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1 Introduction

Diffusion processes and birth-death processes are two important stochastic processes. Interest-
ingly, these two processes share similar analytical and probability properties [3]. Let us start
with the infinitesimal generator.

For birth-death processes with birth rates (b;);en and death rates (a;);en, Feller [7] proves
that the birth-death Q-matrix has the representation of D, f with o = 1, p,, = bobybnoy (n>

a1a2:-Qn
n
1) and for z,, = >}, Mlak + a%[{aoyéo}’

Framy = L@ = F@0) oy 0lo) = a(nn)

Tn+1l — Tn Hn

For one dimensional diffusion operator L = a(x)% + b(z) L with derivative of a, b contin-
uous and a > 0, Feller [6] establishes that L = D,,, Ds with

s(x):/czexp{—/cy%dz
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m(x)z/czexp {/Cy%dz}%, Dy f(z) = TJ:/((?).

It is obvious that both m and s are strictly increasing and continuous with respect to x.

There are many works in generalizing the diffusion operator D,,, Ds. Feller [6] extends it to
D Dy, with m strictly increasing and right-continuous and D;}, in the sense of Radon-Nikodym.
Ité6 and Mckean [9] consider m being strictly increasing, right-continuous or left-continuous.
Kotani and Watanabe [11] generalizes m to be increasing and right-continuous by means of
Krein’s correspondence.

In the present paper, we proceed to define an operator so that it is not limited to the above
cases (also include Brownian motion on fractals, see Example 5.4 in Section 5). Furthermore,
we give the construction of the associated processes with the resolvent approach dating from
[5, 7, 8].

Now, we define the generalized diffusion operators.

Let M and S be increasing functions from R to R. Assume M is left-continuous and S is
right-continuous. We shall identify the functions M and S with the Borel measures M and S
as M((—o0,x)) := M(z) and S((—o0,z]) := S(x) for any x € R. The support of measure y is
given by

E,={z:Vr>0,0<p((z—rz+r)) <+oo}.

Throughout this paper, we use the following assumptions.

Assumption (1) M < S, so that E) C Eg =: E.

(2) —co<infE=:ly € E, 400 >supE =:l, ¢ E.
Remark 1.1 Assumption (2) is not determined by the definition of the generalized diffusion
operators. However, when establishing the construction of the generalized diffusion processes,
we only consider the case of [ € F and Iy ¢ F in this paper.

Suppose the Borel (signed) measure fi satisfies i < M. Define

@ =illna), J@= [ fws@), cer

(ll 7w]

Then f is left-continuous and f is right-continuous, and both with bounded variation. For any
z,y € R, let pr((x,y]) := f(y) — f(z) be the Borel (signed) measure induced by f. It is clear
that if is absolutely continuous with respect to S. Define

Dsf(z) == %{ = f(z), S-ae.
Since i < M, define

Some examples of the generalized diffusion operators are given. Please see Section 5 for details.

In this paper, we use the resolvent approach in [5, 7, 8] to construct the generalized diffusion
processes corresponding to L = Djy;Dg, which guarantees the Markov transition semi-group by
Hille-Yosida theorem. That is, our task is to solve the inhomogeneous equation (¢ —DpsDg)g =

f for any (or all) @ > 0. For this, we do some preparations.
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To obtain the monotone solutions of the homogeneous equation, we need Feller’s boundary

classification. For any = € R, define
S = [ st [ M),
(0,2] [0,y)

N(z) = M (dy) S(dz).
[0,2) (0,9]
Analogy to [4], we call the boundary I; (i = 1,2) to be
regular, if ¥(I;) < oo, N(I;)
exit, if ¥(l;) < oo, N(;) =
entrance, if X(I;) =00, N(I;)
) N(l) =

where X(l2) and N(l2) are the left limits of ¥ and N at the point of I respectively. Please refer

AN
“88

natural, if ¥(I;) = o0

to Proposition 3.3 for the detail boundary behaviours of M and S determined by boundary
classification.

Let (v1, vg) solve the following equations:
DyDsvi = avy, v1(0) =1, Dgvi(0) =0, (1)
DyDgves = avy, v2(0) =0, Dgve(0) = 1. '

Now, we state the main theorems concerning the construction of generalized diffusion pro-

cesses. First, we present the monotone and positive solutions of the homogeneous equation.
Theorem 1.2 For each a > 0, the homogeneous equation
(¢ — DyDs)u=0 (1.2)
has monotone and positive solutions which have the form of
u(z) = v1(z) —yva(x), z€FE

up to a multiplicative positive constant, where v is a constant to be determined. Moreover, the

above monotone and positive solutions u are increasing when

U < gy < e M)
V2 1) = -1 + a'f[ll,()) U2(y)M(dy)’

and are decreasing when
& [0y v1(y) M (dy) e

<~v< — .
mTl2 1+af[0x 1)2 )M(dy) ST xTIE Vo (I)

Denote by u; and ug the increasing and decreasing positive solutions respectively. Ifl; (i =1,2)

is regular, then there are infinite many u;; Otherwise, w; is unique.

Now for the general measures M and S, proving Theorem 1.2 depends heavily on the
measure theory, see Section 2 for instance.

To obtain the solutions of the inhomogeneous equation, we introduce the Wronskian of two
functions:

W (u, 0)(z) = v(z) - <D5u(0) ta /

[0,2)

u(t)M(dt))
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—u(z) - (st(o) +a /M v(t)M(dt)), Vz € E. (1.3)

Lemma 3.1 indicates that the Wronskian of solutions of homogeneous equation (1.2) is identi-
cally equal to a constant.

The following theorem establishes the solutions of the inhomogeneous equation.

Theorem 1.3 Suppose that uy; and us are given in Theorem 1.2. If the Wronskian of u1 and

ug satisfies W(uy,us) =1, then the solutions of the inhomogeneous equation
(e = DyDs)g=f (a>0) (1.4)

are given by

0(2) = 1 (z) + exun(2) + wa (2) /[ | wa) )M a)

+ us(a) / w(9)f(y)M(dy), =€ E, (15)
[l1,2)

where ¢1 and co are arbitrary constants.

Denote by < the space of bounded right-continuous functions on E with the maximal
module || f|| := sup,¢g | f(2)], and &/ the non-negative functions in 7.

The resolvent operators, which are determined by the minimal non-negative solution of
the inhomogeneous equation (o« — Dy Dg)g = f (o > 0), give the construction of generalized
diffusion processes by Hille-Yosida theorem.

Theorem 1.4 Suppose that uy and us are given in Theorem 1.2. Define

up (z)ua(y), <y and xz,y€E,
K(z,y) =
ug(x)ur(y), y<z and z,yckE.
If f € &%, then the minimal non-negative solution of the inhomogeneous equation (o —
Dy Dg)g = f (a>0) is given by

Rof(x) = / K(z,9)f(s)M(dy), z € E. (L6)
[l1,l2)

Furthermore, Ry is a bounded linear operator on </ which has the following properties:

(1) Norm condition. ||aR.|| < 1.

(2) Resolvent equation. Ry — Rg + (o — f)RaRp =0, o, 8 > 0.

(3) 9 = R,/ (C &) is independent of a. Moreover, R, 2 is dense in 9.

The rest of the paper is organized as follows. In Section 2, we present some formulas for
Djs and Dg, and in Sections 3-4, we prove the main results, Theorems 1.2-1.4. In Section 5,
some examples are considered, including the Brownian motion on Cantor set.

To conclude this section, we make the following conventions.

(1) If f is right-continuous (or left-continuous) with bounded variation, we regard the Borel
(signed) measure induced by f as us((a,b]) := f(b) — f(a) (or ps([a,b)) := f(b) — f(a)) for any
a,beR.

(2) When taking (z,y] and [z,y) as the integration interval, we read them as (x,y] N E and
[z,y) N E respectively.
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(3) If x > y, we make a convention that the integrations f(w , and f[w ;) Tepresent — f(y .

and — f[y’x) respectively.

2 Preliminaries
To facilitate the computation behind, we need some formulas of Djy; and Dg.

Proposition 2.1 For any z,y € E and c € R,
(1) if F is right-continuous, then fm 4] DgF(2)S8(dz) = F(y) — F(x);
(2) if G is left-continuous, thenf[ y) Dy G(2)M(dz) = G(y) — G(z);
(3) suppose that F(x f(c 2] f(y)S(dy), then we have DsF(x) = f(z);
(4) suppose that G(x f[c ) 9y (dy) then we have DpG(x) = g(x);
(5) DsF(z) = Ds(F( —))(@), DMG(fE) = Du(G(-+))(@);
(6) if M < S, then DsF(x) = DgM (x) - Dy F(x).
Proof  (1)—(4) follows from Radon-Nikodym theorem, and (5) follows from Lemma 2.2 be-
low. (6) is clear since it is known that for any o-finite signed measure v and o-finite measures
wand p, if 4 < p and v < p then
dv  dvdp
dp  dpdp’

To obtain Proposition 2.1 (5), we prove the invariance of the measure by changing the

p-a.e. 0

continuity of the corresponding cumulative distribution functions.
Lemma 2.2 Suppose h is right-continuous (or left-continuous). For any x € R, let ﬁ(m) =
h(z—) (or h(x) = h(x+)). Then h and h induce the same Borel (signed) measure.

Proof Assume h is right-continuous. For any a, b € R, let pj, and pj be the Borel (signed)
measures induced by h and h respectively. Then, for any [a,b) C B(R),

i (1a.0)) = h(b) = h(a) = h(b=) — h(a=) = un([a.b))-
Hence pp, = pj, by the measure extension theorem. d
The formulas of “D” acting on product and quotient are important, see the proof of Lem-
mas 3.1-3.2 for instance.

Proposition 2.3 Suppose that v is a Borel measure, both f and g are right-continuous (or
left-continuous) with bounded variation. It holds p-a.e. that
(1) Du(f9)(x) = f(a+)Dug(x) + g(z—) Dy f ().
(2) If 1/g is also of bounded variation, then
f o 9($+)Duf(x) — f(x+)Dug(x)
D, = )(z)= .
g g(z+)g(z—)
To show Proposition 2.3, we need a representation of “D”, which follows immediately from
[1, Theorem 5.8.8].

Proposition 2.4 Let f be right-continuous (or left-continuous) with bounded variation, u be
a Borel measure on R. If the Borel (signed) measure py induced by f is absolutely continuous
with respect to u, then

sz )
Dut( )_lrl() w(lz —rx+1))

< 00, [-a.e.
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Now, we can give a proof of Proposition 2.3 as follows.

Proof of Proposition2.3 (1) Assume both f and g are right-continuous with bounded variation,

then so is f - g. It follows from Proposition 2.4 that

o Mgzt r])
D,(f-g)(x) —17}?01 Wz —rz+r1))

i b0 g (2 =7 = By 2 4 7))
rio p([r —r, 2 +1])

 lim i L& 9@ 1) — flz—r —h)g(x —r — h)
oo ([ —ryx + 1))

= lim lim
710 hl0O

- glatr) —gle—r—h) im i
ST e ey MR T e )
= f(x imimﬂg((x—r_h’z+r})

BRARE it R P rlono plfz =1,z + 1)

= f(z+)lim polle =2 +7]) z—) lim
= +)1rl0 p(z —r,x + 7)) 9 )lrlo p(lz —r,x +7])

= f(CCJF)D;Ag(x) + g(x—)DHf(:c).

(2) Similarly, we have that

i Pz a4 r])
Du(1/g)(x) =lim= e ==

o limp o p1/g((x — 17— hyz + 7))

rlo e —ryx +7])
= lim lim 1/g(x+r)—1/g(x —r —h)
710 h10 p([z =7,z +1])
— —limlim ! gletr) —gle—r—h)
rlonlo gle+r)gle—r—h)  pr—re+r)

) gl == e tr])
g(z+)g(xz—) rlonlo  p(lx —r,z+7])
Dug(l‘)
g9(z+)g(z—)

Together with (1), we have thus proved (2). O

3 Proof of Theorem 1.2
Without loss of generality, we assume that 0 € Eyy = Es = E and M(0) = S(0) = 0 in this

section. To prove Theorem 1.2, we first construct a system of the homogeneous equation, and
then obtain the monotone solutions by some lemmas.
Fix a > 0, integrating the homogeneous equation (v — Dy;Dg)v = 0 with respect to the

measure M and from Proposition 2.1 (2), we derive that

Dsv(y) = Dgv(0) + a/[o @), yeE (3.1)
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Integrating it with respect to the measure S and from Proposition 2.1 (1), we have
v(z) = v(0) + Dsv(0) - S(z) + « S(dy) / v(z)M(dz), =z€E. (3.2)
(0,2] [0,y)
Define

vi(z) =14+« S(dy) / vy (2)M(dz),
(0,7] [0,y)

va(z) = S(z) + oz/ S(dy)/ va(2) M (dz).
(0,2] [0,y)
For any x € E, take

o) =1,
v§"+1)(x) =« S(dy)/ v§")(z)M(dz), n > 0.
(0,2] (0,9)

and

" (z) = o S(dy) / o§™ (2)M(dz), n>0.
(0,2] (0,)

By the second iteration method (see [2, Theorem 2.9]), we have that

Z v(n) ), wva(z) = i Uén) (2),
n=0

solving (1.1). More specifically, {v1,v2} consists of a system of fundamental solutions of the
homogeneous equation (o« — Dy Dg)v =0 (o > 0).
Now, let us calculate the Wronskian of the solutions of the homogeneous equation.

Lemma 3.1 If u and v are two solutions of the homogeneous equation (o« — DpyDg)v =
0 (o > 0), then the Wronskian W (u,v)(x) is independent of x. In particular, W (ve,v1)|g(z)
= v1(z)Dgva(x) — va(x)Dgvi(x) = 1 with vy and vy given by (3.3).

Proof We will verify that W (u,v)(x) = W (u,v)(y) for any z,y € E. First, we do the following

transformation so that the sign “D” can work.
Wl 0)(e) = o) (Dout0) s [ wteyprcan)
~ () (Dse(0) +a /H M)
+02) = o) - (Dsu(0) + o /H u(an))
- () = u(=) - (Dso(0) +a /[ ) oM () )

From (3.2), we have

0(z) - v(z-) = <{z}>(st< ) +a /[) v<t>M<dt>),
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u(z) — u(z—) = S{=}) (Dgu(O) +a /[M u(t)M(dt)),

which yields to

(v(2) = v(z—)) - <D5u(0) +a /[o,z> u(t)M(dt))

— S({=) <st(0) +a /[O’Z) v(t)M(dt)) (Dsu(O) +a /[O’Z) u(t)M(dt)>
= (u(z) —u(z—))Dsv(z).

Consequently,

W(u,v)(z) = v(z—) - (Dsu(O) + o /[O,z) u(t)M(dt)>
—u(z—) - (DSU(O) +a /[o,z) v(t)M(dt)).

From Proposition 2.3 (1) and Proposition 2.1 (5)—(6), it follows that, M-a.e.

D <v(._) . (DSu(O) +a /[07‘) u(t)M(dt)) ) (2)

= Dgsu(0)Dpr(v(-—))(2) + v(2) - au(z) + a/[o )u(t)M(dt) - Dar(v(-=))(2)

= au(z)v(z) + (Dgu(O) +a /[072) u(t)M(dt)) Dyv(2)

= au(z)v(z) + (Dgu(()) + a/[o ) u(t)M(dt)) Dy S(2)Dgv(z)

= au(z)v(z) + Dsu(z)Dgv(z)DprS(2)

= Dur (ut-) (Dsv(0) + [ wn(a)) ) o)

which yields that (Dp/W)(z) = 0 for any z € E. Hence, for any x,y € E,

0= DyW(2)M(dz) = W (y) — W(x).
[zy)
In particular,

W (ve, v1) () = W(ve,v1)(0) = 1. O
The next lemma gives the monotonicity of vy/vy and “Dgvy/Dgvs”.
Lemma 3.2 Let vy and ve be given by (3.3). Then both ve/v1 and
a f[o,;c) vy (t)M (dt)
1+« f[O,w) v (t) M (dt)

are increasing on F.
Proof (i) Clearly, both vy and 1/v; are right-continuous with bounded variation. Then it
follows from Proposition 2.3 (2) and Lemma 3.1 that, for any z € E,

Vg _ v1(2+)Dsvz(2) — v2(2+)Dsv1(2)
s(32) - EaE
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v1(2)Dgva(z) — va(2)Dsv1(2)
v1(z)v1(2-)

v
v1(2)v1(2—)

> 0.

Thus, for any z, y € E with z < y, Proposition 2.1 (1) implies that

o5 | oo F)oer-80-2t2

Hence, vy /v; is increasing on F.
(ii) According to Proposition 2.3 (2), Proposition 2.1 (4) and Lemma 3.1, for any z € E,

we have

O‘fo yvi(t)
Das <1 +a [, v2(t) ))
1—|—ozf0 2 v2( ) (t)) avy(z) O‘fo ]vl()M(dt)~av2(z)
(1 +a [y v2(O)M(d) (1 + o [, ) va(t) M (dt))
_ aW(vg,01)(2) + ava(2) M ({2}) - ava(2) — av(2) M ({2}) - ava(2)
(I +a [ v2(O)M(dt) (1 + o [, ) v2(t) M(dt))
B aW (va,v1)(2)
(L4 o figv2 ()M (dt) (1 + [, ) v2(8) M(dt))

T (T a fiy v2(OM(d)) (1 + a fi,, va() M(dt))”

The denominator of the last formula is positive because of the second iteration of vo. Thus, by

Proposition 2.1 (2), we have that for any x,y € F with z < y,
a fig4y vi(H)M(dt)
0< / DM( 0.2 )(Z)M(dz)
[2,9) Lta [, v2(t)M(dt)
_ « f[07y) U1 (t)M(dt) . « j‘[O,a:) U1 (t)M(dt) .
L0 oy @M 1+ a o, wOM@

Olf[O‘m) vy (t) M (dt)
’ 14a f[oyw)'ug(t)M(dt)
Next, we present the relationships of boundary behaviours between M, S and 3, N.

Hence is also increasing on F. O

Proposition 3.3 Fori=1,2,

(1) if l; is regular, then |S(l;)| < +oo and |M(1;)| < +o0;

(2) if l; is exit, then |S(l;)] < +o00 and |M(1;)| = +oo;

(3) if l; is entrance, then |S(l;)] = +o0 and |M(l;)] < +00;

(4) if l; is nature, then |S(l;)| = +oo and |M(L;)] = +oo.
Proof First, we show that X(I;) < +oo implies |S(l;)| < +o00. Take l; < zo < 0 such that
M (zp) < 0 and S(xg) > —oo. Since M(0) =0, we have

() = /( L, S [ )



700 Li Y. and Mao Y. H.
—- [ M@sy)
(llxo]

> M(y)S(d
> /(] (1)S(dy)
> —M(20)(S(x0) — S(l1)).

Thus X(11) < +oo implies S(I1) > —oo. Similarly, ¥(l2) < +oo implies S(l2) < +o0.
Second, we show that N(I;) < +oo implies |M(l;)| < 4+o00. Take 0 < zp < Iz such that
S(zp) > 0 and M(xg) < +o0. Since S(0) = 0, we have

N)= [ Mdy) [ S(d=)
[0712) (Ovy]

- / S(y)M(dy)
[0,i2)

> S(y)M(d
> /[) ()M (dy)
> S(wo)(M(l2) — M(x)).

Thus, N(l2) < oo implies M (l2) < +o00. In the same way, N(l;) < 400 implies M (I1) > —oo.
Third, we show that if N(I;) = 400 and |S(I;)| < 400, then |M(l;)| = +o00. This is obtained
from

N)= [ My [ S2)
[0,12) (0,9]

- / S(y)M(dy)
[0,l2)

< /[%) S(12) M (dy)
= S(lo)M(ly),

and similarly, N(l;) < S(l1)M(1y).
Finally, if ¥(;) = 400 and |M(l;)] < +oo, then we have that |S(l;)| = +oo in the same
way. O
The following lemma is due to [12], which is an application of the integral transform theorem.

Lemma 3.4 Suppose that v is a Borel measure. Define its “cumulative distribution function”
and “inverse cumulative distribution function” as:
p(z) = p((—00,2]), ¢~ H(y) = inf{z: p(z) > y},

respectively. Then for any Borel set I' and measurable function f,

/ fdu = / foe (y)dy.
r {y: ¢~ (y)el}

The following lemma gives the estimates of vy and vs.

Lemma 3.5 Let vy and ve be given by (3.3). Then for any x € E,
(1) a%(z) < 1 (x) < =),
(2) a figy S(d) fio,) 1SEIMdz) < 03(@)] < 1S(2) o).
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Proof (1) The first inequality is direct since
vy (z) > 1151)(:1:) =aX(z), Vrek.
For the second inequality, it suffices to show that

vin)(m) < (eZ@)" Yn > 1.

Y (3.4)
For this, we use the mathematical induction. The case of n =1 is clear Suppose (3.4) holds
for n = k. For n =k + 1, since X(z) < X(y—) for z < y and DgX(y f[o W) M(dz) for y € E,

we have that

(k+1) (a%(z))"
oD@y <a [ Sedy) /[Oy) CEED wr(az)

o S(dy) / ()" M(d2)
k! 0,z] [0,9)NE

S(y—)"DsX(y)S(dy)

IA
=%
= ¥
=
5~
&

Define ©71(y) = inf{z : X(z) > y}. Take I' = (0,2] and f(z) = S(z—)* (z € E) in Lemma 3.4
to derive that

akJrl

@) < S [ S-Sy
© /(03]
akJrl

— S [ sy
©J(2(0),5(2)]

ak+1 / A
< — y-dy
kY Jos@)

_ (aX(2)**
(k1)
where the last inequality follows from %((X£7!(y))—) < y. Thus, (3.4) holds.

(2) The first inequality is clear since |vy(z)| > |v é (z)]. For the second inequality, it suffices
to show inductively that

2 n
(@) < |8 LLZE)” g s ) (3.5)
When n = 1, we have

v (@) =a [ S(dy) [ S(x)M(dz)

(0,z] (0,9)
< afS(z)| S(dy) M (dz)
(0,2] (0,9)
= o|S(x)|X(z).

Suppose (3.5) holds for n = k. According to (1), we have

B

o
=
!
N

(k+1) z))k
luy (@) <« S(dy) 1S(2)] - ——57
(0,2] [0,y)
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k1 .
<@ [ sty [ serues)
© S0, [0,y)
(aX(z)™!
< \S($)|W,
which gives (3.5). O
The limits of Z—; — % at the end points depend on the boundary classification.

Lemma 3.6 Let vy and va given by (3.3). Then

v 0w O‘f[ll,o) v1 (y) M (dy) c1 <0, Iy is reqular,
—_ 1 P =
V2 1+« f[ll,o) v2(y) M (dy) 0, otherwise;
and
) <U1 Oéf[o_x) v (t) M (dt) ) co >0, Iy is reqular,
lim [ —(x) — y =
zTl2 \ V2 1+a f[o,x) vy (t) M (dt) 0, otherwise.

Proof For x € E big or small enough (so that ve(x) is not zero), since W (v, v1)|g = 1, we

have
a f[O,w) v1 ()M (dt) 1

07U 0y M)~ 0a(w) - (1+ o fyy va()M (D)’

When [; is regular, from Proposition 3.3 we have |S(;)| < oo, |M(I;)| < oo and X(1;) < oo
for i = 1,2. This, together with Lemma 3.5 and M (0) = 0, derives that

[o2(1:)] < 1S (15)|e**") < oo,

| +a/ va ()M (dt) < 1 —I—a/ va(l) M(dt) = 1+ [va(ls) M(15)] < +oo.
[0,L5) [0,L:)

Hence,

a f[ll,O) —v1(t)M (dt)

—(lh) — =c <0,
il GOl i Jinoy —v2(OM(dt) —
. v O‘f[o 2 V1 t)M (dt)
1 — - . = 0.
o1z <v2 @) -1 Jorw v2(6) M (dt) =

When I; is not regular, either |S(I;)| or |[M(l;)| is infinity. If S(I;) = —o0, take 1 < 29 <0
such that f[ro o) [5(2)[M(dz) > 0 and [S(zo)| < +00. Then we have from Lemma 3.5 that

[oa()] > a /( L, S /H 15(2)|M (d2)

> a /( L s /[) (=) M (d2)
—a(S(a) - S(0) [ |S(:)IM(az)

[IQ,O)

= 4o00.

Similarly, if S(l2) = 400, then va(ly) = +0c0.
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When |M(1;)| = oo, take zq such that |va(xg)| > 0. We have

1+ a/ vo(t)M(dt) > 1+ a/ vo(t) M (dt)
[0,1;) [x0,l:)
= 1+ avy(xo) (M (l;) — M(x0))
= +00.
This completes the proof. O

Now, it is ready to prove Theorem 1.2.

Proof of Theorem 1.2 Suppose that the positive solution u has the form of
U = v; — Y.

According to Lemma 3.2, we have

7}1(11) . U1
<~ < lim —(x). 3.6
o) <7 S Hm (x) (3.6)

Since u; is increasing, it holds that S-a.e.
Dsuy = Dsvy —yDgve > 0,

« 4[’[0&) v (t) M (dt)
14+« f[o,x) va (t) M (dt)

_ @ f[lho) vy (t)M (dt) _
T > S
Lta [y, o) v2(t)M(dt)

which yields that v < for any z € R. By Lemma 3.2 again,

Combining with (3.6) and lim 7 (x) > 0, we obtain that

:CTZQ 2

<

1(l) Dsvy(ly)
va(ly) 7= Dgva(ly)’

Since us is decreasing, it follows that S-a.e.

Dgsugs = Dgsvy —vDgsvs <0,

« -[[O,an) v (t) M (dt)
1+a f[o’x) vo (t) M (dt)

which yields that v > for any z € R. Using Lemma 3.2 again, we have

_ a f[o,:p) vy (t)M (dt)
~v > lim >0
1l 1+ « f[OJ) V2 (t)M(dt)
Combining with (3.6) and {1 (I1) < 0, we obtain that

a [ v1(t)M(dt)
im f[o, ) <« < lim ﬂ(J;) O
all: 1+« f[o’m) vo () M (dt) zlz Vg

4 Proof of Theorems 1.3—1.4
First, we present the solutions of the inhomogeneous equation.

Proof of Theorem 1.3  Theorem 1.2 implies that u; and us are linearly independent. Thus,
{u1,us} consists of a system of fundamental solutions of the homogeneous equation (1.2).
Suppose that the inhomogeneous equation (1.4) has solutions with the form

9(x) = cr(z)ur (z) + ca(z)uz(z),
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where ¢1(z) and co(x) are right-continuous functions to be determined later.

Proposition 2.3 (1) implies that for any « € E,
Dsg(x) = ¢1(x—)Dguy(z) + uy (z+)Dser (z) + ca(x—)Dgus () + us(x+)Dgea(x)
= c1(z—)Dgui(x) + co(x—)Dgus(x) + ui(xz)Dgcr(x) + ua(x) Dgea(x).
By setting
ui(x)Dgey () + uz(x)Dgea(z) =0, (4.1)
we have that
Dgsg(z) = c1(z—)Dsuy(x) + co(x—)Dgus(x).
Moreover, V x € E,
Dy Dsg(x) = e1(z) Dy Dsua (x) + Dsu (z—)Das(er(-—)) ()
+ co(x)DarDsus(z) + Dgua(z—)Dar(ca(-—)) ()
= a(er(@)ug(z) + ca(x)ug(x)) + Dsuy (z)Darer(x) + Dgug(x)Dpsea(x)
ag(z) + Dguy (z)Dprer (z) + Dsua(z)Dprea(x).

By setting
Dguy(z)Dprer (x) + Dsus(x)Dprea(z) = —f(x)
and multiplying both sides by DgM (z), we have that
Dguy(z)Dgecq(z) + Dsug(x)Dgea(x) = —f(x)Ds M (z). (4.2)
First, multiply (4.1) by Dgui(x), and multiply (4.2) by uq(x), then make difference to derive
that
Dgca(z) = W (u1,uz2)Dsca(z) = ui(z) f () Ds M (),

where the last equality is due to W (uq,uz2)|g = 1.
Integrating both sides with respect to .S, since ¢y is right-continuous, we have
s = ex(i) + [ ) S ).
Similarly,
@ =)+ [ wwreM),
By taking ¢; = ¢1(la—), c2 = ea(l1—),
w [ m@I@ME@) = [ )M
implies (1.5). O
The proof of Theorem 1.4 (1) is due to the monotonicity of u; and wus, the rest results of

Theorem 1.4 essentially come from [13, Lemmas 1.4-1.5], and we include here for completeness.

Proof of Theorem 1.4 (1) By the monotonicity of u; and us, we have

Dsur(0) +a /[ wr(9) M (dy) > 0,
07[1)
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Dgus(0) + a/ us(y)M (dy) <0,
[Oal2)

which yields that

0 < us(a) (Dsm(o) ta /M u1<y>M<dy>) () (Dm(m ta /[ u2<y>M<dy>)

Jl2)

= W(uy,u2)(z) + aus(zx) /

[I,ll)

= 1- aup(a) /[ )M dy) — ) [ wwa)

[I,lg)

wr(4) M(dy) — ous (x) /[ | w )My

=1-aR,1.
That is, aR,1 < 1. Hence,

laRal = sup [laRafl| < sup [[f[|- [aRa1] <1.
! IES!

(2) First, we show that R, satisfies the resolvent equation on &7*.
Since on &/

(o = DuDs)Ro =1,
for any «, B > 0, we have
(8—=DyDs)Ry = (0 — Dy Dg)Ro + (B — @)Ro =14 (8 — a)R,. (4.3)
Now that Rgf is the minimal non-negative solution of (8 — Djy;Dg)g = f (8 > 0), we have
Rs(B — DyDs) <1. (4.4)
Combining (4.3) and (4.4), we obtain
Ry > Rg(B — DyDs)Ro = Rg + (8 — @) RgRa,
which implies that
Ro — Ry + (a — B)RgR, > 0.
Similarly, we have
Rs — R + (8 — a)RaRs > 0.
Thus, it suffices to show RgR, = R, Rgs. Indeed, we have from (4.3) that
(o = Dy Ds) (B — DyuDs)Ro = (a = Dy D)+ (8 — a)(a — Dy D) Ra,
=al—DyDs+ (8—a)l
— 3— DuDs.
Furthermore,
(o — DyrDs)(B — DayDs)RaRs = (8 — DyDs)Rs = L.
Together with (4.4), we have that

RsR, = RgRo(o — Dy Ds)(8 — Dy Ds)RoRp
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= RB(RO[(O[ - DMDS))(ﬁ - DMDs)RaRﬁ
< (Rg(B — DyDs))RoRg
< R,Rg.

In the same way, we have R,Rg < RgR,. Hence RgR, = R, Rg3.

Next, we generalize R. to &/. For any f € &/, we have f = fT — f~ with f*,f~ € &/7.
So,

(Ro — Rp + (a — B)RaRig) f — Rg + (o= B)RaRg)(f T = f7)

= (Ra
= (Ra — Rg + (a = f)RaRp)f " — (Ra — R + (0 = B)RaRp) f~
=0.

(3) According to the resolvent condition and RgR, = R, Rg,
Ro = Rg[l+ (8 — a)Ra],
Rg = Ra[l+ (a = B)Rp),
which implies that R, is independent of a.
To prove R, % is dense in Z, for any h € 7,
Dy DsRy(Ryh) = aRoRoh — Roh,
RoDpDs(Roh) = Ro(aRoh — h) = aRoRoh — Ryh,

which yields to RaDpyDgs = DpyDsR, on 9. Then for any f € 9,
f = (Oé - DMDS)Raf = aRaf - RaDMDSf-
Consequently,
1
If —aRafll = |RaDuDsfll < —[[DuDsfl| = 0 (& — +o0). O

5 Examples

We give several examples of generalized diffusion operators and establish the resolvents of
Brownian motion on fractals.

The first example is diffusion operator.

Example 5.1 (Diffusion operator) Let —oco < I3 < Iz < 4o00. For any z € [l1,l2), suppose
a(xz) > 0 and the derivatives of a(z) and b(x) are continuous. Let (see for example [8])

M(x):/cmoiy)exp{/cyz((’z))dz}dy, S(w):/jexp{—/cy Z((’zdz}dy.

Since both M and S are absolutely continuous with respect to the Lebesgue measure, it follows
that
1 d 1 d

— e De=— .

M'(z) dz’ §

d? d

Dy Ds = — —.

wmDs a(az:)dx2 +b(ac)dx

The second example is Birth-death Q-matrix.

Dy
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Example 5.2 (Birth-death Q-matrix) Consider a birth-death Q-matrix with birth rates
(b)ien and death rates (a;);cn. Take (please refer to [7])

M({o}) =1, Mﬁﬂ%:%%%%f,izl
S0} = 1/a0. Ui = g7y 121

Then for any i € N,

ANRT NDsf([i_rvi—’_T])
DuDsf(i) = lrlfrol M([i —ryi+7])

_ mosr({i})
M({i})

M({i})

_ Dsf(i+1) - Dsf(i)
M({d})
- vt i+l =ri+1+7])  pp(fi —ri+r])
= (M) llﬁﬁ? Si+1—ri+1l+r]) S([i—r,i+r])}
[pp({i+1}) Mf({i})]

L S{i+1)  S({a})
[pp((i+1])  pp((E - Li])}
L S{i+1}) S({i})
_ Ayt [+ D) = 1@ f@) = fE—1)
=MD Ty oo
= bi(f(i+1) — f(0) — ai(£(i) — F(i — D).

The third example is the so-called gap diffusion.

= (M({i})™
= (M{i})~"

Example 5.3 (Gap diffusion [11]) Suppose that M : R — R is increasing, right-continuous
and M(oco) = oo. Take l; = inf{zx : M(z) > —oo} and Iy = sup{z : M(z) < 4+oc0}. Let
(B1)¢>0 be a one-dimensional standard Brownian motion and I(¢,z), t > 0,z € R, be its local
time. Set @¢(t) = [I(t,z)M(dzx), ¢~* be the inverse of ¢. Then {B(¢*(t)) : t >0} is a time
homogeneous strong Markov process corresponding to the operator Dy;D,,.

The last example is the Brownian motion on Cantor set. Since the “cumulative distri-

bution function” determined by Cantor measure is increasing and singularly continuous, the
corresponding operator Dy D) is different from those in [6, 7, 9, 11].
Example 5.4 (Brownian motion on Cantor set [10]) First, we recall the standard Bernoulli
measure on Cantor set in R. Let Q; = {0,1}, ¢« = 0,1,..., and p,, be the uniform probabil-
ity measure on Q™ := [[\",Q;, that is, p,({z}) = 27"V for any (zg,21,...,2.,) € Q™.
Consider the map J : Q™ — [0, 1],

J(l‘) = agnxo + a71n$1 + -+ azxmv Vo = (anmla v 7'1:177,) € Qm7

where a® = 37™by, by = 1,by = 2-3*7L. Let K,,, = J(Q2™). Then the closure of U:;O:oo K,
is Cantor set in [0,1] and is denoted by K. Let \,, = p,, o J~'. Then A, ({p}) = 2"+,
Vp € K.
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Following [10], we know that there exists a unique probability measure A on K such that
Am = A, that is, Vf € C(K), limy,— 400 me JdA\m = [ fdA. Xis called the standard Bernoulli
probability measure on K. Let K = U 29 (n + K) be Cantor set on [0, +00) and denote again
by A the extended Bernoulli measure on K.

We will give a system of fundamental solutions of the homogeneous equation
(e = DyxDx)v=0 (a>0) (5.1)

by Picard iteration.

Fix ¢ € K and let A(z) = A([0,2])—X([0,¢]), & € [0, +00). Then A is an increasing continuous
function and A(c) = 0. Define A~1(y) = inf{z : A(x) > y}, it is clear that A(A~1(y)) = y.
Lemma 3.4 implies that for any Borel measurable function g and Borel set I,

[ sty - | s(aA e = [ o0 (52)
r {t:A—1(t)el'} {t:A—1(t)el'}

Define

vgnﬂ)(x) = a/( ])\(dy)/[ )vgn)(z))\(dz), n > 0.
c, T ¢,y

Suppose vgn) (z) =a”™ 1\((;3;“7 it follows by (5.2) that for any n > 0,

P 2n
vgnﬂ)(x) = 04/( ])\(dy)/[ )a"A((QTS)! A(dz)

antl Ay) on
= (2n)!/( ])\(dy)/o 2" A\(dz)

anJrl

- T /( AW

antl Az) _—

- (2n—|—1)!/0 vy
n+1A(x)2n+2
(2n+2)!"

By induction, we have

too 2n
vi(x) = Z % = cosh(y/aA(x)).

n=0

Define
v (z) = M),

Ué’nJrl) (l‘) _ Oé/

(c,]

In the same way, we obtain
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Hence, {cosh(y/aA(z)), = /?sinh(y/aA(z))} consists of a system of fundamental solutions of
the homogeneous equation (5.1). Moreover, we have

gimza%§%§%%%=aﬂmmwmm»:w,
@ f[O,c) vi(t)A(dl) vy 1 )
[ afy, oA ~ @ o0 =0 tanh(Vah(0) =7

with A(0) = —A([0, z]) < 0. In addition,
e2Val(z) 4 1

lim U—l(x) =a? lim ———— =q2,
zT+o00 Vg xT+oo e2\/EA(ac) —1

im “ f[c’m) v (D) =qo- lim v—Q(x) —a
zl+o00 1 + & f[CﬂU) V2 (t)A(dt) z]+4o00 U1 .

Then W (v — yv2, v1 —a/?vy) = a'/? — holds with v, < v < 75 < 0. By taking u; = vy — v,

and us = (v1 — a/?v9)/(a?/? — 7), we have W (u1,us)|z = 1. According to Theorem 1.2, there
are infinitely many u, and there is a unique us up to a multiplicative positive constant, which
indicates that 0 is regular while +0c0 is not regular. In fact, from (5.2), we have

Consequently,
¥(0) = N(0) = A([0,¢])? < +o0  and  ¥(+00) = N(+00) = +00.
Hence 0 is regular and +oc0 is nature.

The Green function determined by u; and us is

VEAW[(] — ~e—1/2)evVa@A@) 4 (1 ~1/2)—VaA(x) N
e (1 =~ya™!?)e + (1 +ya'?)e ] c<y and zyck,

_ 2(a17” ~ 1) |
K(.’L‘, y) - e\/aA(I) [(]_ — 7@71/2)eﬁA(y) + (]_ _|_ fyail/z)e*\/a/\(y)] ~
, y<z and z,y€Kk
2(0&1/2 _ )

where v < v <7y <0.

For the inhomogeneous equation
(a=D\Dag =/ (a>0), (5.3)

the minimal non-negative solution is

+oo

Raf(@):= [ K(e.y)]()Ady), z ek,

which indicates that there are infinitely many resolvents.

Remark 5.5 When both M and S are the Lebesgue measure, the associated process is Brow-
nian motion and the solutions of the corresponding homogeneous equation and inhomogeneous
equation are well known (see for example [8]). When both M and S are the Cantor measure, we
use integral transform theorem (or Lemma 3.4) to deal with the integration and Picard iteration
to solve the corresponding homogeneous equation. Both the system of fundamental solutions of
the homogeneous equation (5.1) and the minimal non-negative solution of the inhomogeneous

equation (5.3) are novel as far as we know. When taking one measure as the Lebesgue measure
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and another as the Cantor measure, we have no idea to solve the corresponding homogeneous

equation.
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