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Abstract In this paper, we investigate the complete moment convergence for dependent linear pro-

cesses with random coeflicients to form X; = > .72 Aje;—;, where {e,,n € Z} is a sequence of END

j=—00
stochastically dominated random variables and {A,,n € Z} is a sequence of random varibles. As ap-
plications, the convergence rate, Marcinkiewicz—Zygmund strong law and strong law of large numbers
for this linear process are established.
Keywords Complete moment convergence, extended negatively dependent random variables, linear

processes, random coefficients
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1 Introduction

Suppose that {e,,n € Z} is a sequence of independent and identically distributed random

variables and {a,,n € Z} is a sequence of real numbers. Therefore, {X;,¢ > 0} is defined as

00
Xt = E Aj€t—j,

j=—00
a linear process or an infinite order moving average process.

Linear processes are one of the most important topics in different applications such as elec-
tronic, financial mathematical and time series. The asymptotic behavior of these processes
have been considered by many researchers. For example, McLeish [17, 18] verified asymptotic
convergence for time series including the linear processes and the checked limit theorems for the
dependent random variables of different cases. Ko [10] studied the asymptotic convergence and
the limit theorems for the linear processes in Hilbert space. Wang and Wu [27] investigated
the central limit theorem for the linear processes generating by the dependent random vari-
able. Philips and Solo [19] established the asymptotic convergence for different cases of linear
processes.

A finite collection of random variables e1,...,¢, is called extended negatively dependent
(END) if there exists a positive constant M independent of n such that both

n
P(El > €1,E2 > €2,...,Ep > En) < ]\41_[1:)(6z > Ei),
i=1
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and
n

Pe1 <e1,e2 <é€2,...,6, <€) < MHP(ei <¢).
i=1

An infinity family of random variables {e,,,n > 1} is END, if every finite subfamily is END.
In the case of M = 1, the notion of END random variables reduces to the well-known notion
of so-called negatively dependent (ND, in short) random variables which was introduced by
Lehmann [14]. The notion of END seems to be a straightforward generalization of the notion
of negative dependence. The extended negative dependence structure is substantially more
comprehensive. For the limit theorems of END random variables, one can be referred to other
references [21, 23, 28, 31, 36, 37].

The first study in complete moment convergence was performed by Chow [3], where com-
plete moment convergence is a more general expression than complete convergence. Thus, the
complete moment convergence is one of the most important problems in the probability theory.
Chow [3] obtained the following result.

Theorem 1.1 (Chow [3]) Supposed that {X,X,,n > 1} is a sequence of independent and
identically distributed random variables with EX =0. Letp>1, a > 1/2, ap > 1, E|X|P < o0
and E[|X|log(1 + | X|)] < co. Then for all € > 0, we have

o0 k +

E n®? 27 °E( max E X —en® < 0.
1<k<n

n=1 t=1

Researchers have extended Theorem 1.1 into the moving average processes. For example,
Zhou [38] studied the case of NA random variables. Also Kim and Ko [8] studied the case of

p-mixing random variables. Kim et al. [9] generalized the result of Kim and Ko [8]. Ko et

al. [11] investigated the case of p*-mixing random variables, while Kim [7] investigated the
independent case. Sung [25] extended previous many results such as Kim and Ko [§], Kim
et al. [9] and Kim [7] to random variables satisfying some suitable conditions. Yang et al.
[33] and Yang and Hu [35] investigated the dependent cases of AANA random variables and
pairwise NQD random variables, respectively. For more information about complete moment
convergence results, there are multiple studies including Sung [24, 26], Wang et al. [29, 30],
Guo [13], Wu et al. [32], Qiu and Chen [20], Yang et al. [34], Guo et al. [5] and so on.

In the following, we review the definition of the linear processes with the random coefficients.

Definition 1.2 Let {e,,n € Z} and {A,,n € Z} be two sequences of the random variables
and -
Xt = Z Ajgt—j-
j=—00
Then {X;,t > 0} is a linear process with the random coefficients.

Recently, study on the properties of linear processes with random coefficients has attracted
much attention. For example, Saavedre et al. [22] established the estimataion of population
spectrum for linear processes with random coefficients. Kulik [12] obtained the limit theorems
for moving averages with random coefficients and heavy tailed noise. Hosseini and Nezakati [6]
demonstrated the convergence rates in the law of large numbers for END linear processes with

random coefficients. The results are as following.
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Theorem 1.3 (Hosseini and Nezakati [6]) Supposer > 1,1 <p <2, 1 <rp <2 and X; =
Z;’;im Ajei_j be a linear process with random coefficients, {e,,n € Z} is a sequence of END
random variable with mean zero and stochastically dominated by a nonnegative random variable
€. Moreover, suppose {A,,n € Z} be a sequence of END random variables with zero mean,
doie o ElAjP < oo, and for some rp < q <2, 3°7° E|Aj|9 < co. Further, {e,,n € L} is

independent of {An,n € Z}, then for all e > 0, if Ee™ < oo,

e 2P< > x

ot t=1
and for r =1, if E[ePlog(1 +¢€)] <
> IP(

In this paper, we investigate complete moment convergence and with using that, we prove

> nl/”e> < o0,

> nl/pe> < 0.

strong laws and the Marcinkiewicz—Zygmund for dependent linear processes with random coef-
ficients, where the {e,,,n € Z} is a sequence of END stochastically dominated by a nonnegative
random variable €. Some results of this paper are similar to Hosseini and Nezakati [6] . Also,
we extend and improve the result of Philips and Solo [19] and Louhichi and Soulier [16] for
non-randomly coefficients cases to the case of randomly coefficients. For the details, one can

refer to the main results presented in Section 3. Some lemmas are presented in Section 2.

2 Some Lemmas
For the theorems and lemmas that have been presented in the following, we consider C as a
positive constant, which may change line by line.

Lemma 2.1 (Sung [24]) Suppose that {X,,n > 1} and {Y,,n > 1} be two sequences of
random variables. Then for anyn > 1, ¢ > 1, € > 0 and a > 0, we have

n + -
1
E( Z<Xt+Yt) —ea> S(eq+q—1> +E ZYt,
t=1 =
and
k + 1 1 1 : !
_ <
o e | D010 —a) < (o, L) (e [ 2]
k
+E<1glka%{n ;K)

Lemma 2.2 (Adler and Rosalsky [1] and Adler et al. [2]) Suppose that {e,,n > 1} is a
sequence of random variables stochastically dominated by a nonnegative random variable €, i.e.
sup,,>1 P(len| > t) < CP(e > t) for allt > 0. Then, for alln > 1, a > 0 and b > 0, the
following conditions hold

E[|€n|a1{|5n|§b}} < C(E[éal{ggb}] + baP(€ > b)),
and

Ellen|"Ijc, >0] < CE[E“Icspy].

Consequently, one has E[|e,|*] < CE[e?] for alln > 1.
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Lemma 2.3 (Liu [15]) Let {e,,n > 1} be a sequence of END random variables and { fn(.),n >
1} are all nondecreasing (or nonincreasing) functions, then {f.(e,),n > 1} are END random

variables.

Lemma 2.4 (Ding et al. [4]) Let 1 <p <2 and {e,,n > 1} be a sequence of END random
variables with some concrete constant M > 0. Assume further that Ee,, = 0 and Ele,|P < co.

Then there exists a positive constant C(M;p) depending only on M and p such that

n p n
E|) &| <C(M;p)) Elgl, (2.1)
=1 1=1
and
k P n
E max. Z;a gC(M;p)(logn)p;EkiV’. (2.2)

Lemma 2.5 (Hosseini and Nezakati [6]) Suppose that for 1 < p < 2, the {e,,n € Z} be
a sequence of END random variables with zero mean and Ele,|P < oo, the {An,n € Z} be

a sequence of random variables with E|A,|P < oco. Further, {e,,n € Z} is independent of
{A,,n€Z}. Then for fitedn > 1, if Y oo (30_] ,Aj)ei <0 a.s., then

B Y <ZA>51

i=—o0 “j=1-—1%

n—iu

> A

j=1—i

p
E‘€i|p.

< C(M;p) ZE

1=—00

Lemma 2.6 Suppose that for 1 < p < 2, the {e,,n € Z} be a sequence of END random

variables with zero mean and E|e,|P < oo, the {An,n € Z} be a sequence of random variables

with E(ijfoo |A;)? < oo. Further, {en,n € Z} is independent of {An,n € Z}. Then
fe'e) k—1i P n—j
X X < . P . P_
Elrgggn Z ( Z A]>a€z < C(M;p)(logn)” sup Z Ele;|

im0 Nj=1—i JEL ;5

Proof Using of the Holder’s inequality and (2.2), we obtain

[e%e} k—i P
E max E < Aj)Ei
1<k<n | . .
i=—o00 ~j=1-—1t
%) k—j
= E max E E €;
1<k<n| .
= i=1—j
[ k— P
<E E |A;| max €;
. 1<k<n .
Jj=—00 1=1—7j
%) k—j P
=E E |A; |17 »|A; |P max E &
. 1<k<n| . .
Jj=—00 1=1—j
e o] 1—]1) [e%} k—j p 11) p
< E E |AJ| E ‘A | max E Ei
1<k<n =1

j=—o00 j=—00 i=1-j

:g:lEK 3 Aﬂ)pl( > 4] max

j=—o0 j=—o0

p
€ >I{m—1sz;°x |4 |<m}

k—j
i=1—j
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k‘

—J

> o
i=1—

-J

PR AT o0 |E
Y M B[4 iay e jayi<m)] max

m=1j=—o0 K3

0o 0o n—j
< C(M;p)(logn)? Z Z mP B[ A; L, 1<y JAyl<my] Z Ele; [P
m= 1]_700 i=1—j
< C(M;p)(logn)? (sup Z E|szp) (1+2PZE{( Z |Aj|) L1y Aj|<m}]>
i=1—j m=2 Jj=—00
n—j o0 p
< cOnp oy (sup 3 Blal ) (1+28( Y 1) )
JEL =1 j=—o0
n—j
< C(M;p)(logn)? sup Z Ele;|P.
jeZz 1—j5
Thus, the proof completes. O

Remark 2.7 In Lemma 2.6, for p = 1, we have

£ (50

1=—00 ~j=1-—1¢

< C'sup Z Ele,|.

JEZ

E max
1<k<n

1=1—3

3 Main Results

In the following, we prove the theorem of the complete moment convergence for the linear

processes with random coefficients.

Theorem 3.1 Suppose a >0, 1 <p < 2 and X; = Z?’;foo Ajer—; be a linear process with
random coefficients and the {e,,n € Z} be a sequence of END random variable with mean zero
and stochastically dominated by a nonnegative random wvariable ¢ with EeP < oco. Moreover,

suppose { Ay, n € Z} be a sequence of END random variables with zero mean,

> El4] <o, (3.1)
j=—0o0
and for some p < q < 2,
oo
> EJ4;] <o (3.2)
j=—o0

Further, {e,,n € Z} is independent of {A,,n € Z}, then for all e > 0,

[e%S)
§ nap—2—aE<
n=1 t=1

Proof Since Ee; =0, for all i € Z and for each n > 1, we define

- ena‘>+ < 0. (3.3)

o / » "
€i =&y — Bepy + €70 — Eevpy, (3.4)
where

Epi = EiI{|5,;\§n“} + naI{Ei>na} - naI{Ei<,na} s

1"

€ ni =& — gfni = (51' - na)I{ei>n“} + (51' + na)I{ei<—n“} .
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Using Lemma 2.3, {e), — Ee};,i € Z} and {¢",; — E¢",;,i € Z} are END random variables

with zero mean. It can be easily seen that

lenil = leil{jei1<noy + nIje, 5not

|5//m‘| = (& — na)I{5i>7la} —(ei + ”a)I{sK—n”}

< leilTgie, | >ney-

Therefore, for each n > 1, we get

n

D Xi=2 ) Ay
t=1

t=1 j=—o0

Il Il
M [
M1 L
= e

o
S
+
I
(7
D>
m
=
|
&
52

Hence, by Lemma 2.1 we obtain
o0 n +
ZnaH—aE( Y X, _ma>
n=1 t=1
(oo}
1 1
ap—2—a
S;n <6q+q—1)n“”
+}§£:1lap 2— 3D

<Cznap agqg— 2E

i=—o0 j=1—1%

o0

i=—o00 j=1—1

[e )

+_§£:71ap 2— R

= H, + Hs.

1=—o00 j=1—1

> 5 A

n”

i=—o00 j=1—1

> Z Aj(e" i — Ee" )

q

Z Z Aj(e" i —Ee" )

(3.5)

(3.6)

(3.7)

First, to prove H;, with respect to the Markov’s inequality, c.-inequality, Lemmas 2.2 and 2.5,

(3.2) and (3.5), we have

oo

H1<CZna” ag=2 Z E

1=—00

<CZn°‘p g2 Z Elel,, — Eel,|? Z E|A;|?

j=1—1

1=—00

> Al

—Es

<cznap aq—2 Z Ele/,|? Z E|A;|7

1=—00 j=1—1

<CZna” aq-2 i Z E|4;E[lei] "Ije, <ne)]

j=—o0i=1—j
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—I—CZn“” 2 Z Z E|A;|"P(le;| > n®)

j=—o0i=1—j

< CZ P HE[ )] + 0P (e > %)} Y E|4;)

n=1 j=—00

+Czn“” o-? Z Z E[A;["Elei L, > ney]

j=—o0t=1—73

<C Z noP~ IR, ¢ pay] + C Z n?~ 1P (e > n®)

n=1 n=1
+ Cznap_a_lE[EI{5>na}] Z E‘A‘]|q
n=1 j=—o00

<CY n P B ooy + C Y 0P Bl os oy

n=1 n=1

= Hy1 + Hys. (38)

For Hi,, since p < ¢q, we have thus

Hyy=C) 0 0ty B0 cecin)]

n=1 i=1

=C Z E[eT (i 1)nce<io] Z op—og—1
i=1 —~

< CY i ME[ (i—1)e<e<iny]
=1
< CEeP < . (3.9)

Next, for Hio, with p > 1, we obtain

Hyp = Cznap a—1 Z [elfme <e<(m+1)=}]

= O Z E[gl{mo<gg(m+1)a}] Z napiail

m=1 n=1
<C Z mP " Elel{me ce<(m+1)}]
m=1
< CEeP < o0. (3.10)

Thus, the conclusion from (3.9) and (3.10) is H; < oc.

For H,, similar to H;, we have

H2<Zn04' =2 Z E| Z Aj|B|e" i — Be

1=—00 j=1—1

<cznap a=2 Z Z E|A;[E|e” ]

j=—0o0i=1—j
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) co  n—j
<Oy 02 NN BB, s ney)
n=1

j=—oc0i=1—73

) o] n—j

<CY B[l sney] Y Y EIA)]
n=1 j=—o00i=1—j

<O n PO E[el s ey
n=1

=C Z E[EI{m“<5§(m+1)°‘}} Z nap—a—l (311)
m=1 n=1

<O mP O Elelno ce<(mi1)ey] < CEe? < 0. (3.12)
m=1

Therefore, (3.3) comes out immediately by (3.7)—(3.12). O

Remark 3.2 Let the conditions in Theorem 3.1 hold. Then for all € > 0,

i O ( Zn: X,
n=1 t=1

> ena) < o0. (3.13)

In fact, for all € > 0,

[e%e) n —+ [e'e] %) n
Znap—2—aE< d X, —eno‘) = ZnaH—a/ P( > X —en® > t>dt
n=1 t=1 n=1 0 t=1
> ZnaP—Z—a/m P( th — en® >t>dt
n=1 0 t=1

> 2671“).

(o]
>e€ Z n®P—2p (
n=1

n
>_Xi
t=1
Thus (3.3) implies (3.13).

If « =1/p, then for all € > 0, by using (3.13), we obtain

i TL71P < i Xt
n=1 t=1

Theorem 3.3 For some a > 0 and 1 < p < q < 2, suppose Xy = Z;i_oo Ajei_j be a
linear process with random coefficients and the {e,,n € Z} be a sequence of END random

> enl/”> < 0.

variable with mean zero and stochastically dominated by a nonnegative random variable € with
E[eP log?(1 + €)] < 0o. Moreover, suppose {A,,n € Z} be a sequence of random variables with

E( i Aj)q<oo. (3.14)

j=—o0

Further, {e,,n € Z} is independent of {A,,n € Z}, then for all e > 0,

o0 k +

g nP7 2 E( max g Xi| —en® < Q.
1<k<n

n=1 t=1

Proof Similar to the proof of Theorem 3.1, by Lemma 2.1 we have

o0 k +
E n®? 27 °E( max E X;| — en®
1<k<n

n=1 t=1
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q)

To prove Hy, with respect to the ¢,-inequality, Lemma 2.6 and (3.14), we obtain

Z Z A] - fm)

[e'S) k—i
— 1—14

oo
< CZno‘p_o‘q_2E max
1<k<n

n=1

o0
+§ n®? 2 °E( max
1<k<n

= H + H.

=0 j=
k—i
Z Z Aj(e" i — Ee" )

1=—00 j=1—1%

Hy <C2na” @4=2(logn)? sup Z Ele,, — Ee/;|?

JEZ

n=1 i=1—j

<C Z no‘p_o‘q_l(log n)qE[an{ESna}]

n=1

+C Z n°?~*"1(log n) Elel{os 0]

n=1
= Hy, + Hj.
For Hi;, we have thus

Hikl S C Z E[EqI{(ifl)a <5Siu}] Z nap_aq_l(log n)q

i=1 n=i

<C Z 1P~ (log i) E[e T (i—1) <e<in}]
i—1

< CE[ePlog?(1 4 ¢)] < o0

Next, for Hf,, with p > 1, we obtain

o] 0
Hfg < C Z ’I’Lapiail(log n)q Z E[el{ma<5§(m+1)a}]
n=1 m=n

%)
<C Z mapia(log m)qE[EI{m“<5§(m+l)(’}]

m=1

< CE[ePlog?(1 +¢)] < 00

Finally, for H}, noting that > -
we get

E|A;| < oo by (3.14). Therefore, by using Remark 2.7

j=—00

n—j

H; < Z”ap " sup Z Ele”,; — Ee" ]

JEZL

n=1 i=1—j

00
< C Z napiailE[aI{€>na}]

n=1
<C Z E[gl{m”<£§(m+1)“}] Z neP=aml
m=1 n=1

< CE[P] < 0.

Therefore, the proof completes. O
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Remark 3.4 Under the conditions in Theorem 3.3, for every € > 0, it can be concluded that

oo k

ap—2 «
Zn P(11<nka§n ZXt > en )<oo.
n=1 - = t=1

If « = 1/p, then for all € > 0,

[e's) k

-1 1/p

P X . .1

Z_:ln (12112{” ; t| > en )<oo (3.15)

In the following results, by using (3.15), we show the Marcinkiewicz—Zygmund strong law

for linear processes with random coeflicients.

Corollary 3.5 Suppose the conditions in Theorem 3.3 hold for 1 < p < 2. Then
Iy as,
nl/pt_let —0 asn— 0.

Theorem 3.6 Suppose a > 0 and X; = Z;’ifoo Ajei_j be a linear process with random
coefficients and the {e,,n € Z} be a sequence of END random wvariable with mean zero and
stochastically dominated by a nonnegative random variable € with Elelog(1+¢)] < co. Moreover,

suppose { Ay, n € Z} be a sequence of END random variables with zero mean,

i E|A]| < 00,

Jj=—00
and for some 1 < q <2,
Z ElAJ|q < 00.
Jj=—00

Further, {e,,n € Z} is independent of {A,,n € Z}, then for all e > 0,
>nm (|3 x
n=1 t=1

Proof Similar to the proof of Theorem 3.1, from (3.7), for Hy, in (3.8), since 1 < ¢ < 2, we
have thus

+
- ena) < 00. (3.16)

Hiy=C) n® 7Y Bleionecesio)]

n=1 =1
=CY E[eM; 1jocecio)]) Y no 2"
i=1 n=t
< CZ i ME[e (i 1)a<e<iay]
i=1
< CEe < 0. (3.17)
Next, for Hyo, we obtain
o0 o0
Hi; =C Z Tl71 Z E[5I{m0<s§(m+l)”}]
n=1 m=n

=C E[el{mo‘<5§(m+1)°‘}] anl

m=1 n=1
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<C Z log(1 + m)E[el{mo‘<s§(m+l)ﬂ}]

m=1

< CElelog(l +¢)] < 0. (3.18)
Finally, for Ho, in (3.11) with p = 1, we have

m
HQ < C Z E 5I{m1/p<a<(M+1 1/p} Z

m=1 n=1

<C Y log(1+m)EEl1/mcocmr)i/n]

m=1
= CE[elog(1l +¢)] < oo. (3.19)
Consequently, by (3.17)—(3.19), we obtain (3.16). Therefore, the proof is completed. O

Remark 3.7 Suppose the conditions in Theorem 3.6 hold. Then for all € > 0,

Zna_QP( ZXt > ena) < 00
n=1 t=1
If « =1, then for all € > 0,
(oo} n
anP( ZXt > en) < 00.
n=1 t=1

Theorem 3.8 Suppose X; = > 2

j=—00
and the {e,,n € Z} be a sequence of END random variable with mean zero and stochastically

Ajer—; be a linear process with random coefficients

dominated by a nonnegative random variable & with Ele log3(1 + )] < oco. Moreover, suppose

{An,n € Z} be a sequence of random variables with

E( i |Aj)2 < 00.

j=—o00

Further, {e,,n € Z} is independent of {A,,n € Z}, then for all e > 0,

e k +

E n_zE( max g X —en) < Q.
1<k<n

n=1 t=1

Proof Similar to the proof of Theorem 3.3, we have thus
[e%} k +
2 B
Z n “‘E ( 11;11?%% Z X en)
n=1 t=1
[e'S) [e%S) k—1 2
< -3 (e —Re .
— ¢ Z n"E ( II<nka§n < Z AJ (Enz Egnz)) )
n=1 - i=—00 j=1—1
oo
-2
E

(oo} oo
<C> n?log’ nE[e™(ocpy] + C Z nog’ nE[elfesny] + C D n ' Elelenny]

n=1 n=1 n=1

S

e} —1

Z Z Aj (Euni - Eéﬂni)
i= 1—

—o0 j=

<C Z m~(log? m + 2logm + 2)E [521{m_1<5§m}] +C Z log® mE[elfm<e<(m+1)}]

m=1
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+C Z log mE[el{m<c<(mi1)}] < CElelog®(1 +¢)] < 0.

m=1

Therefore, the proof is completed. O

Remark 3.9 Suppose the conditions in Theorem 3.8 hold. Then for all € > 0,

[e'S) k

E n_1P< max E X;
1<k<n

n=1 =TT =

In the following results, by using (3.20), we show the strong law of large numbers for linear

> en> < o0. (3.20)

processes with random coefficients.

Corollary 3.10 Let the conditions in Theorem 3.8 hold. Then

1 n
a.s.
E Xy —=0 asn— oo.
n
t=1

Remark 3.11 If {A, = a,,n € Z} is a non-random sequence (the case of constant coef-

ficients), then, with the condition E;‘;_Oo la;| < oo, we can get results of Theorem 3.3 and

Theorem 3.8 for the linear processes with constant coefficients. These results improve and
extend the corresponding results of Philips and Solo [19] and Louhichi and Soulier [16], respec-
tively.
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