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1 Introduction

Let D denote the open unit disk in the complex plane C, and let M = {z ∈ D : r0 < |z| < 1}
be the annulus in D where 0 < r0 < 1. For convenience, let M1 = {z ∈ D : 1+r0

2 < |z| < 1} and
M2 = {z ∈ D : r0 < |z| ≤ 1+r0

2 }, then M = M1 ∪M2.
Suppose ρ(a, z) = | z−a

1−az | is the pseudo-hyperbolic metric on D, then for any a ∈ D and
r ∈ (0, 1) the pseudo-hyperbolic disk �(a, r) = {z ∈ D | ρ(a, z) < r} with center a and the
radius r.

Let {ai}∞i=1 be some (or any) r-lattice of M1 under the pseudo-hyperbolic metric ρ(z, w),
and { r0

bj
}∞j=1 be some (or any) r-lattice of M2 under the pseudo-hyperbolic metric ρ( r0

z ,
r0
w ).

For any z ∈M1, z ∈ ⋃∞
i=1 �(ai, r), and for any z ∈M2, r0

z ∈ ⋃∞
j=1 �( r0

bj
, r).

We use the notation A � B if there exists a positive constant C such that A ≤ CB for two
quantites A and B. Moreover, write A � B if A � B and B � A.

Suppose ω ∈ L1[1, 0) is a radial weight, we will denote ω ∈ D̂ for the family of radial weights
such that ω̂(z) =

∫ 1

|z| ω(s)ds is doubling, i.e., there exists some constants C = C(ω) ≥ 1 such

that ω̂(r) ≤ Cω̂( 1+r
2 ) for any 0 ≤ r < 1. Futhermore, if ω ∈ D̂ satisfies

ω(r) �
∫ 1

r
ω(s)ds
1 − r

, 0 ≤ r < 1,

then we call ω is regular, denoted by ω ∈ R.
If ω ∈ R, then there exists a positive constant C depending on r ∈ (0, 1), such that

C−1ω(z) < ω(ξ) < Cω(z), whenever ξ ∈ �(z, r). In other words, ω ∈ R is equivalent to
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ω(z) � ω(ξ) on �(z, r), see [16]. From [22], if ξ ∈ �(z, r), then 1 − |ξ| � 1 − |z|, and
|�(z, r)| � (1 − |z|2)2. And several examples of weighs R are given by [13, (4.4)–(4.6)]. For
the study of the regular weighted Bergman spaces, we can see [5, 13–16].

Suppose ω1(z) and ω2(z) are non-negative integrable functions on D, let

ω1,2(z) = ω1(z)χM1(z) + ω2

(
r0
z

)

χM2(z), z ∈ D.

For 0 < p < ∞, define Lp
ω1,2

(M) to be the space of all Lebesgue measurable functions f
satisfying the following condition

‖f‖p
p =

∫

M

|f(z)|pω1,2(z)dA(z) <∞, (1.1)

where dA(z) = dxdy
π is the normalized Lebesgue area measure.

It is easy to know that Lp
ω1,2

(M) is a Banach space when 1 ≤ p < ∞. In particular,
L2

ω1,2
(M) is a Hilbert space with the inner product

〈f, g〉L2 =
∫

M

f(z)g(z)ω1,2(z)dA(z).

Lp
ω1,2

(M) is a Frechet space when 0 ≤ p < 1. The weighted Bergman space Ap
ω1,2

(M) is defined
by Ap

ω1,2
(M) = Lp

ω1,2
(M) ∩H(M), where H(M) is the set of all holomorphic functions on M .

In the weighted Bergman space A2
ω1,2

(M), if ω1,2 is the radial weight, then the norm con-
vergence implies the uniform convergence on each compact subset of M , see [14]. It follows that
A2

ω1,2
(M) is the closed subspace of L2

ω1,2
(M). The orthogonal projection Pω1,2 from L2

ω1,2
(M)

onto A2
ω1,2

(M) is an integral operator given by

Pω1,2f(z) =
∫

M

f(w)Bω1,2
z (w)ω1,2(w)dA(w),

where Bω1,2
z (w) is the reproducing kernel of A2

ω1,2
(M), and Bω1,2

z (w) is analytic with respect to
w, conjugate analytic with respect to z.

In this paper we will discuss the Hankel oprator induced by the orthogonal projection Pω1,2 .
Let f ∈ L1

ω1,2
(M), the Hankel operator Hf induced by f is defined as follow

Hf (g) = (Id − Pω1,2)(fg),

where Id is an identity operator.
Many researches of Hankel operators on Bergman spaces are in simply-connected domains,

see [1, 5, 10, 12, 17, 22]. Arazy, Fisher and Peetre [1] discussed the properties of Hankel operator
Hf on the standard weighted Bergman space, whereHf was induced by an anti-analytic function
f on D. Given f ∈ Lp(D), Luecking [10] characterized the boundedness (or compactness) of
the Hnakel operator Hf : Ap(D) → Lp(D) (1 < p < ∞). Notice that Luecking characterized
the boundedness by using the bounded distance from f to the analytic function space A2(D)
instead of bounded distance to the constants (BMO). The distance from f to analytic function
space also plays an essential role in proving our main results. For α, β > −1, 1 < p ≤ q < ∞
and f ∈ Lq(Bn, (1− |z|2)βdv(z)), Pau, Zhao and Zhu [12] characterized the symbol f such that
both the Hankel operators Hf , Hf̄ : Ap(Bn, (1 − |z|2)αdv(z)) → Lq(Bn, (1 − |z|2)βdv(z)) were
simultaneously bounded (or compact), where B

n is the open unit ball in C
n. In particular, Hu
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and Lu [5] studied the Bergman space induced by regular weight ω, and they considered the
characterization on f ∈ L1

ω(D) for which the Hankel operator Hf : Ap
ω(D) → Lq

ω(D) is bounded
(or compact) with 1 < p, q <∞. For more informations about researches on Hankel operators,
one can refer to [4, 6, 17, 19, 20].

The researches of Bergman spaces on multi-connected domains can refer to [2, 7–9, 21].
Li [8] characterized the function f ∈ L∞ for which Hankel operator Hf is compact on the
Bergman space A2 acting on the multi-connected domain Ω. Furthermore, Li [9] generalized the
result of [4] to the multi-connected domain Ω, and obtained the characterization on f ∈ L2(Ω)
such that Hankel operators Hf and Hf̄ are both bounded (or compact). Recently, for given
1 < p, q < ∞ and the positive Borel measure μ on M , He, Xia and Wang [21] discussed
the boundedness (or compactness) of Toeplitz operator Tμ from the weighted Bergman space
Ap

ω1,2
(M) to the weighted Bergman space Aq

ω1,2
(M).

Now, we are in the position to describe the boundedness (or compactness) of Hankel operator
Hf from one regular weighted Bergman space Ap

ω1,2
(M) to another regular weighted Lebesgue

space Lq
ω1,2

(M), where f ∈ L1
ω1,2

(M) and 1 < p, q < ∞. Noticing that M in here is the
multi-connected domain, it is much more difficult than the simple-connected domain, because
of the great difference in the topological structure between them. Many methods and techniques
on the simple-connected domains didn’t effect on multi-connected domains any more. In this
paper, since there are two boundaries of an annulus M , we need to use two regular weights at
different boundaries. So the weight ω1,2 ∈ R in this paper is determined by regular weights ω1

and ω2.
The paper is organized as follows. In Section 2, we will give some estimates of reproducing

kernels in Bergman space with regular weight, and some important lemmas. In Section 3, we
will study some estimates of ∂, which are used to prove the later part. Section 4 is about the
proofs of main theorems.

2 Preliminaries

Let ∂D denote the boundary of D. If I is an arc of ∂D, then the Carleson square S(I) is defined
as

S(I) = {reiθ ∈ D | eiθ ∈ I, 1 −m(I) ≤ r < 1},
where m(I) is the normalized Lebesgue measure of I. When w ∈ D\{0}, define an arc Iw =
{eiθ ∈ ∂D | |arg(weiθ)| ≤ 1−|w|

2 }. We will denote S(Iw) as S(w) for convenience.

Lemma 2.1 ([21, Theorem 3.2]) If ω1,2 ∈ R, 1 < p <∞ and 0 < r < 1, then

‖Bω1,2
w ‖p

p � 1
ω1(S(w))p−1 � 1

ω1(�(w, r))p−1 , |w| → 1−,

and
‖Bω1,2

w ‖p
p � 1

ω2(S( r0
w ))p−1 � 1

ω2(�( r0
w , r))

p−1 , |w| → r0
+.

Lemma 2.2 ([21, Theorem 3.3]) Let ω1,2 ∈ D̂. Then there exists an r = r(ω1, ω2) ∈ (0, 1)
such that

|Bω1,2
w (z)| � Bω1,2

z (z), z ∈M1, w ∈M ∩�(z, r),
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and

|Bω1,2
w (z)| � Bω1,2

z (z), z ∈M2,
r0
w

∈M ∩�
(
r0
z
, r

)

.

Lemma 2.3 ([21, Theorem 2.4]) If ω1,2 ∈ R, 1 < p < ∞, then Pω1,2 is a bounded operator
from Lp

ω1,2
(M) onto Ap

ω1,2
(M).

The proof of [21, Theorem 2.4] implies

P+
ω1,2

(f)(z) =
∫

M

f(w)|Bω1,2
z (w)|ω1,2(w)dA(w) <∞.

If ω ∈ R, then we will write the reproducing kernel of A2
ω(D) as Kω

z (w).

Lemma 2.4 ([21, Theorem 2.3]) Let ω1, ω2 ∈ R. For r0 < r2 < 1+r0
2 < r1 < 1, write

U2 = {z ∈ D : r0 < |z| < r2}, U1 = {z ∈ D : r1 < |z| < 1}. If (z, w) ∈ (M × U1) ∪ (U1 ×M),
then |Bω1,2

z (w)| � |Kω1
z (w)| + C(r1); if (z, w) ∈ (M × U2) ∪ (U2 × M), then |Bω1,2

z (w)| �
|Kω2

r0
z

( r0
w )| + C(r2).

From Lemma 2.1, Lemma 2.2, Lemma 2.4 and [5, Lemma 2.1], we can obtain the following
lemma.

Lemma 2.5 Let ω1,2 ∈ R.
(1) For all r > 0, if z ∈M1, then

ω1,2(�(z, r)) = ω1(�(z, r)) =
∫

�(z,r)

ω1dA � (1 − |z|)2ω1(z) = ω̆1(z); (2.1)

if z ∈M2, then

ω1,2(�(z, r)) = ω2

(

�
(
r0
z
, r

))

=
∫

�(
r0
z ,r)

ω2dA �
(

1 − r0
|z|

)2

ω2

(
r0
z

)

= ω̆2

(
r0
z

)

. (2.2)

(2) For 1 < p <∞, if ξ ∈M1, then

B
ω1,2
ξ (ξ) � 1

(1 − |ξ|)2ω1(ξ)
;

if ξ ∈M2, then

B
ω1,2
ξ (ξ) � 1

(1 − r0
|ξ| )

2ω2( r0
ξ )
.

By Lemma 2.2, Lemma 2.3, Lemma 2.5, and [5, Lemma 2.1], we can obtain the following
useful estimates: for some positive constant α, if ξ ∈M1, z ∈ �(ξ, α), then

|Bω1,2
z (ξ)| � B

ω1,2
ξ (ξ) � 1

ω̆1(ξ)
� 1
ω̆1(z)

; (2.3)

if ξ ∈M2,
r0
z ∈ �( r0

ξ , α), then

|Bω1,2
z (ξ)| � B

ω1,2
ξ (ξ) � 1

ω̆2( r0
ξ )

� 1
ω̆2( r0

z )
. (2.4)

This shows that there are some α > 0 for z ∈M, ξ ∈ �(z, α)∩M and r0
ξ ∈ �( r0

z , α)∩M such
that Bω1,2

z (ξ) �= 0.
For 1 < p <∞, write bω1,2

p,z = B
ω1,2
z

‖B
ω1,2
z ‖p

, then ‖bω1,2
p,z ‖p = 1. By Lemma 2.5, if z ∈M1, then

sup
ξ∈�(z,r)

|bω1,2
p,z (ξ)| � inf

ξ∈�(z,r)
|bω1,2

p,z (ξ)| � ω̆1(z)−
1
p ; (2.5)
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if z ∈M2, then

sup
r0
ξ ∈�(

r0
z ,r)

|bω1,2
p,z (ξ)| � inf

r0
ξ ∈�(

r0
z ,r)

|bω1,2
p,z (ξ)| � ω̆2

(
r0
z

)− 1
p

. (2.6)

From [21, Lemma 2.12], when |z| → 1− or |z| → r+0 , we have bω1,2
p,z

w→ 0.

Lemma 2.6 ([15, Proposition 14]) Let 1 < p <∞, ω ∈ R, and {zj}∞j=1 ⊂ D\{0} be a separated
sequence. Then F =

∑∞
j=1 cjb

ω
p,zj

∈ Ap
ω with ‖F‖Ap

ω
≤ C‖{cj}∞j=1‖lp for all {cj}∞j=1 ∈ lp.

Given r > 0, the local mean operator Mr on L1
loc is defined as

Mr(f)(z) =
1

|�(z, r)|
∫

M1

χ�(z,r)(ξ)f(ξ)dA(ξ), where z ∈M1;

Mr(f)(z) =
1

|�( r0
z , r)|

∫

M2

χ�(
r0
z ,r)

(
r0
ξ

)

f(ξ)dA(ξ), where z ∈M2.

Lemma 2.7 Let 1 ≤ p ≤ ∞. For any r > 0, Mr is a bounded linear operator on Lp
ω1,2

(M).

Proof For f ∈ L1
ω1,2

(M), if z ∈M1, ξ ∈ �(z, r), then ω1(z) � ω1(ξ) and |�(z, r)| � |�(ξ, r)|.
Therefore,

‖Mr(f)‖1 = ‖Mr(f)‖L1
ω1

(M1)

≤
∫

M1

ω1(z)
|�(z, r)|dA(z)

∫

M1

χ�(z,r)(ξ)|f(ξ)|dA(ξ)

�
∫

M1

|f(ξ)|ω1(ξ)dA(ξ)
∫

M1

χ�(ξ,r)(z)
|�(z, r)| dA(z)

� ‖f‖L1
ω1

(M1)

<∞.

If z ∈ M2, r0
ξ ∈ �( r0

z , r), then ω2( r0
z ) � ω2( r0

ξ ) and |�( r0
z , r)| � (1 − | r0

z |2)2 � (1 − | r0
ξ |2)2 �

|�( r0
ξ , r)|. Therefore,

‖Mr(f)‖1 = ‖Mr(f)‖L1
ω2

(M2)

≤
∫

M2

ω2( r0
z )

|�( r0
z , r)|

dA(z)
∫

M2

χ�(
r0
z ,r)

(
r0
ξ

)

|f(ξ)|dA(ξ)

�
∫

M2

|f(ξ)|ω2

(
r0
ξ

)

dA(ξ)
∫

M2

χ�(
r0
ξ ,r)(

r0
z )

|�( r0
z , r)|

dA(z)

�
∫

M2

|f(ξ)|ω2

(
r0
ξ

)

dA(ξ)

= ‖f‖L1
ω2

(M2)

<∞.

Obviously, if f ∈ L∞
ω1,2

(M), then Mr(f) is bounded.
From the interpolation theorem, it is known that Mr is a bounded linear operator on

Lp
ω1,2

(M). �
In the following sections, we use C to denote positive constants whose value may change

from line to line, but do not depend on functions being considered.
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3 Some ∂-estimates

Given any r ∈ (0, α
3 ]. Let {ai}∞i=1 be an r-lattice of M1, { r0

bi
}∞i=1 be an r-lattice of M2. Suppose

{ψi}∞i=1 and {ϕi}∞i=1 respectively are some unity partitions of {�(ai, r)}∞i=1 and {�( r0
bi
, r)}∞i=1

with the following properties: ψi ∈ C∞(M1), suppψi = {ξ | ξ ∈ �(ai, r)}, ψi ≥ 0,
∑∞

i=1 ψi = 1
and ϕi ∈ C∞(M2), suppϕi = {ξ | r0

ξ ∈ �( r0
bi
, r)}, ϕi ≥ 0,

∑∞
i=1 ϕi = 1.

Define the function G1(z, ξ) on M ×M as

G1(z, ξ) =
1

(ξ − z)(1 − |ξ|)
∞∑

i=1

B
ω1,2
ai (z)ψi(ξ)
B

ω1,2
ai (ξ)

, where (z, ξ) ∈M1 ×M1,

G1(z, ξ) = 0, where (z, ξ) /∈M1 ×M1;

define the function G2(z, ξ) on M ×M as

G2(z, ξ) =
1

( r0
ξ − r0

z )(1 − r0
|ξ| )

∞∑

i=1

B
ω1,2
bi

(z)ϕi(ξ)
B

ω1,2
bi

(ξ)
, where (z, ξ) ∈M2 ×M2,

G2(z, ξ) = 0, where (z, ξ) /∈M2 ×M2.

The integral operators T1 and T2 are given by

T1(f)(z) =
∫

M1

G1(z, ξ)f(ξ)dA(ξ) and T2(f)(z) =
∫

M2

G2(z, ξ)f(ξ)dA(ξ).

Lemma 3.1 Let 1 < p < ∞, ω1,2 ∈ R. Then T1 and T2 are bounded linear operators on
Lp

ω1,2
(M).

Proof For f ∈ Lp
ω1,2

(M), we next prove that T1 is bounded on Lp
ω1,2

(M).
When z ∈M1,

T1(f)(z) =
∫

M1

G1(z, ξ)f(ξ)dA(ξ)

=
∫

M1

1
(ξ − z)(1 − |ξ|)

∞∑

i=1

B
ω1,2
ai (z)ψi(ξ)
B

ω1,2
ai (ξ)

f(ξ)dA(ξ).

Because Bω1,2
z (w) is analytic with respect to w on M1 and conjugate analytic with respect

to z on M1, by Lemma 2.2 and the properties of {ψi}∞i=1, we know
∞∑

i=1

|Bω1,2
ai (z)|ψi(ξ)
|Bω1,2

ai (ξ)| � 1
B

ω1,2
ξ (ξ)

∞∑

i=1

|Bω1,2
ai

(z)|ψi(ξ).

Since
∑∞

i=1 χ�(ai,r)(ξ) ≤ C, combining with the properties of the unity partition, we get
∞∑

i=1

|Bω1,2
ai (z)|ψi(ξ)
|Bω1,2

ai (ξ)| ≤ 1
B

ω1,2
ξ (ξ)

∑

i∈{k|ξ∈�(ak,r)}

1
|�(ai, r)|

∫

�(ai,r)

|Bω1,2
ζ (z)|dA(ζ)

≤ C
1

B
ω1,2
ξ (ξ)

1
|�(ξ, r)|

∫

�(ξ,2r)

|Bω1,2
ζ (z)|dA(ζ).

Write

G∗
1(z, ξ) =

1
|ξ − z|(1 − |ξ|)3Bω1,2

ξ (ξ)

∫

�(ξ,2r)

|Bω1,2
ζ (z)|dA(ζ), (z, ξ) ∈M1 ×M1;

G∗
1(z, ξ) = 0, (z, ξ) /∈M1 ×M1.
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Obviously, |G1(z, ξ)| ≤ CG∗
1(z, ξ).

For measureable function f and z ∈M1, write

T I
1 (f)(z) =

∫

�(z,r)

G∗
1(z, ξ)f(ξ)dA(ξ)

and
T II

1 (f)(z) =
∫

M1\�(z,r)

G∗
1(z, ξ)f(ξ)dA(ξ).

Thus we have only to check that T I
1 and T II

1 are bounded on Lp
ω1,2

(M).
For T I

1 , observe that sup(z,ζ)∈�(ξ,r)×�(ξ,2r) |Bω1,2
ζ (z)| ≤ CB

ω1,2
ξ (ξ). And 1 − |z| � 1 − |ξ|,

|�(z, r)| � (1 − |z|2)2 � (1 − |ξ|2)2 � |�(ξ, r)|, when ξ ∈ �(z, r).
For f ∈ L∞(M), by the definition of G∗

1(z, ξ), we have ‖T I
1 (f)‖∞ = ‖T I

1 (f)‖L∞(M1) ≤
‖f‖L∞(M1) · supz∈M1

∫
�(z,r)

G∗
1(z, ξ)dA(ξ). Since

∫

�(z,r)

G∗
1(z, ξ)dA(ξ)

=
∫

�(z,r)

1
|ξ − z|(1 − |ξ|)3 ·Bω1,2

ξ (ξ)

∫

�(ξ,2r)

|Bω1,2
ζ (z)|dA(ζ)dA(ξ)

�
∫

�(z,r)

1
|ξ − z|(1 − |ξ|)3

∫

�(ξ,2r)

dA(ζ)dA(ξ)

�
∫

�(z,r)

1
|ξ − z|(1 − |ξ|)dA(ξ)

� 1
(1 − |z|)

∫

�(z,r)

1
|ξ − z|dA(ξ)

≤ C,

we get ‖T I
1 (f)‖∞ ≤ C‖f‖L∞(M1) � ‖f‖∞.

For f ∈ L1
ω1,2

(M), by the definition of G∗
1(z, ξ), we have

‖T I
1 (f)‖1 =

∫

M

|T I
1 (f)|(z)ω1,2(z)dA(z)

=
∫

M1

|T I
1 (f)|(z)ω1(z)dA(z)

≤
∫

M1

∫

�(z,r)

|G∗
1(z, ξ)||f(ξ)|dA(ξ)ω1(z)dA(z)

=
∫

M1

ω1(z)dA(z)
∫

�(z,r)

|f(ξ)|
|ξ − z|(1 − |ξ|)3 ·Bω1,2

ξ (ξ)
dA(ξ)

∫

�(ξ,2r)

|Bω1,2
ζ (z)|dA(ζ)

�
∫

M1

|f(ξ)|ω1(ξ)
(1 − |ξ|)3 ·Bω1,2

ξ (ξ)
dA(ξ)

∫

�(ξ,2r)

dA(ζ)
∫

�(ξ,r)

|Bω1,2
ζ (z)|
|ξ − z| dA(z)

�
∫

M1

|f(ξ)|ω1(ξ)
(1 − |ξ|) dA(ξ)

∫

�(ξ,r)

1
|ξ − z|dA(z)

�
∫

M1

|f(ξ)|ω1(ξ)dA(ξ)

= ‖f‖L1
ω1

(M1)

� ‖f‖1.
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The interpolation theorem shows that T I
1 is bounded on Lp

ω1,2
(M).

For T II
1 , observe that

|T II
1 (f)(z)| ≤

∫

M1\�(z,r)

|f(ξ)|
|ξ − z|(1 − |ξ|)3 ·Bω1,2

ξ (ξ)

∫

�(ξ,2r)

|Bω1,2
ζ (z)|dA(ζ)dA(ξ)

=
∫

M1\�(z,r)

|f(ξ)|
|ξ − z|(1 − |ξ|)3 ·Bω1,2

ξ (ξ)

∫

M1

|Bω1,2
ζ (z)|χ�(ξ,2r)(ζ)dA(ζ)dA(ξ)

�
∫

M1

|Bω1,2
ζ (z)|dA(ζ)

∫

M1\�(z,r)

|f(ξ)|χ�(ζ,2r)(ξ)
|ξ − z|(1 − |ξ|)3 ·Bω1

ξ (ξ)
dA(ξ)

�
∫

M1

|Bω1,2
ζ (z)|

(1 − |ζ|)3 ·Bω1,2
ζ (ζ)

dA(ζ)
∫

{M1\�(z,r)}∩�(ζ,2r)

|f(ξ)|
|ξ − z|dA(ξ)

�
∫

M1

|Bω1,2
ζ (z)|

(1 − |ζ|)4 ·Bω1,2
ζ (ζ)

dA(ζ)
∫

{M1\�(z,r)}∩�(ζ,2r)

|f(ξ)|(1 − |ξ|)
|ξ − z| dA(ξ).

And for ξ ∈ {M1\�(z, r)}, we have 1−|ξ|
|1−z̄ξ| < 1 and |1−z̄ξ|

|ξ−z| < C. Lemma 2.5 shows that

|T II
1 (f)(z)| �

∫

M1

|Bω1,2
ζ (z)|ω1(ζ)
(1 − |ζ|)2 dA(ζ)

∫

{M1\�(z,r)}∩�(ζ,2r)

|f(ξ)|(1 − |ξ|)|1 − z̄ξ|
|ξ − z||1 − z̄ξ| dA(ξ)

< C

∫

M1

|Bω1,2
ζ (z)|ω1(ζ)dA(ζ)

1
(1 − |ζ|)2

∫

{M1\�(z,r)}∩�(ζ,2r)

|f(ξ)|dA(ξ)

�
∫

M1

|Bω1,2
ζ (z)|ω1(ζ)dA(ζ)

1
(1− |ζ|)2

∫

M1

χ�(ζ,2r)(ξ)|f(ξ)|dA(ξ)

=
∫

M1

M2r(|f |)(ζ)|Bω1,2
ζ (z)|ω1(ζ)dA(ζ)

=
∫

M

χM1(ζ)M2r(|f |)(ζ)|Bω1,2
ζ (z)|ω1,2(ζ)dA(ζ)

= P+
ω1,2

[χM1(z)M2r(|f |)](z)
<∞.

Thus we know that T II
1 is bounded on Lp

ω1,2
(M). Therefore T1 is bounded on Lp

ω1,2
(M).

For T2, there is a similar way to T1. Note that G∗
2(z, ξ) should be written as

G∗
2(z, ξ) =

1
| r0

ξ − r0
z |(1 − r0

|ξ| )
3B

ω1,2
ξ (ξ)

∫

�(
r0
ξ ,2r)

|Bω1,2
ζ (z)|dA(ζ), where (z, ξ) ∈M2 ×M2;

G∗
2(z, ξ) = 0, where (z, ξ) /∈M2 ×M2.

Observe that, when (z, ξ) ∈M2 ×M2,

G∗
2(z, ξ) =

1
| r0

ξ − r0
z |(1 − r0

|ξ| )
3B

ω1,2
ξ (ξ)

∫

�(
r0
ξ ,2r)

|Bω1,2
ζ (z)|dA(ζ)

� 1
| r0

ξ − r0
z |(1 − r0

|ξ| )
3B

ω1,2
ξ (ξ)

∫

M2

χ�(
r0
ξ ,2r)(

r0
ζ

)|Bω1,2
ζ (z)|dA(ζ). �

Lemma 3.2 Let 1 < p < ∞ and ω1,2 ∈ R. Suppose f satisfies f |M1 = f1 ∈ Lp(M1, (1 −
|·|)pω1( · )dA( · )) and f |M2 = f2 ∈ Lp(M2, [(1 − r0

|·| )
r0
|·|2 ]pω2( r0

· )dA( · )). Let u(z) = u1(z)χM1(z)
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+ u2(z)χM2(z), where u1(z) and u2(z) satisfy

u1(z) = u(z)|M1 =
∞∑

i=1

Bω1,2
ai

(z)
∫

M1

ψi(ξ)
(ξ − z)Bω1,2

ai (ξ)
f1(ξ)dA(ξ), (3.1)

u2(z) = u(z)|M2 =
∞∑

i=1

B
ω1,2
bi

(z)
∫

M2

ϕi(ξ)
(ξ − z)Bω1,2

bi
(ξ)

f2(ξ)dA(ξ), (3.2)

then u is weakly solution of the equation ∂̄u = f on M , and there are some constants C1, C2

independent of f such that

‖u‖p ≤ C1‖f1‖Lp(M1,(1−|·|)pω1( · )dA( · )) + C2‖f2‖Lp(M2,[(1− r0
|·| )

r0
|·|2 ]pω2(

r0
· )dA( · )).

Proof Since ‖u‖p ≤ ‖u1‖p + ‖u2‖p, by Lemma 3.1, there exist constants C1, C2 independent
of f such that

‖u1‖p ≤ C1‖(1 − | · |)f1( · )‖Lp
ω1(M1) = C1‖f1‖Lp(M1,(1−|·|)pω1( · )dA( · )),

‖u2‖p ≤ C2

∥
∥
∥
∥

[(

1 − r0
| · |

)
r0
| · |2

]

f2( · )
∥
∥
∥
∥

Lp
ω2 (M2)

= C2‖f2‖Lp(M2,[(1− r0
|·| )

r0
|·|2 ]pω2(

r0
· )dA( · )),

thus ‖u‖p ≤ C1‖f1‖Lp(M1,(1−|·|)pω1( · )dA( · )) + C2‖f2‖Lp(M2,[(1− r0
|·| )

r0
|·|2 ]pω2(

r0
· )dA( · )).

It is a directed consequence of [3, Theorem 2.1.2] that, for f ∈ C1(M),

∂

∂z

∫

M

f(ξ)
ξ − z

dA(ξ) = f(z). (3.3)

Then for any φ ∈ C∞
0 (M), Bω1,2

ai ∈ H(M1), B
ω1,2
bi

∈ H(M2), (3.3) shows that
〈

Bω1,2
ai

(z)
∫

M1

ψi(ξ)
(ξ − z)Bω1,2

ai (ξ)
f1(ξ)dA(ξ),

∂φ

∂z

〉

L2(M1)

= −〈f1ψi, φ〉L2(M1),

〈

B
ω1,2
bi

(z)
∫

M2

ϕi(ξ)
(ξ − z)Bω1,2

bi
(ξ)

f2(ξ)dA(ξ),
∂φ

∂z

〉

L2(M2)

= −〈f2ϕi, φ〉L2(M2).

Since φ ∈ C∞
c (M), supξ∈M,z∈suppφ |Bω1,2

ξ (z)| <∞, then
∫

M

|u(z)|
∣
∣
∣
∣
∂φ

∂z
(z)

∣
∣
∣
∣dA(z) ≤

∫

M1

|u1(z)|
∣
∣
∣
∣
∂φ

∂z
(z)

∣
∣
∣
∣dA(z) +

∫

M2

|u2(z)|
∣
∣
∣
∣
∂φ

∂z
(z)

∣
∣
∣
∣dA(z)

=
∫

M1

∣
∣
∣
∣

∞∑

i=1

Bω1,2
ai

(z)
∫

M1

ψi(ξ)
(ξ − z)Bω1,2

ai (ξ)
f1(ξ)dA(ξ)

∣
∣
∣
∣

∣
∣
∣
∣
∂φ

∂z
(z)

∣
∣
∣
∣dA(z)

+
∫

M2

∣
∣
∣
∣

∞∑

i=1

B
ω1,2
bi

(z)
∫

M2

ϕi(ξ)
(ξ − z)Bω1,2

bi
(ξ)

f2(ξ)dA(ξ)
∣
∣
∣
∣

∣
∣
∣
∣
∂φ

∂z
(z)

∣
∣
∣
∣dA(z)

�
∫

M1

|Bω1,2
ξ (z)|

∫

M1

|f1(ξ)|
|ξ − z|Bω1,2

ξ (ξ)
dA(ξ)

∣
∣
∣
∣
∂φ

∂z
(z)

∣
∣
∣
∣dA(z)

+
∫

M2

|Bω1,2
ξ (z)|

∫

M2

|f2(ξ)|dA(ξ)
|ξ − z|Bω1,2

ξ (ξ)

∣
∣
∣
∣
∂φ

∂z
(z)

∣
∣
∣
∣dA(z)

�
∫

M1

|f1(ξ)|
B

ω1,2
ξ (ξ)

dA(ξ)
∫

M1

|Bω1,2
ξ (z)|
|ξ − z|

∣
∣
∣
∣
∂φ

∂z
(z)

∣
∣
∣
∣dA(z)

+
∫

M2

|f2(ξ)|dA(ξ)
B

ω1,2
ξ (ξ)

dA(ξ)
∫

M2

|Bω1,2
ξ (z)|
|ξ − z|

∣
∣
∣
∣
∂φ

∂z
(z)

∣
∣
∣
∣dA(z).
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Let c1 = sup 1+r0
2 <|z|,|ξ|<1

|Bω1,2
ξ (z)||∂φ

∂z (z)|, c2 = sup 2r0
1+r0

<
r0
|z| ,

r0
|ξ|<1 |B

ω1,2
ξ (z)||∂φ

∂z (z)|, Lemma 2.5
shows that

∫

M

|u(z)|
∣
∣
∣
∣
∂φ

∂z
(z)

∣
∣
∣
∣dA(z)

≤ c1

∫

M1

|f1(ξ)|(1 − |ξ|)2ω1(ξ)dA(ξ)
∫

M1

1
|ξ − z|dA(z)

+ c2

∫

M2

|f2(ξ)|
(

1 − r0
|ξ|

)2

ω2

(
r0
ξ

)

dA(ξ)
∫

M2

1
|ξ − z|dA(z)

= c1

∫

M1

|f1(ξ)|(1 − |ξ|)2ω1(ξ)dA(ξ)
∫

M1

1
|ξ − z|dA(z)

+ c2

∫

M2

|f2(ξ)|
(

1 − r0
|ξ|

)2

ω2

(
r0
ξ

)

dA(ξ)
∫

M2

r0
|zξ|

| r0
ξ − r0

z |dA(z)

�
∫

M1

|f1(ξ)|(1 − |ξ|)2ω1(ξ)dA(ξ)
∫

M1

1
|ξ − z|dA(z)

+
∫

M2

|f2(ξ)|
(

1 − r0
|ξ|

)2
r0
|ξ|2ω2

(
r0
ξ

)

dA(ξ)
∫

M2

1
| r0

ξ − r0
z |dA(z)

�
∫

M1

|f1(ξ)|(1 − |ξ|)ω1(ξ)dA(ξ) +
∫

M2

|f2(ξ)|
(

1 − r0
|ξ|

)
r0
|ξ|2ω2

(
r0
ξ

)

dA(ξ)

<∞.

Hence,

−
〈
∂u

∂z̄
, φ

〉

L2

=
〈

u,
∂φ

∂z

〉

L2

=
∞∑

i=1

〈

Bω1,2
ai

(z)
∫

M1

ψi(ξ)
(ξ − z)Bω1,2

ai (ξ)
f1(ξ)dA(ξ),

∂φ

∂z

〉

L2(M1)

+
∞∑

i=1

〈

B
ω1,2
bi

(z)
∫

M2

ϕi(ξ)
(ξ − z)Bω1,2

bi
(ξ)

f2(ξ)dA(ξ),
∂φ

∂z

〉

L2(M2)

= −
∞∑

i=1

〈f1ψi, φ〉L2(M1) −
∞∑

j=1

〈f2ϕi, φ〉L2(M2)

= −〈f1 + f2, φ〉L2 .

Therefore, ∂u
∂z̄ = f1 + f2 = f |M1 + f |M2 = f . �

4 Hf : Ap
ω1,2

(M) �→ Lq
ω1,2

(M)

Let μ be a finite positive Borel measure on M , μ is called a q-Carleson measure of Ap
ω1,2

(M)
if and only if the identity operator Id : Ap

ω1,2
(M) �→ Lq(M,dμ) is bounded, and μ is called a

vanishing q-Carleson measure of Ap
ω1,2

(M) if and only if the identity operator Id : Ap
ω1,2

(M) �→
Lq(M,dμ) is compact.

Lemma 4.1 Let ω1,2 ∈ R, 1 < p. Suppose f ∈ L1
ω1,2

(M) satisfies ∂̄f |M1 ∈ Lp(M1, (1 −
| · |)pω1(·)dA( · )) and ∂̄f |M2 ∈ Lp(M2, [(1 − r0

|·| )
r0
|·|2 ]pω2( r0

· )dA( · )). For g ∈ H∞, let {ai}∞i=1

be an r-lattice of M1, { r0
bi
}∞i=1 be an r-lattice of M2, and u(z) = u1(z)χM1(z) + u2(z)χM2(z),
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where u1(z), u2(z) respectively are

u1(z) = u(z)|M1 =
∞∑

i=1

Bω1,2
ai

(z)
∫

M1

ψi(ξ)
(ξ − z)Bω1,2

ai (z)
g∂̄f(ξ)dA(ξ), (4.1)

u2(z) = u(z)|M2 =
∞∑

i=1

B
ω1,2
bi

(z)
∫

M2

ϕi(ξ)
(ξ − z)Bω1,2

bi
(z)

g∂̄f(ξ)dA(ξ), (4.2)

then Hf (g) = u− Pω1,2(u).

Proof For g ∈ H∞ = L∞(M)∩H(M), then fg ∈ L1
ω1,2

(M). By Lemma 3.2, we get ∂̄u = g∂̄f

and

‖u‖p ≤ C1‖(1 − | · |)g( · )∂̄f( · )‖Lp
ω1(M1) + C2

∥
∥
∥
∥

[(

1 − r0
| · |

)
r0
| · |2

]

g( · )∂̄f( · )
∥
∥
∥
∥

Lp
ω2(M2)

<∞.

Therefore, fg − u ∈ L1
ω1,2

(M) and ∂̄(fg − u) = g∂̄f − ∂̄u = 0. Hence fg − u ∈ H(M), then we
obtain fg − u ∈ A1

ω1,2
(M).

And for any f ∈ A1
ω1,2

(M), Pω1,2f = f , thus Pω1,2(fg − u) = fg − u. Furthermore, we get
Hf (g) − (u− Pω1,2(u)) = (fg − u) − Pω1,2(fg − u) = 0, then Hf (g) = u− Pω1,2(u). �

Let 1 ≤ q and r > 0. For f ∈ Lq
loc, define Gq,r(f) as

Gq,r(f)(z) = inf
{(

1
|�(z, r)|

∫

�(z,r)

|f − h|qdA
) 1

q

: h ∈ H(�(z, r))
}

, z ∈M1;

Gq,r(f)(z) = inf
{(

1
|�( r0

z , r)|
∫

�(
r0
z ,r)

|f − h|qdA
) 1

q

: h ∈ H

(

�
(
r0
z
, r

))}

, z ∈M2.

Given ω1, ω2 ∈ R, (2.1) and (2.2) imply:

Gq,r(f)(z) � inf
{(

1
ω1(�(z, r))

∫

�(z,r)

|f − h|qω1dA

) 1
q

: h ∈ H(�(z, r))
}

, z ∈M1; (4.3)

Gq,r(f)(z) � inf
{(

1
ω2(�( r0

z , r))

∫

�(
r0
z ,r)

|f − h|qω2dA

) 1
q

:

h ∈ H

(

�
(
r0
z
, r

))}

, z ∈M2. (4.4)

Now we discuss the boundedness and compactness of Hf : Ap
ω1,2

(M) �→ Lq
ω1,2

(M) when
1 < p ≤ q <∞ or 1 < q < p <∞.

Theorem 4.2 Let ω1,2 ∈ R and 1 < p ≤ q <∞. Set s = 1
q − 1

p and f ∈ L1
ω1,2

(M). Then the
following statements are equivalent:

(1) Hf : Ap
ω1,2

(M) �→ Lq
ω1,2

(M) is bounded;
(2) for α ≥ r > 0, ω̆s

1Gq,r(f) ∈ L∞(M1) and ω̆s
2Gq,r(f) ∈ L∞(M2);

(3) f admits a decomposition f = fI + fII , where f I satisfies f I |M1 ∈ C1(M1), f I |M2 ∈
C1(M2) and

(1 − | · |)ω̆s
1( · )|∂̄f I( · )| ∈ L∞(M1), (4.5)

(

1 − r0
| · |

)
r0
| · |2 ω̆

s
2

(
r0
·

)

|∂̄fI( · )| ∈ L∞(M2); (4.6)
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for some r > 0,

ω̆s
1Mr(|f II |q) 1

q ∈ L∞(M1), (4.7)

ω̆s
2Mr(|f II |q) 1

q ∈ L∞(M2). (4.8)

Moreover, for 0 < r ≤ α,

‖Hf‖Ap
ω1,2(M) �→Lq

ω1,2 (M) � ‖ω̆s
1Gq,r(f)‖L∞(M1) + ‖ω̆s

2Gq,r(f)‖L∞(M2). (4.9)

Proof For 1 < p < ∞, the projection Pω1,2 is well defined on M . Therefore, f ∈ L1
ω1,2

(M),
Hf is well defined on Ap

ω1,2
(M).

(1)⇒(2) First we prove that ω̆s
1Gq,r(f) ∈ L∞(M1) on M1.

Fixing r ∈ (0, α], (2.5) implies that infξ∈�(z,r) |bω1,2
p,z (ξ)| ≥ C|bω1,2

p,z (z)| � ω̆1(z)−
1
p for z ∈M1,

then 1

b
ω1,2
p,z

Pω1,2(fb
ω1,2
p,z ) ∈ H(�(z, r)). And (2.5), (4.3) tell us

‖Hf (bω1,2
p,z )‖q

q ≥
∫

M1

|f(ξ)bω1,2
p,z (ξ) − Pω1,2(fb

ω1,2
p,z )(ξ)|qω1(ξ)dA(ξ)

≥
∫

�(z,r)

|bω1,2
p,z (ξ)|q

∣
∣
∣
∣f(ξ) − 1

b
ω1,2
p,z (ξ)

Pω1,2(fb
ω1,2
p,z )(ξ)

∣
∣
∣
∣

q

ω1(ξ)dA(ξ)

≥ Cbω1,2
p,z (z)q

∫

�(z,r)

∣
∣
∣
∣f(ξ) − 1

b
ω1,2
p,z (ξ)

Pω1,2(fb
ω1,2
p,z )(ξ)

∣
∣
∣
∣

q

ω1(ξ)dA(ξ)

� ω̆
− q

p

1 (z)ω1(�(z, r))Gq,r(f)q(z)

� ω̆
(sq)
1 (z)Gq,r(f)q(z). (4.10)

On the other hand, ‖Hf (bω1,2
p,z )‖q

q ≤ ‖Hf‖q
Ap

ω1,2 �→Lq
ω1,2

‖bω1,2
p,z ‖q

p = ‖Hf‖q
Ap

ω1,2 �→Lq
ω1,2

< ∞. There-
fore, when z ∈M1, we get

ω̆s
1Gq,r(f) ≤ C‖Hf‖Ap

ω1,2 �→Lq
ω1,2

, (4.11)

then ω̆s
1Gq,r(f) ∈ L∞(M1).

For z ∈M2, we also obtain ω̆s
2Gq,r(f) ∈ L∞(M2).

(2)⇒(3) Let {ai}∞i=1 be an r
2 -lattice of M1, {ψi}∞i=1 be a partition of unity subordinate

{�(ai,
r
2 )}∞i=1 with the property that |(1 − |ai|)∂̄ψi| ≤ C; let { r0

bi
}∞i=1 be an r

2 -lattice of M2,
{ϕi}∞i=1 be a partition of unity subordinate to {�( r0

bi
, r

2 )}∞i=1 with the property that |(1 −
r0
|bi| )

r0
|bi|2 ∂̄ϕi| ≤ C.
If z ∈M1, first we have to prove that there exists some hi ∈ H(�(ai, r)) such that

1
ω1(�(ai, r))

∫

�(ai,r)

|f − hi|qω1dA = Gq,r(f)q(ai) (4.12)

for each i. To prove, we can choose a sequence {hi,k}∞k=1 ∈ H(�(ai, r1)) with the following
property:

1
ω1(�(ai, r))

∫

�(ai,r)

|f − hi,k|qω1dA ≤ Gq,r(f)q(ai) +
1
k

for k = 1, 2, . . . (4.13)

We know {hi,k}∞k=1 is a normal family by

1
ω1(�(ai, r))

∫

�(ai,r)

|hi,k|ω1dA
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=
1

ω1(�(ai, r))

∫

�(ai,r)

|hi,k − f + f |ω1dA

≤ 1
ω1(�(ai, r))

∫

�(ai,r)

|hi,k − f |ω1dA+
1

ω1(�(ai, r))

∫

�(ai,r)

|f |ω1dA

≤
{

1
ω1(�(ai, r))

∫

�(ai,r)

|hi,k − f |qω1dA

} 1
q

+
1

ω1(�(ai, r))

∫

�(ai,r)

|f |ω1dA

≤ Gq,r(f)q(ai) + 1 +
1

ω1(�(ai, r))

∫

�(ai,r)

|f |ω1dA <∞.

Without loss of generality, suppose there exists a subsequence of {hi,k}∞k=1 that uniformly
converges to hi ∈ H(�(ai, r)) as k → ∞ on any compact subset of �(ai, r). Hence, the control
convergence theorem and (4.3), (4.13) imply (4.12). Set f I(z)|M1 =

∑∞
i=1 hi(z)ψi(z) ∈ C1(M1).

For z ∈M1, set Iz = {i : z ∈ �(ai,
r
2 )}. If i ∈ Iz, then 1 − |z| � 1 − |ai|, and

|Iz| =
∞∑

i=1

χ�(ai,
r
2 )(z) ≤ C.

Now we are going to show

|∂̄f I(z)| ≤ C

1 − |z|
∑

i∈Iz

Gq,r(f)(ai), z ∈M1. (4.14)

Reference [10, pp. 254–255], set f I(z) =
∑∞

i=1 hi(z)ψi(z) =
∑

i∈Iz
hi(z)ψi(z) for z ∈ M1.

Without loss of generality, set 1 ∈ Iz, then

f I(z) =
∑

i∈Iz

(h1(z) + hi(z) − h1(z))ψi(z)

= h1(z)
∑

i∈Iz

ψi(z) +
∑

i∈Iz

(hi(z) − h1(z))ψi(z)

= h1(z) +
∑

i∈Iz

(hi(z) − h1(z))ψi(z).

Therefore, |∂̄f I(z)| = |∑i∈Iz
(hi(z) − h1(z))∂̄ψi(z)|. We only have to check that |hi − hk| is

sup-bounded on �(ai, r)∩�(ak, r), where i, k ∈ Iz, hi ∈ H(�(ai, r)), hk ∈ H(�(ak, r)). Using
the subharmonic of |hi − hk|, Hölder inequality, (2.1) and (4.12), we get

|hi − hk|(z)

≤
{

1
|�(z, r

2 )|
∫

�(z, r
2 )

|hi − hk|qdA
} 1

q

≤
{

1
|�(ai,

r
2 )|

∫

�(ai,r)

|hi − f |qdA
} 1

q

+
{

1
|�(ak,

r
2 )|

∫

�(ak,r)

|hk − f |qdA
} 1

q

�
{

1
ω1(�(ai, r))

∫

�(ai,r)

|hi − f |qω1dA

} 1
q
{

1
ω1(�(ak, r))

∫

�(ak,r)

|hk − f |qω1dA

} 1
q

� Gq,r(f)(ai) +Gq,r(f)(ak).

Since |(1 − |ai|)∂̄ψi| ≤ C and 1 − |ai| � 1 − |z| for i ∈ Iz, then |∂̄fI(z)| = |∑i∈Iz
(hi(z) −

h1(z))∂̄ψi(z)| ≤ C
1−|z|

∑
i∈Iz

|hi(z) − h1(z)| ≤ C
1−|z|

∑
i∈Iz

Gq,r(f)(ai) for z ∈ M1. Thus (4.14)
holds.
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Therefore, (4.14) shows that

(1 − |z|)ω̆s
1(z)|∂̄f I(z)| ≤ C‖ω̆s

1Gq,r(f)‖L∞(M1) (4.15)

for z ∈M1.
Similarly, we get

(

1 − r0
|z|

)
r0
|z|2 ω̆

s
2

(
r0
z

)

|∂̄fI(z)| ≤ C

∥
∥
∥
∥ω̆

s
2

(
r0
z

)

Gq,r(f)(z)
∥
∥
∥
∥

L∞(M2)

(4.16)

for z ∈ M2. Note that when z ∈ M2, fI(z) =
∑∞

i=1 hi(z)ϕi(z) ∈ C1(M2), Iz = {i : r0
z ∈

�( r0
bi
, r

2 )}. (4.15) and (4.16) imply (4.5) and (4.6).
Note that (4.7) does not depend on the value of r, so we only need to prove (4.7) holds for

some r > 0. For fII = f − fI , when z ∈M1,

Mr(|f II |q) 1
q (z) =

{
1

|�(z, r)|
∫

M1

χ�(z,r)|f II |qdA
} 1

q

=
{

1
|�(z, r)|

∫

�(z,r)

∣
∣
∣
∣

∞∑

i=1

(f − hi)ψi

∣
∣
∣
∣

q

dA

} 1
q

=
{

1
|�(z, r)|

∫

�(z,r)

∣
∣
∣
∣

∑

i∈Iz

(f − hi)ψi

∣
∣
∣
∣

q

dA

} 1
q

≤
∑

i∈Iz

{
1

|�(z, r)|
∫

�(z,r)

|(f − hi)ψi|qdA
} 1

q

≤
∑

i∈Iz

{
1

|�(z, r)|
∫

�(z,r)∩�(ai,
r
2 )

|f − hi|qdA
} 1

q

�
∑

i∈Iz

{
1

|�(ai, r)|
∫

�(ai,r)

|f − hi|qdA
} 1

q

�
∑

i∈Iz

{
1

ω1(�(ai, r))

∫

�(ai,r)

|f − hi|qω1dA

} 1
q

. (4.17)

When z ∈M1, (4.12) implies

ω̆s
1(z)Mr(|f II |q) 1

q (z) ≤ C‖ω̆s
1Gq,r(f)‖L∞(M1). (4.18)

Similarly, when z ∈M2, we also have

Mr(|f II |q) 1
q (z) =

{
1

|�( r0
z , r)|

∫

M2

χ�(
r0
z ,r)

(
r0
ξ

)∣
∣
∣
∣

∞∑

i=1

(f(ξ) − hi(ξ))ϕi(ξ)
∣
∣
∣
∣

q

dA(ξ)
} 1

q

≤
∑

i∈Iz

{
1

|�( r0
z , r)|

∫

�(
r0
z ,r)∩�(

r0
bi

, r
2 )

|f − hi|qdA
} 1

q

�
∑

i∈Iz

{
1

|�( r0
bi
, r)|

∫

�(
r0
bi

,r)

|f − hi|qdA
} 1

q

�
∑

i∈Iz

{
1

ω2(�( r0
bi
, r))

∫

�(
r0
bi

,r)

|f − hi|qω2dA

} 1
q

.
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Notice that Iz = {i : r0
z ∈ �( r0

bi
, r

2 )} for z ∈M2. Therefore,

ω̆s
2

(
r0
z

)

Mr(|f II |q) 1
q (z) ≤ C‖ω̆s

2Gq,r(f)‖L∞(M2). (4.19)

Therefore, (4.7) and (4.8) holds.
(3)⇒(1) Set dμ1 = |fII |qω1dA, (2.1) and the definition of fII (or suppψi) imply

μ1(�(z, r))

ω1(�(z, r))
q
p

=

∫
�(z,r)

|f II |qω1dA

ω1(�(z, r))
q
p

�
ω

(1− q
p )

1 (�(z, r))
∫
�(z,r)

|f II |qdA
|�(z, r)|

=
ω

(1− q
p )

1 (�(z, r))
∫

M1
χ�(z,r)|f II |qdA

|�(z, r)|
= ω̆

(s·q)
1 (z)Mr(|f II |q)(z) <∞. (4.20)

Next we prove μ1 is the q-Carleson measure on Ap
ω1

(M1). We only need to prove that for
every g ∈ Ap

ω1,2
(M), there exists a constant C, such that

∫
M1

|g(z)|qdμ1(z) ≤ C‖g‖q
Lp

ω1 (M1)
.

Let {ai}∞i=1 be an r-lattice of M1, then for any z ∈ M1, we have
∑∞

i=1 χ�(ai,r)(z) = N < ∞.
Hence,

∫

M1

|g(z)|qdμ1(z) ≤
∞∑

i=1

∫

�(ai,r)

|g(z)|qdμ1(z) �
∞∑

i=1

μ1(�(ai, r)) sup
z∈�(ai,r)

|g(z)|q.

For g ∈ Ap
ω1,2

(M), there exists a constant C for all i = 1, 2, 3, . . ., such that

sup
z∈�(ai,r)

|g(z)|q ≤ C

|�(ai, r)|
∫

�(ai,2r)

|g(z)|qdA(z)

� 1
ω1(�(ai, r))

∫

�(ai,2r)

|g(z)|qω1(z)dA(z).

Then
∫

M1

|g(z)|qdμ1(z) ≤
∞∑

i=1

μ1(�(ai, r))
ω1(�(ai, r))

∫

�(ai,2r)

|g(z)|qω1(z)dA(z). (4.21)

Hölder inequality implies

1
ω1(�(ai, r))

∫

�(ai,2r)

|g(z)|qω1(z)dA(z)

≤
{∫

�(ai,2r)

(
1

ω1(�(ai, r))

) p
p−q

ω1(z)dA(z)
} p−q

p
{∫

�(ai,2r)

|g(z)|q· p
q ω1(z)dA(z)

} q
p

� ω1(�(ai, r))
− q

p

{∫

�(ai,2r)

|g(z)|pω1(z)dA(z)
} q

p

.

Hence, with (4.21) we get
∫

M1

|g(z)|qdμ1(z) ≤
∞∑

i=1

μ1(�(ai, r))

ω1(�(ai, r))
q
p

{∫

�(ai,2r)

|g(z)|pω1(z)dA(z)
} q

p

�
∞∑

i=1

sup
z∈�(ai,2r)

μ1(�(z, r))

ω1(�(z, r))
q
p

{∫

�(ai,2r)

|g(z)|pω1(z)dA(z)
} q

p
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≤ C sup
z∈M1

μ1(�(z, r))

ω1(�(z, r))
q
p

∞∑

i=1

[ ∫

�(ai,2r)

|g(z)|pω1(z)dA(z)
] q

p

≤ CN sup
z∈M1

μ1(�(z, r))

ω1(�(z, r))
q
p

{∫

�(ai,2r)

|g(z)|pω1(z)dA(z)
} q

p

≤ CN sup
z∈M1

μ1(�(z, r))

ω1(�(z, r))
q
p

{∫

M1

|g(z)|pω1(z)dA(z)
} q

p

� sup
z∈M1

μ1(�(z, r))

ω1(�(z, r))
q
p

‖g‖q
Lp

ω1 (M1)

≤ sup
z∈M1

μ1(�(z, r))

ω1(�(z, r))
q
p

‖g‖q
p. (4.22)

(4.20) and (4.22) imply

‖Id‖q
Ap

ω1 �→Lq(dμ1)
� supz∈M1

μ1(�(z,r))

ω1(�(z,r))
q
p
� ‖ω̆s·q

1 Mr(|f II |q)‖L∞(M1) <∞.

Similarly, set dμ2 = |fII |qω2dA, (2.2) and the definition of fII (or suppψi) imply

μ2(�( r0
z , r))

ω1(�( r0
z , r))

q
p

=

∫
�(

r0
z ,r)

|f II |qω2dA

ω2(�( r0
z , r))

q
p

�
ω

(1− q
p )

2 (�( r0
z , r))

∫
�(

r0
z ,r)

|f II |qdA
|�( r0

z , r)|

�
ω

(1− q
p )

2 (�( r0
z , r))

∫
M2

χ�(
r0
z ,r)(

r0
ξ )|f II(ξ)|qdA(ξ)

|�( r0
z , r)|

= ω̆
(s·q)
2

(
r0
z

)

Mr(|f II |q)(z)

<∞.

We also obtain μ2 is a q-Carleson measure on Ap
ω2

(M2), and

‖Id‖q
Ap

ω2 �→Lq(dμ2)
� ‖ω̆s·q

2 Mr(|f II |q)‖L∞(M2) <∞.

For any φ ∈ Ap
ω1,2(M),

‖HfII (φ)‖q = ‖(Id − Pω1,2)f
IIφ‖q ≤ C‖fIIφ‖q = C

{∫

M

|f II |q|φ|qω1,2dA

} 1
q

�
{∫

M1

|f II |q|φ|qω1dA

} 1
q

+
{∫

M2

|f II |q|φ|qω2dA

} 1
q

� ‖Id‖Ap
ω1 �→Lq(dμ1)‖φ‖Lp

ω1 (M1) + ‖Id‖Ap
ω2 �→Lq(dμ2)‖φ‖Lp

ω2 (M2)

� (‖ω̆s
1Mr(|f II |q) 1

q ‖L∞(M1) + ‖ω̆s
2Mr(|f II |q) 1

q ‖L∞(M2))‖φ‖p. (4.23)

Hence,

‖HfII‖Ap
ω1,2 �→Lq

ω1,2
� ‖ω̆s

1Mr(|f II |q) 1
q ‖L∞(M1) + ‖ω̆s

2Mr(|f II |q) 1
q ‖L∞(M2). (4.24)

We know s ≤ 0 and ω̆1(z) � ω1(�(z, r)) ≤ ω1(M1), ω̆2( r0
z ) � ω2(�( r0

z , r)) ≤ ω2(M2). (4.5)
and (4.6) show that (1−|z|)|∂̄f I(z)| ∈ L∞(M1) and (1− r0

|z| )
r0
|z|2 |∂̄fI(z)| ∈ L∞(M2). Therefore,

∂̄f I ∈ Lp(M1, (1 − | · |)pω1( · )dA( · )) and ∂̄f I ∈ Lp(M2, [(1 − r0
|·| )

r0
|·|2 ]pω2( r0

· )dA( · )). By (4.7)
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and (4.20), we know fI ∈ L1
ω1,2

(M). For g ∈ H∞, define u1 and u2 respectively as (4.1)
and (4.2):

u1(z) =
∞∑

i=1

Bω1,2
ai

(z)
∫

M1

ψi(ξ)
(ξ − z)Bω1,2

ai (ξ)
g∂̄f I(ξ)dA(ξ), z ∈M1;

u2(z) =
∞∑

i=1

B
ω1,2
bi

(z)
∫

M2

ϕi(ξ)
(ξ − z)Bω1,2

bi
(ξ)

g∂̄f I(ξ)dA(ξ), z ∈M2.

Theorem 3.2 and Theorem 4.1 show that, for M1,

HfI (g) = u1 − Pω1,2(u1) and ‖u1‖Lq
ω1 (M1) ≤ C‖g( · )∂̄fI( · )‖Lq(M1,(1−|·|)qω1( · )dA( · ));

for M2,

HfI (g) = u2 − Pω1,2(u2) and ‖u2‖Lq
ω2 (M2) ≤ C‖g( · )∂̄fI( · )‖Lq(M2,[(1− r0

|·| )
r0
|·|2 ]qω2(

r0
· )dA( · )).

By the boundedness of Pω1,2 on Lq
ω1,2

(M), if z ∈M1, then

‖HfI (g)‖Lq
ω1(M1) ≤ (1 + ‖Pω1,2‖Lq

ω1 �→Aq
ω1

)‖u1‖Lq
ω1 (M1) ≤ C‖(1 − |z|)g(z)∂̄f I(z)‖Lq

ω1(M1);

if z ∈M2, then

‖HfI (g)‖Lq
ω2(M2) ≤ (1 + ‖Pω1,2‖Lq

ω2 �→Aq
ω2

)‖u2‖Lq
ω2(M2) ≤ C

∥
∥
∥
∥

(

1 − r0
|z|

)
r0
|z|2 g(z)∂̄f

I(z)
∥
∥
∥
∥

Lq
ω2(M2)

.

Meanwhile, set dν1( · ) = (1 − | · |)q|∂̄fI( · )|qω1( · )dA( · ) and dν2( · ) = [(1 − r0
|·| )

r0
|·|2 ]q|∂̄fI( · )|q

ω2( r0
· )dA( · ). By (2.1) and (2.2), we obtain

ν1(�(z, r))

ω1(�(z, r))
q
p

=

∫
�(z,r)

(1 − |w|)q|∂̄fI(w)|qω1(w)dA(w)

ω1(�(z, r))
q
p

� (1 − |z|)q|∂̄fI(z)|q(ω1�(z, r))

ω1(�(z, r))
q
p

= (1 − |z|)qω̆s·q
1 (z)|∂̄f I(z)|q <∞.

As the proof of μ1, we know ν1 is a q-Carleson measure on Ap
ω1

(M1), and

‖Id‖Ap
ω1 �→Lq

ν1
≤ C‖(1 − | · |)ω̆s

1( · )∂̄f I( · )‖L∞(M1).

We can also obtain ν2 is q-Carleson measure on Ap
ω2

(M2), and

‖Id‖Ap
ω2 �→Lq

ν2
≤ C

∥
∥
∥
∥

(

1 − r0
| · |

)
r0
| · |2 ω̆

s
2

(
r0
·

)

∂̄f I( · )
∥
∥
∥
∥

L∞(M2)

.

Then, for any φ ∈ Ap
ω1,2

(M),

‖HfI (φ)‖q ≤ C‖Id‖Ap
ω1 �→Lq(dν1)‖φ‖Lp

ω1 (M1) + C‖Id‖Ap
ω2 �→Lq(dν2)‖φ‖Lp

ω2 (M2)

�
(

‖(1 − | · |)ω̆s
1( · )∂̄f I( · )‖L∞(M1)

+
∥
∥
∥
∥

(

1 − r0
| · |

)(
r0
| · |2

)

ω̆s
2

(
r0
·

)

∂̄f I( · )
∥
∥
∥
∥

L∞(M2)

)

‖φ‖p. (4.25)

Thus ‖Hf‖Ap
ω1,2 �→Lq

ω1,2
≤ ‖HfI‖Ap

ω1,2 �→Lq
ω1,2

+ ‖HfII‖Ap
ω1,2 �→Lq

ω1,2
. Hence, (1) holds.

(4.9) follows from (4.11), (4.15), (4.16), (4.18), (4.19), (4.24) and (4.25). �
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Theorem 4.3 Let ω1,2 ∈ R and 1 < p ≤ q <∞. Set s = 1
q − 1

p and f ∈ L1
ω1,2

(M). Then the
following statements are equivalent:

(1) Hf : Ap
ω1,2

(M) �→ Lq
ω1,2

(M) is compact;
(2) for α ≥ r > 0,

lim
|z|→1−

ω̆s
1(z)Gq,r(f)(z) = 0,

lim
|z|→r+

0

ω̆s
2

(
r0
z

)

Gq,r(f)(z) = 0;

(3) f admits a decomposition f = f I + fII , where f I satisfies f I |M1 ∈ C1(M1), f I |M2 ∈
C1(M2), and

lim
|z|→1−

(1 − |z|)ω̆s
1(z)|∂̄f I(z)| = 0, (4.26)

lim
|z|→r+

0

(

1 − r0
|z|

)
r0
|z|2 ω̆

s
2

(
r0
z

)

|∂̄fI(z)| = 0; (4.27)

and for some r > 0,

lim
|z|→1−

ω̆s
1(z)Mr(|f II |q) 1

q (z) = 0, (4.28)

lim
|z|→r+

0

ω̆s
2

(
r0
z

)

Mr(|f II |q) 1
q (z) = 0. (4.29)

Proof (1)⇒(2) By [21, Lemma 2.12], we have bω1,2
p,z

w→ 0 as |z| → 1− or |z| → r+0 . It is a
direct consequence of (4.10) that

ω̆s
1(z)Gq,r(f)(z) ≤ ‖Hf (bω1,2

p,z )‖q → 0, |z| → 1−;

and

ω̆s
2

(
r0
z

)

Gq,r(f)(z) ≤ ‖Hf (bω1,2
p,z )‖q → 0, |z| → r+0 .

(2)⇒(3) (4.15) and (4.16) imply

(1 − |z|)ω̆s
1(z)|∂̄f I(z)| ≤ Cω̆s

1(z)Gq,r(f)(z);

and
(

1 − r0
|z|

)
r0
|z|2 ω̆

s
2

(
r0
z

)

|∂̄fI(z)| ≤ Cω̆s
2

(
r0
z

)

Gq,r(f)(z).

By (4.18) and (4.19), we get

ω̆s
1(z)Mr(|f II |q) 1

q (z) ≤ Cω̆s
1(z)Gq,r(f)(z),

ω̆s
2

(
r0
z

)

Mr(|f II |q) 1
q (z) ≤ Cω̆s

2

(
r0
z

)

Gq,r(f)(z).

(3)⇒(1) The proof is similar to that in Theorem 4.2. Firstly, we set dμ1 = |f II |qω1dA,
dμ2 = |fII |qω2dA, dν1( · )= (1−|·|)q|∂̄fI( · )|qω1( · )dA( · ) and dν2( · ) = [(1− r0

|·| )(
r0
|·|2 )]q|∂̄fI( · )|q

ω2( r0
· )dA( · ). We next prove μ1 is a vanishing q-Carleson measure on Ap

ω1
(M1), then for any

z ∈ M1, we have
∑∞

i=1 χ�(ai,r)(z) = N < ∞. Moreover, |ai| → 1− when i → ∞. Suppose
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{gn}∞n=1 is a bounded sequence in Ap
ω1,2

(M) with the property that gn → 0 uniformly on any
compact subset of M . (4.20) and (4.28) show that

lim
i→∞

μ1(�(ai, r))

ω1(�(ai, r))
q
p

� lim
i→∞

ω̆
(sq)
1 (ai)Mr(|f II |q)(ai) = 0. (4.30)

Hence, for any ε > 0, there exists I0, if i ≥ I0, then μ1(�(ai,r))

ω1(�(ai,r))
q
p
< ε. By (4.21), (4.22) and

gn ∈ Ap
ω1,2

(M), for any n,

∞∑

i=I0

∫

�(ai,r)

|gn(z)|qdμ1(z) ≤
∞∑

i=I0

μ1(�(ai, r))
ω1(�(ai, r))

∫

�(ai,2r)

|gn(z)|qω1(z)dA(z)

≤
∞∑

i=I0

μ1(�(ai, r))

ω1(�(ai, r))
q
p

{∫

�(ai,2r)

|gn(z)|pω1(z)dA(z)
} q

p

< ε

∞∑

i=I0

{∫

�(ai,2r)

|gn(z)|pω1(z)dA(z)
} q

p

≤ εN

{ ∫

M1

|gn(z)|pω1(z)dA(z)
} q

p

≤ εN‖gn‖q
Lp

ω1 (M1)

≤ εN‖gn‖q
p. (4.31)

Since {gn}∞n=1 uniformly converges to 0 on any compact subset of M , we have

lim
n→∞

I0−1∑

i=1

∫

�(ai,r)

|gn(z)|qdμ1(z) → 0. (4.32)

(4.31) and (4.32) show that

lim
n→∞

∫

M1

|gn(z)|qdμ1(z) ≤ lim
n→∞

( ∞∑

i=I0

∫

�(ai,r)

|gn(z)|qdμ1(z) +
I0−1∑

i=1

∫

�(ai,r)

|gn(z)|qdμ1(z)
)

≤ εN‖gn‖q
p.

Since ε is arbitrary, we obtain

lim
n→∞ ‖Id(gn)‖q

Ap
ω1 �→Lq

μ1
= lim

n→∞

∫

M1

|gn(z)|qdμ1(z) = 0.

Then Id : Ap
ω1

(M1) �→ Lq
μ1

(M1) is compact, i.e., μ1 is a vanishing q-Carleson measure on
Ap

ω1
(M1).
Similarly, μ2, ν1 and ν2 respectively are vanishing q-Carleson measures on Ap

ω2
(M2), Ap

ω1
(M1)

and Ap
ω2

(M2).
For any bounded sequence {φm}∞m=1 in Ap

ω1,2
(M), which uniformly converges to 0 on any

compact subset of M , using (4.23), when m→ ∞,

‖HfII (φm)‖q �
{∫

M1

|f II |q|φm|qω1dA

} 1
q

+
{∫

M2

|f II |q|φm|qω2dA

} 1
q

= ‖Id(φm)‖Ap
ω1 �→Lq

μ1
+ ‖Id(φm)‖Ap

ω2 �→Lq
μ2

→ 0.
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Hence, limm→∞ ‖HfII (φm)‖q → 0. Using (4.25), when m→ ∞,

‖HfI (φm)‖q �
{∫

M1

|φm|qdν1(z)
} 1

q

+
{ ∫

M2

|φm|qdν2(z)
} 1

q

= ‖Id(φm)‖Ap
ω1 �→Lq

ν1
+ ‖Id(φm)‖Ap

ω2 �→Lq
ν2

→ 0.

Hence limm→∞ ‖HfI (φm)‖q → 0. Then limm→∞ ‖Hf (φm)‖q → 0. �

Theorem 4.4 Let ω1,2 ∈ R and 1 < q < p <∞. Set s = 1
q − 1

p and f ∈ L1
ω1,2

(M). Then the
following statements are equivalent:

(1) Hf : Ap
ω1,2

(M) �→ Lq
ω1,2

(M) is bounded;
(2) Hf : Ap

ω1,2
(M) �→ Lq

ω1,2
(M) is compact;

(3) for α
2 ≥ r > 0, Gq,r(f) ∈ L

1
s
ω1(M1) and Gq,r(f) ∈ L

1
s
ω2(M2);

(4) f admits a decomposition f = fI + fII , where f I satisfies f I |M1 ∈ C1(M1), f I |M2 ∈
C1(M2) and

(1 − | · |)|∂̄fI( · )| ∈ L
1
s
ω1(M1), (4.33)

(

1 − r0
| · |

)
r0
| · |2 |∂̄f

I( · )| ∈ L
1
s
ω2(M2); (4.34)

for some r > 0,

Mr(|f II |q) 1
q ∈ L

1
s
ω1(M1) (4.35)

and

Mr(|f II |q) 1
q ∈ L

1
s
ω2(M2). (4.36)

Moreover, for 0 < r ≤ α
2 ,

‖Hf‖Ap
ω1,2 �→Lq

ω1,2
� ‖Gq,r(f)‖

L
1
s
ω1(M1)

+ ‖Gq,r(f)‖
L

1
s
ω2(M2)

. (4.37)

Proof It is clear that (2)⇒(1) holds, we only have to prove (1)⇒(3), (3)⇒(4) and (4)⇒(2).
(1)⇒(3) For r ∈ (0, α], let {ai}∞i=1 be an r

4 -lattice of M1, { r0
bi
}∞i=1 be an r

4 -lattice of M2.
By Lemma 2.6, there exists {αi}∞i=1, {βi}∞i=1 ∈ lp, such that F1(z) =

∑∞
i=1 αib

ω1,2
p,ai (z), F2(z) =

∑∞
i=1 βib

ω1,2
p,bi

(z) ∈ Ap
ω1,2

(M), and

‖F1‖p =
∥
∥
∥
∥

∞∑

i=1

αib
ω1,2
p,ai

∥
∥
∥
∥

p

≤ C‖{αi}∞i=1‖lp , ‖F2‖p =
∥
∥
∥
∥

∞∑

i=1

βib
ω1,2
p,bi

∥
∥
∥
∥

p

≤ C‖{βi}∞i=1‖lp .

As in [11], let the sequence {φi}∞i=1 be the Rademacher functions on [0, 1]. By Khintchine’s
inequality, we have

∫ 1

0

∣
∣
∣
∣

∞∑

i=1

αiφi(t)bω1,2
p,ai

(z)
∣
∣
∣
∣

q

dt �
( ∞∑

i=1

|αi|2|bω1,2
p,ai

(z)|2
) q

2

,

and
∥
∥
∥
∥Hf

( ∞∑

i=1

αiφi(t)bω1,2
p,ai

(z)
)∥

∥
∥
∥

q

≤ ‖Hf‖Ap
ω1,2 �→Lq

ω1,2

∥
∥
∥
∥

∞∑

i=1

αiφi(t)bω1,2
p,ai

(z)
∥
∥
∥
∥

p

≤ C‖Hf‖Ap
ω1,2 �→Lq

ω1,2
‖{αi}∞i=1‖lp
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= C‖Hf‖Ap
ω1,2 �→Lq

ω1,2
‖{|αi|q}∞i=1‖

1
q

l
p
q
.

Moreover, we have
∫ 1

0

∥
∥
∥
∥Hf

( ∞∑

i=1

αiφi(t)bω1,2
p,ai

(z)
)∥

∥
∥
∥

q

q

dt =
∫ 1

0

∫

M

∣
∣
∣
∣Hf

( ∞∑

i=1

αiφi(t)bω1,2
p,ai

)

(z)
∣
∣
∣
∣

q

ω1,2(z)dA(z)dt

=
∫

M

ω1,2(z)dA(z)
∫ 1

0

∣
∣
∣
∣Hf

( ∞∑

i=1

αiφi(t)bω1,2
p,ai

)

(z)
∣
∣
∣
∣

q

dt

=
∫

M

ω1,2(z)dA(z)
∫ 1

0

∣
∣
∣
∣

∞∑

i=1

αiφi(t)Hf (bω1,2
p,ai

)(z)
∣
∣
∣
∣

q

dt

�
∫

M

( ∞∑

i=1

|αi|2|Hf (bω1,2
p,ai

)(z)|2
) q

2

ω1,2(z)dA(z).

Then

‖Hf‖q
Ap

ω1,2 �→Lq
ω1,2

‖{|αi|q}∞i=1‖l
p
q
≥

∫ 1

0

∥
∥
∥
∥Hf

( ∞∑

i=1

αiφi(t)bω1,2
p,ai

(z)
)∥

∥
∥
∥

q

q

dt

≥
∫

M1

( ∞∑

i=1

|αi|2|Hf (bω1,2
p,ai

)(z)|2
) q

2

ω1(z)dA(z)

�
∞∑

j=1

∫

�(aj ,r)

( ∞∑

i=1

|αi|2|Hf (bω1,2
p,ai

)(z)|2
) q

2

ω1(z)dA(z)

≥ C
∞∑

j=1

∫

�(aj ,r)

(|αj ||Hf (bω1,2
p,aj

)(z)|)qω1(z)dA(z)

≥ C

∞∑

j=1

|αj |q
∫

�(aj ,r)

|Hf (bω1,2
p,aj

)(z)|qω1(z)dA(z).

For z ∈M1, (2.1), (2.5) and (4.3) imply that
∫

�(aj ,r)

|Hf (bω1,2
p,aj

)(z)|qω1(z)dA(z) =
∫

�(aj ,r)

|f(z)bω1,2
p,aj

(z) − P (fbω1,2
p,aj

)(z)|qω1(z)dA(z)

≥ Cbω1,2
p,aj

(aj)q

∫

�(aj ,r)

∣
∣
∣
∣f(z) − P (fbω1,2

p,aj )(z)
b
ω1,2
p,aj (z)

∣
∣
∣
∣

q

ω1(z)dA(z)

≥ Cbω1,2
p,aj

(aj)qω1(�(aj , r))Gq,r(f)q(aj)

≥ Cω1(�(aj , r))1−
q
pGq,r(f)q(aj).

To sum up, we have
∞∑

j=1

|αj |qω1(�(aj , r))1−
q
pGq,r(f)q(aj) ≤ C‖Hf‖q

Ap
ω1,2 �→Lq

ω1,2
‖{|αi|q}∞i=1‖l

p
q
.

From the duality theory, we get
∞∑

j=1

ω1(�(aj , r))Gq,r(f)
pq

p−q (aj) ≤ C‖Hf‖Ap
ω1 �→Lq

ω1
.
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Then
∫

M1

Gq,r(f)
pq

p−q (w)ω1(w)dA(w) ≤
∞∑

j=1

∫

�(aj ,r)

Gq,r(f)
pq

p−q (w)ω1(w)dA(w)

≤
∞∑

j=1

ω1(�(aj, r))Gq,r(f)
pq

p−q (aj)

≤ C‖Hf‖Ap
ω1,2 �→Lq

ω1,2
. (4.38)

Hence, Gq,r(f) ∈ L
1
s
ω1(M1).

Similarly, when z ∈M2, we have Gq,r(f) ∈ L
1
s
ω2(M2).

(3)⇒(4) Similar to the proof of (2)⇒(3) in Theorem 4.2. Let { r0
bi
}∞i=1 be an r

2 -lattice ofM2,
{ϕi}∞i=1 to be the unity partitions of {�( r0

bi
, r

2 )}∞i=1 with the propety |(1 − r0
|bi| )

r0
|bi|2 ∂̄ϕi| ≤ C.

Set fI(z) =
∑∞

i=1 hi(z)ϕi(z) ∈ C∞(M2), z ∈ M2. Since ρ( r0
bi
, r0

u ) < r
2 , then Gq, r

2
(f)(bi) ≤

CGq,r(f)(u). Furthermore,

Gq, r
2
(f)(bi) =

1
|�( r0

bi
, r

2 )|
∫

�(
r0
bi

, r
2 )

Gq, r
2
(f)(bi)dA(u)

≤ C
1

|�( r0
bi
, r

2 )|
∫

�(
r0
bi

, r
2 )

Gq,r(f)(u)dA(u).

By (4.14), when z ∈ M2, we know |∂̄f I(z)| ≤ C
1− r0

|z|
· |z|2

r0

∑
i∈Iz

Gq, r
2
(f)(bi), where Iz = {i :

r0
z ∈ �( r0

bi
, r

2 )}. Then
[(

1 − r0
|z|

)
r0
|z|2 |∂̄f

I(z)|
] pq

p−q

≤ C
∑

i∈Iz

Gq, r
2
(f)

pq
p−q (bi)

≤ C
∑

i∈Iz

1
|�( r0

bi
, r

2 )|
∫

�(
r0
bi

, r
2 )

Gq,r(f)
pq

p−q (u)dA(u)

� 1
ω2(�( r0

z ,
r
2 ))

∫

�(
r0
bi

,r)

Gq,r(f)
pq

p−q (u)ω2

(
r0
u

)

dA(u).

Integrate both sides on M2 against the measure ω2dA, and apply Fubini theorem to get
∫

M2

[(

1 − r0
|z|

)
r0
|z|2 |∂̄f

I(z)|
] pq

p−q

ω2

(
r0
z

)

dA(z)

�
∫

M2

1
ω2(�( r0

z ,
r
2 ))

∫

�(
r0
bi

,r)

Gq,r(f)
pq

p−q (u)ω2

(
r0
u

)

dA(u)ω2

(
r0
z

)

dA(z)

�
∫

M2

ω2( r0
z )

ω2(�( r0
z ,

r
2 ))

dA(z)
∫

M2

χ�(
r0
z ,r)

(
r0
u

)

Gq,r(f)
pq

p−q (u)ω2

(
r0
u

)

dA(u)

�
∫

M2

Gq,r(f)
pq

p−q (u)ω2

(
r0
u

)

dA(u)
∫

M2

χ�(
r0
u ,r)(

r0
z )ω2( r0

z )

ω2(�( r0
z ,

r
2 ))

dA(z)

�
∫

M2

Gq,r(f)
pq

p−q (u)ω2

(
r0
u

)

dA(u)

= ‖Gq,r(f)‖ 1
s

L
1
s
ω2(M2)

<∞. (4.39)
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Thus (4.34) holds. We can also obtain (4.33) in the same way. For z ∈ M1, (4.17) and Hölder
inequality show that

Mr(|f II |q) 1
q (z) ≤

∑

i∈Iz

{
1

|�(z, r)|
∫

�(z,r)∩�(ai,
r
2 )

|f − hi|qdA
} 1

q

�
∑

i∈Iz

{
1

ω1(�(ai, r))

∫

�(ai,
r
2 )

|f − hi|qω1dA

} 1
q

≤ CGq, r
2
(f)(z)

= CGq, r
2
(f)(z) · 1

ω1(�(z, r))

∫

�(z,r)

ω1(ξ)dA(ξ)

≤ C
1

ω1(�(z, r))

∫

�(z,r)

Gq,r(f)(ξ)ω1(ξ)dA(ξ)

≤ C

{
1

ω1(�(z, r))

∫

�(z,r)

Gq,r(f)
1
s (ξ)ω1(ξ)dA(ξ)

}s

.

Integrating both sides on M1 against the measure ω1dA, we have Iz = {i : r0
z ∈ �( r0

bi
, r

2 )} and
∫

M1

|Mr(|f II |q) 1
q (z)| 1sω1(z)dA(z)

≤ C

∫

M1

1
ω1(�(z, r))

∫

�(z,r)

Gq,r(f)
1
s (ξ)ω1(ξ)dA(ξ)ω1(z)dA(z)

≤ C

∫

M1

1
ω1(�(z, r))

∫

M1

χ�(z,r)(ξ)Gq,r(f)
1
s (ξ)ω1(ξ)dA(ξ)ω1(z)dA(z)

≤ C‖Gq,r(f)‖ 1
s

L
1
s
ω1(M1)

<∞. (4.40)

Similarly, when z ∈M2, we have

Mr(|f II
2 |q) 1

q (z) ≤
∑

i∈Iz

{
1

|�( r0
z , r)|

∫

�(
r0
z ,r)∩�(

r0
bi

, r
2 )

|f − hi|qdA
} 1

q

≤ C

{
1

ω2(�( r0
z , r))

∫

�(
r0
z ,r)

Gq,r(f)
1
s (ξ)ω2

(
r0
ξ

)

dA(ξ)
}s

.

Integrating both sides on M2 against the measure ω2dA, we have
∫

M2

|Mr(|f II |q) 1
q (z)| 1sω2(

r0
z

)dA(z) ≤ C‖Gq,r(f)‖ 1
s

L
1
s
ω2(M2)

<∞ (4.41)

(4.40) and (4.41) imply (4.35) and (4.36).
(4)⇒(2) First we proveHfI is compact. For z ∈M2, set dν2(z)=[(1− r0

|z| )(
r0
|z|2 )]q|∂̄fI(z)|q·

ω2( r0
z )dA(z). Now we prove ν2 is a q-Carleson measure on Ap

ω2
(M2). For ν2, we have

∥
∥
∥
∥
ν2(�( r0

z , r))
ω2(�( r0

z , r))

∥
∥
∥
∥

1
q

L
p

p−q
ω2 (M2)

=
{∫

M2

∣
∣
∣
∣
ν2(�( r0

z , r))
ω2(�( r0

z , r))

∣
∣
∣
∣

p
p−q

ω2

(
r0
z

)

dA(z)
}s
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=
{∫

M2

∣
∣
∣
∣

[(1 − r0
|z| )

r0
|z|2 ]q|∂̄fI(z)|qω2(�( r0

z , r))

ω2(�( r0
z , r))

∣
∣
∣
∣

p
p−q

ω2

(
r0
z

)

dA(z)
}s

=
{∫

M2

∣
∣
∣
∣

(

1 − r0
|z|

)
r0
|z|2 ∂̄f

I(z)
∣
∣
∣
∣

pq
p−q

ω2

(
r0
z

)

dA(z)
}s

=
{∫

M2

∣
∣
∣
∣

(

1 − r0
|z|

)
r0
|z|2 ∂̄f

I(z)
∣
∣
∣
∣

1
s

ω2

(
r0
z

)

dA(z)
}s

=
∥
∥
∥
∥

(

1 − r0
|z|

)
r0
|z|2 |∂̄f

I(z)|
∥
∥
∥
∥

L
1
s
ω2 (M2)

<∞.

If g ∈ Ap
ω1,2

(M), when z ∈M2, we get

‖Id(g)‖q
Ap

ω2 �→Lq
ν2

=
∫

M2

|g(z)|qdν2(z)

≤
∫

M2

dν2(z)
1

ω2(�( r0
z , r))

∫

M2

|g(w)|qχ�(
r0
z ,r)

(
r0
w

)

ω2

(
r0
w

)

dA(w)

�
∫

M2

ν2(�( r0
w , r))

ω2(�( r0
w , r))

|g(w)|qω2

(
r0
w

)

dA(w)

≤
{∫

M2

|g(w)|pω2

(
r0
w

)

dA(w)
} q

p
{∫

M2

∣
∣
∣
∣
ν2(�( r0

w , r))
ω2(�( r0

w , r))

∣
∣
∣
∣

p
p−q

ω2

(
r0
w

)

dA(w)
} p−q

p

= ‖g‖q
Lp

ω2 (M2)

∥
∥
∥
∥
ν2(�( r0

w , r))
ω2(�( r0

w , r))

∥
∥
∥
∥

L
p

p−q
ω2 (M2)

.

Then Id : Ap
ω2

(M2) �→ Lq
ν2

(M2) is bounded and ‖Id‖Ap
ω2 �→Lq

ν2
≤ ‖ ν2(�(

r0
z ,r))

ω2(�(
r0
z ,r))

‖
1
q

L
p

p−q
ω2 (M2)

< ∞,

thus ν2 is a q-Carleson measure for Ap
ω2

(M2).
Next we are going to prove ν2 is a vanishing q-Carleson measure on Ap

ω2
(M2), we only need

to check that Id : Ap
ω2

(M2) �→ Lq
ν2

(M2) is compact. For any bounded sequence {gn}∞n=1 in
Ap

ω1,2
(M) with the property that uniformly converges to 0 on any compact subset of M , when

z ∈ M2, we know (1 − r0
|z| )

r0
|z|2 |∂̄fI(z)| ∈ L

1
s
ω1(M2), for any ε > 0, there exists r0 < r2 <

1+r0
2 ,

such that
∫

r0<|z|<r2

∣
∣
∣
∣
ν2(�( r0

z , r))
ω2(�( r0

z , r))

∣
∣
∣
∣

p
p−q

ω2

(
r0
z

)

dA(z)

=
∫

r0<|z|<r2

∣
∣
∣
∣

[(1 − r0
|z| )

r0
|z|2 ]q|∂̄fI(z)|qω2(�( r0

z , r))

ω2(�( r0
z , r))

∣
∣
∣
∣

p
p−q

ω2

(
r0
z

)

dA(z)

=
∫

r0<|z|<r2

∣
∣
∣
∣

(

1 − r0
|z|

)
r0
|z|2 ∂̄f

I(z)
∣
∣
∣
∣

pq
p−q

ω2

(
r0
z

)

dA(z) < ε.

When z ∈M2, we have

‖Id(gn)‖q
Lq

ν2 (M2)
=

∫

M2

|gn(z)|qdν2(z)

≤
∫

r0<|z|<r2

|gn(z)|qdν2(z) +
∫

r2≤|z|≤ 1+r0
2

|gn(z)|qdν2(z)
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≤ ‖gn‖q
Lp

ω2 (M2)

{∫

r0<|z|<r2

∣
∣
∣
∣
ν2(�( r0

z , r))
ω2(�( r0

z , r))

∣
∣
∣
∣

p
p−q

ω2

(
r0
z

)

dA(z)
} p−q

p

+
∥
∥
∥
∥
ν2(�( r0

z , r))
ω2(�( r0

z , r))

∥
∥
∥
∥

L
p

p−q
ω2 (M2)

{∫

r2≤|z|≤ 1+r0
2

|gn(z)| 1pω2

(
r0
z

)

dA(z)
} p

q

.

Therefore,

lim
n→∞ ‖Id(gn)‖q

Lq
ν2 (M2)

≤ ε‖gn‖q
Lp

ω2 (M2)

+
∥
∥
∥
∥
ν2(�( r0

z , r))
ω2(�( r0

z , r))

∥
∥
∥
∥

L
p

p−q
ω2 (M2)

lim
n→∞

{∫

r2≤|z|≤ 1+r0
2

|gn(z)| 1pω2

(
r0
z

)

dA(z)
} p

q

→ 0

It is clear that, Id : Ap
ω2

(M2) �→ Lq
ν2

(M2) is compact, when z ∈ M2. We also get Id :
Ap

ω1
(M1) �→ Lq

ν1
(M1) is compact, when z ∈M1, dν1(z) = (1 − |z|)q|∂̄fI(z)|qω1(z)dA(z).

Finally, we are going to prove HfI is compact on M2. For any bounded sequence {φm}∞m=1

in Ap
ω1,2

(M) with the property that uniformly converges to 0 on any compact subset of M ,
for each m take some tm ∈ (1, 1 + 1

m ), such that ‖φm(z) − φm(tmz)‖Lp
ω2 (M2) <

1
m . Define

hm(z) = φm(tmz) ∈ H∞. Since ω2 ∈ R, using variable replacement, we get

‖hm‖p
Lp

ω2 (M2)
=

∫

M2

|hm(z)|pω2

(
r0
z

)

dA(z) =
∫

M2

|φm(tmz)|pω2

(
r0
z

)

dA(z) ≤ C‖φm‖p
Lp

ω2 (M2)
.

Thus ‖hm‖Lp
ω2 (M2) ≤ C‖φm‖Lp

ω2 (M2). If z ∈M2, letting { r0
bi
}∞i=1 be the lattice of M2, from (4.2),

we set

um(z) =
∞∑

i=1

B
ω1,2
bi

(z)
∫

M2

ϕi(ξ)
(ξ − z)Bω1,2

bi
(ξ)

hm(ξ)∂̄f I(ξ)dA(ξ).

Lemma 3.2 implies that ∂̄um = hm∂̄f
I and

‖um‖Lq
ω2(M2) ≤ C‖hm‖Lq

ν2 (M2).

Since Id : Ap
ω2

(M2) �→ Lq
ν2

(M2) is compact, then

lim
m→∞ ‖um‖Aq

ω2(M2) ≤ C lim
m→∞ ‖hm‖Lq

ν2 (M2) = 0.

On the other hand, by Mr(|f II |q) 1
q ∈ L

1
s
ω2(M2), the proof of Lemma 2.7, Hölder inequality, the

definition of f II (or suppψi), with dual number p
p−q and p

q , for M2, we have
∫

M2

|f II(ξ)|qω2

(
r0
ξ

)

dA(ξ)

�
∫

M2

|f II(ξ)|qω2

(
r0
ξ

)

dA(ξ)
1

|�( r0
z , r)|

∫

M2

χ�(
r0
ξ ,r)

(
r0
z

)

dA(z)

�
∫

M2

ω2( r0
z )

|�( r0
z , r)|

∫

M2

χ�(
r0
z ,r)

(
r0
ξ

)

|fII(ξ)|qdA(ξ)dA(z)

=
∫

M2

Mr(|f II |q)(z)ω2

(
r0
z

)

dA(z)

≤
{∫

M2

Mr(|f II |q) p
p−q (z)ω2

(
r0
z

)

dA(z)
} p−q

p
{ ∫

M2

ω2

(
r0
z

)

dA(z)
} q

p
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≤
{∫

M2

Mr(|f II |q) 1
q

1
s (z)ω2

(
r0
z

)

dA(z)
}qs

= ‖Mr(|f II |q) 1
q ‖q

L
1
s
ω2(M2)

<∞.

If z ∈ M2, then f I(z) = f(z) − f II(z) ∈ L1
ω2

(M2). Hence, hm(z)f I(z) ∈ L1
ω2

(M2). It follows
from Lemma 4.1 that HfI (hm) = um − Pω1,2(um). For M2, we have

lim
m→∞ ‖HfI (hm)‖Lq

ω2(M2) ≤ (1 + ‖Pω1,2‖Lp
ω2 �→Lq

ω2
) lim

m→∞ ‖um‖Lq
ω2(M2) = 0. (4.42)

Since

lim
m→∞ ‖HfI (φm − hm)‖Lq

ω2(M2) ≤ ‖HfI‖Ap
ω2 �→Lq

ω2
· lim

m→∞ ‖φm − hm‖Lq
ω2 (M2) = 0,

then

lim
m→∞ ‖HfI (φm)‖Lq

ω2(M2) ≤ lim
m→∞ ‖HfI (φm − hm)‖Lq

ω2 (M2) + lim
m→∞ ‖HfI (hm)‖Lq

ω2(M2) = 0.

Therefore, HfI is compact on M2. Similarly, HfI is compact on M1.
Now we are going to prove HfII is compact. For M1, we set dμ1 = |f II |qω1dA, similar to

the proof of ν2, we also get μ1 is q-Carleson measure on Ap
ω1

(M1), Id : Ap
ω1

(M1) �→ Lq
μ1

(M1) is
compact, and

‖HfII (g)‖Lq
ω1(M1) ≤ C‖fIIg‖Lq

ω1 (M1)

= ‖Id(g)‖Lq
μ1(M1)

≤
∥
∥
∥
∥
μ1(�(z, r))
ω1(�(z, r))

∥
∥
∥
∥

1
q

L
p

p−q
ω1 (M1)

‖g‖Lp
ω1 (M1)

� ‖Mr(|f II |q) 1
q ‖

L
1
s
ω1(M1)

‖g‖Lp
ω1 (M1). (4.43)

Then HfII is compact on M1. Similarly, we get HfII is compact on M2, where dμ2 =
|fII |qω2dA. Hence, HfII is compact.

To sum up, we know HfI and HfII are compact. Since Hf = HfI + HfII , then Hf is
compact.

(4.39), (4.40), (4.41), (4.42) and (4.43) imply

‖Hf‖Ap
ω1,2 �→Lq

ω1,2
� ‖Gq,r(f)‖

L
1
s
ω1(M1)

+ ‖Gq,r(f)‖
L

1
s
ω2(M2)

.

Combining with (4.38), we get (4.37). �
The following theorems are applications of Theorems 4.2–4.4. First we introduce a new

natation.
For f ∈ Lp

loc and r > 0, set

MOp,r(f)(z) =
{

1
|�(z, r)|

∫

�(z,r)

|f −Mr(f)(z)|pdA
} 1

p

, where z ∈M1,

MOp,r(f)(z) =
{

1
|�( r0

z , r)|
∫

�(
r0
z ,r)

|f −Mr(f)(z)|pdA
} 1

p

, where z ∈M2;
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and

Oscr(f)(z) = sup
ξ∈�(z,r)

|f(ξ) − f(z)|, where z ∈M1,

Oscr(f)(z) = sup
r0
ξ ∈�(

r0
z ,r)

|f(ξ) − f(z)|, where z ∈M2.

Theorem 4.5 Let ω1,2 ∈ R and 1 < p ≤ q < ∞. Set f ∈ L1
ω1,2

(M). Then the following
statements are equivalent:

(1) Hf , Hf̄ : Ap
ω1,2

(M) �→ Lq
ω1,2

(M) are simultaneously bounded;
(2) for some r > 0, ω̆s

1MOq,r(f) ∈ L∞(M1) and ω̆s
2MOq,r(f) ∈ L∞(M2);

(3) f admits a decomposition f = f I + fII where fI satisfies f I ∈ C1(M), and for some
r > 0,

ω̆s
1Oscr(f

I) ∈ L∞(M1), (4.44)

ω̆s
2Oscr(f

I) ∈ L∞(M2), (4.45)

ω̆s
1Mr(|f II |q) 1

q ∈ L∞(M1), (4.46)

ω̆s
2Mr(|f II |q) 1

q ∈ L∞(M2). (4.47)

Morover, for some r > 0,

‖Hf‖Ap
ω1,2 �→Lq

ω1,2
+ ‖Hf̄‖Ap

ω1,2 �→Lq
ω1,2

� ‖ω̆s
1MOq,r(f)‖L∞(M1) + ‖ω̆s

2MOq,r(f)‖L∞(M2 (4.48)

Proof (2)⇒(3) If z ∈ M1, set f I = M r
2
(f) and f II = f − f I . If ρ(z, ξ) < r

2 , then
�(ξ, r

2 ) ⊂ �(z, r). By Hölder inequality,

|f I(z) − f I(ξ)|
≤ |f I(z) −Mr(f)(z)| + |Mr(f)(z) − f I(ξ)|

≤ 1
|�(z, r

2 )|
∫

�(z, r
2 )

|f(w) −Mr(f)(z)|dA(w) +
1

|�(ξ, r
2 )|

∫

�(ξ, r
2 )

|f(w) −Mr(f)(z)|dA(w)

≤ C

|�(z, r)|
∫

�(z,r)

|f(w) −Mr(f)(z)|dA(w)

≤ C

{
1

|�(z, r)|
∫

�(z,r)

|f(w) −Mr(f)(z)|qdA(w)
} 1

q

�MOq,r(f)(z)

<∞.

Therefore,

ω̆s
1(z)Oscr(f

I)(z) ≤ Cω̆s
1(z)MOq,r(f)(z) <∞. (4.49)

When z ∈M1, observe that

|M r
2
(f)(z) −Mr(f)(z)| ≤ 1

|�(z, r
2 )|

∫

M1

χ�(z, r
2 )(ξ)|f −Mr(f)(z)|dA

≤ C
1

|�(z, r)|
∫

�(z,r)

|f −Mr(f)(z)|dA

= C ·MOq,r(f)(z),
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then

MOq, r
2
(f)(z) ≤

{
1

|�(z, r
2 )|

∫

�(z, r
2 )

|f −Mr(f)(z)|qdA(ξ)
} 1

q

+
{

1
|�(z, r

2 )|
∫

�(z, r
2 )

|Mr(f)(z) −M r
2
(f)(z)|qdA(ξ)

} 1
q

�MOq,r(f)(z).

If z ∈M1,

M r
2
(|f II |q) 1

q (z) = M r
2
(|f − f I |q) 1

q (z)

=
{

1
|�(z, r

2 )|
∫

M1

χ�(z, r
2 )(ξ)|f − f I |q(ξ)dA(ξ)

} 1
q

≤
{

1
|�(z, r

2 )|
∫

�(z, r
2 )

|f(ξ) − f I(z)|qdA(ξ)
} 1

q

+
{

1
|�(z, r

2 )|
∫

�(z, r
2 )

|f I(z) − f I(ξ)|qdA(ξ)
} 1

q

≤MOq, r
2
(f)(z) +Osc r

2
(f I)(z)

≤ C ·MOq, r
2
(f)(z)

≤ C ·MOq,r(f)(z).

Then

ω̆s
1(z)M r

2
(|f II |q) 1

q (z) ≤ Cω̆s
1(z)MOq,r(f)(z) <∞. (4.50)

When z ∈M2 (it should be discussed at �( r0
z , r)), we can also get

ω̆s
2(z)Oscr(f

I)(z) ≤ Cω̆s
2(z)MOq,r(f)(z) <∞,

ω̆s
2(z)M r

2
(|f II |q) 1

q (z) ≤ Cω̆s
2(z)MOq,r(f)(z) <∞.

(4.51)

(4.49), (4.50) and (4.51) show that (4.44)–(4.47) hold.
(3)⇒(2) For f , set f = f I + fII , we have

MOq,r(f I)(z) =
{

1
|�(z, r)|

∫

�(z,r)

|f I(w) −Mr(f)(z)|qdA(w)
} 1

q

≤
{

1
|�(z, r)|

∫

�(z,r)

∣
∣
∣
∣f

I(w) −
∫
�(z,r)

|f1(ξ)|dA(ξ)

|�(z, r)|
∣
∣
∣
∣

q

dA(w)
} 1

q

≤ C

{
1

|�(z, r)|
∫

�(z,r)

∣
∣
∣
∣

∫
�(z,r)

|f I(w) − f1(ξ)|dA(ξ)

|�(z, r)|
∣
∣
∣
∣

q

dA(w)
} 1

q

= C ·Oscr(f I)(z),

for z ∈M1. Then ω̆s
1(z)MOq,r(f I)(z) ≤ ω̆s

1(z)Oscr(f
I)(z). Since

MOq,r(f II)(z) =
{

1
|�(z, r)|

∫

�(z,r)

|f II −Mr(f II)(z)|qdA
} 1

q
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≤
{

1
|�(z, r)|

∫

M1

χ�(z,r)|f II |qdA
} 1

q

+Mr(f II)(z)

≤ 2Mr(|f II |q) 1
q (z),

then ω̆s
1(z)MOq,r(f II)(z) ≤ Cω̆s

1(z)Mr(|f II |q) 1
q (z). Therefore, for z ∈ M1, ω̆s

1MOq,r(f) ∈
L∞(M1). For z ∈M2, we also get ω̆s

2MOq,r(f) ∈ L∞(M2).
(1)⇔(2) Let 0 < r < α, Hf and Hf̄ are bounded. By (4.9), we have

ω̆s
1Gq,r(f) + ω̆s

2Gq,r(f) � ‖Hf‖Ap
ω1,2 �→Lq

ω1,2
,

ω̆s
1Gq,r(f̄) + ω̆s

2Gq,r(f̄) � ‖Hf̄‖Ap
ω1,2 �→Lq

ω1,2
.

Similar to [6, Proposition 2.4 and Proposition 2.5], we have

ω̆s
1MOq,r(f) + ω̆s

2MOq,r(f) � ω̆s
1Gq,r(f) + ω̆s

1Gq,r(f̄ + ω̆s
2Gq,r(f)) + ω̆s

2Gq,r(f̄)

� ‖Hf‖Ap
ω1,2 �→Lq

ω1,2
+ ‖Hf̄‖Ap

ω1,2 �→Lq
ω1,2

. �

Theorem 4.6 Let ω1,2 ∈ R and 1 < p ≤ q < ∞. Set s = 1
q − 1

p , f ∈ L1
ω1,2

(M). Then the
following statements are equivalent:

(1) Hf , Hf̄ : Ap
ω1,2

(M) �→ Lq
ω1,2

(M) are simultaneously compact;
(2) for some r > 0, lim|z|→1− ω̆s

1MOq,r(f) = 0 and lim|z|→r+
0
ω̆s

2MOq,r(f) = 0;
(3) f admits a decomposition f = f I + fII , where f I satisfies f I |M1 ∈ C1(M1), f I |M2 ∈

C1(M2), and for some r > 0,

lim
|z|→1−

ω̆s
1Oscr(f

I) = 0, lim
|z|→r+

0

ω̆s
2Oscr(f

I) = 0,

lim
|z|→1−

ω̆s
1Mr(|f II |q) 1

q = 0, lim
|z|→r+

0

ω̆s
2Mr(|f II |q) 1

q = 0.

Theorem 4.7 Let ω1,2 ∈ R and 1 < q < p < ∞. Set s = 1
q − 1

p , then for f ∈ L1
ω1,2

(M), the
following statements are equivalent:

(1) Hf , Hf̄ : Ap
ω1,2

(M) �→ Lq
ω1,2

(M) are bounded;
(2) Hf , Hf̄ : Ap

ω1,2
(M) �→ Lq

ω1,2
(M) are compact;

(3) for some r > 0, MOq,r(f) ∈ L
1
s
ω1(M1) and MOq,r(f) ∈ L

1
s
ω2(M2);

(4) f admits a decomposition f = f I + fII , where f I satisfies f I ∈ C1(M), and for some
r > 0,

Oscr(f I) ∈ L
1
s
ω1(M1), Oscr(f I) ∈ L

1
s
ω2(M2),

Mr(|f II |q) 1
q ∈ L

1
s
ω1(M1), Mr(|f II |q) 1

q ∈ L
1
s
ω2(M2).

Moreover, for 0 < r ≤ α
2 ,

‖Hf‖Ap
ω1,2 �→Lq

ω1,2
� ‖MOq,r(f)‖

L
1
s
ω1(M1)

+ ‖MOq,r(f)‖
L

1
s
ω2(M2)

.
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[4] Békollé, D., Berger, C. A., Coburn, L. A., Zhu, K. H.: BMO in the Bergman metric on bounded symmetric

domains. Journal of Functional Analysis, 93(2), 310–350 (1990)

[5] Hu, Z., Jin, L.: Hankel operators on Bergman spaces with regular weights. J. Geom. Anal., 29(4), 3494–

3519 (2019)

[6] Hu, Z., Wang, E.: Hankel operators between Fock spaces. Integr. Equ. Oper. Theory, 90(3), Paper No. 37,

20pp. (2018)

[7] Jovovic, M., Zheng, D.: Compact operators and Toeplitz algebras on multiply-connected domains. Journal

of Functional Analysis, 261(1), 25–50 (2011)

[8] Li, H.: Compact Hankel operators on multiply connected domains. Journal of Mathematical Analysis and

Applications, 171(2), 588–592 (1992)

[9] Li, H.: Hankel operators on the Bergman space of multiply-connected domains. Journal of Operator Theory,

321–335 (1992)

[10] Luecking, D. H.: Characterizations of certain classes of Hankel operators on the Bergman spaces of the

unit disk. J. Funct. Anal., 110, 247–271 (1992)

[11] Luecking, D. H.: Embedding theorems for spaces of analytic functions via Khintchines inequality. Mich.

Math. J., 40(2), 333–358 (1993)

[12] Pau, J., Zhao, R., Zhu, K.: Weighted BMO and Hankel operators between Bergman spaces. Indiana Univ

Math J., 65, 1639–1673 (2016)
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