+1 ZZ( o 3/2>nr
=0 v=

£=0 v=L keV}
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V7] 1 1
<o+ Y (gt 5t )
£=0 J
< C(N +1)n" (3.11)

For the second summation, suppose |v/7] +1 < £ < j. (In particular, 5 > 1.) In this case,
if k € T, then ¢ = min{hy, ho, h3}, so that by (3.3) and (3.10),

Cn™"
Ew < S
Since Z{;:z [V¥| < 2(N +1)j, we have
J J J n-r
Yo XD EUJISCN+D; Y 5
(=G| +1v=tkeVy [Vi]+1
>~ 1
<C(N+1)j</ de)
Vil ¥
<CIN+1)n™". (3.12)

Thus, using (3.5), (3.6), (3.11) and (3.12), we have

n‘2+rE{ j=§§+1(AFJr — ¢p0%) 4] < Cﬁzo(NJr 2 = C( |nt] — Lnsj)

which is (3.4).
To show that a sequence of cadlag processes {X,,} is relatively compact, it suffices to show
that for each T" > 1, there exist constants 5 > 0, C' > 0, and « > 1 such that

RXn (lf, h) = EHXn(t + h) - Xn(t)‘ﬁLXn(t) - Xn(t - h)lﬁ] < Ch®

foralln € N, all t € [0,T] and all h € [0,¢]. (See, e.g., Theorem 3.8.8 in Ethier and Kurtz [6].)
Taking 6 = 2 and using (3.4) together with Hélder inequality gives

[t +nh| — mej) (Lntj - Lnt—nh])

n n

RW"?:L(F)(t7 h) < O(

If nh < 1/2, then the right-hand side of this inequality is zero. Assume nh > 1/2. Then
|nt +nh| — |nt] < nh+1

n o n
The other factor is similarly bounded, so that Ry (z)(t, h) < Ch?. O

< 3h.

Proposition 3.3 Fiz0<s <t andr € Ny. Then
W(F), — W(F)s 5 o,(s, )N

as n — oo, where N is a standard normal random variable and

1/2

t—s|V/2, if r=2p,
or(s,t) = 1/2

|t —s|Y/2, ifr=2p—1.

Here kp, and x, are defined in (1.8) and (1.9), respectively.
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Proof Let {n(j) 521 be any sequence of natural numbers. We will prove that there exists a
subsequence {n(j,,)} such that W m) (F)¢— W m) (F)s converges in law to the given random
variable.

For each m € N, choose n(j,,) € {n(j)} such that n(j,) > n(jm_1) and n(j,,) > m*(t —
s)~ Let b= b(m) = n(jm)(t — s)/m. For 0 < k < m, define uy = n(jm)s + kb, so that

[n(m )t
WRUm(F), = WPOm (F)y = (i) 240743 (AF — o)
i=[n(jm)s]+1

=n(jm) PN TN (AF] = ¢p0). (3.13)

k=1li=up_1+1

Let us now introduce the filtration
Fr=c{W(A): ACRx[0,t],\(A) < oo},

where \ denotes Lebesgue measure on R?. Let 7, = n(j,,) ‘ug_1. For each pair (i,k) such
that ug_1 <1 < ug,
& = AF; — E[AF|Fr ]

Note that ;  is F7,,,-measurable and independent of F,, . Recall that

k+1

Plt) = /0 /R Gt — 5,2 — )W (ds, dy). (3.14)

Also, given constants 0 < 7 < s < t, we have
E[F(t)|F;] = /OT /]R Gt — s,z —y)W(ds,dy). (3.15)
It follows from (3.14) and (3.15) that
F(t+ ) — B[F(t + 74)| Fr] = /M /RG(t + 7 — 5,0 — y) W (ds, dy).
T

This yields that {¢; x} has the same law as {AF;_,, ,}.

Now define 07, = E[¢7,] =07 ,, | and
U
Cmp= D (Ex—cooin),
i=up—1+1

so that (mk, 1 <k < m, are independent and

W) (F)y = W) (F)y = n(jm) 7S Gk + em, (3.16)
k=1

where

m Uk
em =n(m) PN N (AF] — o)) = (€] — croly)-

k=1i=up_1+1
Since &;  and AF; — &, = E[AF;|F,, ] are independent, we have
o} =E[AF?] = E[&],] + E[|AF, — & x[?]
=07, +E[AF; — &xl). (3.17)
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This, together with (2.4), gives
E[|AF; — fi,kﬂ =0} - Gzz,k < (?;LE]:_;));Q = (?Ti(z::)_l;gjz (3.18)
Thus, since AF; — &, i is Gaussian, by (2.1), we have
Cn(jm) "
(1 —up_1)3"
Note that (2.1) implies E[|AF;|*" =4 < Co}"™* and E[|¢ x[*" %] < CE[|AF;|*"~4] < Cof" ™.

By Lagrange mean value theorem,

E[AF; — & x| < (3.19)

|AFT — &4 < CAF™" + |6k DIAF; — &ixl-
Thus, by Holder inequality, (3.19) and the fact o2 < Cn(j,,)~"/? for all i € N,
E|AF] — & 4*] < CEIAF" ] + E[€u[" D2 (EIAF; — &l )Y
< Cnlm) "

. 3.20
S T (3.20)
It follows (3.18) and Lagrange mean value theorem that
Cnljm —r/4
07 = 011 < Olloil ™2 + il o o3| < (o) (3.2)

(i —ugp_1)3/%

Therefore, by Holder inequality, (3.20) and (3.21),

Elleml] < n(jm) /277 Z Z E[IAF — &4 "D + erloy — a7 4])

k=1j=ur_ 1+1

m Uk
. \-1/2 1
<OnGm)™23, > G

k=1li=up_1+1

m Uk —Uk—1

— On(j 1/22 Z i—3/4

Since up — uk_1 < b, this gives
Ellem]] < Cn(jm) 2 mbM* = Cm® *n(jm) =t — 5)M/*.

But since n(j,,) was chosen so that n(j,,) > m*(t — s)~1, we have E[|e|] < Cm~ /4|t — s|/?
and &, — 0 in L! and in probability. Therefore, by (3.16), we need only to show that

o/ c
n(]m) 1/2+ /4ZCm,k - UT(Sut)N

k=1
in order to complete the proof.

For this, we will use the Lindeberg—Feller theorem (see, e.g., Theorem 2.4.5 in Durrett [5]),
which states the following: for each m, let (,, 1,1 < k < m, be independent random variables
with E[(,, k] = 0. Suppose:

(a) n(jm) T2 3000 E[Crznk] —v?, and

(b) for all € > 0, limy,— oo n(j )2y Bl L) v2tr/aic, wl>er] = 0.

Then n(jy,) Y2 /450 Gk £ UN asn — .
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To verify these conditions, recall that {&; 1} and {AF;_,, _, } have the same law, so that
]

4 < Cluk — ug—1)*n(jm) >

Uk —Uk—1

Z (AF] — ¢cp07)

i=1

EllCon 1] = IE[

Hence, by (3.4),
n(jm)72+rEH(:m,k
Jensen inequality now gives m~+7/23°"  E[|¢n x|} < Cmbn(jy,) "t = C(t — s), so that by
passing to a subsequence, we may assume that (a) holds for some v > 0.
For (b), let € > 0 be arbitrary. Then

1(im) "2 BllCmk P a1z 441, g vt < ET20(0m) Y B[kl
k=1 k=1

< Ce 2mb*n(jy,) 2

=Ce?m~Y(t - s)?,

which tends to zero as m — oo.
It therefore follows that n(j,,) /24437 Gk £ UN as n — oo and it remains only
to show that v = o,(s,t). For this, observe that the continuous mapping theorem implies

that [W™m(F), — W™ (F)s|? £ L2N2 By the Skorohod representation theorem, we may

assume that the convergence is a.s. By Proposition 3.2, the family |W/™(F), — W™ (F),|? is

uniformly integrable. Hence, |W™(F),—W™(F)|? — v2N? in L', which implies E[|W,"(F), —

Wm(F)s)?] — v2. But by Theorem 1.1, E[|[W™(F), — W™(F)s|?] — o0.(s,t)%, so v = 0,(s,t)

and the proof is complete. O
We now prove Theorems 1.5 and 1.6. It is sufficient to prove Theorem 1.5 since the proof

of Theorem 1.6 is similar to that of Theorem 1.5.

Proof of Theorem 1.5  Let {n(j)}72; be any sequence of natural numbers. By Proposition

3.2, the sequence {(F, Wznp(j )(F ))} is relatively compact. Therefore, there exists a subsequence

{n(jr)} and a cadlag process X such that (F, Wznp(j’“)(F)) £ (F,X). Fix 0 <81 < s2 < -+- <
sq < s < t. With notation as in Proposition 3.3, let

[nt]
Cn _ n—1/2+17/2 Z ( ir,k _ CTUiT,k)’
i=|ns]42
and define
I = WQT;)(F)t - WQT;)(F)S - Cn

As in the proof of Proposition 3.3, 1, — 0 in probability. It therefore follows that

(WalZ(F) gy, Wt (F) gy, Cati) = (X (1), -+, X (5a), X (1) — X(5)).

Note that F(|ns|+1)a¢ and ¢, are independent. Hence, (W3, (F)s,, ..., W3, (F)s,) and (, are
independent, which implies X (t) — X (s) and (X(s1),...,X(sq)) are independent. This yields
that the process X has independent increments.

By Proposition 3.3, the increment X (t) — X (s) is normally distributed with mean zero and

variance k|t — s|. Also, X(0) = 0 since W3, (F)g = 0 for all n. Hence, X is equal in law to
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m,l,/ *W, where W is a standard Brownian motion. It remains only to show that F' and W are

independent.
Fix 0 < 51 < 83 < -+ < 84. Let Z = (F(s1),...,F(s4))T and ¥ = E[ZZT], and define the
vectors b; € R? by b; = E[ZAF}], and w; = £71b;. Let {; = AF; — w;frZ, so that &; and Z are

independent.

Define
N [nt] , ,
Wi (), = n 20072 3 (€2 — cy,0%).
j=1
Then
. [nt]
(W3 (F)e = Wab (F)| <= V2PN (AR — 7))
j=1
By binomial expansion, (2.1) and Holder inequality,
w. /2+p/ LA dp—2v\1/ /
E| sup |[W, —wy }<cn12+p2 E[AFP2 )2 (E[(w] 2)2])1/?
S (W3, (F) = W, ()| >3 (B[] 2)
2p [nT|
< Czn—l/2+u/4 Z (E[(wJTZ)QV])lﬂ
v=1 j=1
[nT]
< C max n_1/2+”/4 Z |[E[F F;]|”.

1<i<d

v=1

Note that by Hélder inequality, we have |E[F(s;)AF;]| < Co; < Cn Y4 forall 1 <i<d
and 1 < j < |nt], and that by (1.7) and Lagrange mean value theorem,

BIF(s)AR] = —= (Vo H = o b = Vo b+ /s = 61)

H( ) (e )
T onvor n ’ n ’

where 61,6, € (0,1). Then,
[nT]

n—1/2+v/4 Z |E[F(s;) AFj]|”

=
[nT] —1/2 . —1/2
_ —0 J— 02
< 5/4 ‘7 1 P
Cn E (( + (s - ,

which tends to zero as n — 0o since fg((si—i—x)’lﬂ—i—(si —x)71?)dz < co. Thus, (Z, Wﬂ,(F)sl,
.7W2';,(F)Sd) (Z, nl/QW(sl), . .7,%,1,/2W(sd)). Since Z and Wﬁ,(F) are independent, this
finishes the proof. O
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