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Abstract We show that the following properties of the C*-algebras in a class  are inherited by
simple unital C*-algebras in the class TAQ: (1) (m,n)-decomposable, (2) weakly (m,n)-divisible,
(3) weak Riesz interpolation. As an application, let A be an infinite dimensional simple unital C*-
algebra such that A has one of the above-listed properties. Suppose that o : G — Aut(A) is an action
of a finite group G on A which has the tracial Rokhlin property. Then the crossed product C*-algebra
C*(G, A, o) also has the property under consideration.
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1 Introduction

The Elliott program for the classification of amenable C*-algebras might be said to have begun
with the K-theoretical classification of AF algebras in [6]. Since then, many classes of C*-
algebras have been classified by the Elliott invariant. Among them, one important class is the
class of simple unital AH algebras without dimension growth (in the real rank zero case see [8],
and in the general case see [9]). To axiomatize Elliott—Gong’s decomposition theorem for AH
algebras of real rank zero (classified by Elliott and Gong in [8]) and Gong’s decomposition
theorem [15] for simple AH algebras (classified by Elliott et al. in [9]), Lin introduced the
concepts of TAF and TAT [21, 22]. Instead of assuming inductive limit structure, he started
with a certain abstract approximation property, and showed that C*-algebras with this abstract
approximation property and certain additional properties are AH algebras without dimension
growth. More precisely, Lin introduced the class of tracially approximate interval algebras
(also called C*-algebras of tracial topological rank one). This axiomatization has proved to
be very important in the classification of simple amenable C*-algebras. For example, it led to
the classification of unital simple separable amenable C*-algebras with finite nuclear dimension
in the UCT class (see [10, 16, 32]). The isomorphism theorem was established first for those
separable amenable C*-algebras with generalized topological tracial rank at most one (see [16]).
Simple C*-algebras with generalized tracial topological rank at most one have good regularity
properties. There are three regularity properties of particular interest: tensorial absorption
of the Jiang—Su algebra Z, also called Z-stability; finite nuclear dimension [36]; and strict
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comparison of positive elements. The last property can be reformulated as an algebraic property
of the Cuntz semigroup, called almost unperforation. Toms and Winter have conjectured (see
e.g. [12]) that these three fundamental properties are equivalent for all separable, simple, unital,
amenable C*-algebras (and this has now almost completely been proved (see [2, 3, 18, 29, 31, 33—
35]))-

Inspired by Lin’s tracial approximation by interval algebras in [22], Elliott and Niu in [11]
considered the natural notion of tracial approximation by other classes of C*-algebras. Let €2
be a class of unital C*-algebras. Then the class of unital simple separable C*-algebras which
can be tracially approximated by C*-algebras in €2, denoted by TASQ, is defined as follows. A
simple unital C*-algebra A is said to belong to the class TAQ if, for any € > 0, any finite subset
F C A, and any non-zero element a > 0, there are a projection p € A and a C*-subalgebra B
of A with 15 = p and B € 2 such that

(1) ||lzp — pzx| < e for all x € F,

(2) pzp €. Bforall z € F,

(3) 1 — p is Murray—von Neumann equivalent to a projection in aAa.

The question of which properties pass from a class 2 to the class TA2 is interesting and
sometimes important. In fact, the property of being of stable rank one, and the property
that the strict order on projections is determined by traces, are important in the classification
theorem of [16].

In [11], Elliott and Niu showed that the following properties of C*-algebras in a class {2
are inherited by a simple unital C*-algebras in the class TAQ: (1) being stable finite, (2)
having stable rank one, (3) having at least one tracial state, (4) the strict order on projections
determined by traces, (5) any state of the order-unit Ky-group comes from a tracial state of
the algebra, (6) if the restriction of a tracial state to the order-unit Ky-group is the average of
two distinct states on the Ky-group, then it is the average of two distinct tracial states, (7) the
property of being K;-injective.

In [7], Elliott et al. showed that some regularity properties of C*-algebras in a class {2 are
inherited by a simple unital C*-algebras in the class TA).

In this paper, we show that the following Cuntz semigroup properties of unital C*-algebras
in a class Q) are inherited by simple unital C*-algebras in the class TAQ:

(1) (m,n)-decomposable,

(2) weakly (m,n)-divisible,

(3) weak Riesz interpolation property.

The Rokhlin property in ergodic theory was adapted to the context of von Neumann algebras
by Connes in [4]. It was adapted by Herman and Ocneanu for automorphisms of UHF algebras
in [17]. Rerdam [28] and Kishimoto [20] considered the Rokhlin property in a much more
general C*-algebra context. More recently, Phillips and Osaka studied actions of a finite group
and of the group Z of integers on certain simple C*-algebras which have a modified Rokhlin
property (see Definition 2.7) in [25, 27].

In [14], the following result was obtained: Let (2 be a class of unital C*-algebras such that Q
is closed under passing to unital hereditary C*-subalgebras and tensoring by matrix algebras.

Let A € TAQ be an infinite dimensional simple unital C*-algebra. Suppose that o : G —
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Aut(A) is an action of a finite group G on A which has the tracial Rokhlin property (see
Definition 2.7). Then the crossed product C*-algebra C*(G, A, «) belongs to TAQ.

Using the results mentioned above, we get the following theorem: Let A be an infinite
dimensional separable simple unital C*-algebra such that A has (m,n)-decomposable (respec-
tively, weakly (m,n)-divisible, or weak Riesz interpolation). Suppose that o : G — Aut(A4) is
an action of a finite group G on A which has the tracial Rokhlin property. Then the crossed
product C*-algebra C*(G, A, ) has (m, n)-decomposable (respectively, weakly (m,n)-divisible,

or weak Riesz interpolation property).

2 Preliminaries and Definitions

Let a and b be positive elements of a C*-algebra A. We write [a] < [b] if there is a partial
isometry v € A** with vo* = P, such that, for every 0 < ¢ € Her(a), cv € A and v*cv € Her(b).
([a] < [b] implies that a is Cuntz subequivalent to b, i.e. a < b. If A has stable rank one then,
by [5], [a] < [b] if @ < b but even in this case the preorder relation [a] < [b] is not necessarily
an order relation.) We write [a] = [b] if, for some v as above, v*Her(a)v = Her(b). Let n be
a positive integer. We write nf[a] < [b] if in addition there are n mutually orthogonal positive
elements by, bs, ..., b, € Her(b) such that [a] < [b;],i =1,2,...,n (see [26, Definition 1.1], [24,
Definition 3.2], or [23, Definition 3.5.2].)

Let A be a C*-algebra, and let M,,(A) denote the C*-algebra of n x n matrices with entries
elements of A. Let My, (A) denote the algebraic inductive limit of the sequence (M, (A), ¢,),
where ¢, : M, (A) — M, +1(A) is the canonical embedding as the upper left-hand corner block.
Let Moo (A)4 (respectively, M, (A)+) denote the positive elements of M. (A) (respectively,
M, (A4)). Given a,b € M (A)4, we say that a is Cuntz subequivalent to b (written a < b) if
there is a sequence (v,)22 ; of elements of M (A) such that

lim |lv,bv} —al = 0.
n—oo

We say that a and b are Cuntz equivalent (written a ~ b) if a < b and b < a. We write (a) for
the equivalence class of a.

The object W(A) := M (A)4/ ~ will be called the Cuntz semigroup of A (See [5]). Observe
that any a,b € My (A)4 are Cuntz equivalent to orthogonal elements a’, b € My (A)4 (i.e.,
a'b’ = 0), and so W(A) becomes an ordered semigroup when equipped with the addition

operation

(a) + (b) = {a+b)
whenever ab = 0, and the order relation
(a) < (b)) & a < b

Let A be a stably finite unital C*-algebra. Recall that a positive element a € A is called
purely positive if a is not Cuntz equivalent to a projection. This is equivalent to saying that 0
is an accumulation point of o(a) (recall that o(a) denotes the spectrum of a).

Given a in My (A) 1 and € > 0, we denote by (a — &) the element of C*(a) corresponding
(via the functional calculus) to the function f(¢) = max(0,t —¢€), t € o(a). By the functional

calculus, it follows in a straightforward manner that ((a —e1)+ —e€2)+ = (a — (61 + €2)) 4.
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Theorem 2.1 ([1, 30]) Let A be a stably finite C*-algebra.

(1) Let a, b € Ay and € > 0 be such that ||a — b|| < e. Then there is a contraction d in A
with (a — €)4 = dbd*.

(2) Let a, p be positive elements in My, (A) with p a projection. If p < a, then there is b in
Moo (A) 4 such that bp =0 and b+ p ~ a.

(3) The following conditions are equivalent: (1)'a < b, (2)" for anye >0, (a—e)+ < b, (3)
for any € > 0, there is § > 0, such that (a — &)y S (b—9)4.

(4) Let a be a purely positive element of A (i.e., a is not Cuntz equivalent to a projection).
Let 6 > 0, and let f € Cy(0,1] be a non-negative function with f =0 on (5,1), f >0 on (0,0),
and ||f]| =1. We have f(a) #0 and (a — 0)+ + f(a) < a.

Let © be a class of unital C*-algebras. In this paper, we shall study the class of simple
unital C*-algebras which can be tracially approximated by C*-algebras in §2, denoted by TAS.

Definition 2.2 ([11, 13, 22]) A simple unital C*-algebra A is said to belong to the class TAS)
if, for any € > 0, any finite subset ' C A, and any non-zero element a > 0, there exist a
non-zero projection p € A and a C*-subalgebra B of A with 15 =p and B € Q such that

(1) ||zp — pz|| < € for all x € F,

(2) pzp €. B for all x € F,

(3) [L=p] < [a].

Let J% denote the class of all unital C*-algebras which are unital hereditary subalgebras of
C*-algebras of the form C(X) ® F, where X is a k-dimensional finite CW complex and F is a
finite dimensional C*-algebra. A is said to have tracial topological rank at most k if A € TAJ*.

Lemma 2.3 ([11]) If the class Q is closed under tensoring with matriz algebras, or under
passing to unital hereditary C*-subalgebras, then the class TAS is closed under passing to matrizx

algebras, or unital hereditary C*-subalgebras.

Definition 2.4 ([19]) Let A be unital C*-algebra. Let m,n > 1 be integers. A is said to have
(m,n)-decomposable if, for every u in W(A), any € > 0, there exist elements x1,Za,...,Tm €
W(A), such that x1 +z2+ -+ xy <u and (v —¢e)y < nzxj, forall j =1,2,...,m.

Definition 2.5 ([19]) Let A be unital C*-algebra. Let m,n > 1 be integers. A is said to have
weakly (m,n)-divisible if, for every u in W(A), any € > 0, there exist elements x1,xa, ..., 2, €
W(A), such that mz; <wu forall j =1,2,...,n and (u—¢€)y <z1+ T2+ -+ Tp.

Definition 2.6 Let A be unital C*-algebra. A is said to have weak Riesz interpolation provided
W(A) satisfies the conditions that given any x1, x2, Y1, y2 in W(A), any € > 0, such that
x; <y, forl <i<2, 1< j <2, there exists z such that (x; —e)y < z < y; for1l <i <2,
I<j<2
Definition 2.7 ([27]) Let A be a simple infinite dimensional unital C*-algebra, and let « :
G — Aut(A) be an action of a finite group G on A. We say that « has the tracial Rokhlin
property if, for any finite set F C A, any € > 0, and any non-zero positive element b € A, there
are mutually orthogonal projections eq € A for g € G such that

(1) |aglen) —egnl|l < € for all g,h € G,

(2) |legd — degy|| < € for all g € G and all d € F,
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(3) with e = dec eg, the projection 1—e is Murray-von Neumann equivalent to a projection

in the hereditary C*-subalgebra of A generated by b,
(4) llebel| = [|b] —e.
The following lemma is obvious, and we omit the proof.

Lemma 2.8 The property of (m,n)-decomposable (respectively, weakly (m,n)-divisible, or
weak Riesz interpolation) is preserved under tensoring with matriz algebras and under passing

to unital hereditary C*-subalgebras.

3 The Main Results

Theorem 3.1 Let Q be a class of stably finite unital C*-algebras such that for any B € €,
B is weakly (m,n)-divisible (m # n). Then A is weakly (m,n)-divisible for any simple unital
C*-algebra A € TAQ.

Proof By Lemma 2.3, enlarging the class {2, we may suppose it is closed under passing to
matrix algebras and unital hereditary C*-subalgebras (i.e., Morita equivalent C*-algebras).

Let u € My, (A)y. For any g > 0, we need to show that there exist x1,za, ..., T, € Mo (A)+
such that z; @z, ®---®x; Swuforall 1 <j <n, where x; repeats m times, and (v — 20e)+ S
b, ;.

(Here, and elsewhere, by = & y for z,y € My (A); we mean = + y’ where y € My, (4)4,
Y ~y, yr=0.)

We may assume that v € Ay and we divide the proof into two cases.

Case (I) We assume that u is Cuntz equivalent to a projection. There exists projection
r € Ay such that u ~ 7, we may assume u = 7.

Since A € TAQ, for F = {r}, any ¢’ > 0, there exist a sub-C*-subalgebra B of A and a
nonzero projection p € A with B € Q2 and 15 = p, such that

(1) llrp —pr|| < €',

(2) prp € B.

By (1) and (2), there exist projections 1 € B and ry € (1—p)A(1—p) such that ||r—r—ra|| <
4e’.

Since 1 € B and B € Q, there exist x, x5, ..., 7;, € M (B)4 such that 2, @2 @ @2
1 where z; repeat m times, and 1, = (11 —¢)y < @i, 7}

We prove this part by three steps.

First, If 27, 25,..., 2, € Moo (B)4 are Cuntz equivalent to projections, and ri ~ @), @},
then there exist some j and a nonzero projection ¢ such that (z;©q)®(z;®q)®- - & (2 ®q) S ™
where x; @ g repeat m times, otherwise, this contradicts the stable finiteness of A (since m # n
and C*-algebras in {2 are stably finite).

Since (1 — p)A(1 — p) € TAQ, for F = {ra}, any &’ > 0, there exist a sub-C*-algebra D of
(1—-p)A(1—p) and a nonzero projection t € (1 —p)A(1—p) with D € Q and 1p = ¢, such that
(1) |lrot — tra| < €,

(2) trot €. D,
@) [L—p—1 <[q
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By (1)’ and (2)’, there exist projections r3 € D and ry € (1 —p —t)A(1 — p — t) such that
lre — 73 — ra|| < 4e’.

Since 3 € D and D € €, there exist z, 25, ..., 2}, € M (D)4 such that 2/ ©z @-- - @] <
73 where 2/ repeat m times and r3 = (r3 — )1 S P, 7.

Therefore we have

(zf@g)+af) o ((@j®q) +2)) - @ (2] ©q) + 1))
Sri+ratrs=r

Sri+r3édg

n n
S@ieo D Dot
i=l,#j i=1
n
S@yoqor)) P @ o),
i=1,i#j
and

/ 1

(z;@2)) ® (z; @) & & (2 D7)
Sri+ra+rs=r

Sri+rstg

n n

S@eq P )Pt
i=1,i#] i=1
n

S@eqod) P (@ +a),
i=1,i#j

for all 4 # j and 1 <1 < n where (z; ® x/) repeats m times.

Second, if &, x5, ..., x} € Mo (B)4 are Cuntz equivalent to projections, and r < @le x.
Then there exists a nonzero projection s such that r; & s < EB?ZI xk.

Since (1 — p)A(1 — p) € TAQ, for F = {rs}, any €’ > 0, there exist a sub-C*-algebra D of
(1-p)A(1—p) and a nonzero projection ¢t € (1 —p)A(1 —p) with D € Q and 1p = ¢, such that

(1) |lrat — tra]] < €,

(2)" trot €. D,

3)" [L—p—t] <[s].

By (1) and (2)”, there exist projections r3 € D and r4 € (1 —p —t)A(1 — p —t) such that
lre — 73 — ra|| < 4e’.

Since 3 € D and D € €, there exist z, 25, ..., 2}, € Moo (D)4 such that 2/ ©a @--- @] <

r3 where zf repeat m times and 73 = (r3 — )y < @;_, ;. Therefore we have
(@i @) ® (2, ® ) © - D (2} D af)
Sri4+rg+r3=r

Sri+r3ds

n n
/ 1
<D D
=1 i=1
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n

SPE; o),

i=1

for all 1 < j < n, where (x} @ z}) repeat m times.

Third, we assume that there is a purely positive element 2. Since r1 < @, «}, for any
e > 0, there exists § > 0, such that r; = (r1 —e)4 < (2] — 8)+ D, 1,

By Theorem 2.1, there exists a nonzero positive element d such that (z} — )4 +d < 7.

Since (1 — p)A(1 — p) € TAQ, for F = {ra}, any €’ > 0, there exist a sub-C*-algebra D of
(1—p)A(1—p) and a nonzero projection t € (1 —p)A(1—p) with D € Q and 1p = ¢, such that

()" |lrat — tra]| < €',

(2)"" trat €2 D,

(3)" [L—p—1] <ld].

By (1) and (2)", there exist projections r3 € D and r4 € (1 —p—1t)A(1 —p—1t) such that
lre — 73 — rq|| < 4e’.

Since r3 € D and D € Q, there exist 27, x5, ..., 2}, € Moo (D)4 such that 2/ @2 ©---@2]
r3 where z/ repeat m times and 73 < @, 7 .

Therefore we have
(z;®2)) ® (2 @a)) & & (2 D7)
Sri+ra+rs=r

srl@Tg@d

n n
< @t - 01 & D, Pa
i=1 i=1
n

SPE; o),

i=1
for all 1 < j < n, where (2} @ z/) repeat m times.
Case (II) We suppose that v is not Cuntz equivalent to a projection.

We need to show that for any u € Mo (A)4, any € > 0, there exist 1, za, . .., Tp € Moo (A) 4
such that x; ®z,; & --- @ x; Swforall 1 < j <n, where z; repeat m times, and (u — 20e)+ <
D @i

By Theorem 2.1, for € > 0, there is a non-zero positive element d such that (u—¢)4 +d < u.

For £ > 0, there exists ¢’ > 0 with ¢’ < e such that (a—¢e)y + (b—¢)y S(a+b—19"); for
any a,b e Ay.

Since A € TAQ, with G = {(u —¢)y, d, u}, for & > 0, with &' < ¢’, there exist a
C*-subalgebra C of A and a non-zero projection r € A with C € Q and 1¢ = r such that

(1) |lzr — rz|| < €'/3 for any x € G,

(2) rar €.r/3 C for any x € G.

By (1) and (2), there are u1,d; € C and ug € (1 —r)A(1 — r) such that

luw —uy —uz|| < 3¢,

and

[(u—e)s — (ur — &)4 — (uz — )4 < 3¢
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Therefore we have (u; — 2¢)4 + (ug —2¢)+ S (u—€)+.

Since (u; — 3e)+ + (d1 —¢€)y € C and C € Q, for & > 0, there exist z},25,...,2] €
M (B)+ such that 2 @ 2% @ --- © 2y $ (w1 — 3¢)4 + (d1 — £)4 where 2 repeat m times, and
(= 42) +(d—22)5 S (((wy = 36)s + (ds —£)4) — &)4 S D, !

Since (1 —r)A(1 —r) € TAQ, with F' = {us} and ¢ > 0, with ¢’ < ¢’, there exist a C*-
subalgebra E of (1 —r)A(1 —r) and a non-zero projection ¢t € (1 —r)A(1 —r) with E € Q and
1g =t such that

(1) ||tug — uat|] < €',

(2) tugt €. E,

(B) [1—r—1] < [(d — 26)4].

By (1) and (2)’, there are us € E and ugy € (1 —r —t)A(1 —r — t) such that

HUQ —Uuz — ’lL4H < 3.

Then (ug — 3¢)4 + (ug — 3e)+ S (u2 — 2¢) 4.
Since (uz — 3e)+ € E and E € ), there exist there exist af, 24, ...,z € My (E)4+ such
that o @ 2 © - ® 2] < (uz — 3¢)4 where z// repeat m times and (uz —4¢)y < @, =7

Therefore, we have

8
oo~
~

AN N N N D
—_ 8

<

4@-~-@$;—|—$;{®I;’€B~-~®I;/
ur —3¢)4 + (di — €)1 @ ((ug — 3e)4 + (ua — 3e)4)
uy — 36)4+ + (di — €)+ @ (u2 — 2¢)4

u—¢)p+(di—¢e)y S(u—e)s +d

—~

—~

s

for all 1 < j <n, and 2, z/ repeat m times, and

(’LL — 20€)+ S (’U,l — 105)_;,_ + (Ug — 10€)+
S (w1 —106)4 + (ug — 4e)4 + (ua — 4e)
<

(u1 —4e')4 + (di — 2€)4 + (us — de)4
< @:17; & @:17;' O
i=1 i=1

Theorem 3.2 ([14]) Let 2 be a class of unital C*-algebras which is closed under passing to
unital hereditary C*-subalgebras and closed under passing to tensoring with matriz algebras. Let
A € TAQ be an infinite dimensional simple unital C*-algebra. Suppose that o : G — Aut(A)
is an action of a finite group G on A which has the tracial Rokhlin property. Then the crossed
product algebra C*(G, A, «) belongs to TAS.

Corollary 3.3 Let A be a unital simple C*-algebra such that A is weakly (m,n)-divisible.
Suppose that o : G — Aut(A) is an action of a finite group G on A which has the tracial
Rokhlin property. Then the crossed product C*-algebra C*(G, A, &) is weakly (m,n)-divisible.

Proof This follows from Theorems 3.1 and 3.2. O
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Theorem 3.4 Let () be a class of stably finite unital C*-algebras such that for any B € Q, B is
(m, n)-decomposable (m # n). Then A is (m,n)-decomposable for any simple unital C*-algebra
A € TAQ.

Proof By Lemma 2.3, enlarging the class {2, we may suppose it is closed under passing to

matrix algebras and unital hereditary C*-subalgebras (i.e., Morita equivalent C*-algebras).

We need to show that for any u € My (A4)4, there exists x1,xa,..., Tm € My (A)4 such
that @, z; Swand and (u—20e)y Sz;Dz; D Daj for some e > 0 and for all 1 < j < m,

where ; repeat n times.

We may assume u € A, and we divide the proof into two cases.

Case (I) We assume that u is Cuntz equivalent to a projection. There exists a projection
r € Ay such that u ~ r. We may assume u = r.

Since A € TAQ, for F = {r}, any ¢’ > 0, with &’ sufficiently small, there exist a sub-C*-
subalgebra B of A and a nonzero projection p € A with B € 2 and 1g = p, such that

M) llrp—pr < &,

(2) prp € B.

By (1) and (2), there exist projections 71 € B and ra € (1—p)A(1—p) such that |r—r—ra|| <
4e.

Since r1 € B and B € Q, there exist z,x},...,2), € My (B)+ such that such that

n

@,z $Srand and 7 = (1 —¢)y S 2 @2l @--- @) for some € > 0 and for all
1 < 7 < m, where xg repeat n times.

We prove this part by three steps.

(I) If z,25,...,7;, € Mx(B)4 are Cuntz equivalent to projections, and r; ~ o @ =’

DD x; for all 1 < j < m where :c; repeat n times. Then there exists a nonzero projection ¢
such that @@, (¢ ©¢) S r1, otherwise, this contradicts the stable finiteness of A (since m # n
and C*-algebras in {2 are stably finite).

Since (1—p)A(1 —p) € TAQ, for F' = {rs}, any £ > 0, with &’ sufficiently small, there exist
a sub-C*-algebra D of (1 —p)A(1 —p) and a nonzero projection ¢t € (1 —p)A(1 —p) with D € Q2
and 1p = t, such that

(1) |lrat — tra| < €,

(2) trot €2 D,

(3)1-—p—1 <lgl

By (1) and (2), there exist projections 3 € D and r4 € (1 —p —t)A(1 — p — ¢) such that
lre — 73 — ra|| < 4e’.

Since r3 € D and D € Q, there exist z,2%,...,z} € Mo (D)+ such that EB;nzl ay
and r3 = (r3 —€)4 Szj © 2 @ @] for all 1 < j < m, where z7/ repeat n times.

< rs

~

Therefore we have
m

P e o)) Srtritr=r

=1
Sri+rsdgqg
S(hogor))e o (@) eq) @),

for all 1 < j < m, where (2 © q) © x] repeat n times.
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(ILI) If 29,25, ..., 2, € Mo (B)+ are Cuntz equivalent to projections, and r < 2/ @
SERRNS) sc;-, for all 1 < j < m where a?; repeat n times. Then there exists a nonzero projection
s such that r1 & s < x; &) ac; SRR x; for all 1 < j < m where x; repeat n times.

Since (1 —p)A(1—p) € TAQ, for F = {rs}, any €’ > 0, with &’ sufficiently small, there exist
a sub-C*-algebra D of (1 —p)A(1 —p) and a nonzero projection ¢t € (1 —p)A(1—p) with D € Q
and 1p = t, such that

(1) ||rat — tre|| < &,

(2) trot €. D,

B 1-p—1]< s

By (1)’ and (2)’, there exist projections r3 € D and 4 € (1 —p —t)A(1 — p — t) such that
lre — 73 — rq|| < 4e’.

Since 73 € D and D € Q, there exist =, 27, ..., 2] € M (D)4 such that @", 2/ < rs,
rs=(rs—e)+ S x}’ &) x;»’ Q- D x;' for all 1 < j < m, where :C;.’ repeat n times.

Therefore we have

k

P o)) Sr+ratrs=r
=1

Sri+rs+s
S@Eierf)e (@ @) e o () o)),

for all 1 < j < m, where x; a5 x;-’ repeat n times.

(ILIT) If o), 2%, ..., x., € My (B) are Cuntz equivalent to projections, and r < 2} &
©--- @y, and 7 ~ 2 @2l @ - @) for all 2 < j < m where 2’ repeat n times, then there
exists a nonzero projection s such that r1 @ s Sz) &z} & - ® =) where x} repeats n times.

Since (1 —p)A(1—p) € TAQ, for F = {ra}, any €’ > 0, with &’ sufficiently small, there exist
a sub-C*-algebra D of (1 —p)A(1 — p) and a nonzero projection ¢t € (1 —p)A(1—p) with D € Q
and 1p = t, such that

(1) ||rat — tre|| < &,

(2) trot €. D,

(3 1 —p—1) < 5]

By (1)" and (2)’, there exist projections r3 € D and ry € (1 — p —t)A(1 —p — t) such that
[ro — rg — raf| < 4e’.

Since 73 € D and D € Q, there exist =, 2, ..., 2] € M (D)4 such that @.", 2/ < rs,
rs=(rs—e)+ S a?;’ &) x;-’ Q- D x}' for all 1 < j < m, where x;’ repeat n times.

(ILILI) If 27,25, ..., 2y, € Mo (B)4 are Cuntz equivalent to projections, and r3 ~ z/ @
33;-’ D EBJ);/ for all 1 < j < m where x;' repeat n times. Then there exists a nonzero projection
g such that @Tzl(m;' @ q) < rq, otherwise, this contradicts the stable finiteness of A (since
m # n and C*-algebras in () are stably finite).

Therefore we have

m

P, @ q) @) Sri+ra+rg=r
=1

Sri+r3édg
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S(Eiegoz))e---o (@) ®q) @af),

for all 1 < j < m, where (2 © q) + 2/ repeat n times.

(ILILIT) If 27, 25, ..., 2}, € Moo (B)4 are all projections, and r3 ~ 2/ © 2/ © --- @ x for
all 1 < 5 < m where x repeat n times. Then there exists a nonzero projection s such that
r3®s S OO 69 i/ for all 1 < j < m, where z// repeat n times.

Since (1-p—t)A(1—p—t) € TAQ, for F = {r4}, any £ > 0, with ¢’ sufficiently small, there
exist a sub-C*-algebra E of (1—p—t) A(1—p—t) and a nonzero projection t € (1—p—t)A(1—p—t)
with £ € Q and 1 = t/, such that

(1) |lrot’ —t'ra|| < €,

(2) t'rot’ €./ E,

@) L—p—1t]<][sl

By (1)’ and (2)’, there exist projections r5 € F and r¢ € (1 —p —t)E(1 — p — t) such that
|lrg —rs — rgl| < 4e’.

Since 75 € E and E € Q, there exist 21,24, ..., 2/ € My (E)4 such that @~ , 2" < s,
r5=(rs —€)y S} @2 ®--- @l for all 1 < j < m, where z//’ repeat n times.

Therefore we have

@( O @af) Sridrsdrs tre =7
i=1
§r1+r3—|—r5€95
S( @TL'NI)@ @( @LL‘ @ZUW)

for all 1 < j < m, where 2, ® 2/ © 27’ repeat n times.

(ILILIIT) If 2, 2, ... 2! € My (B)+ are Cuntz equivalent to projections, and r3 < zf @
e eal, rg~ a?;’ a5 a?;’ BB x;-’ for all 2 < 5 < m where x;-’ repeat n times. Then there
exists a nonzero projection s such that r3® s’ Saf @i @ - @ af.

Since (1—p—t)A(1—p—t) € TAQ, for F = {ry}, any ¢’ > 0, with &’ sufficiently small, there
exist a sub-C*-algebra D of (1—p—t)A(1—p—t) and a nonzero projection t’ € (1—p—t) A(1—p—t)
with E € Q and 1 = t/, such that

(1) ||rot’ —t'ra]| < €,

(2) t'rot’ €2 D,

@) L-p-t]<[s]

By (1)’ and (2)', there exist projections r5 € E and r¢ € (1 —p —t)A(1 — p — t) such that
lra — 75 — 16| < 4e’.

Since r5 € E and E € Q, there exist z{’,z%,..., 2!l € Moo (E)4+ such that @, 2" < rs,
r5=(rs —€)y S @ @ @2 for all 1 < j < m, where z//’ repeat n times.

We repeat the steps (II.H.I)7 (ILILIT), (TLILIII) for x’l”,xé”, s x € Moo (E) 4, and the

steps (ILILI), (ILILIT), (ILILIII), there exist o, ab, ..., a0, oy, oy, ... ozl ... xd™ 2™, . ..,
™ and s, ..., 8™, take g such that ¢ < s, g < s',...,9 < s™, and we have

@ 3
=

m
D
=1 %

Sri+rs+rs+--+rogn,=r

Il
-
-

1=
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Sritrstrstotramo19g

for all 1 < j < m, where (:z:; D 3:;/ -+ @ x,;™) repeat n times.

(IIT) We assume that at least one of x|, 25, ..., z! is not Cuntz equivalent to a projection.

(IT1.T) We may assume that all 27,25, ..., 2/ are not Cuntz equivalent to projections.

By Theorem 2.1, there exists a nonzero positive element d such that (z); — )4 +d < @ for
all1 <j5<m.

Since (1—p)A(1—p) € TAQ, for F = {rs}, any €’ > 0, with ¢’ sufficiently small, there exist
a sub-C*-algebra D of (1 —p)A(1 —p) and a nonzero projection t € (1—p)A(l —p) with D € Q
and 1p = ¢, such that

(1) |lrat — tra| < €,

(2) trat €. D,

) [1-p—1<s]

By (1) and (2), there exist projections r3 € D and r4y € (1 —p —¢)A(1 —p — t) such that
lre — rs — raf| < 4e’.

Since r3 € D and D € Q, there exist f, 2%, ..., z] € Mo (D)4 such that @.", 2/ < rs and
and 3 = (r3 —€)y Sof ©af ©--- @] and for all 1 < j < n, where z// repeat n times.

Therefore we have

(¢f @) ® (2] o) @ - @ (2] © )
Sri+rs+ra=r
<7"1@d@7"3

(z —¢) @d@x”

(zf ® xf).

A
EBS

.
Il
—

A
EBs

.
Il
—

(ITL.IT) We may assume that there exists x; for some j such that ry ~ 2 © 2 @ --- © 27,
where x; repeat n times.

Since (1 —p)A(1—p) € TAQ, for F = {rs}, any €’ > 0, with &’ sufficiently small, there exist
a sub-C*-algebra D of (1 —p)A(1 —p) and a nonzero projection ¢t € (1 —p)A(1 —p) with D € Q2
and 1p = t, such that

(1) [Jrot — tra]| < €,

(2) rotry € D.

By (1) and (2), there exist projections 3 € D and r4 € (1 —p —t)A(1 — p — t) such that
lre — rs — raf| < 4€’.

Since r3 € D and D € Q, there exist 2,24, ..., z] € Moo (D)4 such that @, 2/ < rs and
and r3 = (r3 —e); < x;»’ a5 x;' BB :E;.’ and for all 1 < j < n, where :C;.’ repeat n times.

If all =¥, 24,... 2} € My (D)4 are not purely positive elements. We repeat Step (II), and
get the result.

/

If there exists x/’ which is not Cuntz equivalent to a projection. By Theorem 2.1, there

exists a nonzero positive element d such that (z{" —¢), +d < z}’.
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Since (1—p—t)A(1—p—t) € TAQ, for F = {ry}, any &’ > 0, with ¢’ sufficiently small, there
exist a sub-C*-algebra E of (1—p—t)A(1—p—t) and a nonzero projection t’ € (1—p—t) A(1—p—t)
with £ € Q and 15 = t/, such that

(1) ||rot’ — t'ra]| < €,

(2) t'rot’ €/ E,

(3) [1—p—t] <|[s].

By (1) and (2)’, there exist projections r5 € Eand rg € (1—-p—t—t )ALl —-p—t—1t/)
such that ||ry — r5 — rgl| < 4e’.

Since 75 € E and E € Q, there exist 21,24, ..., 2/ € My (E)4 such that @~ , 2" < s,

r5=(rs —€)y S} @2 @ @l for all 1 < j < m, where z//’ repeat n times.

If 2y 2 ... 2" € Mo (E), are not purely positive elements, and we repeat Step (II), and
oneof zf", x4, ... 2!l € Mo (E)+ is not Cuntz equivalent to a projection, we repeat Step (IILI).
Inductively, we repeat Step (II) and Step (IILI), there exist @}, ab, ...,z f, &, ...,z ...,
1™ ™, ™ and d,d ..., d™, take g such that ¢ Sd,g <d'...,9 < d™, and we have

m m m
B G
=1 i=1 i=1

Sri+rs+rs+--+rom=r
Sri+rs+rs+--+rom_1Pg
S@o(@f-—as+g) o™ o((zj -+ +g)@aj - D™
@@ (o] ®((z;" —e)s +9))
SEorio-- oz e @ o] -0z - (0] ©--- da;™),
for all 1 < j < m, where (a:; a5 x;-’ -+~ @ x;™) repeat n times.
Case (II) We suppose that u is not Cuntz equivalent to a projection.

We need to show that for any u € M (A) 4, any € > 0, there exist x1, za, . .., T, € Moo (A) 4
such that @, z; Swand (u—20e); Sz Da; - @a; for all 1 < j < m, where z; repeat
m times.

By Theorem 2.1, for € > 0, there is a non-zero positive element d such that (u—¢); +d < w.

For £ > 0, there exists ¢’ > 0 with ¢’ < e such that (a —¢)y + (b—¢)y S (a+b—9')4 for
any a,b € A,.

Since A € TAQ, with G = {(u—e¢)4, d, u},fore’ > 0, with e’ < ¢’, there are a C*-subalgebra
C of A and a non-zero projection 7 € A with C' € Q and 1¢ = r such that

(1) |lzr —rz|| < €'/3 for any x € G,

(2) rar €./3 C for any x € G.

By (1) and (2), there are u;,d; € C and up € (1 —r)A(1 — r) such that

lu —uy — ug| < 4€’,

and

[(u—e)s — (ur — &)4 — (ug — )4 < 4e’.

Therefore we have (u1 — 2¢)4 + (ug — 2¢)4 < (u—¢) 4.
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Since (u1 —3e)++(d1—¢)4 € C and C € Q, for &' > 0, there exist ), 25,..., 2], € Moo (B)+
such that @~ 2} < (u1 —3e)1 + (d1 —€)4, and (ug —4e)+ + (d—2e)+ < (((ur — 3e) 4 + (di —
€)+) =) S @y - @) for all 1 < j < m, where z; repeat m times.

Since (1 — 7)A(1 —r) € TAQ, with F = {us} and ¢’ > 0, with & < ¢’, there are a C*-
subalgebra E of (1 —r)A(1 —r) and a non-zero projection ¢ € (1 —r)A(l —r) with E €  and
1g =t such that

(1) ||tus — uot|] < €',

(2) tugt €. E,

(3) [1—r—1] < [(d — 26)4].

By (1) and (2)’, there is ug € F and uy4 € (1 —r —¢)A(1 — r — ¢) such that

lug — uz — ugl| < 3¢’

Then (uz — 3¢)4 + (s — 3e)+ S (ug — 2¢) 4.
Since (u3z —3¢)+ € E and E € Q, there exist 27,25, ...,z;, € M (E)4 such that 2/ @ 27 ©
@l < (uz — 3¢) 4 where 2 repeat m times and (uz —4¢); < P, z7.

Therefore,
k k

D D < (wn— 360+ (dr —2) ) (s — 30) 1+ (ua — 3).)

i=1 =1
S (w1 = 3e)4 + (dr — €)4+ ® (u2 — 2¢)4
Su—e)t+(di—e)s
Su—¢)y+d
S

and
(u—20e)y < (up —10e) 4+ + (ug — 10e) 4

S

S (u1 —108)4 + (us — 4e)4 + (ug — 4e) 4

S (ur —4e)q + (di — 2¢)4 + (uz — 4e)+

S @ oo o] o @], O
Corollary 3.5 Let A be a unital simple C*-algebra such that A is (m,n)- decomposable.
Suppose that o : G — Aut(A) is an action of a finite group G on A which has the tracial
Rokhlin property. Then the crossed product C*-algebra C*(G, A, &) is (m,n)-decomposable.
Proof This follows from Theorems 3.2 and 3.4. O

Theorem 3.6 Let Q be a class of unital C*-algebras such that B has the weak Riesz inter-
polation for any unital C*-algebra B € Q. Then A has the weak Riesz interpolation for any
simple unital C*-algebra A € TAQ.

Proof By Lemma 2.3, enlarging the class ), we may suppose it is closed under passing to
matrix algebras and unital hereditary C*-subalgebras (i.e., Morita equivalent C*-algebras).

We need to show that there exists z € Mo (A)+ such that (x; — 200e)+ < z <y, for any
T1, T2, Y1, Y2 in Moo (A)4+ with z; <y; forall 1 <i<2,1<j<2and for any € > 0.

We may assume that xq, x2,y1,y2 are all in A,
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Since x; <y; for all 1 <4 <2, 1< j <2, there exist v; ; such that [[v]y;v;; — 2| <e.

Since A € TAQ, for F = {z;,y;,v;;},1 <1 <2,1 <5 <2, any ¢/ > 0 with ¢ sufficiently
small, there exist a projection p € A and a C*-subalgebra B C A with B € 0, 1 = p such
that

(1) |lzp — pz| <& forall z € F,

(2) pzpe LB for all x € F.

By (1) and (2) there exist positive elements z}, 5, vi, v4 € B and «f, =%, v, v{ €
(1 —p)A(1 — p) such that

ler — @) =2l <e, |y —m -9l <e,

oo —xy —af|| <&, ly2 —ys — 5]l <e.
Since z; <y, for all 1 <7 <2, 1 <5 <2, therefore we have

(x; —6)y S (¥; —2¢)¢, (2} —6e)y S (yj —2e)4

forall 1 <i<2,1<j<2.

Since B € 2 and B has the weak Riesz interpolation, we may assume that there exists
z' € By such that (2] —8e)1 $2/ S (y; —2¢)4 forall 1<i<2,1<j<2.

We divide the proof into two cases.

(1) We assume that 2’ is not Cuntz equivalent to a projection. Since (z} — 8¢)+ < 2/, By
Theorem 2.1, there exists ¢ > 0 such that (2} — 10e)+ < (2 — 0)+.

Also by Theorem 2.1, there is a non-zero positive element d such that (2 —§)y +d < 2.

Since (27 —6¢)+ < (yj —2¢)+, there exist w; ; such that [[w] ;(y
foralll§i§2,1§]<2

Since (1 — p)A(1l — p) € TAQ, for G = {z},y},wi;}, 1 <i<2,1<j <2 anye >0
with &’ sufficiently small, there exist a projection s € (1 — p)A(1 — p) and a C*-subalgebra
D C(1-p)A(1—p) with D € Q, 1p = s such that

(1) ||zs — sz| < & for all z € G,

(2) szselD forall z € G,

(3) [L—p—s]<[d.

By (1)" and (2) there exist positive elements z7’, z4', v{’, v4' € D and x%, 23, yi, v3 €
(1—p—9)A(1 —p— s) such that

—~22) g — (2 —6) || < e

o} — 2" — @il <&, llyf — 91" —will <e,

oty — oy — x5l <e, lys —us' —wall <e.

Since (2} —6¢)+ < (y7 — 25) forall 1 <i<2,1<j<2 wehave (] —12¢); < (y;" —4e)+
and(wz—12€)+N(y] de)y forall 1 <i<2,1<j5<2.
Since D €  and D has the weak Riesz interpolation, we may assume that there exists a
projection 2" € D such that (z]" —14e); $ 2" S (yf' —4e)y forall 1 <i<2,1<j5<2.
Therefore we have

(l’i — 200€)+ S (J?{L — 105)_;,_ D ( "o_ 14€)+ D (l‘ — 146)
S (@7 —102)4 @ (27" — 14e)+ B d
< !

(= 8)s @da "
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! "

zZ Dz
Yy —2e)4 @ (y —4e)4 @ (yj — 12¢)+
Yss

IZANRZANRYAN

forall 1 <i<2,1<j5<2.

(2) We assume that 2’ is Cuntz equivalent to a projection.

(2.1) 2’ is not equivalent to (y; —2¢)4 for 1 < j < 2.

There is a non-zero positive element d such that 2’ +d < (y; — 2¢) +

Since (a — 6e)+ < (yg’ —2¢)4 forall 1 <4 <2, 1< j <2 there exist w;; such that
(9 — 2) 00 — (af — 62)- ] < <.

Since (1 — p)A(1l — p) € TAQ, for G = {z},y},wi;}, 1 <i<2,1<j <2 anye >0
with &’ sufficiently small, there exist a projection s € (1 — p)A(1 — p) and a C*-subalgebra
D C(1-p)A(1—p) with D € Q, 1p = s such that

(1) ||zs — sz| < & for all z € G,

(2) szselD forall z € G,

(3) [1—p—sl <[d.

By (1)’ and (2)’ there exist positive elements /', =, v{’, vy’ € D and z1, 23, v, y5 €
(1—p—5)A(1 —p — s) such that

la7 — 2t —aill <e, vt =91’ —will <e,

|25 — 2y —as]| <e. |lvh —ys' — 5l <e.

Since (77 —6¢)+ < (yj —2¢)4 forall 1 <i <2, 1 <7 <2, we have (27" —12¢) < (v’ —4e) 4+
and (z} —12¢); < (y;1 —4e)p forall1<i<2 1<j5<2.

Since D € 2 and D has the weakly Riesz interpolation, we may assume that there exists a
projection 2" € D such that (z]" — 14e)y < 2" < (y]" — 4e)4 for all 4, j.

Therefore we have

(z; —2008); < (o) —8e)y @ (2 — 14e) L @ (xf — 12¢) 4
S (2 —8e)y © (27" — 14e)4 @ d
SZeZ"ed
S (Y —26)+ @ (v —4e)+ @ (yj — 12¢)+
S Vi

forall 1 <i<2,1<j<2.

(2.2) 2’ is not equivalent to (y] — 2¢)4 and 2’ is equivalent to (y4 — 2¢)4

There is a non-zero positive element d such that 2’ +d < (y] — 2¢)+

Since (a — 6e)+ < (yg’ —2)4 forall 1 <4 <2, 1< j <2 there exist w;; such that
o 4 — 2) w15 — (& — 66) ] < <

Since (1 — p)A(1l — p) € TAQ, for G = {z},y},wi;}, 1 <i<2,1<j <2 anye >0
with &’ sufficiently small, there exist a projection s € (1 — p)A(1 — p) and a C*-subalgebra
D C(1-p)A(1—p) with D € Q, 1p = s such that

(1) ||zs — sz| < & for all z € G,

(2) szselD forall z € G,
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B) [1—p—s]<I[d.
By (1)’ and (2)’ there exist positive elements /', =, v{’, vy’ € D and z1, 23, v, y5 €
(1—p—5)A(1 —p — s) such that
I — 27" — 2t <&l =" il <&,

oy — oy — a3l <e, lys —us' —wall <e.

Since (z} —6¢)y < (Y] —2e)y forall 1 <i <2, 1 <5 <2, we have (27" —12¢) < (v’ —4e)
and (z} —12¢); < (y;l —4e)p forall1 <i<2,1<j<2.

Since D €  and D has the weak Riesz interpolation, we may assume that there exists a
projection 2" € D such that (zi" — 14e); < 2" < (y)" — 4e)4 for all 4, j.

Therefore we have

(z; —200)4 S (2] — 8e)4 @ (¢ — 14e) 1 & (x] — 12¢) ¢
< () = 82)4 @ (2l — 14e) 4 @ (9 — de)
<Y oYy —120) 4y @ 2"
S vy —26)+ @ (v’ —4de)+ @ (v — 126)4
ISET
forall 1 <j<2.
We also have
(z; —200)4 S (2 — 8e)4 @ (¢ — 14e) 1 & (x] — 12¢) ¢
S (@ = 8e)4 @ (2 — 14e) 1 @ (yp — 4e)+
<2 o (ys—120)y @ 2"
S<ZodeZ”
Sy —28)4 @ (" —4e)4 @ (yi — 12¢)4
Sy

forall 1 <j<2.

(2.3) 2’ is equivalent to (y} — 2¢).

(2.3.1) (2} — 8¢)4+ are not Cuntz equivalent to projections.

By Theorem 2.1, there is a non-zero positive element d such that (2} —10¢)++d < (2 —8¢)+

Since (a2 — 6e)4 < (yg' —2)y forall 1 <i <2 1< j <2 there exist w;; such that
et (! — 26) 5 — (a2 — 62). | < e

Since (1 —p)A(1 — p) € TAQ, for G = {z},y},wi;}, 1 <i<2,1<j<2 anye >0
with ¢’ sufficiently small, there exist a projection s € (1 — p)A(1 — p) and a C*-subalgebra
D C(1-p)A(1—p) with D € Q, 1p = s such that
(1) ||zs — sz| < & for all z € G,
(2) szs €D for all z € G,

(3 [1—p—s] < [d].

By (1)’ and (2)’ there exist positive elements /', =, v}, y4' € D and z3, 73, vi, y5 €
(1—p—5)A(1—p— s) such that

o7 — 27" —aill <e, vt =91’ —will <e,
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2y — 25" — a3l <e, llys —y5" —wall <e.

Since (2} —6¢)+ < (y] —2¢)4 forall 1 <4 <2,1<j <2 Wehave ()" —12¢) 4 < (3" —4e)+
and (z} —12¢); < (y;l —4e)p forall1<i<21<j5<2.

Since D € © and D has the weak Riesz interpolation, we may assume that there exists a
projection 2" € D such that (2]’ — 14e); < 2" < (y)" —4e)4 for all 4, j.

Therefore we have

(z; —200e); < (2f —10e) @ (2 — 14e); @ (xf —12¢) ¢
S (2 —10e)4 @ (2 — 14e) o d
< (2 —8e)p @ 2
<zZaZ
S (Y —26)1 ® (y)' —4e)1 @ (y; — 120)4
< Y

forall 1 <i<2,1<j<2.

(2.3.2) (z} — 8¢)4+ are Cuntz equivalent to projections, and (z; — 8¢)4 are not equivalent to
z'. By Theorem 2.1, there is a non-zero positive element d such that (2} — 8¢)y +d < 2.

Since (x] —6¢)+ < (yj —2¢)4 forall 1 <7 < 2,1 < j <2 there exist w;; such that
(! — 26) i — (2 — 62) | < =

Since (1 —p)A(1 — p) € TAQ, for G = {z},y},wi;}, 1 <i<2,1<j <2 anye >0
with &’ sufficiently small, there exist a projection s € (1 — p)A(1 — p) and a C*-subalgebra
D C(1-p)A(1—p) with D € Q, 1p = s such that

(1) ||zs — sz| < & for all z € G,

(2) sxs e D for all z € G,

(3) [1—p—s] <[d.

By (1)’ and (2)’ there exist positive elements 7', =, v}, y4' € D and z}, 73, vi, y5 €
(1—p—9)A(1 —p— s) such that

27 — 21" =2t <e, v =" —will <e,

oy — oy —x3]| <e, |lvh —yy — sl <e.

Since (] —6¢)1 S (yf —2¢)y forall 1 <7 <2, 1 <5 <2, we have (z}" —12¢)" < (y;" —4e)+
and (z} —12¢) < (yj —4e)y forall1<i<2,1<5<2

Since D €  and D has the weak Riesz interpolation, we may assume that there exists a
projection 2" € D, such that (z]" —14e), $ 2" S (yf' —4e)y forall 1 <i<2,1 <5 <2

Therefore we have

8e)y @® (o) — 14e), @ (2} — 12¢) 4

(z; — 2002)4 < (;
(2] —8e)y & (x —14e) d d

Yy —26)+ @ (yj' —4e)+ @ (y; — 12¢)+

AR AR AR AR A
N\
2
®

forall1<i<2,1<j<2.
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(2.3.3) (2} —8¢)+ is not Cuntz equivalent to a projection, and (25 —8¢)4 is Cuntz equivalent
to a projection and is not equivalent to z’.

By Theorem 2.1, there is a non-zero positive element d such that (2} —10e); +d < (2} —
8)y <7/, and (v, —10e)y +d < 2.
P —6e) S (Y] —2e)y forall 1 <i <2, 1< j <2 there exist w;; such that
sy — 2€) iy — () — 62) | < =

Since (1 —p)A(1 — p) € TAQ, for G = {z},y},wi;}, 1 <i<2,1<j <2 anye >0
with & sufficiently small, there exist a projection s € (1 — p)A(1l — p) and a C*-subalgebra
D C(1-p)A(1—p) with D € Q, 1p = s such that

(1) ||zs — sz| < € for all z € G,

(2) szse€lD forall z € G,

(3) [1—p—s] < |d].

By (1)’ and (2)’ there exist positive elements 7', =, v{’, y4' € D and 27, 73, vi, ys €
(1—p—5)A(1—p— s) such that

Since (z

o] — " — il <&, lyl — o' —uill <e,

oy — 25" — a3l <, llys — 95" —wall <e.

Since (z} —6¢)y < (yj —2e)y forall 1 <i <2, 1 <5 <2, we have (2" —12¢) < (v’ —4e)
and (z} —12¢) S (yj —4e)y forall1<i<2,1<j<2

Since D € Q and D has the weak Riesz interpolation, we may assume that there exists a
projection 2" € D, such that (x]" —14e), $ 2" S (yf' —4e)y forall 1 <i<2,1 <5 <2

Therefore we have

(z; —200e); < (zf —108), @ (2} — 14e)4 @ (z} — 12¢)
S (2 = 10e)4 @ (2} — 14e)4 @ d
< (o = 8e)y @ (a1 — 142),
< ZI EB Z///
Sy —2e)4 © (v —4de)y @ (yf —12¢)4
5 Yj,

forall1<i<2,1<j<2.
(2.3.4) («} —8¢) 4+ is not Cuntz equivalent to a projection, and (x5 —8¢) is Cuntz equivalent

to a projection and is equivalent to z’.

By Theorem 2.1, there is a non-zero positive element d such that (x] —10¢)++d < (2] —8¢)+

Since (x — 6e)+ < (yg' —2)y forall 1 <i <2 1< j <2 there exist w;; such that
s, (9 — 2) iy — (& — 62) ] < 2.

Since (1 — p)A(1l — p) € TAQ, for G = {2}, y},wi;}, 1 <i<2,1<j <2 anye >0
with &’ sufficiently small, there exist a projection s € (1 — p)A(1 — p) and a C*-subalgebra
D C(1-p)A(1—p) with D € Q, 1p = s such that

(1) ||zs — sz| < & for all z € G,

(2) szs €D for all z € G,

(3 [1—p—s] < [d.
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By (1)’ and (2)’ there exist positive elements 7', =, v}, y4' € D and 27, 73, vi, ys €

(1—p—s5)A(1 —p— s) such that
2} =2’ — 2l <e g -’ —uill <e,

|ay — ) — 25| <e, |lyh — vy —yall <e.

Since (2 —6¢)4 < (yf —2¢)4 forall 1 <i <2,1 <j <2, we have (2" —12¢)" < (v —4¢)4
and (z} —12¢) S (yj —4e)y forall1<i<2,1<j<2

Since D €  and D has the weak Riesz interpolation, we may assume that there exists a
projection 2" € D such that (z]" —14e); 2" S (yf" —4e)y forall 1 <i<2,1<j5<2.

Therefore we have

(z1 —200e) 4 < (2} —10e); @ (2} — 14e) 4 @ (zF —126), @ (25 — 12¢)
S (1 —10e)4 @ (27" — 14e) 4 ®d @ (x5 — 12¢)
< (2] —8e)y @ (z)! — 14e) 4 @ (w3 — 12¢) 4
<@ @ (x5 —12) 4
S (Y —26)1 ® (y)' —4e)y @ (y] — 4e)4
S Vi
forall 1 <j <2
We also have
(2 —200)+ S (w5 — 8)+ @ (w5’ — 1de) 1 @ (w3 — 12¢)+
<" (x5 — 120,
S (y)—20)4 @ (v —4e)y @ (y] — 4e)4
S Yjs

forall 1 <j<2.
(2.3.5) (z} — 8¢)4 are Cuntz equivalent to projections and are equivalent to z’.
(2.3.5.1) (2} — 6¢) are not Cuntz equivalent to projections. By Theorem 2.1, there is a
non-zero positive element d such that (27 —10e); +d < (27 — 6¢)4
Since (x — 6e)4 < (yg' —2)y forall 1 <i <2 1< j <2 there exist w;; such that
st (g — 26) s — (2! — 66).. | < e
Since (1 —p)A(1 — p) € TAQ, for G = {z},y},wi;}, 1 <i<2,1<j<2 anye >0
with ¢’ sufficiently small, there exist a projection s € (1 — p)A(1 — p) and a C*-subalgebra
D C(1-p)A(l—p) with D € Q, 1p = s such that
(1) ||xs — sz|| < €’ for all z € G,
(2) szs €D for all z € G.
By (1)’ and (2)’ there exist positive elements 7', x4, ", v4',d" € D and x{, 3, v}, v3,d*
€(1—p—s)A(l —p—s) such that
lof =o' —afl <o If = ot — it <=,
25 — 25" — 25 <&, vy — 5" — w2l <e.
Since (z —10e)y +d < (y] —2¢)4 forall 1 <i <2, 1 < j <2, we have (2} — 20¢) 4 +

3 K2

(d" —¢e)y S (y) —4e)y and (x —20e); S (yj —4de)y forall 1 <i<2,1<5<2
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Since D € © and D has the weak Riesz interpolation, we may assume that there exists a
projection 2" € D, such that (2" —24e)y + (d" —4de)y $ 2" S (y]' —4de)y forall 1 <i <2,
1<j<2

Since (z}

—20e)y+ S (y;1 —4e); forall 1 < ¢ < 2,1 < j < 2 there exist 2 ; such that
22, (2 — de) 21 — (ad — 206) ] < e.

Since (1—p—s)A(1—p—s) € TAQ, for H = {a},y}, 2}, 1<i<2,1<j<2,any & >0
with ¢’ sufficiently small, there exist a projection t € (1—p—s)A(1—p—s) and a C*-subalgebra
EC(1—p—s)A(l—p—s) with E € Q, 1 =t such that

(1) ||ot —tx|| < &' for all z € H,

(2) tat € LE for all x € H,

B) [l —p—s—t] <[(d" —4e)4].

By (1) and (2)" there exist positive elements z3, x3, 37, v5 € E and 29, 25, ¢f, 4§ €
(1—-p—s—1t)A(l — p— s —1t) such that

25 — o} —afll <e. llyd =97 —will <e,
25" — 23 — 23]l <&y — w3 — 9l <e

Since (2} —20e); < (yj —4e) 4 forall 1 <i<2,1<j <2, we have (2§ —24¢)’ < (y5 —8¢) 4
forall 1 <i<2,1<j<2.

Since E € ) and FE has the weak Riesz interpolation, we may assume that there exists a
projection z* € By such that (z} — 26e) < z* < (y7 — 8e); for all 4, j.

Therefore we have
(w; — 200¢) 4 —24e), @ (29 — 24¢) 4

—24e), @ (4" — de)4

(] = 8e)y @ (¢ —24e) 4 @ (=
(2] = 8e)y @ (¢ — 24e) @ (=

"

S :
S :
<Ze"e

S

S

(i — 26)+ @ (v —4e)4 ® (] — 8e)+
Yi»
forall 1 <i<2,1<j<2.

(2.3.5.2) («f — 66)+ is not Cuntz equivalent to a projection, (xf — 6¢) is Cuntz equivalent
to a projection and (25 — 6¢) 4 is not equivalent to (y; — 2¢).

By Theorem 2.1, there is a non-zero positive element d such that (z] — 10e); +d < (zf
8)+ S (yj —2¢)4 and (25 — 10e) 4 +d S (y] — 2¢)+.

Since (z} — 6e)y < (yJ — 2¢)4 for all 1 <3 <2, 1<j <2 there exist w;; such that
g (! — 2¢) sy — (& — 62) ] < e.

Since (1 —p)A(1l — p) € TAQ, for G = {2}, y},wi;}, 1 <i<2,1<j <2 anye >0
with &’ sufficiently small, there exist a projection s € (1 — p)A(1 — p) and a C*-subalgebra
D C(1-p)A(1—p) with D € Q, 1p = s such that

(1) ||zs — sz| < € for all z € G,

(2) szse D forall z €G.

By (1)’ and (2)’ there exist positive elements 2, %', v/, y4',d" € D and x%, 3, yi, y3,d*
€(1—p—s)A(l —p—s) such that

o7 — 27" =il <e, llyf =91’ —will <e,
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2y — 25" — a3l <e, llys —y5" —wall <e.

Since (2 —10e) +d < (yf —2¢)4 forall 1 <4 < 2,1 < j <2, we have (2} — 20¢e)4 +
(d" —2¢)y S (yj' —4e)4 and (:E —20e); S (yj —de)y forall 1 <i<2,1<j<2

Since D € Q and D has the weak Riesz interpolation, we may assume that there exists a
projection 2" € D such that (27" —24e) 4 + (d" —4e) 4 $ 2" S (y)' —4e)4 forall 1 <i <2,
1<j<2

Since (xf —20e)+ S (y;l —4e); forall 1 < ¢ < 2,1 < j <2 there exist 2 ; such that
ot (gt — o)z — (@t = 200). | < e

Since (1 —p—s)A(1—p—s) € TAQ, for H = {x?,y?,zi7j}, 1<i<2,1<j<2,anye >0
with ¢’ sufficiently small, there exist a projection t € (1 —p—s)A(1—p—s) and a C*-subalgebra
EC(1l—p—s)A(l—p—s) with E € Q, 1 =t such that

(1) ||ot —tx|| < & for all z € H,

(2) txt € LE for all x € H,

(B [1—p—s5—1] < [(d" —4¢) ).

By (1)’ and (2)’ there exist positive elements z9, =3, y?, v5 € E and 2%, 2§, 4%, 4§ €
(1—-p—s—1t)A(l —p— s —1t) such that

o —af —afl <& llyi —vi —will <e,
oy — 25 — 23|l <, lya —y3 —y5l <e.

Since (z} —20e) 4 < (y; —4e)4 forall1 <4< 2,1 <j <2, we have (z) —24¢) < (y; —8¢) 4
and (2 —24e)y < (y9 —8e)y forall1<i<2,1<j<2

Since E € ) and E has the weak Riesz interpolation, we may assume that there exists a
projection z* € E such that (2} —26¢) < 2* < (y] — 8¢)4 for all i, j.

Therefore we have
—24e), @ (29 — 24¢e) 4
— 24€)+ EB (d/// — 4€)+

(z; — 200e)4 S (27 — 8e)+ ® (27" — 262)+ @ (g
(2 — 8e)+ ® (27" — 26¢)+ ® (2}
EBZN/@Z

Yi —26) 1 © (y) —4e)y @ (y] — 8e)

~~ W

AR AR AR ZA R A

&

forall1<i<2,1<j<2.

(2.3.5.3) (27 — 6¢) are Cuntz equivalent to projections and (2% — 6¢) is not equivalent to
() —2)..

By Theorem 2.1, there is a non-zero positive element d such that (z} —6¢) +d < (y] —2¢) .

Since (x{ —6¢)+ < (yj —2¢)4 forall 1 < i < 2,1 < j <2 there exist w; such that
5 (0 = 2€) w15 — () — 62 < <.

Since (1 —p)A(1l — p) € TAQ, for G = {z},y},wi;}, 1 <i<2,1<j <2 anye >0
with &’ sufficiently small, there exist a projection s € (1 — p)A(1 — p) and a C*-subalgebra
D C (1-p)A(1—p) with D € Q, 1p = s such that

(1) ||xs — sz|| < ¢’ for all z € G,

(2) szse D forallz €G.
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By (1) and (2)’ there exist positive elements 7', x4, ", v4',d" € D and x1, 3, y3, v3,d*

€(1—p—3)A(l —p—s) such that
I — 27" =2t <&l =" il <&,

oy — 25" — a3l <, llys — 95" —wall <e

Since (2} —6¢)+ +d < (y] —2¢)4 forall 1 <7 <2, 1<j <2, we have (2]’ —12¢)4 + (d" —
2¢) 1 S (y) —4e)y and (] —12¢); S (yj —4de)y forall 1 <i<2,1 <5 <2

Since D €  and D has the weak Riesz interpolation, we may assume that there exists a
projection 2" € D such that (x]" — 14e); + (d"" —4e)4 < 2" < (v’ — 4e)4 for all 4, j.

Since (z} — 12¢); < (y;l —4e)y forall 1 <i<2,1<j5<2 there exist z; ; such that
o8, (9! — 4e) 205 — (0} — 122), | < e.

Since (1 —p—s)A(1—p—s) € TAQ, for H = {a},y}, 2}, 1<i<2,1<j<2,any & >0
with ¢’ sufficiently small, there exist a projection t € (1—p—s)A(1—p—s) and a C*-subalgebra
EC(1-—p—s)A(l—p—s) with E € Q, 1 =t such that

()" ||zt — tz|| < &' for all x € H,

(2)" tat € LE for all x € H,

B)" [1—p—s—t] <[(d" —4de)4].

By (1)” and (2)” there exist positive elements x5, 23, v7, v5 € E and 29, 25, 3¢, 4§ €
(1—-p—s—1t)A(1l —p— s —1t) such that

1 — 2} —afll <e, i =97 il <e,

o5 — a5 — 25| <e, |lys —v5 — S| <e.

Since (z} —12¢)4 < (y; —4e)4 forall1 <4< 2,1 <j <2, we have (2] —24¢)y < (y; —8¢) 4
forall1<i<2,1<5<2.

Since E € Q and F has the weak Riesz interpolation, we may assume that there exists a
projection 2% € Ey such that (22 —26¢); < 2% < (yj5 —8¢)4 for all 4, j.

Therefore we have
(x; — 80¢g) 4 —8e)y @ (2 — 14e) L @ (x) —26¢) 4 @ (2 — 24e)

5
8e)4 @ (2 — 14e) 4 @ (af — 26e)4 @ (d" — 4e)4

"

/\/\

l
’L
/
'TZ
Dz G}z

—2e)1 ® (y)' —4e)+ @ (y] — 8¢)+

AN AN N N N
s %

&

forall1<i<2,1<j<2.

(2.3.5.4) (zf — 6¢)4 is Cuntz equivalent to a projection, (xf — 6¢) is not Cuntz equivalent
to a projection and (77 — 6¢) is equivalent to (y; — 2¢)4

By Theorem 2.1, there is a non-zero positive element d such that (4§ —8¢) +d < (x4 —6¢) 1

Since (x — 6e)4 < (yg' —2)y forall 1 <i <2 1< j <2 there exist w;; such that
et (! — 26) 5 — (a2 — 62). | < e

Since (1 —p)A(1 — p) € TAQ, for G = {z},y},wi;}, 1 <i<2,1<j <2 anye >0
with &' sufficiently small, there exist a projection s € (1 — p)A(1l — p) and a C*-subalgebra
D C(1-p)A(1—p) with D € Q, 1p = s such that
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(1) ||zs — sz| < & for all z € G,
(2) szse’Dforall z € G.
By (1)’ and (2)’ there exist positive elements =, %', y/", y4',d" € D and x%, =3, yi, y5,d*
€(1—p—s)A(l —p—s) such that
2 — 27" — 2t <&l =" il <&,

oy — 25" — a3l <, llys — 95" —wall <e.

Since (v5 —8¢) +d S (yf —2¢)4 forall 1 <4 <2,1 <5 <2, wehave (5’ — 16¢) ¢ + (d"" —
2¢) S (y) —4e)y and (25— 162); < (yj —4e)y forall 1 <i<2,1 <5 <2

Since (27 —6¢)y < (yj —2¢)4 forall1 <7 <2,1 <5 <2, we have (27" —12¢) 4 < (v —4e)4
and (zf —12¢)y < (yj —4e)y forall1<i<2,1<j<2.

Since D € 2 and D has the weakly Riesz interpolation, we may assume that there exists a
projection 2" € D, such that (5" —18¢)4 + (d" —4e)y < 2" < (v’ — 4e)y for all 4, j.
x; — 16e)y < (yj —de)p forall 1 <4<2,1<j5<2 there exist z; ; such that
225t — 4) 21 — () — 166)4 ] < =

Since (1 —p—s)A(l—p—s) € TAQ, for H = {x?,y;*,zi’j}, 1<i<2,1<j<2,anye’ >0
with ¢’ sufficiently small, there exist a projection ¢t € (1—p—s)A(1—p—s) and a C*-subalgebra
EC(1—p—98)A(l—p—s) with E € Q, 1g =t such that

()" ||wt — tz|| < & for all x € H,

(2)" tat € LE for all x € H,

(B [1—p—s—1] < [([d" — 4e).].

By (1)” and (2)” there exist positive elements 29, 23, y7, y3 € E and 2§, 25, o9, 45 €
(1—-p—s—1t)A(l —p— s —1t) such that

Since (z}

[zt —af — 28| <&, |luf —of — | <e,

oy — 23 — a3l <e, vz — vz —yall <e.

Since (z} —12¢)4 < (y] —4e)4 forall1 <i < 2,1 <j <2, we have () —24¢e); < (y] —8e) 4
and (28 —24¢); < (ygi —8); foralll1 <i<2, 1<j<2.

Since E € Q and E has the weak Riesz interpolation, we may assume that there exists a
projection z* € E such that (z] —26¢); < 2* S (y) —8e)y forall 1 <i<2,1<;j<2

Therefore we have

(12 —2008); < (oh —82)y @ (xf —18¢) 1 @ (x5 — 26¢) 4 @ (2§ — 24e) 4
rh—8e), @ (xf) —18¢) @ (x5 — 26¢), @ (d" —4e)

S
S
S @2 @ (2 - 24e) 4
S
S

—~~

Yi —26) 1 © (y)' —4e)y @ (y] — 8e)4 @ (3§ — 8e)+

@ Forp U\

ik
forall 1 <j<2.
We also have
(1 —200e); < (oh —8e)y @ (2} — 14e) 1 @ (x] — 26¢) 4 @ (2§ — 24e) 4
<A@ @2 @ (2 — 24e) 4
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< - 204 ® () —4e) 1 @ (4 — Be)4 © (4 — 8e),4

Syja

forall 1 <j<2.

(2.3.5.5) (2] — 6¢) are Cuntz equivalent to projections and (z// — 6¢) are equivalent to

(5 — 22).

Therefore we have

(2 — 200) . < (2 — 8e); @ (af — 6e).

~

S 7+ (] —6e)y

S (Wi —26) ® (Y] —2¢) 4

rgyja

forall1<i<2,1<5<2. O

Corollary 3.7 Let A be a unital simple C*-algebra such that A has the weak Riesz interpo-

lation. Suppose that a : G — Aut(A) is an action of a finite group G on A which has the

tracial Rokhlin property. Then the crossed product C*-algebra C*(G, A, «) has the weak Riesz

interpolation.
Proof This follows from Theorems 3.2 and 3.6. g
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