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1 Introduction

In this paper, we consider the class of one-dimensional nonlinear stochastic heat equation (SHE

in short)

out O2us .

5; (t,z) = ’; a;? (t,2) + b(us (£, 2)) + Veo (us(t, )W (¢, z), (1.1)
with ¢ € [0,T],« € R, where £ > 0 denoting the diffusive constant (in sequel, we will consider
x = 1 in this paper for simiplicity) and W is a zero-mean Gaussian process with covariance

given by
1 .
EW(t, )W (s,y)) = 2(|$\2H +[y[* — |z — y[*") min{t, s}, (1.2)

with ¢,s € [0,T],z,y € R, 1/4 < H < 1/2 and ¢ > 0.

Since the seminal work of [5] and [18], there has been a lot of interests in the study of
stochastic partial differential equations driven by a Brownian motion in time and with spatial
homogeneous covariance. Recently, some scholars began to study the SHE (1.1), which is driven
by a spatially homogeneous Gaussian noise, which is white in time and behaves in space like a
fractional Brownian motion with Hurst index 1/4 < H < 1/2. For example, when o(u) = au+b
is an affine function and the initial condition ug is bounded and Hdélder continuous of order H,
the authors in [1] proved the existence and uniqueness of a mild solution to SHE (1.1). The
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stochastic integral with respect to the Gaussian noise W is defined in the It6’s sense. While in
the case of general nonlinear coefficient o, which has a Lipschitz derivative and satisfies o(0) = 0
and b(xz) = 0, SHE (1.1) has been studied in [11]. They proved the existence and uniqueness of
the solution. In [12], the authors studied a class of parabolic Anderson model with the same
noise in SHE (1.1). They used the multiple Wiener—It6 integral and a Feynman—-Kac formula
to study the moment bounds of the solution. While in [4], they studied the stochastic heat
equation driven by time fractional Gaussian noise with Hurst parameter H € (0,1/2). They
established the Feynman—Kac representation of the solution and used this representation to
obtain matching lower and upper bounds for the p-th moments of the solution.

On the other hand, the theory of large deviations which was firstly investigated in [7]
has been extensively studied recently. The large deviations reveal some important aspects of
asymptotic dynamics. Special attention has been paid to studying large deviations principle
for stochastic (partial) differential equation (e.g., [2, 3, 6-8, 13, 17]). Like the large deviations,
the moderate deviations problems arise in the study of statistical inference naturally. The
moderate deviations principle (MDP for short) can provide us with the rate of convergence
and a useful method for constructing asymptotic confidence intervals. Results on MDP for
stochastic (partial) differential equation can be found in [14, 15, 19, 20] and references therein.

As € — 0, the solutions to SHE (1.1) will tend to the solution of the deterministic equation
given by

0 2,,0
8;; (t,2) = ’;%;‘2 (t,2) + b(u'(t, 2)), (1.3)
with u®(0, z) = ud(z).

In this paper we shall investigate deviations of u® given by solution of SHE (1.1) from the
deterministic equation u° satisfied by Eq. (1.3), as € decreases to zero, that is, the asymptotic
behaviour of Z° = {Z°(t,z);t € [0,T],z € R} which is defined by

1

Z5(t,x) = JEAE) (uf —u%)(t,z), t€][0,T], z€R, (1.4)

where A(e) is some deviation scale, which influences the asymptotic behavior of the above Z¢.
We should mention that the case A(e) = \}6 provides some large deviations estimates. Under
some mild assumptions, in [13], the authors proved tlllatH the laws of the solution ¢ to SHE (1.1)
satisfies a large deviations principle on the space X2 = (see Definition 2.3).
If AM(e) =1, we are in the domain of central limit theorem. In order to fill the gap between

the central limit theorem (A(¢) = 1) and large deviations scale (A\(¢) = ! ), in this paper, we

Ve
will study the moderate deviations, that is when the deviations scale A(e) satisfies

Ae) = o0, eAe) =0, ase—0. (1.5)

The moderate deviation principle enables us to refine the estimates obtained through the central
limit theorem. It provides the asymptotic behavior of P(||u—u°|| > d\/eA(¢)), while the central
limit theorem gives asymptotic bounds for P(||u® — u°|| > §y/¢). Throughout this paper, we
assume that (1.5) is in place.

The rest of this paper is organized as follows. In Section 2, we describe the precise framework

we will use later on, such as the noise structure and related space-time function spaces and a
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criteria for large deviations firstly proved in [3]. In Section 3, the skeleton equation (3.1) is
studied. We prove the moderate deviations principle of the solution to SHE (1.1) by the weak
convergence approach in Section 4.

2 Preliminaries
2.1 Noise Structure and Related Space-time Function Spaces

Let D(R) be the space of real-valued infinitely differentiable functions with compact sup-
port on R. The noise W can be represented ([11, 13]) as a zero-mean Gaussian family
W(p) = {Wi(p),t € [0,T],¢ € D(R)} defined on a complete probability space (9, F, P),
whose covariance structure is given by

E(Wi()Wa(9)) = cru(t A s) / Fo(€)F (el de,

where F(£) and F¢(€) are the Fourier transform for ¢, ¢ and ¢, = . I'(2H + 1)sin(7H).
Moreover we have the following, by using the fractional derivatives (for example, [13])

eLp(tAs) /R Fo(€)Fo(e)|e| > de

—cnltns) / / (0@ + 1) — (@) (é(x + y) — o)) |y~ 2dudy,

with a constant cgyg > 0.
Let H denote the Hilbert space obtained by completing D(R) under the inner product

(0. )n i = cLn /R Fol(&)Fo(©)le]2H de

—en / / (o(a + ) — o(@) Bz +y) — da)) |y ~2dady. (2.1)

Then the Gaussian family W(p) = {Wi(p),t € [0,T],p € H} can be regarded as an H-
cylindrical Brownian motion. One can see [11, 13] for the details about the stochastic integral
with respect to W.

Now let us recall several classes of function spaces studied in [11]. Let (B, |- ||) be a Banach
space equipped with the norm || - ||, and let 8 € (0,1), § € (0, 0] be fixed numbers. For every
function f : R — B, we introduce the functions NﬁBf and NBB’(&)f : R — [0, 00] defined by

NB f(x) = ( [ +1)- f<x>|2|h|12f’dh) § (2.2)

and

1
2

B.(9) ¢ (1) — . — () I12h 128 _ _
NED 50 ( /Mnf( T h)— f@)|?IH] dh) (2.3)

When B = R, we abbreviate the notations /\/'gf = Ngf and Ng’(é)f = Néé)f. Note that for
d = oo, the above two functions defined by (2.2) and (2.3) coincide.

Definition 2.1 Let .’{g(B) be the space of all continuous functions f : [0,T] x R — B such
that

1flxp = sw  [fta)ll+ sup  NFF(tz) < +oo,
te[0,T],zeR te[0,T],zeR
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where the function J\/ﬁBf(t,x), (t,z) € [0,T] x R is defined as follows

— (/RHf(t,erh) _f(t’x)||2h|12ﬁdh>é
(B
1

It was shown in [11] that X7 (B
for X5(B) with B = L?(Q), 8 =

) is a Banach space. Throughout this paper, we write X%,
— H. For 6 > 0, define the following semi-norm for f:

_ — LP(Q
Ifllen, = sup e "|f(ta)|+ sup e NGV f(t ). (2.4)
’ te[0,T],zeR t€[0,T],z€R 2

For the uniqueness of the solution to (1.1), we need another space.

Definition 2.2 2% is defined as the space of all random field f : [0,T] x Rx Q — R such that

[fllzz == sup [[f(E-)llLroxr) + sup Ni_p,f(t) < oo, (2.5)
t€[0,T] te[0,T
where p > 2 and
1
N5 0 = ([ 1000 = 10+ 1) B 27201 (26)

Denote by C(]0,T] x R) the space of all real-valued continuous functions on [0,7] x R
equipped with the topology of uniform convergence over compact sets. For every h € R, let 7y,
be the translation map in the spatial variable, that is 75, f (¢, ) = f(¢t,z — h).

Definition 2.3  Let X? be the space of all functions f € C([0,T] x R) such that

(1) (t,x) — Nﬂ(l)f(t,:zr) is finite and continuous on [0,T] x R.

(2) limpyo SUPseo 1], 0e[— M, M] Nél)(Thf — [)(t,x) =0 for every positive M.

It turns out that Xg is a complete separable metric space equipped with the following
topology. A sequence {f,} in X? converges to f in X? if for all R > 0, the sequences {f,} and
{Nﬂ(l)(fn — f)} converge uniformly on [0,T],z € [-R, R] to f and 0, respectively. We define a
metric on Xé} as follows

oo

~Y o 1f = gllnp
L+f - g”n?ﬁ’

where || - ||, is the seminorm

Ifllng = swp  |fta)l+  swp NP f(Ea).
te[0,T],x€[—n,n] tel0,T],x€[—n,n]

We say that u® is a mild solution of (1.1) if for all ¢ € [0,7] and = € R we have
us(t, ) = py * uo(x / /pt s(& = y)b(u® (s, y))dsdy
—l—\/e/ /pt_s(a:—y)U(uE(s,y))W(ds,dy), a.s., (2.7)
0 Jr

where the stochastic integral is understood in the sense of [13, Proposition 2.2] and p; * ug(z)

= e pe(x — y)uo(y)dy. The following result has been proved in [11].
Theorem 2.4 Assume that for SHE (1.1), the following conditions hold:
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(1) The initial condition ug is bounded and locally Hélder continuous of order H. Further-

more, for some p > 4H671 , up s in LP(R) and

/ [uo(-) = wo(- + B) |70 gy - [RI*7~2dh < oco.
R

(2) The coefficient b is Lipschitz continuous with b(0) = 0.
(3) o is differentiable, its derivative is Lipschitz continuous and o(0) = 0.
Then there exists a unique solution u® to SPDE (1.1) in Z5.NX%.. In addition, the solution has

sample paths in Xilp/sz.

2.2 A Criteria for Large Deviations
Let ‘H be the Hilbert space introduced in Section 2.1. Define the following space of predictable

stochastic processes

T
Lo = {w Q% [0,T] — H7/ 2 (s)||2,ds < 0o, a.s. — P}. (2.8)
0
For N > 1, define
1 (T
i = {ri e T [ 1l < N} (29)

Moreover HY will be equipped with the topology of weak convergence in Hr := L2([0, T]; H).
Define U™ as follows

UN ={f € Ly: f(w) € HY, P —as.w}.

The following condition will be sufficient to establish a large deviation principle (LDP for
short) for a family {Z%,¢ > 0} defined by Z¢ = G°(v/eW) where {G°}c>¢ is a family of
measurable maps from V = C([0,T];H) C C([0,T] x R) to U which is a Polish space.

Condition A  There exists a measurable map G° : V — U such that the following two points
hold:
(1) For N € N, let f,,, f € HY be such that f,, — f weakly as n — oo. Then

go(/o' fn(s)ds) — QO</0.f(s)ds>, in U. (2.10)

(2) For N € N, let v¥,v € UN be such that v* converges in distribution to v as ¢ — 0. Then

G° (W+ ;6 /O .vg(s)ds) = go( /O .v(s)ds), in distribution. (2.11)

The following criteria which was initially established in [3] plays an important role in this
paper.
Theorem 2.5 Fore >0, let Z¢ = G°(\/eW), and suppose that Condition A holds. Define
1T )
I(¢)= inf 3 [ Nf(s)ll3dsp, ¢ €U,
0

f€Se

with Sy = {f € S = Un>1HY : ¢ = GO([, f(s)ds)}, ¢ € U. Then 1(9) is a rate function on U
and the family {Z°,e > 0} satisfies a LDP with rate function I.
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3 Skeleton Equations

In this section, we will study the corresponding skeleton equation associated with SHE (1.1).
Let {e, k > 1} be a orthonormal basis of the Hilbert space H. The Gaussian process W admits

the following representation

W = Z Bk(t)ek,

E>1
where {B(t), k > 1} is a family of independent Brownian motion. The stochastic integral with

respect to W can be expressed as
T T
[ [ ats.omias,an =3 [ lots.)emdbuls).
o Jr k5170

For f € S = Uys; HY, consider the deterministic evolution equation (called Skeleton
equation)

t

27 (t,2) = pe # uo(z) + / (i — R0 (W5, %)), F(5,%))reds
0

+/0 Do+ (6 (s, %)) 2 (5, %)) (x)ds, (3.1)

with ¢t € [0,7] and € R. The term fg(pt_s(az — %)a(u%(s, ), f(s,%))xds, in the above

equation (3.1) can be written as

Z /0 (pi—s(x — %) (u(s,%)), ex)r fr(s)ds,

k>1
with fr(s) := (f(s,%),ex)n,t €[0,T] and k > 1.
Let us firstly recall a useful lemma which has been proved in [12, 13]. It mainly concerns

with the Holder continuity of the Green function p;(-).

Lemma 3.1 The following estimates hold:
(1) For any 0 < s <t,

L2 [ et 1= 2) = a1 = 2)
— (pr_s(z 4+ 21) — Pr_s(21)) 2222 2derdzs < Ot — )~ 212H,
(2) For any s >0 and pu € (0,1),
/R2 Ips (2 + 21) — ps(21))?]2| 712 dzydz < Cs— 27K,
(3) Forany 0 < s <t <T and z € R,
/Rlptfs(x —y)|Pdy < Clt — 5| =.

Using the similar strategy in the proof of [13, Theorem 4.2], one can prove the following
Proposition 3.2 (Existence of solution to Eq. (3.1)) Assume the following conditions hold:

(1) The initial condition uq satisfies

sup |ug(z)| + sup N1 _ gug(z) < oo, (3.2)
Tz€R zeR 2
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(2) The coefficients b and o are differentiable and their derivatives are Lipschitz and b(0) =
c(0) = 0. Furthermore, the derivative b’ is uniformly bounded.

Then there exists a unique solution Z7 to Eq.(3.1). Moreover, the solution Z' belongs to
the space XTéiH

Proof We will solve Eq. (3.1) using a successive iteration. Define
Zg(t, x) = pp * ug(w)
and

281 (t,x) = pr *uo(a) + / (Pees(z — %) (u®(5,%)), f (5, %)) reds
0

+/O [pi_s * (b (u0(s, %)) ZZ (5,%))](x)ds. (3.3)

From the assumption on the initial condition uy, it follows that ||Zg (t,%)||oo < o00. First, we

will prove a uniform bound for |Z£+1 |. From Eq. (3.3), we have
T T
|Z] 1 (8, 2)* < Clluo % + C/O ||f(8a*)||?{d8/0 Ipe—s (@ — %)or(u®(s,)) |15 ds

t
+OWIE [ [ sl = P25, s, (3.4
0
From the proof of upper bound of (4.9) in the proof of [13, Theorem 4.2], one knows that
Ipe—s(x = %) (u(s,%)) 3¢ < Cllu’(s, )| (t = ) + CIN3_gru’(s, %[5t = 5) 2. (3.5)

On the other hand, one has
t t
| [oese =Pl < [ 1206015 [ e oPds
0 0

t —s*é fs* 2 ds .
g/oa )42 (5,9 |2 ds, (3.6)

where we have used the estimate (4.11) in [13].
Combining the inequalities (3.5) and (3.6), one can obtain

t
1272 (£ %) 13 SCIIUoIIioJrC/ (t =)’ (s, %) 13 ds
0

t
€ [ (0= 9 NG (o0 eds
0

¢
+C||b'||§o/ (t =)~ 2| Z] (s, %) %ds. (3.7)
0

Next let us find the upper bounds for [[u®(t, x)[|3, and [Ni_5u®(t, *)[|%. Recall that u°(t,z)

is the solution to Eq. (1.3) which can be written by

¢
Wta) = uo() + [ [ ool — s, duds. (3:8)
o Jr

By using Hélder inequality and linear growth condition for the coefficient b, one gets
2

(£, 2)|? < 2lps # o () + 2\ / / Prea(z — )b(u(5, 1)) dyds
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t
< 2ugl2 + C / (1+ (s, 9)]%) / pr—s(r — )| Pdyds
0

t
< 2||uol|3%, + C/ (1+ [[u® (s, %) [13) (8 = )~ 2 ds. (3.9)
0

Gronwall’s lemma yields that ||u®(t,*)||%, is bounded by a positive constant. For the second
term [|A1 _pu®(t, %)[[%, from the definition of the mapping Ni_yu’(t, ), we have

Nyt = [ 000tz +2) (0,01
R

-,

—pexug(x) — /0 /Rpt,s(x — y)b(uo(s, y))dsdy

pexuo(x + 2) + /o /Rpt_s(x + 2 —y)b(u® (s, y))dsdy

2
|z\2H72dz

< 2/ |ps % up(x + 2) — P * uo(a:)|2|z\2H_2dz
R

k 2
+2/ / /(Ptfs(:c—i—z—y)—pt,s(ag—y))b(uo(sjy))dyds |Z|2H—2dz
R|Jo JR
t
<CHC [ sl - o) s
0
< C+Cth. (3.10)

Then we proved that ||/\/%7[1,uo(t,a<)||c2>O is bounded. Combining Egs. (3.7), (3.9), (3.10), one
can easily obtain that

t
1Z) 1 ()% < CA+TH +VT) + C/ (t = s)"2 ]| 2] (s, %) |2 ds. (3.11)
0

Next we want to establish a bound for N; _HZ£+1(t, x). Recall that Zf:_H(t, x) satisfies the
iteration equation (3.3). Then we have

WL Z) 43 (8,2)]2 < CIN gy (pe % uo (@) 2

2

Ny ([ st = o). s

2

o a( [ e (V5. 9)) 2] (5. l(a)ds ) (312)

The first term |Né,H(pt xug(z))|? is finite according to (3.10). The second and the third terms
in (3.12) can be estimated as follows by using the estimates (4.15)—(4.18) obtained in [13]. Then
one can obtain that

N;_H( / (oo — 0o (0 (5,4), f(s,*>>Hds)

-,

T t
< O/o IIf(s,*)lliods/O /R [(pr—s(z 4+ 2 — %) — pr—s(@ — %)) (u(s, x))||? - |2[*2dzds

2

| st 2 =) = sl = ) s, 0) o4 - 2

t
< C/ (Il (s, ) 3 (t = 8)72/242H 4 |V (s, %) 1% (¢ — )"+ )ds (3.13)
0
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and
2

g e 00 60) 2 o) )5

2
(ptfs(l' +z— y) —pt,S(x — y))b’(o(uo(s,y)))Zf:(s,y)dyds X |z\2H_2dz

<0 [ 17 [ realo 2 = 0) = e =) 2z
< C/Ot 1 Z5 (s, %)||% (t — 5) "1 ds. (3.14)
Combining the estimates (3.12), (3.13) and (3.14), we have
Ny 2t < O+ C [ (ot )2
+ N1 g (s, %) |3 (t = 5) ) ds
+ C/Ot 125 (5, %)||% (t — s) 1T ds. (3.15)

Set
A () = 12562 + 1IN _ g Z] (8, 9) |12

According to the estimates (3.11), (3.15), together with the condition 1/4 < H < 1/2, we can
find a k1 < 1 such that

t
Api(t) <C+ C’/ (t—s) " A,(s)ds
0
Then by using a version of Gronwall’s lemma (for example, [5, Lemma 9] or [11, Lemma 4.13]),

we conclude that

sup sup A,(t) =sup sup {||Zf(t *)HQ + ||N1 HZf(t a<)||2 } < 4. (3.16)
n  tel0,T] n tel0,T]

1
Next we are going to show that {Zf,n > 0} constitutes a Cauchy sequence in X7 7 To this
end, we need to bound || Z +1(t x) — ZJ(t,)||%, and ||/\/%_H( 7l+1( x)—Z(t,z))||%. In fact,
from (3.3) and (3.6)

2

|Z3 1 (t,2) = Z5(t,2)* = ’/0 /Rptfs(x — ' (W(5,9))(Z] (s.,y) = Z}_1(5,9))dyds

t
<CIYIE [ (=5 H1Z (%) - 2], (st .17
0
and

V- (n+1 z) = Z5(t, @)

[ Pzt z -yl (u (s, y)(ZL(s,9) — Z]_(s.y))dyds
2

_/0 /Rptfs(w - y)b/(uo(s,y))(er(S,y) — Zf;_l(s,y))dyds |Z|2H_2dz

t
< [ [ etz =) = ool = ) (2L 50) = 2L (s 9) P
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t
<Y [ (6= o) 2 s0) = 2] () s, .19
0

Set
B (t) = |Z](t, %) = Z] (6, %)% + INy g (ZE (8, %) = Z]_, (£,9)) %

Combining (3.17) and (3.18), together with the condition 1/4 < H < 1/2, we can find a kg < 1
such that

Buia) < © [ 12000,9) = 2Lt IR 97 4 (1))

< C/O (125 (8,%) = Zi_ 1 (42 + N (ZE (%) = Z] 1 (8 %) %)
((t— )TV (t—s) " ) ds
<C+ C’/t(t — 8)" "2 B, (s)ds. (3.19)
0

Applying Lemma 4.13 in [11], we conclude from (3.19) that > ., \ZZH(t,x) - Z,{(t,x)ﬁ)
converges uniformly in [0, 7] for all p > 1. In particular, this implies that the sequence {Zf n >
0} is Cauchy in %%7}[. Denote by Z/ the limit of {Z/,n > 0}. Let n tends to infinity in (3.3),
it follows easily that Z7 is the solution of Eq.(3.1). The uniqueness of the solution can be
proved by using the standard arguments.

The statement of Z/ € XTé_H follows from the Hélder continuity of Z/ (see Proposition 3.3
below). O

Proposition 3.3 (Convergence of solution to Eq. (3.1))  Assume the following conditions hold:

(1) The initial condition ug is bounded and local Hélder continuous of order H.

(2) The coefficients b and o are differentiable and their derivatives are Lipschitz and b(0)
=0(0)=0.

For N € N, let fn, f € HY be such that f, — f weakly as n — oo. Let Z/n denote the
solution to Eq.(3.1) replacing f by f,. Then

g Jn an g < 1. ) ’
asn — o0 In XTI

Proof Recall that for any (¢,z) € [0,7] x R

H

25 (t,3) = poosunfe) + [ (pimali =)0 (510), o4 s
0

n / [Pres (0 (u0(5, %)) 27 (5, %)) (x)ds. (3.20)
0

Since the norm {fOT | fn(s)||3,ds,n > 1} is bounded by a constant N, invoking similar

arguments as in the proof of Proposition 3.2, we can show that

sup S{té}}}{llzf"(tv*)llio + N g (27 (8, %)) |12} < oc. (3.21)
n telo,

Next, we prove that the family {Z7» n > 1} is equi-Hélder continuous. For 0 < t; < t, < T
and x € R, by using the property of semigroup of Green function p; and the Holder regularity
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of ug, one gets

|pt2 *UO ) Pty *UO( )|2

2
\ [ 0@ [ o= 20000ty — 2) — uo(w))

<c / Dot ()22 dz
< C(ty —t1)?H. (3.22)
Denote by .
22(t.0) = [ (sl = ) (5,0). Fuls s,
and .
24 (1) = / i+ (0 (4°(5, %)) 27 (5, )] () ds.

It is sufficient to show that {Z/", n > 1} and {Zg",n > 1} are Hélder continuous with Hélder
exponents being independent of n.
Firstly, for 0 < t¢; <ty <T and =z € R, we have
‘len(t% :E) - Z{n(tlax)|2

to ,
< C‘/t (Poy—s(@ = K)o (u0(5, %)), fn (5, %)) 3¢l

+c| [ (Praal@ = %) = pts—s (& = X))o (W5, %)), fu(s, %)) reds
T to
<c / [ (s, )12, / [Dta—s (& — %) (105, %) 3,

T t1
+C/O ||fn(8,*)||%cd8/0 [(Pra—s (@ = %) = pr—s (& = %) (u’(s,%)) |3 ds.  (3.23)

By using the similar arguments in the proofs [11, Theorem 4.2 and Theorem 4.3], one obtains,

respectively

[ sl = o0

ty

to 1
<O (Ju(s, )13 (k2 = 8) "+ IV g (s, )5 (t2 — 5) 72 )ds
ty

< C((t2 = 1) + (12 = 1)),
and
[ 1t =) = = (a0 ) s < Ot = 1) + 12— ),
Then we see that there exists a constant C' (independent of n) such that
|Z{" (ta, ) — Z{" (t1,2)|* < Clt2 — ta] ", (3.24)

for all 0 < t1,to < T and = € R. For the second term Zg” (t,z), with 0 < ¢; < to < T and

x € R, we have

|23 (o, 0) = Z§" (tr, @)
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2

< c‘ / ” [ et = ¥ 000 27 ()

2

‘/ /(p” ° — piy—s(w — Y)WV (u¥(5,9)) 27" (s, y)dyds

< Clty —t1)2, (3.25)

by using some results proved in the proof of [11, Theorem 4.3 ]. Combing the estimates (3.22),
(3.24) and (3.25), we have

|27 (ty,x) — 27 (t1,2)|* < Clta — 1|7, (3.26)

for all 0 < ty,to < T and x € R.
Secondly for x1,xs € R, similarly to the proof of (4.57) in [11], we have

2] (t,21) = Z{" (¢, 2)
2

< C‘ /0 <(pt—s(371 — *) _pt—s(372 _ *))U(UO(&*)), fn(S,*)>Hd3

T t
< C/ ||fn(s7*)||%-ld8/ H(ptfs(xl - *) _ptfs($2 - *))U(UO(S,*))Hi{ ds
0 0
S C(‘.’[l — £E2| + ‘.’El — .’EQ‘2H), (327)
and

|23 (t,1) = Z4" (¢, 02)

A L o e e
< Clzy — xa]. (3.28)
For the term p; % ug(x), with 1,z € R, we have
s wolar) =< @) < C [ (ilar =) = s =) luo() Py < Clar = aal. (329
Collecting the inequalities (3.27), (3.28) and (3.29), we get
|ZTn (t,21) — ZT7 (8, 20) |2 < C(Jwy — mo| + |21 — 22|*H), (3.30)

for all z1, 20 e Rand 0 <t <T.
Recall that
ZIn(t,x) = prxuo(z) + Z{"(t,x) + ZI (¢, ).

Then it follows from (3.26) and (3.30) that there exists an independent constant C' > 0 such
that
| ZIm (ty, 1) — Z77 (ta, 22) |2 < C(|w1 — @o| + |v1 — 22?7 + [t — ta|), (3.31)

for all 0 < ty,to < T and x1,x2 € R. The above uniform estimate along with the Arzela—Ascoli
theorem yields that there exists a subsequence {ny, k > 1} and a uniform function Z(t, z) such
that

sup  sup |ZTvk(t,x) — Z(t, )] — 0, (3.32)
0<t<T z€[~R,R)
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for every R > 0 as k — oo. First, we will prove that Z = Zf. By the uniqueness of the equation,
it is sufficient to show that Z is a solution to (3.1). Applying Fatou lemma and taking into
account (3.21) and (3.31), it is easy to see that

sup {[|Z(t,%)[|5 + N1 g (Z(t,%))[%} < o0 (3.33)
te[0,T]
and
| Z(t1,21) — Z(t2, 22)|* < C|lz1 — 22| + |21 — 222 + |t1 — ta|7), (3.34)

for all 0 < t1,to < T and x1,x2 € R. Recall that

Z 5 (t,l') =py xup(x) + /O <pt—s($ - *)U(UO(S,*)), I (3’*)>Hds

* / [Pres  ( (4 (5, %)) 2775 (5, )] (2)ds. (3.35)
0

To pass the limit in the above equation as k — o0, it suffices to prove the following

2
ds = 0. (3.36)

t
lim
k—oo 0

/R Pl — 9B (5, )) (27 (5,) — Z(s,))dy

For every y € R, one has (Z/(s,y) — Z(s,y))? tends to zero as k — oo. Applying the

dominated convergence theorem, we deduce that
2
=0.

k—o0

lim ‘ [ st = s, (25 (5,9) - 2G5, )y
R

Moreover we also have

2
‘ /Rpf—s(x — )b (u(s,9)) (27 (s,y) — Z(s,9))dy

< |2, / Pr—s( — )|2dy / (2P (5,9) — Z(s,9))*dy
<C(t—s)2.

Then, by the dominated convergence theorem, we have proved the limit (3.36). Since f,,

converges to f as k — oo, using (3.36), we have

i [l s (F(a 50 2 (5,0}
= [ e 0000 2 (@)
Now let k£ — oo in (3.20) to get
Z(t,x) = py * up(z) + /0 (pi—s(x — %) (u®(s, %)), f(s,%))nds
-|-/ [pr—s * (b’(uo(s,*))Z(s,*))](z)ds, (3.37)
0

1_
which implies that Z = Z7. To conclude that Z/» — Z7 in X7 H, it suffices to show that the
family {Zf»,n > 1} is relatively compact. According to [11, Proposition 4.18], one only need

to check the following three conditions:
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(1) sup,, | Z/~(0,0)] is finite;
(2) for every x € R, {Z/»(-,z),n > 1} is equi-continuous in time;
(3) for every R > 0,

lim sup sup

dy = 0.
=0 n ¢e[0,1],2€[-R,R] J -5

SN2 () — 2000 P
‘y|2—2H

Actually the first point is clear. The second and third points follow from (3.31). Thus we can
conclude the proof of this proposition. O

4 Moderate Deviations Principle

The main aim of this paper is to prove that Z¢(¢,x) defined by (1.4) satisfies a LDP on the
1_

space X7 H, where A(¢) satisfies (1.5). This special type of LDP is usually called the moderate

deviations principle of u® ([6]). It is stated as follows.

Theorem 4.1 (Moderate deviations principle) Assuming the conditions in Proposition 3.3
hold. Let u® be the solution to SHE (1.1), then the law of Z=(t,x) defined by (1.4) obeys an
v

large deviations principle in the space X7 7 with speed \?(¢) and the good rate function I(u)
given by

1= g {2 [ 15 (41)

u) = in s s .
rese 12 /o H

with

SU={feLX([0,T);H); 2 =u}, wexz

where Zf is the solution to Eq.(3.1).
From (1.4), it is easy to see that Z°(t, z) satisfies the following equation

Zs(tvx) = )\(15) Z /0/<pt75(.%‘ - *)U(UO(S,*) + \/EA(E)ZE(&*))? ek>HdBk(S)

E>1

For any v € UN and ¢ > 0, define the controlled equation for Z=V as follows

2t) = povuna) 4y S [ sl = 0 00(60) + VENDZ 510), e Bul)

k>1
+ / (pi—s(x — %) (u®(s, %) + VeX€) 257 (s, %)), v(s, %)) ds
0

+/Ot {pt_s . {b(UO(s,*) +\/5A(i)/f;v(”€()g7*)) —b(UO(s,*))} }(x)ds'

We shall prove the moderate deviations principle satisfied by u®(t, ) given by Theorem 4.1 by

(4.3)

using the weak convergence approach (for example, [3, 14, 15, 20] and etc). Inspired by [3], let
us consider the two conditions given by Condition A in Section 2.2 which correspond on the
weak convergence approach frame in our setting. Also refer to the weak convergence approach

used in [13]. We make the following remarks concerning with the two conditions.
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Remark 4.2 Condition (1) (i.e. Eq.(2.10)) says that the level sets of the rate function are
compact, and condition (2) (i.e. Eq.(2.11)) is a crucial assumption in the applications of the
weak convergence approach and is a statement of weak convergence of the family of random
variables {Z°"" e > 0} as ¢ — 0.
Remark 4.3 Applying to Theorem 2.5, a verification of condition (1) and condition (2)
implies the validity of Theorem 4.1. The first point follows from Proposition 3.3. The second
point follows form Proposition 4.5.

One should first show the existence and uniqueness of the stochastic controlled equation
given by (4.3). Its proof can be given by following the similar arguments in the proofs of
Proposition 3.2. The details are left to the interested readers.

Proposition 4.4 Assuming the conditions in Proposition 3.2 hold, then there exists a unique
1_
random field solution Z&V = {Z="(t,z),t € [0,T],x € R} to Eq. (4.3) such that Z=V € X2 "

Now we give the weak convergence of the solution to the controlled equation (4.3).

Proposition 4.5 Assume the following conditions hold:
(1) The initial condition ug is bounded and local Hélder continuous of order H.
(2) The coefficients b and o are differentiable and their derivatives are Lipschitz and b(0)
=0, 0(0) =0.
For any family {v¢;e > 0} C UN which converges in distribution as ¢ — 0 to v € UN, we
have
lim Z5Y" = 7Y,

e—0

where ZV denotes the solution of Eq. (3.1) corresponding to the random variable v (instead of a

deterministic function f).

Proof First we claim that for any p > 1, there exists some 6 > 0 such that,

sup sup  sup  ||Z5V (¢, )| xr . < o0, (4.4)
e<1 veUN t€[0,7],2€R e

where the seminorm || - [|xz  is defined by (2.4).
Recall that Z=*" given by (4.3) can be written as

A pt * ug(z) + 5 (¢, ) + P5(t, x) + P5(¢, x),

where we denote by

Bi(0.0) = 0 2 [ s =)o)+ VAN Z (50, i By(s). (45)

E>1
D5 (t, x) = /0 (pr—s(z —%)o(ul(s, %) + VeX(€) Z5Y (s, %)), v% (s, %)) ds, (4.6)

and

o (1. 2) = /Ot {pt_s . [b(uo(s,*) + \/aA(ez/ZE:ZSS,*)) - b(UO(s,*))} } (@)ds. W

Recall that
Ipe * uo(@)lls, < C.
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then

3
)€ _ _ P(Q
125 (4 a) g, <CD( sup @i (L) ey + swp e N D05 ).
’ i=1  (tx)€0,TIxR (t,x)€[0,T] xR 2

Now let us prove the upper bounds for the ||®$(Z, )| 1r(o) and J\/lLi(g)(I)f(t, x) with i = 1,2, 3.
2
By using [13, Proposition 3.6], we have that

e @5 (t, )| oo

: :
<Ce sup e Ze ||Lp<m(/ e2e<ts><t_s>1+Hds>
(s,z)€[0,T| xR 0

LP(Q e ‘ :
+Ce  sup e PsupN _(H)ZE’” (s,x) (/ e 20— (1 — s)_l/QdS)
(s,2)€[0,T)xR z€R 2 0

< Ce|| 25 ||xn (07 F +671). (4.8)
The term e’et./\/lLi(g)q)i(t, x) can be estimate as follows. Also by [13, Proposition 3.6] and the
2

definition of the mapping ./\/'lLi(I?)‘I)i(t, x) given by (2.2), we have
2

_ LP(Q
"N, "5 (1, 2)

€ t < %
< Ced’(e) sup e 25 || oo (/ e 20— (¢ — 3)_3+2Hd8)
(s,z)€[0,T]xR 0

t >
+ CeX’(e) sup e ”® suleLi(I_?)Za’“ (s,z) </ e 20— (¢ — s)_1+Hds>
(s,2)€[0,T]xR zeR 2 0

< CN ()| 25 [|xn,, (07 % + 037, (4.9)

Combining the above estimates for (|95 (¢, )| 1r() and e’(’t./\/ﬁi(g)éi(t,x) together, we
have that

195 (¢, 7)1z, < cg||ZEvva||x%9(9—’§ 107+ N2 (077 +0i7HY). (4.10)
We can also use the similar arguments for ||®5(¢, z)||xz . Moreover we have
1R5(t, ) l|xn, < CeX2(E) 25 |xn, (207 % + 674 + i~ H). (4.11)

Now let us turn to the third term [[®5(¢,2)(|xz . By using the similar arguments for
[®5(¢,2)||xz , and Lipschitz continuity of b, we have

)€ _1 _H
195, 2)|lxz,, < CIZ%" |2z, (674 +672). (4.12)
Then from (4.10), (4.11) and (4.12), we have
125 ||, < C+Cs||ZE’”E||xx%6(9—I§ FO7 4 N2 (077 + 017 H))
+ O 25 xn (075 +07F). (4.13)

Now we can choose 8 > 0 such that

C+Ce(077 4675+ X2 )07 +0i ) +CH i +0 %)< 1.
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Thus from (4.13), we have proved that
e,v° )
125 s, < oo,

which is the claim.
In order to prove this proposition, we need a stronger conclusion. For any 8 < H and p > 2,
it holds that

e,v°
1Z5% Nlxgs < 00, (4.14)
where

HZS,UE ||xﬂ,p — sup e—OtHZE,vE (t, $)||LP(Q) i sup e—etNﬁLP(Q)Ze,vs (t, :L')
7.0 (t,z)€[0,T]xR (t,z)€[0,T]xR
In fact, for ®5(¢,x),i = 1,2, 3 defined above, by using [13, Proposition 3.6], we have, for large
enough 6,

19511 xg0 < Cilllo(Z5 ) las,, + (25 lxp.,) < CUIZT" | ,-

T.0
Then (4.14) follows from the above arguments.

In the third step, we need to check the Holder regularity of Z&*" = {ZE’“E (t,z),t €[0,T],z €
R} with respect to t and x respectively. We also need to use the notation ®5(¢,x),7 = 1,2,3
defined by (4.5), (4.6) and (4.7).

For any 0 < t; <ty <T and x1,x2 € R, we can write

Z5Y (ta, w9) — Z5Y" (t1, 1) = pr, * uo(T2) — pr, * uo (1)

+Z ;(t2, 22) — @ (11, 71)).

From (3.22) and (3.29), we have
e, * uo(w2) — pr, * uo(@1)] < Clts — 11| + |22 — 2] ). (4.15)

For the first term ®5(¢2,22) — ®§(¢1,21) in the above sum, applying [11, Proposition 3.8], we
obtain that

195 (t2,22) — @5 (b1, @) o) < Clta = ta] 2 + |2z — a1 |7). (4.16)
While the second term ®§(to, 22) — P5(t1, x1) in the above sum also satisfies the following
195 (12, 22) — @5 (t1, 21| o) < Cllta = ta] 2 + |2 — a1 |™). (4.17)

For the third term ®§(tq, 22) — ®5(¢1,21) in the above sum, we can bound is as follows. In fact,

by using Taylor formula, the boundedness of ||b’|| o and Lipschitz continuity of b, we have that
[ @5(t2, x2) — @5(t1, 21)||Lr() < C(|t2 — t]2 4|t — 11| + |22 — 21| + |22 — 1)), (4.18)

with C independent of € > 0. Then combining the above estimates, we conclude that
1257 (4 — 22) = 25" (t1 — 21) | Lo < Cft2 —ta] * + |2 — 21|7). (4.19)

Using (4.14), (4.19) and [11, Proposmon 4.24], we conclude that the law of the family {Z5%" & >
0} is tight on the space X2 " Hence, the family {(Z=v", W (-,-),v%);e > 0} is tight on the

space
H

X275 0(0,T] x R) x L2([0, T]; H).
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Recall that the topology of weak convergence is used for L2([0,T]; H). Choosing a subsequence
if necessary, by Skorokhod’s embedding theorem, there exists a probability space (2, F, (F),, P)
carrying a family of random fields (2~ , W~ (-,-),v°) such that

{(Z aWa('a ')’UE);‘S > O} = {(ZE’UEv W('v ')av6)55 > O}v

in law and P-almost surely. {(Z
W(-,-),v)) in the space

£,v°

)

=Y ,WE(-, -),v%);e > 0} converges to some random fields (21 ,

1
—H
2
XT

x C([0,T] x R) x L*([0,T]; H).

Here we should mention that the above W (-, ) is the regularization of the noise W (-, -). One can
see [11] or [9] for some details about this regularization. In particular, the following stochastic
heat equation is held for

2 () = per o) + ) S [ prela = 0o )+ VN Z™ (5.0) . en)dBis)
E>1
+ /0 (prs (@ — R (U5, %) + VEAE) Z™" (5, %)), 0% (5, %) )eds
t u0(s, % E’Uas*—uos*
o {p {b( (s )WSA(ELZEAQ’ )) = b(u°(s, >>”(x)ds. (120)
> / (ool = D)o (W (s,%) + VEAE)Z™" (5,%)), ex)dBi(s) }
k>170

Next we want to pass the limit in (4.20) as ¢ — 0. First of all, we have
1 ¢ 0 e,v° 2
= )\2(E)E |pt—s(z — *)o(u’(s, %) + VeA(E)Z ™ (s,%))||5ds], (4.21)
0

o) {

where E stands for the expectation under the probability measure P. By the Lipschitz conti-

nuity of o it is easy to see that
Ipe—s(@ — K)o (u(s,%) + vVeAE) 2™ (s,4))3
< 0N (e) / pes(a =+ 2) = piosla =) P12 (s,y + )12 2y
+0oXE) [ i IZ (s 2) = 2 () PP Py
< CeN(e)[(t— s) " 4 (£ —5)72).

Hence we have the following limit
2
1
E
A2(e) [ }

t
< CE/ [(t—s) " 4 (¢t —5)"2]ds — 0, &—0, (4.22)
0

3 /0 (D1 (= R (W0(5, %) + VA Z (5,%)), e By (s)

E>1

where we have used [13, Lemma 4.1] and the fact ||ZE"UEH§€2 < 0.
T,0

Next we will prove

t

lim i (Pres(@ — K)o (u(5, %) + VEAE)ZT" (5, %)), v° (5, %)) peds
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:/0 (pr—s(@ — )00 (s, %)), v(s, %)) s (4.23)

and

lim
e—0

o -

0
¢
= / {prs = [/ (u0(s,%)) Z" (s, %)](x) }ds. (4.24)
0
Since v* — v weakly in L%([0,7); H) as e — 0 and fOT |v¢||?ds < N, in order to prove (4.23), it

suffices to show that
t

i [ Bz~ )00 (5,%) + VENE)Z™ (5,%)) — o(u(s,%))) I3 ]ds = 0.

And this can be proved by using the estimates (5.22)—(5.31) in [13]. For the limit (4.24), by

using Taylor expansion and dominated convergence theorem, we have that

lim Ot E H [ psta= (b(“°<s7 v+ M(LZM; )~ b (s.))
} s

WO (s,9))2" (s, y>)dy

=0.

Then the limit (4.24) holds. Now let ¢ — 0 in (4.20) and use (4.22), (4.23) and (4.24), we
conclude that

Z°(t, x) = p xup(x) + /0 (pi—s(x — %) (u(s, %))v(s, %), v(s, %)) ds

+ / {pe_s * [b' (WO (s,%))Z" (s, %)} (x)ds. (4.25)
0

Since v® — v in distribution and v® has the same law as v®, v must have the same law as that
of v. Tt follows from the uniqueness of the solution of (3.1) that v(-,-), the solution of the (3.1)
and v(-,-) will have the law. We can finally conclude that

Zs.,vE v
in distribution as € — 0, which completes the proof of this result. 0
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