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Abstract We establish a Dahlberg-type perturbation theorem for second order divergence form el-
liptic operators with complex coefficients. In our previous paper, we showed the following result: If
Lo = divA®(z)V + B%(z) - V is a p-elliptic operator satisfying the assumptions of Theorem 1.1 then the
L? Dirichlet problem for the operator Lo is solvable in the upper half-space R”;. In this paper we prove
that the LP solvability is stable under small perturbations of Lo. That is if £; is another divergence
form elliptic operator with complex coefficients and the coefficients of the operators Lo and L£; are
sufficiently close in the sense of Carleson measures, then the L? Dirichlet problem for the operator £1
is solvable for the same value of p. As a corollary we obtain a new result on L? solvability of the Dirich-
let problem for operators of the form £ = divA(z)V + B(z) - V where the matrix A satisfies weaker
Carleson condition (expressed in term of oscillation of coefficients). In particular the coefficients of A
need no longer be differentiable and instead satisfy a Carleson condition that controls the oscillation
of the matrix A over Whitney boxes. This result in the real case has been established by Dindos,

Petermichl and Pipher.
Keywords Complex coefficients elliptic PDEs, perturbation theory, boundary value problems
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1 Introduction

It is natural to ask when behavior of solutions to, or other properties of, certain partial dif-
ferential equations are preserved under small perturbations of the coefficients. In the case of
second order elliptic and parabolic operators, this is a well-studied question, at least when the
coefficients are real valued. In 1986, Dahlberg [7] studied this question in the context of the
solvability of the LP Dirichlet problem, and gave a criterion for smallness of the perturbation

in terms of Carleson measures. We refer to this, and a variety of similar conditions that have
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arisen over the years, as “Dahlberg-type” perturbation criteria. The results of [7] were sharp-
ened in [13], to include consequences of both smallness and simply finiteness of the Carleson
measure condition on the perturbation. Subsequent work enlarged the class of domains in
which these results hold, as well as the class of operators. In [12], Escauriaza showed that the
small Carleson condition preserved a refined property of the density of elliptic measure, namely
that the logarithm of the density belongs to the Sarason space of Vanishing Mean Oscillation
(VMO). Dahlberg’s theorem and Escauriaza’s theorem were both extended to chord-arc do-
mains in [17] and [18]. The theory has also been extended to parabolic operators; see [20] for
non-cylindrical domains. For equations in non-divergence form, Rios [19] showed that the A
property of elliptic measure is preserved under finiteness of the Carleson measure condition, and
Dindos-Wall [9] gave the sharp result assuming the small Carleson condition. All of this was
done, however, in the case of real coefficients. Perturbation theory in the complex coefficient
case is far less developed; we will mention a few examples momentarily.

In the paper [11] we established a new theory of interior regularity for solutions to complex
coeflicient second order divergence form operators, which can be viewed as a weaker substitute
for the De Giorgi-Nash—Moser regularity theory for real elliptic PDEs. Specifically, we con-
sidered operators of the form £ = divA(z)V + B(x) - V, with certain algebraic conditions on
the matrix A (called p-ellipticity) and a natural minimal scaling condition on B. No additional
smoothness of the coefficients is assumed. When the coefficients of A are real, or when p = 2,
the p-ellipticity condition is just the usual uniform ellipticity condition.

We then applied this regularity theory to the question of solvability of the LP Dirichlet
problem for operators with complex coefficients. We always assume that the matrices are in
canonical form, as defined below, and [11] contains a discussion of how to put an operator with

lower terms in canonical form. In particular, we established the following result.

Theorem 1.1 Let 1 < p < oo, and let Q be the upper half-space R = {(xg,2") : g > 0

and ' € R"~1}. Consider the operator

and assume that the matriz A in canonical form is p-elliptic with constants Ay, A. Canonical
forms mean that Agp =1 and Sm Ap; =0 for all1 <j <n—1. Assume that
du(z) = sup [[VAP +|BPo(x) do (1.1)
Bs(x)/2()
is a Carleson measure in §). Let us also denote
di/(x) = sup  [32;100Aos|* + | 32; 05 Aos1? + | BI’]é(w) da. (1.2)
Bs(xy/2(x)
Then there exist K = K(Ap, A, ||ptllc,n,p) > 0 and C(Ap, A, ||eellc, 7, p) > 0 such that if

1 lle < K (1.3)
then the LP-Dirichlet problem
Lu=0 i €,
u=f for o-a.e. x € 99, (1.4)
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is solvable and the estimate

1Np,a(w)]| oo < Cllfllzr o010y (1.5)
holds for all energy solutions u with datum f.

We now aim to replace the criteria ((1.1) and (1.2)) under which solvability can be deduced
by a weaker condition, which previously was established in [10] only for real valued elliptic
operators. The Carleson conditions (1.1) and (1.2) in the theorem above require the matrix
A to be differentiable while in [10], it was shown that a condition on the oscillation of the
coeflicients of A suffices. Namely, it was proven that in the real variable case Theorem 1.1 holds
when

dy = (5(x)*1(osc35(z)/2(1),4)2 + sup |B|26(:c))d:c (1.6)
Bis(x)/2(%)
is a small Carleson measure. Here we define
oscg A = s;ljp{\A”(x) — Ai;j(y)| : for z,y € K|}

The proof of solvability in [10] under this weaker assumption on the coefficients used a
perturbation result of Dahlberg type, which states that if £y and £ are two divergence form
elliptic operators whose coefficients are close in the sense that

dm(z) = sup [JA° — A2 (z) +|B° — B?0(x)] dx (1.7)
By /2()
is a small Carleson measure, then the LP solvability of £y implies the LP solvability of L.

An analogous result was not known in the complex coefficient case. In fact, all known proofs
of the Dahlberg’s perturbation theorem rely heavily on properties of solutions that only hold
in the real variable case, such as the maximum principle or the A, property of the elliptic
measure.

In general the literature on solvability of boundary value problems for complex coefficient
operators in R™ has been fairly limited, except when the matrix A is of block form. When
the matrix A in £ = divA(x)V has block form, there are numerous results on LP-solvability
of the Dirichlet, regularity and Neumann problems, starting with the solution of the Kato
problem, where the coefficients of the block matrix are also assumed to be independent of the
transverse variable. This assumption on the transverse variable is usually referred in literature
as “t-independent” — in our notation it is the xg variable — referring to the situation when the
domain is the upper half space. See [4] and [15] and the references therein. For matrices that are
not of block form, there are solvability results in a few special cases, under the assumption that
the solutions satisfy De Giorgi—-Nash—Moser estimates. This latter assumption is not generally
verifiable or, as far as we know, linked to any specific structural assumption on the matrix. For
examples of results obtained under this assumption, see [1] and [14]; the latter paper is also
concerned with operators that are t-independent.

Finally, there are perturbation results in a variety of special cases, such as [3] and [2]; the
first paper shows that solvability in L? implies solvability in L? for p near 2, and the second
paper has L2-solvability results for small L> perturbations of real elliptic operators when the

complex matrix is t-independent.
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In this paper we show that Dahlberg’s perturbation theory applies to the class of complex
coeflicient elliptic operators Ly satisfying the assumptions of Theorem 1.1 under only the struc-
tural, or algebraic, assumption of p-ellipticity. We do not assume t-independence, nor do we
assume that solutions satisfy De Giorgi-Nash—Moser estimates. The perturbation criteria is
the same as that for real coefficient operators, although here it should be observed that the

“smallness” of the Carleson measure will also be a function of the p in p-ellipticity.
Theorem 1.2 Let Ly satisfy the conditions of Theorem 1.1. Let L1 = divAl(z)V + Bl(z) -V
be a perturbation of Ly in the following sense:
dm(z) = sup [|A° — A2 (x) + |B° — B'|*§(z)) dx (1.8)
Bs(z)/2(x)
is a Carleson measure in €.
Then there exist K = K(Ap, A, ||ptllc,n,p) > 0 and C(Ap, A, ||eellc, 7, p) > 0 such that if
[mlle < K (1.9)
then the matriz A' is p-elliptic and the LP-Dirichlet problem is also solvable for the operator
Lq. That is,
Liu = in €,
u=f for o-a.e. x € 909, (1.10)

is solvable and the estimate

||N ,a(u)HLP(aQ) < CHf”LP(BQ;(C) (1.11)

holds for all energy solutions u of Lyu = 0 with datum f.

This perturbation result is sufficient to establish a new criterion for solvability of the LP
Dirichlet problem for operators with complex coefficients, analogous to the one in [10] in the

real case.

Theorem 1.3 Let 1 < p < oo, and let 2 be the upper half-space R} = {(xq,2") : g > 0
and ' € R"~1}. Consider the operator

and assume that the matriz A is p-elliptic with constants Ay, A, Ago =1 and Im Ag; =0 for
all1 <j<n-—1. Assume that

dﬂz(5(@*1(05@35(1)/2(1),4)2+ sup |B|26(x))dx (1.12)
Bs(x)/2(x)

18 a Carleson measure in Q. Let

n—1
dy = <5(x)_1 z:(oscBé(w)/Q(QC)AOJ-)2 + sup |B|25(x)>d:r. (1.13)
=0 Bs(a)/2(x)

Then there exist K = K(Ap, A, ||ptllc,n,p) > 0 and C(M\p, A, ||pellc, n, p) > 0 such that if

I lle < K (1.14)
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then the LP-Dirichlet problem
Lu=0 n Q,
u=f for o-a.e. x € 99, (1.15)
Np.a(u) € LP(09),

1s solvable and the estimate

||N a(w)llzra0) < Cllfllzra0:0) (1.16)

holds for all energy solutions u with datum f.

Corollary 1.4 Suppose the operator L on R} has the form

n—1
Lu=dqu+ Y 0;(Ai;oju)
i,j=1
where the matriz A has coefficients satisfying the Carleson condition (1.12).
Then for all 1 < p < oo for which A is p-elliptic, the LP-Dirichlet problem (2.26) is solvable
for L and the estimate

INpatell ooy < Cllf Lo o0ic) (1.17)
holds for all energy solutions u with datum f.

In the statements of the two theorems above, we have used some notation that will be
precisely defined in the following section. In Section 3 we prove bounds for the square function
in terms of the boundary data and the nontangential maximal function. Section 4 contains the

converse estimates. Finally, in Section 5 we give proofs of Theorems 1.2 and 1.3.

2 Basic Notions and Definitions
2.1 p-ellipticity
The concept of p-ellipticity was introduced in [6], where the authors investigated the LP-
dissipativity of second order divergence complex coefficient operators. Later, Carbonaro and
Dragicevi¢ [5] gave an equivalent definition and coined the term “p-ellipticity”. It is this defi-
nition that was most useful for the results of [11]. To introduce this, we define, for p > 1, the
R-linear map J, : C* — C" by
: a .p
jp(a +i6) = » + lp/
where p’ = p/(p—1) and «, 5 € R™.
Definition 2.1 Let Q C R". Let A: Q — M, (C), where M,,(C) is the space of n x n complex
valued matrices. We say that A is p-elliptic if for a.e. x € Q
Fe (A(z)€, Tpl) > Npl€?, VeeCm (2.1)
for some A, > 0 and there exists A > 0 such that

[(A()§, m| < Algllnl, V€, neC™ (2.2)

It is now easy to observe that the notion of 2-ellipticity coincides with the usual ellipticity
condition for complex matrices. As shown in [5] if A is elliptic, then there exists p(A) > 0 such
that A is p-elliptic if and only if |1 — §| < pu(A). Also p(A) = oo if and only if A is real valued.
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2.2 Nontangential Maximal and Square Functions
On a domain of the form
Q= {(zg,2") ER xR : 29 > ¢(2')}, (2.3)

where ¢ : R"~! — R is a Lipschitz function with Lipschitz constant given by
L= [VollLe(rn-1),
define for each point = = (zg,2’) € Q
5(x) == xo — ¢(2') ~ dist(z, 09). (2.4)

In other words, d(x) is comparable to the distance of the point x from the boundary of Q.
Definition 2.2 A cone of aperture a > 0 is a non-tangential approach region to the point

Q = (vo,7") € 9Q defined as

To(Q) ={(v0,y") € Q: alzo — yo| > |2 —¥'|}. (2.5)

We require 1/a > L, otherwise the aperture of the cone is too large and might not lie inside
1. When = R7 all parameters a > 0 may be considered. Sometimes it is necessary to

truncate I'(Q) at height h, in which case we write
Q) :=T.(Q)N{z € Q: §(x) <h}. (2.6)
I, ()l ~ | [Vu(@)F5(a) da. (2.7

In [DPP], a “p-adapted” square function was introduced. The usual square function is the
p-adapted square function when p = 2. In the following definition, when p < 2 we use the
convention that the expression |Vu(z)[?|u(z)[P~2 is zero whenever Vu(z) vanishes.
Definition 2.3 For Q C R", the p-adapted square function of u € Wli’f(Q;C) at Q € 09
relative to the cone I'y(Q) is defined by

1/2
Sp.a(u)(Q) := (/F o V() [Pluz)[P~25(x)* ™" dw) (2.8)

and, for each h > 0, its truncated version is given by

1/2
St (u = Vu(z) | lu(x)|P~26(x)% " dx . 2.9
1 wW)(Q) (/rm' () Plu(z)P26(z) ) (2.9)

It is not immediately clear that the integrals appearing in (2.8) are well-defined. However,
in [11], it was shown that the expressions of the form |Vu(z)|?|u(x)[P~2, when u is a solution of
Lu = 0, are locally integrable and hence the definition of S, (u) makes sense for such p whenever
p-ellipticity holds.

A simple application of Fubini’s theorem gives

1), o = /Q V(@) Plu() P 5 (x) de. (2.10)

Definition 2.4 For Q C R”™ as above, and for a continuous u : Q@ — C, the nontangential

mazimal function (h-truncated nontangential maximal function) of u at Q € O relative to the
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cone T'o(Q), is defined by

No(u)(Q):= sup |u(z)] and NI(u)(Q):= sup |u(z)]. (2.11)
€T (Q) z€l(Q)

Moreover, we shall also consider a related version of the above nontangential mazimal function.
This is denoted by Npﬁa and is defined using LP averages over balls in the domain 2. Specifically,
gwen u € LY (Q;C) we set

loc

Npo(u)(Q):= sup w(z) and N;La(u)(Q) = sup w(x) (2.12)
2€T,(Q) ' z€l'(Q)

for each Q € 99 and h > 0 where, at each x € (Q,

w(z) = (]é o u(z)|pdz)1/p. (2.13)

Above and elsewhere, a barred integral indicates an averaging operation. Observe that, given
uwe Ll

loc
everywhere on 02.

(€;C), the function w associated with u as in (2.13) is continuous and N, 4 (u) = N, (w)

The L%-averaged nontangential maximal function was introduced in [16] in connection with
the Neuman and regularity problem value problems. In the context of p-ellipticity, Proposi-
tion 3.5 of [11] shows that there is no difference between L? averages and LP averages and that

N,

».a(1) and No o (u) are comparable in L" norms for all 7 > 0 and all allowable apertures a, a’.

2.3 Carleson Measures

We begin by recalling the definition of a Carleson measure in a domain € as in (2.3). For
P € R™, define the ball centered at P with the radius r > 0 as

B.(P):={zeR": |z —P|<r}. (2.14)

Next, given Q € 99, by A = A,(Q) we denote the surface ball 92 N B,.(Q). The Carleson
region T'(A,) is then defined by
T(A,) :=Q2N B.(Q). (2.15)

Definition 2.5 A Borel measure p in § is said to be Carleson if there exists a constant
C € (0,00) such that for all Q € 9Q and r > 0

p(T(Ar)) < Co(Ay), (2.16)

where o is the surface measure on 02. The best possible constant C in the above estimate is

called the Carleson norm and is denoted by ||u|lc.

In all that follows we now assume that the coefficients of the matrix A and B of the elliptic
operator £ = divA(z)V + B(z) - V satisfies the following natural conditions. First, we assume
that the entries A;; of A are in Lip,,.(€2) and the entries of B are L2 (£2). Second, we assume
that

du(z) = sup [|[VA]? +|B|*)é(z) dx (2.17)

Bs(x)/2()
is a Carleson measure in €. Sometimes, and for certain coefficients of A, we will assume that
their Carleson norm ||pt]|¢ is sufficiently small. The fact that p is a Carleson allows one to relate

integrals in ) with respect to p to boundary integrals involving the nontangential maximal
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function. We will often use the following result for our averaged nontangential maximal function,
which is Theorem 3.7 of [11].

Theorem 2.6 Suppose that dv = fdx and du(z) = [supp, ., () [flldx. Assume that pu is
a Carleson measure. Then there exists a finite constant C = C(L,a) > 0 such that for every
ue LY (C) one has

loc

/ (@) dv(z) < Clulle / (o)) o (2.18)

Furthermore, consider 0 = R} where p and v are measures as above supported in Q and
§(xo,2’) = xg. Let h: R*™Y — RY be a Lipschitz function with Lipschitz norm L and

Qp, = {(wg,2") : o > h(z")}.
Then for any A C R~ with sup, h < diam(A)/2 we have

[ @@ <Clule [ (Npan(w) do, (2.19)
QuNT(A) QL NT(A)
Here for a point Q = (h(2'),z") € 0Q, we define
Np.an(w)(Q) = sup w, (2.20)
Fa(Q)
where
Ta(Q) =To((h(z"),2")) = {y = (vo0,v") € Q: alh(z’) —yo| > |2’ —¥/|} (2.21)

and the LP averages w are defined by (2.13) where the distance § is taken with respect to the
domain Q = R .

2.4 Pullback Transformation

The Carleson measure conditions on the coefficients of £ given in (2.17) are compatible with a
useful change of variables described in this subsection.

For a domain € as in (2.3), consider the mapping p : R} —  appearing in works of
Dahlberg, Necas, Kenig-Stein and others, defined by

p(xo,a') = (xo + Pya, * d(2'),2"), V(20,2") € RY, (2.22)

for some positive constant . Here P is a nonnegative function P € C§°(R"™!) and, for each
A >0,
Py(z") = A" P2’ /N), V' e R"™L (2.23)

Finally, Py * ¢(z') is the convolution

Parol) = [ P =)o) dy (2.24)

Observe that p extends up to the boundary of R’} and maps one-to-one from OR'} onto J€2.
Also for sufficiently small v < L the map p is a bijection from R’} onto {2 and, hence, invertible.

For a solution u € Wloc (€;C) to Ly = 0 in Q with Dirichlet datum f, consider v := uop and
f := f o p. The change of variables via the map p just described implies that v € Wﬁ)f (R%;C)
solves a new elliptic PDE of the form

0 = div(A(z)Vv) + B(z) - Vo, (2.25)
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with boundary datum f on OR?. Hence, solving a boundary value problem for w in €2 is
equivalent to solving a related boundary value problem for v in R’. Crucially, if the coefficients
of the original system are such that (2.17) is a Carleson measure, then the coefficients of A and
B satisfy an analogous Carleson condition in the upper-half space. If, in addition, the Carleson
norm of (2.17) is small and L (the Lipschitz constant for the domain ) is also small, then the
Carleson norm for the new coefficients A and B will be correspondingly small. Moreover, this
transformation preserves p-ellipticity. Hence the map p allows us to assume that the domain is
Q=R7.

2.5 The LP-Dirichlet Problem

We recall the definition of L? solvability of the Dirichlet problem. When an operator L is as in
Theorem 1.1 is uniformly elliptic (i.e., 2-elliptic) the Lax—Milgram lemma can be applied and
guarantees the existence of weak solutions. That is, given any f € Bf/é (09; C), the homogenous
space of traces of functions in W12(Q; C), there exists a unique (up to a constant) u € W12(Q;C)
such that Ly =0 in © and Tru = f on 0). We call these solutions “energy solutions” and use
them to define the notion of solvability of the LP Dirichlet problem.

Definition 2.7 Let Q be the Lipschitz domain introduced in (2.3) and fix an integrability

exponent p € (1,00). Also, fix an aperture parameter a > 0. Consider the following Dirichlet

problem for a complex valued function u: Q) — C :
0 = 0;(Ai;(x)0ju) + Bi(z)0u in Q,
u(z) = f(x) for o-a.e. x € 0Q, (2.26)
Noo(u) € LP(99),
where the usual Einstein summation convention over repeated indices (i, in this case) is em-
ployed.
We say the Dirichlet problem (2.26) is solvable for a given p € (1,00) if there exists a
C =C(p,Q) > 0 such that for all boundary data f € LP(09;C) ﬁBf’/Qz(ﬁQ;C) the unique energy

solution satisfies the estimate

[Ns,0(u)]| ooy < Cllfllzro0:0)- (2.27)
Remark 2.8 Given f € Bfé(@Q,C) N LP(09;C) the corresponding energy solution con-

structed above is unique (since the decay implied by the LP estimates eliminates constant
solutions). As the space Bf/é(aﬂ,(,’) N LP(0%;C) is dense in LP(99;C) for each p € (1,00),
it follows that there exists a unique continuous extension of the solution operator f +— u to
the whole space LP(9Q;C), with u such that Ny ,(u) € LP(9Q) and the accompanying es-
timate ||N27a(u)||Lp(39) < O fllro0scy being valid. Furthermore, as shown in [11] for any
f € LP(99Q;C) the corresponding solution u constructed by the continuous extension attains
the datum f as its boundary values in the following sense. Consider the average @ :  — C
defined by

u(x) :][ u(y)dy, Vel
Bs(x)/2()

Then

- 1 i(z), for ae. Q€ dQ, 2.28
f(@) mﬁ@ylggp(@)u(m‘) or a.e. Q ( )
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where the a.e. convergence is taken with respect to the H"~! Hausdorff measure on €.

As we introduced in [11], the solutions to the Dirichlet problem in the infinite domain R} will
be obtained as a limit of solutions in infinite strips Q" = {x = (zg,2') € RxR""1:0 < 29 < h}.
These are defined as follows.

Definition 2.9 Let Q =R, and let Q" be the infinite strip
0" = {2 = (z¢,2) ERxR"':0< 29 < h},

and let p € (1,00). Also, fix an aperture parameter a > 0. Let u be a complex valued function
u: ) — C such that

0 = 0;(Asj(x)0ju) + B;(z)0;u in QP

u(zo,2’) =0, for all zg > h,

u(z) = f(x) for o-a.e. x €09,

Ny q(u) € LP(09),

(2.29)

where the usual Finstein summation convention over repeated indices (i,j in this case) is em-
ployed.

We say the Dirichlet problem (2.29) is solvable for a given p € (1,00) if there exists a
C = C(p,Q) > 0 such that for all boundary data f € LP(9;C) N B> (99Q;C) we have that u|gn

1/2
is the unique “energy solution” to
0=0; (Alj(x)(?ju) + Bl(x)alu m Qh,
u(wg,2') =0, for xg = h, (2.30)
u(z) = f(x) for o-a.e. x €09,
and satisfies the estimate
[N2,0(u)l Lrog) < CllfllLrossc)- (2.31)

3 Estimates for a p-adapted Square Function S, (u)

In this section we establish some relationships between square functions and nontangential max-
imal functions that are key to the proof of Theorem 1.2. Let Ly and £, satisfy the hypotheses
of Theorem 1.2; that is, £; is the perturbation of an operator £y whose coefficients satisfy a
Carleson measure condition.

We fix an h > 1, and an infinite strip Q" defined in the previous section. Let us assume
that u is an energy solution to (2.30) in the strip for the operator £1 and extended to be zero
above height h. In this section we establish an estimate of the p-adapted square function of u
in terms of boundary data and its nontangential maximal function. The constants appearing
in the estimate will be independent of the height h.

Lemma 3.1 Let Q = RY} and Lo and Ly are as in Theorem 1.2. Let u :  — C be as
above, with the Dirichlet boundary datum f € Bf/zz(aQ,C) N LP(0;C). Then there exists
K = K(A\p,A,n,p) >0 such that if

[mlle < K
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then for all r > 0

A
p p// [ulP~2|Vulzo do’ dao + // u(zo, 2)|P da’ dzg
4 ) Jjo,r/21x00 r]xaQ
S/ [u(0, )P d’ + / fu(r, 2")? da’ + C (| |c + [ml|¢?) / [Ny o ()] da’. (3.1)
29 o9 o9

Here the constant on the righthand side C' = C(A,, A, n,p) > 0 is independent of r.

Proof We extend the methods of Lemma 5.1 of [11] to the case of an inhomogeneous equation.
Fix an arbitrary 3’ € 92 = R"~ !, and consider first the case 7 < h. Choose a smooth cutoff

function ¢ which is zg-independent and satisfies

1 in B.(y),
¢= ) (3.2)
0 outside Ba,(y).

Moreover, assume that r|V({| < ¢ for some positive constant ¢ independent of y’. Because the
coefficients of operator Ly are differentiable, while the coefficients of £; are not, we rewrite the

solution of £1u = 0 as follows:
Lou=divF + (- Vu, (3.3)

where F,L' = 5ij5‘ju and Eij = A?j - Allj and 6]' = B? - le
We begin by considering the integral quantity

e // A?jajuai(\u|p72u)xoc dx’ dxg (3.4)
[0,7]x B2, (y")

with the usual summation convention understood. With x = x9( we have, by p-ellipticity ([11,
Theorem 2.4]), for some A, > 0

I>X // [ulP~2|Vul*zoC da’ dxo, (3.5)
0,7]x Ba,

where we use the abbreviation Bs,. := Bs,.(y') whenever convenient.

We integrate by parts the formula for Z in order to relocate the 0; derivative. This gives

7= %e/ 8 ululP~2uzo vy, do
a[(o, r)ngr]

— Ze // 0;(AY 50; ju) [ulP~2uzoC da’ dxg
0 ’I" XBQ,-

— Re //[ | A 05ululP?ud;mo¢ da’ dug
0,7] X B,
— Re // AL ululP*uxo0;( da’ dxo
0,7] X B,
— T4 T+ T+ 1V, (3.6)

where v is the outer unit normal vector to the domain (0,r) x By,. The boundary term I

vanishes except on the set {r} x Ba,, and only when ¢ = 0. This gives

I=%e / Agjaju|u|p_2ua:0§da. (3.7)
{r}xBa,
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As u is a weak solution of (3.3) in €, we use the equation to transform I7 into
II = Ze // (BY — 3;)(0u)|ulP~*uzoC da’ dxg
[0,r]x Ba,-
— Ke // 0i(ei;05u) [u|P~uzoC da’ dvg =: I1y + I15. (3.8)
[0,7] X B2,

To estimate the first term on the right hand side, we use Holder’s inequality, the Carleson
condition of Theorem 1.1 for the term B, the Carleson condition (1.8) and Theorem 2.6 to see
that

1/2
i< (ff B+ B )
0,7] X Ba,

1/2
X (// [ulP~20;ul?xoC da’ dx())
[O,T]XBZT

) 1/2
<COWAN (Wl +Imle) [ I apar) 22 @o)

B2T

We integrate term I, by parts, obtaining a boundary term when ¢ = 0:
I, = —%e // i (g4;05u) |ulP~2uzoC da’ dxg
[0,7] X Ba,.
= —Ze // aijajuaiﬂu\p*zux()()d:c' dl‘o
[O,T]XBZT
—h%’e/ reg;O5uz’, r)|u(a’,r) [P~ 2u(z, )¢ da’
Bay
= —ZRe // £i50;u0; (|uP~*u)zoC da’ dzg
[0,7] X Ba,-
— Re // £0;0jululP?u( da’ dxg
[0,7]x B
— Re // £i;0jululP~?ux0;¢ dx’ dx
[0,7] X Ba,.
—h@e/ reo;Oju(a’, r)|u(z’, r) [P~ 2u(z, r)¢ da’
By

21121 +II22+IIQ3+IIQ4. (310)

For the term II5; we have the estimate

Il 5 [ eyl Zang da’ doo
[0,r] X Ba,.

< sup|
%,J

Eij ||Lao A

1/2
< Imlly? ., (3.11)

the last estimate is a consequence of (1.8), since the Carleson condition implies L>° bounds on

g;5. Similarly, for term o2 we have by Cauchy—Schwarz and the Carleson condition (1.8)

1/2 |€.,|2 1/2
|15 < (// 10jul*[ulP~2z0C da’ da:o> (// * |up§da;’dx0)
[0,r]x B2y [0,r]xBa, L0
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~ 1/2
<C(A,,,A,p,n)<||m||c/ [Ngya(u)]pdx) LTV2, (3.12)

Ba,

We shall deal with the last two terms I3 and 154 later.
As 0;z¢9 = 0 for ¢ > 0 the term II1 is non-vanishing only for ¢ = 0. We further split this
term by separately considering the cases when j = 0 and j > 0. This yields, since Ayg = 1,

IIj—0y = —Ze //[0 s dou|ulP~?u¢ da’ day
T 2r

1

=— // Ao (|ulP)¢ dz’ dxg
P JJo,r)xBa,
1

= —p ,/Bz,,, |U|p(7",x’)<dx’—|—]1)/2 |u|p(0,1'/)Cd1'/. (3.13)

When j > 0 we first use the fact that Af; is real and hence the expression Ze [Af; (9u)|ulP~>u]
= pflAgjaj(|u|p). Then we reintroduce 1 = dpxg and integrate by parts moving the dy deriva-

tive

III{jsﬁO} = —He //[0 . Agj 8ju|u|p—2qu$, dzo
71X Bz,
_pfl [/ A8j 8j(|u\p)(50x0)<dx/ dao
[0,r]x Bz,

— p*l/ Agjajqu‘p)(?", x’)’rC dg';’ —|—p*1 //[ | 30A8j3j(|u|p)f€0< dSC/ dCCO
2 0,r] % Ba,

tr // Agjagj(|u|p)l‘oC dz’ dxo
[0,r]x Bz,
= III + 111, + I1I;.

We note that 111y = —1I;.0y-
In the third term I1I3 we switch the order of derivatives 8&- = J2-0 and make a further

integration by parts with respect to 0;.

IIIg = —pil // 8jA8j80(|u|p):c0C d.I/ dCCO
[0,7] X Ba,.

- // A 00(|ulP)x0(9;¢) da’ dag
[0,7]X B2,
= III31 + I.[Igz,

The terms I115 and I113; are of similar type as I1; we have handled earlier and hence have

the same estimate

~ 1/2
IIT, + I113 < C(\, A, p, n)<||;/||c/ [N, (u)]P dx/) TY?

B2r

We add up all terms we have so far to obtain

IT<p! Ao (|ulP)(r, " )r¢ dx’
B2r

! / P (r, )¢ da’ + p~ / P (0, ) d’
BQT BQT
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+C(p A, n) ([ lle + IImllc)/ [Ny.a(w)] () da’

Ba,
1
+ (4 +C' (A, A, p, n)|m|é/2)I
+ 1oy + Ilog + 11155 + IV. (3.14)

We have used the arithmetic-geometric inequality for the expression bounding the terms 117,
I155 as well as for similar terms 1115 and I113. Observe that if C'(\,, A, p,n)||m|/*/? < 1/4
the term containing Z can be absorbed by the lefthand side of (3.14).

To obtain a global version of (3.14), consider a sequence of disjoint boundary balls
(Br(y},))ken such that |, Bar(y),) covers 9 = R™~! and consider a partition of unity ((x)ken
subordinate to this cover. That is, assume Y, (4 = 1 on R"~! and each (j is supported in
By, (y;,). Write IV}, for each term as the last expression in (3.6) corresponding to Ba, = Ba,(y},)-
Given that ), 0;(x = 0 for each 4, by summing (3.14) over all k’s gives >, IV}, = 0. The same
observation applies to the terms arising in Ilo3 and I1135. It follows that

// 1 |Vu|?|ulP~2 2 da’ dag
[0,r] xR~

Spt [ o) d’
Rn,—l
[ WPt [ o
Rn,—l Rn,—l
+Cllle+lmle) [ Nyl do

+ Re / reo;Oju(a’, r)|u(z’, r) [P~ 2u(z, r) da’. (3.15)
Rn—1

We have established (3.15) for » < h, but just as in [11], Section 5, we can see that (3.15)
holds also for » > h since u = 0 when r > h.

Then, (3.1) follows by integrating (3.15) in 7 over [0,7'] and dividing by 7’. The estimate
for the last term of (3.15) requires the Carleson condition on the difference of the coefficients

and we argue as follows. After the integration and averaging we obtain the quantity

1
’%e W // £0;05u(2’, xo)u(z’, ) [P~ 2u(x, 20)xo da’ dag
R»—1x[0,r’]

l0;1° / 2 2y, (p—2 / 2
|ul? dz’ dxg |0;ul*|ulP™zo dz’ dz
R*—1x[0,r] L0 R—1x[0,r/]

< COy A p) (Il [ [N;,a<u>1pdw’)l/2

2r
1/2
X (// |0;ul?|uP~ 2z da’ dx()) . (3.16)
Rr—1x[0,]

The last term of (3.16) can be split as a sum of two terms: an integral over R"~! x [0,7'/2] and
an integral over R"~! x [r//2,7’]. The integral over R"~! x [0,7//2] appears on the righthand
side of (3.1) and hence can be absorbed by it. For the second integral we use Theorem 1.1 and

IN
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Proposition 3.5 from [11] to obtain
/ / 10, ul2 a0 da’ dao < / N7 (w)P de. (3.17)
Rr—=1x[r' /2] Rn—1
From this the claim follows. O

Lemma 3.1 has two important corollaries. Their proofs are not short, but do not differ in
any respect from the corresponding proofs of Corollaries 5.2 and 5.5 of [11], except that certain

constants now depend on ||m\|é/2.

Corollary 3.2 Under the assumptions of Lemma 3.1 we have for such u :

Ay // |Vu|?[ulP~ 2z do’ dzg < / |u(0,2")|P da’
R Rn-1
SO+ Il [ Wupasts 18)

Furthermore, under the same assumptions, if g : R"™! — RT s a Lipschitz function with
small Lipschitz norm for any A C R"! such that supp g < d/2 where d = diam(A) we also

have the following local estimate

J[ vt s, @de <o [ julate).ap
Q,NT(A) 24

O+ lule + mY?) / W @19)

p,a,g

Here Ngffl’g is the truncated version of the nontangential mazimal function defined in (2.20)
with respect to the domain Q, = {xo > g(z')} and §, measures the distance of a point to the

boundary of €.

Corollary 3.3 Under the assumption of Lemma 3.1, for any ¢ > p > 1 and a > 0 there exists
a finite constant C' = C(Ay, A, p,q,a,||pllc,n) > 0 such that

1Sp,a ()l Lacrn-1) < CllNp.a()llLa(rn-1). (3.20)

The statement also holds for any q > 0, provided we know a priori that ||Sp o ()| a(rn—1) <00.

4 Bounds for the Nontangential Maximal Function by the p-adapted Square Func-
tion
The following proposition is the analog of Corollary 6.2 of [11]. That corollary was, in turn,
a consequence of an estimate on the LY norm of the nontangential maximal functions, N,
by the L? norm of the square function, Ss, proved in [8] for non-symmetric systems whose
coeflicients satisfied Carleson measure conditions. Our perturbed operator £; doesn’t satisfy
these conditions, and we will not have recourse to this fact, namely Proposition 5.8 of [8].
Therefore, we have to prove that Proposition 5.8 of [8] holds under perturbations of the type

we are considering.

Proposition 4.1 Let1 < p < oo, Q =R" and Ly and L, be as in Theorem 1.2. Assume that
u 18 an energy solution to (2.30) in the strip for the operator Ly, with the Dirichlet boundary
datum f € Bf/é(é‘ﬂ,C) N LP(0Q;C) and extended to be zero above height h. Assume that the
measures p defined by (1.1) and the measure m defined by (1.7) are Carleson with finite norms.
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There exists K = K(Ap, A,n,p) > 0 such that if |m||c < K then for any ¢ > 0 and a > 0 there
exists a positive constant C = C(Ap, A, p, q, a,n, ||llc) such that

||Np,a(u)HLq(R"*1) < C”Sp,a(u)HLQ(R"*w (4-1)
provided that a priori |‘Np7a(u)||Lq(Rn—l) < oo. If the dual exponent p' > q we also have to
assume that ||Sp o ()| Lerr-1y < 00.

The only missing ingredient is the following analogue of Lemma 5.4 of [8].

Lemma 4.2 Let Q = R and Lo and Ly be as in Theorem 1.2. Assume u is as in Propo-
sition 4.1. Then there exists a > 0 with the following significance. For any 6 € [1/6,6] if
¢ : R"! — R is a Lipschitz function with Lipschitz constant 1/a we consider the domain
O = {(zo, ') € Q: xg > 06(z")} with boundary 00 = {(xg,2') € Q : xg = O¢(z')}. In this
context, for any surface ball A, = B,.(Q) NI, with Q € 9Q and r > 0 chosen such that ¢ < 2r

pointwise on Asg,., one has

/ [u(06(-), )2 de’ < O+ [|ull® + [l ) 1S2,0(u) | 2 (g | V20 (1) | 2 (A0

1180 (0) [22(a ) + / Jul? dX. (4.2)

Here C = C(A,n) € (0,00) and K is a region inside O with diameter, distance to the boundary
00, and distance to Q, all comparable to r. Also, the parameter b > a is as in Lemma 5.2
of [8], and the cones used to define the square and nontangential mazimal functions in this
lemma have vertices on 0f2.

Moreover, the term ff,c |u|? dX appearing in (4.2) may be replaced by the quantity

A [ Sty (4.3
where A, is any point inside K (usually referred to as a corkscrew point of A,.) and
a(X) ::][ u(Z)dZ. (4.4)
Bs(xy/2(X)

Proof Fix 6 € [1/6,6]. We first consider the case when r is small, i.e., r < 2h. Consider
the pullback transformation p : R"} — O defined as in Subsection 2.4 relative to the Lipschitz
function ¢. Let v be given by v := uwopin R'}. If u satisfies (2.30), then the function v : R’} — R
will satisfy a PDE similar to that of u. Specifically, we will have

az(ﬁz](z)ﬁjv) + Bz(x)&v =0, (45)
where A is p-elliptic if the original A was p-elliptic. Consider such pullback for solutions of
both operators £y and £;. Under the assumptions of Theorem 1.1 for £y we have that the
coefficients A% and B are such that

_ 2 _ 2
du(x) = [( sup |VAO|) + ( sup \BO|) ]6(53) dx (4.6)
Bs(a)/2(x) Bs(z)/2(x)
is a Carleson measure in R?}. In virtue of the Carleson condition on the difference of the
coefficients of £y and L1, the coefficients A" and B! of the pullback of £; satisfy

dm(z) = sup [JA°— A2 (x) + |B° — B'*§(x)) dx (4.7)
Bs(z)/2(x)
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is a Carleson measure in R’} with Carleson norm
[mlle < C([mllc,a), and C(|mllc,a) — [[mlc asa— oo.

Similarly, the Carleson norm ||z||¢ also only depends on the Carleson norm of the original
coefficients and a (the aperture of nontangential cones). In particular, we can choose the
parameter a > 0 large enough such that ||m||¢c and ||fi]|c are at most twice that of ||m|¢ and
leellc, respectively.

We may also assume that the coefficient Agg = 1. This follows from a change of variables
that modifies the lower order terms; see the discussion following Definition 4.1 of [11].

Having fixed a scale 7 > 0, we localize to a ball B,.(y') in R"~!. Let ¢ be a smooth cutoff

function of the form ((xg,z’) = (o(x0){1(2’) where

1 in [0,7], 1 in B.(y),
Co = . G = . (4.8)
0 in [2r,00), 0 inR™\ Ba.(v)
and
700Gl +7[Var G| < € (4.9)

for some constant ¢ € (0, 00) independent of r.
Let £1u = 0. Our goal is to control the LP norm of w(6h(-),-). Since after the pullback

under the mapping p the latter is comparable with the LP norm of v(0, -), we proceed to estimate

[ koo a
Bar(y")

// 80[|”|2d($0,xl) dxo dz’
[0,27] X Ba.(y')
p// Fe <’U7 8OU><dIO dCC/
[0,27] X Bar(y')

-/l o 0, 2/)60 v
[0,27] X Ba,-(y")
— A+ V. (4.10)

We further expand the term A as a sum of four terms obtained via integration by parts with

respect to xg as follows:

A=-2 // e (v, 0v)(Doo) do da’
[072T]><BZ'r'(y/)

= 2// |00v|x0C dg da’
[0,27] X B2, (y")

+2 // Ke (v,03,0)x0C drg da’
[0,2r] % Bar (3)

+2 // Ze (v, 00v)T000C dxo dz’
[0,2r] X B2, (y")

— T+ IT+1II. (4.11)
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We start by analyzing the term II. In view of the fact that AJ, = 1, we can rewrite the

equation for v following (3.3)

Bov=— > 0(A%dv) — (B — B + 0i(2i;0,0), (4.12)
(4,5)#(0,0)

where &;; = fl?j - fl}j and 3; = B? — le-. In turn, this permits us to express

Il = —2%e Z // (81A?j)v3jv:c0(d;p0 dz’
(4,)7(0,0) [0,27] X Ba,

—2%e // (BY — BN vdvaoC drg da’
[0,2r] X Ba,
—2%e Z // fl?jvafjvxog dxo dx'
(1.1)20.0) ! /10:271% Ba,

+2Ze // 0; (Eijajv) vrol drg dx’
[0,27] x Ba,

The third term above requires some further work. Let us temporarily fix 7,j and denote by
IT7 the corresponding term in I73. Since in the present context we have (i, j) # (0,0), at least
one of the two indices involved is not zero, say ¢ > 0. Integrating by parts with respect to the

variable z; then yields (in what follows we do not sum over indices i and j)

[]éj =2%e // (8iflgj)vajvxoc dxg dz’
[0,27] X Bay

—|—2Qe// 9;(v)9jvxoC dxg da’
[0,27] XBQT
+2%Re // A%vﬁjvxoai(: dxo dz’
[0,27] x Ba,

=T+ T+ T3 (4.14)
The treatment of I Iéj in the case when ¢ = 0 proceeds along the same lines, except that we
now integrate in the variable x;. Since the resulting terms are of a similar nature as above, we
omit writing them explicitly.

It remain to deal with the term Il,. We integrate by parts in the variable i. Due to the

presence of the cutoff function there are no boundary terms. We obtain:

II4 = —-2%e // éijﬁjv&-(v)xog diCO d(E/
[0,27] X Ba,.

—2%e // £0;0;v0C dzg dx’
[0,2r] X Ba,

—2%e // éijﬁjvvxo&c dxg dx’
[0,2r] X Ba,

=114 + [y + I3. (4.15)
We now group together terms that are of the same type. Firstly, we have

I+ Jy < C(A,0)|[S25(w) 172, - (4.16)
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/2 e have for I14

Similarly, as ||lei;|lLe < [|mll
1/2
1Ty < C()[mlle*||S20(w) 1305, - (4.17)
Secondly, the Carleson condition (4.6) and the Cauchy—Schwarz inequality imply
IL + 1T + I + 1 < C)(L+ [l + mlle*)1S20() |2 (820 | Nosa ()| 2222,

Next, corresponding to the case when the derivative falls on the cutoff function ¢ we have

Sy + Ly + 11T < C(A,n)(1 + HmH1/2 // |Vv||v| dxo dx’
0,2r] X Ba,.
o 1/2
< C(// o2 ™ dmodx’) 1537 ()| £2(Bar)
[072T]><B27‘ r
< CHSQ,b(U)||L2(BQT)|‘N21a(u)||L2(BZT), (4.18)

Finally, the interior term IV, which arises from the fact that dy¢( vanishes on the set (0,r) U

(2r, 00) may be estimated as follows:

w<® // |v]2 dzo da’. (4.19)
r [r,27] X Ba,.

Summing up all terms, the above analysis ultimately yields

/ 10(0, /)2 da’
By (y')

< OO m) A+ [l + Imlle) 120 225 | Na0) 225,
FCA )+ [ Sea@ e,y + © [ ePdmdr. @20)
T JJ[r2r]x By,

With this in hand, the estimate in (4.2) follows (by passing from v back to u via the map p).

The case r >> h requires some extra care. However we can observe that for 6¢(z') > h we
have u(f¢(z"),2") = 0 and hence for such points the lefthand side of (4.2) vanishes. It follows
that without loss of generality we may modify our function ¢ assume that 8¢ < h in A, without
changing the value of the lefthand side of (4.2). What this implies is that the estimate (4.2) for
A, can be deduced from adding up estimates (4.2) for smaller balls A, C A, where 7' ~ h and
hence we still have ¢ < 2r’. However, the estimate for such small balls was established above
and hence we can conclude that (4.2) holds for balls of all sizes.

Finally, the fact that (4.3) can replace the integral over K in (4.2) is a consequence of the
Poincaré inequality. O

From inequality (4.2) of Lemma 4.2, one can derive the global, and local, domination of
the nontangential maximal function by the square function, S, in the L? norm exactly as in
Proposition 5.8 of [8]. The passage from Sy to the p-adapted square function, S, is carried out
n [11].

5 Proofs of the Main Results
We briefly discuss the proof of Theorem 1.2, since the calculations of (4.8-4.10) in [11], and the

arguments that follow, carry over verbatim. The only difference is the presence of another con-

stant ||m/|| é/ ? which must be sufficiently small. The argument is carried out for solutions in the
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infinite strip of height h, which implies finiteness of certain square functions and nontangential
maximal functions. We also do need to assume that the coeflicients of the equations are smooth,
again in order to have finiteness of the appropriate quantities (to apply Proposition 4.1); an
approximation and limiting argument removes this assumption in the end. The cases p > 2
and p < 2 are argued separately, primarily because the finiteness assumptions are established
differently.

Next we establish Theorem 1.3.

Proof With the perturbation result in hand, we may now introduce a mollification of the

coefficients, as in [10]. Let £; := £ be an operator whose coefficients satisfy assumptions of
Theorem 1.3. Denote these coefficients by A, B! so that we have than
dn = (8(@) 7 (050, ) p( A2+ sup |B'6() )da (5.1)
Bjs(x)/2(x)

is a Carleson measure with norm ||p1|lc and A' is p-elliptic.

Consider a new operator £y whose coefficients are defined as follows. Set
A%(xg,2') = // Al(s,u)py(s — t, 2" — u)dsdu,
n

where ¢ is a smooth real, nonnegative bump function on R™ supported in the ball By /5(0) such
that [[ ¢ =1 and ¢4(s,y) =t "¢(s/t,y/t). We also set B® = BL.
The Carleson norms of

duo(z) = sup [[VA°]? +|BY*]0(x) dx (5.2)
Bjs(a)/2(x)
and
dm(z) = sup [|A° — A2 (x) + |B° — B'|*§(z)) dx (5.3)
Bs(z)/2(x)

satisfy, by the same arguments of [10, Corollary 2.3], the following bounds:

[kolle + lImllc < Cllpalle,
for some C' = C(n,¢) > 1.

In the complex coefficient setting, there are a couple of new points to check. First, p-
ellipticity is preserved by the mollification, hence if £; is p-elliptic then so is £y. Second, the
conditions A, = 1 and .&m A8j =0 for all 1 <7 <n —1 are preserved as well, provided the
operator £ is in canonical form.

It follows that Proposition 4.1 applies to £y and £; and we have for any energy solution
L1u = 0 the inequality

/ Fpa)de’ <C [ [Spa(w) de. (5.4)

Rn—1 Rn—1
Observe that in Lemma 3.1 we only require that p' is a Carleson measure. Hence to apply this
lemma we do not have to mollify all coefficients of £;, only those in the row A(l)j. Define a

second operator £, whose coefficients are:
A%j(xo,x’), for i > 0,
A% (zg,2") =
i (70, 2") / Ali(s,u)pe(s — t, 2" —u)dsdu,  fori=0,
RZ
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BY(w,2") = B} (o, 2'). (5.5)
Clearly, if
din(x) = sup [JA° — A2 (z) +|B° — B'?0(x)] dx (5.6)
Bs(a)/2(2)
and
dpl (z) = 50 )[Zj |00 AG;1* + 132, 0;A5, 1% + 1 B°*)8(x) da. (5.7)
sy 2(@

Then [[mlle, [#'llc < llxille, where

n—1
dyy = (6(95)_1 Z(oscBé(w)/z(m)A(l)j)2 + sup Bl|26(x)) dz. (5.8)
j=0 Bs(a)/2(w)

It follows that Lemma 3.1 applies to £y and £, and gives us

/ 1S, o ()P da’ < Cy / (0, /)P da’
R?L*l

Rn—1

+ Collui ¢ /72  Npa(w) de. (5.9)

This combined with (5.4) implies the estimate (1.11) and hence solvability of the LP Dirichlet
problem for the operator £ = L1, provided ||u]]|c is sufficiently small.

In particular, when the operator £ has the block form (i.e., Aj; = Ajy = do; and B} = 0)

then p) = 0 and hence Corollary 1.4 holds.
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