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Abstract In this paper, we will analyze the blow-up behaviors for solutions to the Laplacian equation
with exponential Neumann boundary condition. In particular, the boundary value is with a kind of
singular data. We show a Brezis—Merle type concentration-compactness theorem, calculate the blow
up value at the blow-up point, and give a point-wise estimate for the profile of the solution sequence
at the blow-up point.
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1 Introduction

Let Q C R? be a smooth bounded domain. In the celebrated paper by Brezis and Merle [6],
they initiated the study of blow-up analysis for the Liouville equation

—Au(z) = V(z)e*™ inQ (1.1)

with the energy condition [, V(z)e“dz < +oo. Here V(x) is a nonnegative function. They first
showed that any solution to (1.1) belongs to L*°, and further they analyzed the convergence of a
sequence of solutions {u,} to (1.1) and obtained a concentration-compactness result under the
uniformly bounded energy condition [, V(x)e“rdx < C. Their results initiate many works on
the asymptotic behavior of blow-up solutions. In particular, Yanyan Li and Shafrir [9] showed
the quantization of blow-up value at the blow-up point, and Yanyan Li [10] furthermore showed
the profile of solution sequences in a neighborhood of a blow-up point provided the oscillation
on the boundary of this neighborhood is uniformly bounded.

The corresponding Brezis—Merle type compactness-concentration result and the asymptotic

behavior of blow-up solutions to Liouville type equation with singular version
—Au(z) = V(2)|z[**e* in Q\{0} (1.2)

also had been established in [1-4], etc. Here o > —1. It turns out that when « # 0, the problem
is more subtler. Since there possibly exist two types of bubbling solutions when a blow-up point

occurs at singular point, therefore one needs to analyze the problem deeply to get the results.
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It is well known that Liouville equation (1.1) and (1.2) have a rich background in geometry
and physics. In particular, when « # 0, Eq. (1.2) was studied in the problem of finding a metric
on (2 that has a prescribed scalar curvature with a conical singularity at zero, see [13, 14], etc.
Beside geometrical interpretations, Eq. (1.1) and Eq. (1.2) is also related to fields of physics and
Chern—Simons gauge theory, see [3, 12], etc. They also arise in some problems of combustion
and statistical mechanics, see [5, 7] and the reference therein.

The aim of the present paper is to generalize the blow-up analysis for Eq. (1.1) and Eq. (1.2)
to the Laplacian equation with exponential Neumann boundary condition and with singular
data. In other words, we assume that Q C R? is a smooth bounded domain and 0 € 9, and

consider the following problem

—Au =0 in Q,

g;‘ = V(a)|z[®" — W(z)  on d\{0},

(1.3)

where @ > —1. When a = 0, the problem had been investigated by Guo and Liu in [8]. They
proved a Brezis—Merle type concentration-compactness theorem and showed that the all blow-
up points of blow-up solutions are on the boundary 0. They further got the blow-up value,
which is 27n for n € N, at a blow-up point for the local problem of (1.3).

In this paper, we study the problem (1.3) with singular data. From [15], we know that
a weak solution u of (1.3) satisfies that u € C?(Q) N C*(Q\{0}) and u is continuous at the
origin.. When a > 0, u € C?(Q) N C*()). We first prove the following Brezis—Merle type

concentration-compactness Theorem:

Theorem 1.1 Assume that u, is a sequence of solutions to (1.3) satisfying the energy condi-
tion

Vo(x)|z| e dx < C, (1.4)
r9)

where C' is a positive number, a > —1, 0 < a <V, (z) < b, V,.(z) € C1(Q) and V,,(z) — V(x)
uniformly in Q. Moreover we assume Wy(x) € CYH(Q) and W, (z) — W (z) uniformly in .
Then, there exists a subsequence, denoted still by u,,, satisfying one of the following alternatives:

(i) up is bounded in L>°(Q),

(i) u, — —o0 uniformly on €,

(iil) there exists a finite blow-up set S = {p1,p2,...,pm} C OQ such that, for any 1 <i < m,

there exists {x,} C OQ, x, — p;, up(xy) — +00. Moreover,
up () — —o0 uniformly on compact subsets of Q\S,

and
Vo(z)|z| e — Zmiépi
in the sense measure on OQ with m; > min{w(1 + «), 7} for all i and o > —1.
Due to the singularity of (1.3), we cannot only use the argument given in [8]. So it is worth
mentioning that, if p = 0 is a blow-up point, we prove Theorem 1.1 by using the global Green

representation formula when —1 < o < 0 and by using the local Green representation formula
and the Pohozaev type identity of equations when o > 0.
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Next we assume that {u,} is a sequence of blow-up solutions. The important part of the
blow-up behaviors of solution sequences is to compute the blow-up value at p € S. The blow-up
value at p € S is defined as

m(p) = lim lim Vi (z)|z|“e* do.
R—0n—oo Br(p)noQ
Then we have the following proposition:

Proposition 1.2  There exists G € W1(Q) N C2

loc

(Q\S) with [,G =0 for 1 < q <2 such

that )
Up, — un — G, L5
o), o)
in C2_(Q\S) and weakly in W4(Q). Moreover at each blow-up point p, € QN S, there exists
R > 0 small enough such that Br(p;) NS = {pi} and
1 1
G = m 10 + x),
_m(pi)log i — i 9(x)

for x € Br(p) N Q\{p} with g € C*(Br(p)).
Proposition 1.2 and the Pohozaev type identity of equations imply the following theorem:
Theorem 1.3 If0 € S, then m(0) =2n(14+«). If p£0 and p € S, then m(p) = 2.

For purpose of accurate behaviors of solution sequences, it is necessary to show a point-wise
estimate for the profile of the solution sequences. Noticing that u, has uniformly bounded

oscillations on compact subsets Q\S due to (1.5), we assume simply that
—Au, =0 in Bfr

M Va@efe — Wax)  on 0B NORL\{0),

(1.6)

with conditions

max u, —minu, < C, on dB N Rﬁ_,
and
Vi(x)]z|%e"r — 27 (1 + a)dp.
i.e., 0 is the only blow-up point on Bf". Assume that p, = un,(z,) = max Un (X)), Ty =
1

(Sn,tn) € Bfr and A\, = e~ s Then we have An — 0 and x,, — 0. Define the scaling functions
by
Up () = un(Anz) + (1 + @) In A,

for any 2 € B 1 N R2. Then @, satisfies

—Au, =0, in B ﬁRi,

- An
ouy,
on

with the energy condition

=V, (Mp)|z| %" — AWy (Apz),  on B NORI\{0},

/ Vi(Ant)|z|%enda < C.
Bkl ﬁaRi
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When a € (—1,+00), if we assume lim,, ‘f\"‘ = A < 400, then we have u,(z) < 0 and

Tn

U ( /\n) = 0. Hence by Theorem 1.1, {u,} admits a subsequence converging to @ in Cﬁ)c(Ri) n
Clloc(Ri\{O}) which satisfy

—Au =0, in Ri,
o _ V(0)]z|*e" on OR?Z\{0}
on ’ + ’
with the condition [y, V(0)|z|*e%dz < C, supg. u(z) < C. By classification results in [15],
T T
u(zx) takes the form

S 1)\a+1
() =t Voo
‘.’Ea-"_l—l‘o‘Q

for some point zg. Moreover [,n. V(0)|z|*e"dz = 2m(1 + a). Our main results is:
+

Theorem 1.4 For o € (—1,400), assume that {u,} satisfies the problem (1.6) with its con-
E2 —

ditions. If lim, . '\

of n, such that

A < 400, then there exists two constants rq > 0 and C independent

~(1
un(:c)—,un—u()\nx)‘ <C, inB,,NRL. (1.7)

[@n | —

Remark 1.5 In Theorem 1.4, we assume lim,, A < +o00. In fact, we can prove

An
lim;, 00 |§"| = A < +o00 when a € (—1,0). Now we give a sketch of proof. Suppose that
lim,, o lf\nl — 400 when a € (—1,0). Set 7, = C]Z"i:") = /\n(|;\n|)a — 0, n — oo. Letting
&n(z) = up(zy, + Thz) — upn(x,), we see that
1
—A¢&, =0, in Dk={|x|§ }OR2 tn s
2Tn T
a «
&n _ | n + ™ 4 Valz, + Tna?)ef" — 7 Wy (2 + 7o), on IR?, |
on |Tn]  |xn] —

£n(0) = maxp, &, = 0.
Now we distinguish two cases.
Case 1 in — +o00. Then after passing to a subsequence, &, converges in CZ _(R?) to a
function £ satisfying
—A£=0 in R2,
) <E0)=0 R

Hence ¢ = 0. Now we define a function w,, (z) = ffio eun(@+(0)ds x € BY, .0 < so < ;. Then
wy, is a subharmonic function and w,(z) < é ffzo Vpetrnds < ((f On the other hand, we have

for k > g and n sufficiently large

s
Wn(xn) = / i eun(wn+(s’0))d8

—3s0

kTn
> / et (En(5:0)) g
—kTn

k k
:/ o (50) H/ (60 5 2C
—k —k a
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which is a contradiction.

Case 2 :Z — tg < +00. Then after passing to a subsequence, £, converges in Cﬁ)C(R%tO) N

Clloc(Rz,tO\{O}) to a function ¢ satisfying

—AE=0 in R%to,
23
o = V(0)et on OR?, |,

() <€0)=0  inRZ

to>

with the condition

R%,,

/ V(0)etds < C, sup &(z) < C.
OR2 2
to
By the classification result in [11], we have
/ V(0)etds = 2.
oR?,

However, V§ > 0 small,

lim |z|“Vyetrdax > lim |z|* Vet de
n=+0 JB;(0)nOR2 n=F0 e —w, < JNOR2
T ™ "
= lim " " V(2 4 Tox)esn

T
e Jiz)<,2 noRr? |zn|  |2n]

> / V(0)ef
OR2

—tg

=27,

which also is a contradiction.

But for o > 0, this is an open problem, we will make a further research about this problem.

The proof of Theorem 1.4 follows closely the idea in [1] where they gave the profile of blow-
up solutions to mean field equations with singular data. The approach in [1] was designed for
« > 0 and for interior problem. In case of our exponential Neumann boundary and of more
general a € (—1,400), we need some refined calculation on B;n \Bl1og Lok N R2 for chosen
k> 1o
boundary problem in B;ﬂ ’ \B

and need to construct the new barrier functions for the corresponding Neumann
ye NRY. See the details in Section 3.

log ;7

2 Brezis—Merle Type Concentration Compactness Theorem
In this section, we would like to prove Theorem 1.1. We begin with a lemma in [8].

Lemma 2.1 ([8]) Let [ be an embedded C* curve in R*. f e L*(1). Set ||fl1 = [, |f(x)|dz,
and p = diam [. If we define

then for every 6 € (0,7) we have

/l expl(m — 8)|w(@)|/ [ fll]de < . (2.1)

[«
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By using Lemma 2.1, we can get the following lemma.

Lemma 2.2 Set f(x) € L1(0B;7(0) N IR2). And we define

1 2r

wle) =1 [ tog | %" )y

T JaBt(0)noRZ |z -yl
then for every k > 0 we have e*I*l € L1(0B;F(0) N OR?).
Proof Let 0 <e< .. Since f(z) € L1 (0B, (0) N OR2), we can split f(z) as f(z) = fi(z) +
fo(z) with || f1]1 < € and fo € L>®(dB;F(0) NOR%). Write w(z) = wy(x) + wo(z) where

1 2r
/ log fi(y)dy.
T JoB} (0)noR% |z -yl

wi(r) =

Choosing 6 = 7 — 1 in Lemma 2.1 we find faBi(o)maRi exp[|wi(z)|/] fill1]dz < C. This implies
that e*l“1l € Li(0B;F(0) N 9OR%) for every k > 0. Thus the conclusion follows the fact |w| <
|lwi| 4 |wa| and we € L>®(B;F(0) NORZ). O

Now we show the small energy regularities by applying Lemma 2.1 to the solutions of
(1.3)—(1.4).
Proposition 2.3 Assume u, is a sequence of solutions of (1.3)—(1.4). Let u,, = \819\ Joq tn-
If one of the following alternatives is satisfied,

(i) z €,

(i) € 9Q, = # 0 and there exist a neighborhood Br of x and a constant 31 < w such that

/ Vo(z)|z|%e"de < f1 <m, Vn,
QNBR(x)

(iii) x = 0 € 9Q, —1 < a < 0, and there exist a neighborhood Br of 0 and a constant
B1 < m(1+ «) such that

/ Vo (z)|z|%e"de < Bo < w(l+a), Vn,
89N BR(0)

(iv) 2 =0 € 99, a > 0, and there exist a neighborhood Br of 0 and a constant B3 < m such
that

/ Va(x)|z|%e"dx < B3 <m, Vn,
80(‘133(0)

then u, — u, is bounded near x.

Proof When a = 0, it is the smooth case. The results has been shown in [8]. So to prove the
proposition, it is sufficient to show (iii) and (iv) for a # 0.
By using the Green representation, we have

1 p
w@ =t [ (Lo 7RGl - W 22)
o0 \T lz =yl
Here R(z,y) is the regular part of Green function and p = diam 2. Denote

1 p agu

@)= [ e T Vil (23)
AQNBR(0) lz -yl

™
In the case of (iii), by Lemma 2.1 we have for any 6 € (0,7),
) C
e ) L
/8903R(0) {anxl etrly 0

)
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where ||V, |z|%e"n

1= fanBR(o) Vo(z)|z|*e“rdx. In particular, we can choose ¢ sufficiently
™o ! > 1. Then we have

small such that 5, = P> 114
[ emce 4
OQNBR(0)

Let v, = u,, — wy. Then for any = € BR/Q(O) N Q we have

1
@) —wl <L [ g Valltendy+ [ Vallterdy+C <0 (25)
T Joo\Br)  1/2 90

From (2.4)—(2.5), we obtain

/ ePUn S/ eP(wn+un+C) < Celun,
8QQBR/2(O) SQQBR/Q(O)

Note that when —1 < « < 0, the energy condition (1.4) implies

/ etn < C. (2.6)
2Q
Hence from Jensen’s inequality it holds
Un _ o109l Joo tn 1 Un
eln = elog| Joa tn < eln < C.
109 Joq

Consequently we get

/ epun § C
BQOBR/Q (0)

Since fasszR(o) |z|*0 < C'if g= )7, we have for x € Bg/4(0) N Q,
@)~ @< [ g P Vawllerdy

T JoQNBg,2(0) |z — y
1

+ / log, " Va(y)lyl®e"dy + C
T JOQ\Br/2(0) |z — y

< Clle™ Lr(®anBr/2(0) ‘|y|alog lz -yl L1(dQNBg/2(0))
a R/2

p
+ C'log / Vo (y)|y|“etndy + C
<C.

In the case of (iv), noting that the definition of w,, in (2.3) and using Lemma 2.1 again, we

can choose small positive number § such that ”,32 S =p>1and

/ ePun < C, 2.7)
80N BR(0)

Let v,, = u,, — w, and for z € BR/Q(O) N Q we can also obtain

1
() — ] < / log P Vi(y)lyle"dy + / Vaylylte +C<C. (28)
T Joo\Br(o)  1/2 80

From (2.7)—(2.8), we have

/ ePUn S/ eP(wn+un+C) < Celun,
8QQBR/2(O) SQQBR/Q(O)
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t < 1. It follows that

t+1
s 1 1—s
x”‘d:v) (/ atdm) <C.
o0 7|

x‘asm,‘—asdx < (/ eln
oN
eSun < O,

P
eSUn — gloQ Joq sun < 1

=199 Jaq

/ ePUn S C.
9QNBR/2(0)

Now return to (2.2). For @ € Bg/4(0) N €2, we have

— 1 o U
i () — ()| < / log . ? Va(y)lyl*e dy
T JoQnBg/2(0) |z -yl

Now take ¢ such that f(m mlat dx < C and set s =

/ esu"dx:/ e¥tn
89 89

From Jensen’s inequality

hence

1
+ / log, ” Vay)lylte*dy +C
O\ Br,2(0) |z -y

s

4
< Clle*" || r(oenB 4 (0)) + C'log Jg/ Vo (y)ly|*e“dy + C
2 o0
<C.

Thus we complete the proof of this proposition. O

Remark 2.4 From the proof of Proposition 2.3 we know u,, = \819\ fasz Uy, is bounded from
above. Define the singular set ¥ by

E_{Oeaﬁ

lim lim Vo (x)|z| e > m(1 + oz)}

R—0n=% J50nBR(0)

U {O # x € 00| lim lim Vo (x)|z|%e > w},
R—0n=% J50nBR(z)

when —1 < a <0, or

Z:{xeﬁQ

lim lim Vi (x)|z|*e ™ > w},
R=0n=c0 /50N BR ()

when a > 0. Noting that the definition of the blow-up set S in Theorem 1.1 we know that
3 = § from Proposition 2.3.

Proof of Theorem 1.1 ~ By Proposition 2.3, u, — u, is bounded in L{° (Q\S). If S = 0, then
(i), (ii) holds depending on whether w,, is bounded or u,, — —oo.
If S # (), we will show (iii). Suppose zg € S and zg # 0, it follows from the arguments in [8]
we know that (iii) holds. Next we suppose g =0 € S.
The first case is —1 < a < 0. To get the conclusion, it is sufficient to show that u,, — —oo.
To this end, let us consider w, which is defined as in (2.3). Since for each 0 < ¢ < R and
x € 002N Br(0), we have
1
77

1
> / log ' Vi(y)ly|*e*rdy.
T JoqnB. (0) x| + €

Y

p o U
w(a) / og, ” Va()lyl*e*dy
AQNB.(0) |z -y
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We obtain from the definition of the singular set that

1
lim w,(z) > (14 «)log

—C, x€90n Bg(0).

If u,, is bounded, then, by (2.5), v, = u, — w, is bounded in QN Bg/5(0). Hence we have

lim |z|“e“"do > C' lim |z|“e¥ " do
=% JoQNBg,2(0) "0 J 90N B R/ (0)
) 1
> C lim do
"0 J9QNBR 2 (0) ||
= +OO’

which is a contradiction with the energy condition.

The second case is & > 0. In this case, it is a little bit subtle. We will use a trick in [3]. We
assume 0 is the only blow-up point in Br(0) N2 For simplicity, we assume QN Br(0) = B (0).
And we only need to show that u,, — —oo uniformly in compact subsets of B} (0)\{0}. We
assume by contradiction that u,, is uniformly bounded in L{S. (B (0)\{0}). By elliptic estimates

loc

and by extracting a subsequence, we may assume that
u, — & pointwise a.e. and in CIL’S(BE(O)\{O}), for some ¢ € (0,1),
V()] — Viz)Jele,  in OO (BE(0)\{0}).
Note that by Fatou’s Lemma, V (z)|z|*e¢ € L'(0B}(0) N 9R%). Then we derive
Viu(@)|z|%e " — V (x)|z|% + Bd0, (2.9)

weakly in the sense of measures on 9B, (0) N IR?, where

B =m(0) = lim lim Vo (x)|z|%e“ do.
R=0n=c0 Jopt (0)nor2.

Next we choose 7 is small enough. Fix 0 < 79 < R, and in B}, (0) we define
pn() = Va(a)lz|e,  o(z) = V(a)|x|"e.

By Green’s representation formula for u,, in B (0) and (2.9) to derive that

I6] 1
{(z)=""log  +é(x)+(2), (2.10)
T |al
with )
o= [ g, 1 V()lyleSdy,
T JoBf, (0)noR2 |z — ]
and
1 1 o€ 1 x—y) -V
v(z) = / log P / ( ) , §(y)dy.
T JoBf, (0)NR% |z —y| ov T JoB}, (0)nR2 |z —yl
Clearly,

v(z) € CYB}(0)), for every r € (0,70).

For ¢(z), we observe first that ¢(z) is clearly bounded from below on B, (0), i.e.,

1 1
¢(z) > - log 20 ”‘P”Ll(aB,ﬁ,(O)maRi)’ vz € B (0).
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For rg is small enough, by (2.10) we find
QD(I’) _ V(x)‘xlaef _ V(,T) |x‘(; e¢(:c)+'y(x)+ﬁR(:c,0)+f In(2r9) > g '
|z = |z ==
Thus by the integrability of ¢, we see that necessarily
B<n(l+a). (2.11)

On the other hand, let us set s = f — . In view of (2.11), we have s < 1. Furthermore, we
have

a ¢ T :
() = V(z)|z|" < |gc‘sef’)( ), in BY(0).

By Lemma 2.2, for every k > 0 we have el?l € L;(0B;(0) N 9R2), we have by Holder’s

inequality to get ¢ € L'(9B;7 (0)NOR%) for any ¢ € (1, ) if s > 0, and ¢ € L'(B;} (0) N OR2)
for any t > 1 if s <0.

Now we estimate V¢(z) for x € B} (0). First we have

1 1
Vol < [ o (y)dy
T J{lz—yl> 5 yno B (0)noR2 lz -yl

1 1
+ e(y)dy
T J{je—yI< 2 0B (0)nor2. [T — Yl

=1+ .

For I, we fix t € (1, i) and choose 7 > 0 such that tztl < 1, and hence we have 0 < 7 < 1 —s.
By Holder’s inequality we obtain

t—1
1 1 ,,
Il S (/ Tt dy)
T\ S{la—y|> 211008 (0)nor2 |z — y| =1

1
| ) )
(/{Ia:y> 13m0} (0)norz. |7 — y[f1=T)
c

= laft

1
t

For I, since |z — y| < |‘;‘ implies that |y| > ‘gl, we have

I, <C ! 1g Y
{le—yI<'E }na B, (0)noR% lz =yl [y|
C 1
< et e oo -1
{lz—y|< '3 }n0B, (0)noR% Y
C
i |I|Sl7

for some s" with 0 < s’ < 1. In conclusion, for all 2 € B (0) we have

C c
< 2.12
VO < |+ e (212)

for suitable 0 < 7 < 1—sand 0 < s’ < 1. At this point we are ready to derive our contradiction
by means of a Pohozaev type identity. We multiply all terms in (1.3) by z - Vu,, and integrate
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over B;(0) NOR2 for any r € (0,7¢) to get

1 2
r/ ( |V, |? — ‘&Ln )da
oBF (0)R2 \ 2 on

_ 4+ a)/ Vi (s, 0)[s]%e® ds + Vi (s, 0)[s|“setn (:0) [s=7
OB (0)NOR2.

— / - VV,(z)|s|%e“ ds — / - Vu, W, (s,0)ds. (2.13)
dB;f (0)NIR.
Passing to the limit we have

8B, (0)NORZ.
1 o¢ |?
r/ (2|vg2—'8 >da
dB; (0)NR% n

=—(1+a) / V(x)|z|*etds + V(x)|s|ase5(s’0) [5=7.
dB;F (0)NORZ

—/83+(0) . z-VV(z)|s|%fds — (1 + a) +0,(1). (2.14)
+ (0)NORZ.

Set n = ¢ + . Since V&(z) = —f o)z T Vn(z) and by (2.12)

c C
V()] < +

rl-7 Ts’

+C,

with0 <7< 1—-sand 0 < s <1, we have

2
P, ::r/ (1|v€|2_‘ag )ds
o8t (0)r2 \ 2 on
1[ 82  28z-V -\
AL ] (2 Y
o (o)nr2 2 | m3[z] |z| x| ||

2 2
1 . 1 .
=_ (ﬁ> 7T—|—r/ bz VZn + _|Vn|? - (m Vn) ds
2\7m oBf )Rz T 2 |z

ﬂZ
- Com

Similarly, letting » — 0 on the right side of (2.14) we also can obtain that

+o(1), asr—0. (2.15)

®, = —B(1+a)+o(l), r—0. (2.16)

Comparing (2.15) and (2.16), we see that necessarily § = 27(14+«), in contradiction with (2.11).
Proof of Proposition 1.2 For any p > 2, let 2 > g = pfl > 1. Then we have

IVt oy = sup { /Q Vu, Vidv|Vp € W2 (Q), /Q oo = 0, [ ]wraay = 1}.

By the Sobolev embedding theorem, we can get |||z~ ) < C. It follows that

‘ / Vu,Vedu
Q

- /m(vn(z)|xaeun + [Wa(2)])]eldo < C.

Hence u,, — |$‘ Jo un is uniformly bounded in W4(Q). Next, we define the Green function G
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by
—AG =0 in Q,
ZG = Z m(p)d, — W(x) on 012,
peANNS

| -0
Q

We have for any ¢ € C*°(Q),
/ Y — G)Vipdv = / (Vi () 2|6 — Wi (&) — Sm(p)s, + W () — 0.
Q o0

Combining the fact that u, — |§12‘ Jo un is uniformly in W14(Q), we get the conclusion of
Proposition 1.2.

Now we can compute the blow-up value by using the Pohozaev identity and Proposition 1.2.
Proof of Theorem 1.3  First we assume the blow-up point p = 0. For sufficiently small r > 0,

then 0 is the only blow-up point in B,.(0) N Q. In view of Pohozaev identity for solutions wu,,
of (2.13) and Proposition 1.2, we have

2
1
lim lim r / Qun " _ L1y 2
r—0n—oo BB,JF(O)ﬁRi 8n 2
2
1
= lim lim r/ oG _ IVG|?
r—0n—oo BB,JF(O)ﬁRi 8n 2
1 2
= 0). 2.17
5. m*(0) (2.17)

Since u,, — —oo uniformly on B, (0) NR3, we have

lim lim V,(s,0)|s|*se"" |",.=0,
r—0n—oo

lim lim x - VVp(z)|s|%"ds = 0,
r=0n=c Jopt(0)norR2

and
lim lim x - Vu,Wy(s,0)ds = 0.

r—0n—oo aB; (O)OORi

Letting r — 0 and n — oo in (2.13), we get that
1
2m
It follows that m(0) = 27 (1 4+ «). When the blow-up point p # 0, we can obtain m(p) = 27 in

a similar way.

m?(0) = (1 + a)m(0).

3 Proof of Theorem 1.4

Proof of Theorem 1.4  The proof consists of four steps.

Step 1  From the rescaling functions @,(x) = u,(Az) + (1 + @)In),, (1.7) is valid in
By, rN Ri for any fixed R > 0 and for some constants C' > 0 independent of n. Hence we are
left to prove (1.7) are valid on (B,,\Bx,r) NR2 for some rq > 0.
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Step 2 It follows from the boundary condition in (1.6) that

0<up(z)— min wu,(y)<C, ondBf NR3.
yedB NR2

Let wy,(z) be the solution of the following problem

—Aw, =0 in By,
Wy, =up(z) — min  u,(y), on 0B NR%,
y€dB NR2
ow,
on = 0 on OB NIRZ.

We can apply the maximal principle to obtain that w,, is uniformly bounded in Bf. And the

function v,, = u, — rrlir1y€631+m]R2+ un(y) — wy, satisfies

—Av, =0 in B (0),
vy, =0 on 0B NR%,

%1: = Vo (z)|z|%" — Wy (x) on OB NOR2.

Then we use the Green representation formula to obtain

1 1
Un(x) = / log Vn(y)|y|aeundy+Rn(l‘)’
B NoR2 lz —y

™

where R, (z) is uniformly bounded function in Bf. Hence we obtain

. 1 1 o
() — mnumm:/’ @% >%MM€%HOm
yedB{ NRZ T JoBf nor2 lz =y

Here and in the sequel O(1) denotes the uniformly bounded term. We set
M= [ Ve
B NoRZ

Recalling the definition of u,(x), we get

~ 1 1 o
tin () = / (10% )Vn(kny)ly et dy
T J{lyl< . }noRrZ |z -yl
M, )
_ { — (1+oz)] log A\, + min  u,(y) + O(1).
g y€dB; NR?
Further from ,(0) = O(1) we obtain
1 1 -
T J{lyl< ! Inor? |yl
M, .
= [ —(1+ a)} log A, — min  u,(y) + O(1).
™ 8B NR%

Putting the above equations together, we get

~ 1 Y o,
Up(z) = / log v Vi (Any)|y|“e dy + O(1).
™ Jiyl< b ynorz |z =yl
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Claim For small § > 0 there exist R = Rs > 1 and N = Ns € N such that when z € B; ﬁRi
with || > 2R and n > N we have /

M,
Un(z) + " log|z| < dlog|z| + O(1). (3.1)
™

To establish the claim notice that lim, ., M, = 27(1 + «), therefore for any small 6 > 0
and any large n, we can choose R large enough such that

1 o M 5
/ Vn()‘ny)‘yl e'rdy > " - 9 9)°
™ J{lyl<Rynor2 m (a+2)

Taking x € B;n NR3 with |z| > 2R and decomposing @, as

~ 1 Yy o U
ww) = [ og Y1 Vi ()] dy
™ Jiyi<rynorz [T =yl

1 Y o,
+ / log v Vi (Any)|y|“ e dy
T J{r<yi<shnory 12 =Yl

1 _
+ / og . 1 V(g lyleindy
T JB(z, '3 nor% |z — |

1 ~
w2 [ o vaOlleay+ o)
T JQ/noR? |37 - y\
=L+L+I3+1,+0(1),

where Q' = (B N OR})\(Biz U Bz, 51)). Notice that log ¥l < C in Bie U with
a constant C > 0 we have that I> and I, are bounded umformly w1th respect to n. On
the other hand, recalling that u,(z) < 0 and ‘wl < |yl < 3|z| in B(z, ), if we set D,
B(z, ‘xl) N{|z —y| < |z|~@*FD}, then we get

1 .
I < / g Y VOl dy
T Jp,rorz 1T — Y
a+2 o 5
+ log || Vi (Any) |y *e“dy + O(1)

B(z, '3 )nor2
o 1 )
< Clz| / log dy + _ log|z| + O(1)
{lz—y|<lzl~(+D}noR? [T =Y 2
0
< 9 log |z| + O(1).

Putting those estimates together, and also noticing that j < ‘z‘;l?" < 3 for|y| < Rand |z| > 2R,
we find

_ 1. 2R
() log
T 7l Sy <rpnorz

—(Mn — 6) log [z| + O(1),
™

and (3.1) is established. From (3.1) it follows that

IA

i 0
VaOwp)lyle™ dy + | log la] + O(1)

IN

el < Clz|~ 79, (3.2)
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forze B, N R?% with |z| > 2R. Since M,, = 27(1 + a) + o(1), by some computations we can
obtain '
/ | log [y||[y|*e" dy < C. (3.3)
1 NOR2

RY

Xn
Next let us estimate the decay of u, () and Vi, (z) at infinity. We choose some k satisfying
k> ,! . Sincea € (—~1,+00), we have 0 < k < +00. Then we claim for x € (B; \B(10g N ye)N

1+a-
R?,
Un(z) + - log |z|| < C, (3.4)
M, =x 1 1
Un " <C ) 3.5
’V“ @+ ] (IIP+Q5_%IxP) (3:5)

To prove the above claim, let us set

M, (z) = Vi (Any) ly|*e" dy

/{ylﬁnoxl}ﬂBkln NORZ.

for any small g > 0 (can be fixed latter). We can show that

M, = Lo = [ Vo) lyl e dy
B 1 NORI\{ly|<molz[}

My,
< V(g ly|~ = Tty

/IyZno(log Ay, JENORE

1 -1 1 1—k(14+a+d+o0(1))
< (log ) (log )
- An An

:quO%;)d (3.6)

for z € (B;n \B (10g & y) NRZ. While by (3.3) we obtain

~ 1 o U
i) = [ g Y1 vl e dy
™ JB ) norz\(lyl<nolel} 1T Y
1 )
+ / log Vi Ay |y|“e " dy + O(1).
™ JBy noE3n{yismlal} 1T Yl

Noting that

| og, Y1 Vi) lyleendy
B 1 noRI\(yl<molalt 1T Y]

<C log |y|ly|*e" dy
ORI N{ly|=m0(log \! )*}

—mm@%ijl,

hence, it follows from that (1 —ng)|z| < |z —y| < (1 + no)|x| when |y| < no|z| to get

() = — L Mo (a) og Ja| + 0(1)
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provided 7y is small enough. Consequently, by (3.6) we get (3.4).
For (3.5), we use Green representation formula of @, (x) (see (3.1)) to obtain

N M, 1 _ ~
Vi (z) + = / {gﬁ oy }V”(Any)lylae“"derO(l)
B)\l ﬁ(’?Ri

™o fz2 2z —yf?

Set Q1 = B 1 NORE N {ly| < Y, Qo = B NORLN (1 <yl <202}, Qs = B:n

OR2 N {|y| > 2|z|} for any given x € (B;" \Blog )\1”)k) NR3. Notice that |Jiy| < Iw\i\yl < é‘

in Q,; and |w|z‘y| < \yllg‘lx\ < 2in ), 3. Since by the mean value theorem for any || > 1 there
holds

|yl
= o —yllx]

T T—y

2 fa — y|?

we obtain from (3.2) that

: /
T JB 1 NOR?2
oy +

C ~ aglin C ~
/ y[Valy|e™dy + C / Iyl%e™ 4 4 / Iy dy
Q1 Q || Qs

= faf? e 12—l

C

= 2f?

1 1
<C .
= <x|2+a—6 " |x|2>

Thus we get (3.5).
Step 3 We want to show that

x x — ¢
e'rdy

y
V’I’L A’I'L
y‘zl (Any)ly

22 o~

B 2|z g—2—ats “+o0
/ Vo ly|' et dy 4+ C . L, pdst sT2mat0 s
Qnn 2 Vi(xy — 8)2 + a3 2] Joja)

1
M, = 27(1+a) + O(1) <10g ; > . (3.7)

For this purpose, by scaling back to u,, (3.4)—(3.5) yield

M, 1 M, 1
- log + [(1 +a) — } log N + 0(1), (3.8)

_ n
tin() = 2] n

M,, /\1+o¢—5 An
Vup(z)=—"" " +o( n T ) (3.9)

™ |zf? |zre=d - faf?

for 2 € (Bi NRI)\B,, (10g L yx- Now we take r = A, (log )\ln)kJrl and apply Pohozaev iden-
tity (2.13) in B,. It follows from (3.8)(3.9) to get

T/ oun,
OB NR2 on
1\ !
/ x - VVu(z)|s|%"ds = O(1) <log ) ,
OB} NoR An

M, 1 I+a-"" 1 -1
V(s )t 277 = oyt (1) —o) (e ),

2 —1
1 5 M?2 1
- = 1) 1
2\Vun| o + O( )( og )\n) ,

1\t
/ x - Vg (2)W,(s,0)ds = O(1) (log > ,
dB;FNOR2 An
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and

1+a)M,—(1+ a)/ Vo(x)|z|“e“do
OB NoR?
=1+ a)/ Vo(z)|x|“e*do
A(BF\ B )Nar2

e o B
An
1\ !
= O(l)<log )\n> .
So we get (3.7).

Step 4 Now we come to prove the local estimate (1.7). From Step 1, we are left to show that
[ty (x) —u(z)] < C (3.10)
for z € (B;” \Br) NR2, here R is large enough. Notice that
[t (x) — u(x)] < |un(z) + 2(1 + o) log|z|| + |a(x) + 2(1 + o) log |z||,
and with the asymptotic behavior of entire solution
[a(x) +2(1 + a)log|z|| < C,
for 2 € RZ\Bg. So to prove (3.10), it is suffice to prove
[tn(z) +2(1 + «)log |z|| < C,
for z € (B» \Bg) N R? . For this purpose, by (3.4), (3.7), we have

- ~ M,
[tn () +2(1 + @) log|z[| < |un(z) + " log|a]

M,
-i-‘ log|z| —2(1+ ) loglz|| < C
™

for z € (B \B(log ! )k) NR2. Since {@,(z)} converges to @(z) in CL7(R2) and @i(x) satisfies
that |u(x) + 2(1+ a) log |z|| < C for z € R2\Bg, we have
[tn (@) +2(1 + &) log |2|| < |un(z) — u(x)] + [u(z) + 2(1 + ) log|z|| < C,

for z € 9B NRZ and large n and large R. We construct w4 (z) as follows:

Cst

w(e) = =2(1+ a)loglol £ (CL = Calal ") 5| 7,

for positive constant numbers C7, Cs and C3. Let 0 < p <1+« and [ > ;. Then

C 1 1+p 1—pCft
Bufa) == laf 172 TP,

and
owy(z) 21+ a)t Cot C3(1+ p)t? G
a |z|? a1+ ]3P |z P
Hence, by a suitable choice of Cy, C5 and C3, we have
AT (2) —wy(z)) <0 in (B 1 yx\Br) NRY,

8<“"(x)a;w+(x)) <0 on (B(pg s k\BR) NoR2

Up(z) —we(z) <0 on 9(B e )\ln)k\BR) NR3.
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We can apply the maximum principle to conclude

() < wy (),

for (Bog N y-\Br) NRZ. By the similar way we also can obtain that

w—(x) < tn(2),

for (B(1og N )« \Br) NR%. Thus we complete the local estimate on u,,.
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