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Abstract Given a Hermitian manifold (M", g), the Gauduchon connections are the one parameter
family of Hermitian connections joining the Chern connection and the Bismut connection. We will call
Vi=(1-35)V°+ ;Vb the s-Gauduchon connection of M, where V¢ and V° are respectively the Chern
and Bismut connections. It is natural to ask when a compact Hermitian manifold could admit a flat
s-Gauduchon connection. This is related to a question asked by Yau. The cases with s = 0 (a flat
Chern connection) or s = 2 (a flat Bismut connection) are classified respectively by Boothby in the
1950s or by the authors in a recent joint work with Q. Wang. In this article, we observe that if either
s> 4423~ 746 0r s <4—2v/3~0.54 and s # 0, then g is Kéhler. We also show that, when n = 2,
g is always Kéhler unless s = 2. Therefore non-Kéahler compact Gauduchon flat surfaces are exactly
isosceles Hopf surfaces.
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1 Introduction

Yau [13] asked an interesting question on Hermitian geometry.

Question 1.1 (Problem 87 in [13]) If the holonomy group of a compact Hermitian manifold
can be reduced to a proper subgroup of U(n), can we say something nontrivial about the
manifold? The problem is that the connection need not to be Riemannian.

Recall that on a Hermitian manifold (M™, J,g) where J is the complex structure on M™,
there are a lot of Hermitian connections, namely, linear connections V satisfying Vg = 0 and
VJ=0.

An important special case of Question 1.1 is when the Hermitian connection under consid-

eration is flat, hence its holonomy group is discrete. The question states:
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Question 1.2 Classify compact Hermitian manifolds which admit flat Hermitian connections.

One of the main difficulties in answering Question 1.2 is that the linear space of Hermitian
connections on a general Hermitian manifold is of infinite dimension. Note that there are three
Hermitian connections relatively well studied in the literature: the Chern connection V¢, the
Bismut connection V° (introduced in [1] and [12]), and V! which is the projection onto the
holomorphic tangent bundle of the Riemannian (Levi-Civita ) connection of g. The latter was
also called the associated connection (see [6]), Levi-Civita connection (see [7, 8]), or the first
canonical connection, etc. It is well known that these three connections lie on a straight line
in the space of all Hermitian connections, namely, V! is the arithmetic average of the other
two. In the rest of this paper, we will fix the following notation which is partly motivated by
the work of Gauduchon [5]:

Definition 1.3 (Gauduchon connections) The s-Gauduchon connection of (M™, g) is defined
to be the Hermitian connection V* = (1 — 5)V°+ 5V’ where s € R.

So V0 = Ve, V2 = Vb and V! = V. When g is Kihler, every s-Gauduchon connection
V# = V¢ and is equal to the Riemannian connection. When g is not Kéhler, V*® # V*' whenever
s # s'. From the differential geometric point of view, we want to study the curvature tensor R*
of V2. As a first step to understand Question 1.2, we would like to know what kind of compact
Hermitian manifolds can have flat s-Gauduchon connection V?.

When s = 0, the question is well understood and well known. In 1958, Boothby [2] proved
that compact Hermitian manifolds with flat Chern connection are exactly the quotients of
complex Lie groups, equipped with left invariant Hermitian metrics. An important subset of
this is the complex parallelizable manifolds, which are classified by Wang [9].

For s = 2, the recent joint work [10] of Wang and the authors classified all (including
noncompact ones) Bismut flat manifolds. Those compact Bismut flat manifolds are exactly
(finite undercover of) compact local Samelson spaces. In more details, given any compact
Bismut flat manifold M™, its universal cover is a Samelson space, namely, G x R* equipped
with a bi-invariant metric and a left invariant complex structure. Here G is a simply-connected
compact semisimple Lie group, and 0 < k < 2n. In particular, compact non-Kéhler Bismut
flat surfaces are exactly those isosceles Hopf surfaces, and in dimension three, their universal
cover is either a central Calabi-Eckmann threefold S x S3, or (C2\ {0}) x C. The readers are
referred to [10] for more details.

For s = 1, Ganchev and Kassabov [6] proved an interesting local characterization theorem
for Hermitian manifolds with flat V!, which they called the associated connection. More pre-
cisely, they showed that for any n > 2, if a Hermitian manifold (M™, g) has flat V! and is
conformal to a Kihler metric § = e“g, then § has constant holomorphic sectional curvature.
Conversely, given any Kahler metric g with constant holomorphic sectional curvature, there

always exists a Hermitian metric g which is conformal to § such that g has flat V1.
To sum up, we propose the following version of Question 1.2:
Conjecture 1.4 If s # 0,2, then any compact Hermitian manifold (M™, g) which admits a

flat s-Gauduchon connection must be Kdhler, thus being a finite undercover of a flat complex

torus.
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The main purpose of this article is to confirm the above conjecture in the n = 2 case,

namely, we have the following

Theorem 1.5 Let (M2, g) be a compact Hermitian surface with a flat s-Gauduchon connection
V. If s # 2, then g is Kdhler.

Therefore M? in the above theorem is either a flat complex torus or a flat hyperelliptic
surface. Note that any Chern flat complex surface must be Kéahler. Combining the result
in [10] we conclude that the only non-Ké&hler surfaces which are s-Gauduchon flat are isosceles

Hopf surfaces. For n > 3, we are able to prove the following;:

Theorem 1.6 Let (M",g) be a compact Hermitian manifold with a flat s-Gauduchon con-
nection V*. If either s > 4 + 2\/3, or s <4—2v3 and s #£ 0, then g is Kdhler.

In other words, if (M™,g) is compact, s-Gauduchon flat with s # 0, and is non-Ké&hler,
then s must lie in the interval (4 — 2/ 3,4+ 2/ 3). Note however that this interval contains the

> (see below).

interesting cases s = 2 (Bismut), s =1, and s =
If we take the dimension into account, then the two constants 4 4 2v/3 can be slightly
improved. For n > 3, let us denote by
af = ;[4(71 —1)£2V3n2—Tn+4], b= (ni 1)[4(717 1) £ 2v/3n2 — 8n + 5.
Then we have a;, < b, < 0.6 and both sequences (a,,) and (b,,) are monotonically decreasing
and approaching 4 — 2v/3 when n — oo. Similarly, 3.4 < b < a;f, and both sequences (a;")

and (b)) are monotonically increasing and approaching 4 + 2v/3 when n — oo. The statement
of Theorem 1.6 can be slightly improved by

Theorem 1.7 Let (M™,g) be a compact Hermitian manifold with a flat s-Gauduchon con-
nection V*. If either s > at, or s < a; and s # 0, then g is Kdhler.

ns
When the metric g is locally conformally Kahler, its torsion tensor takes a simple form, so

the above type consideration leads to the conclusion that g will be Kahler for all values of s

except possibly when s = b or s = b,,. That is, we have

Theorem 1.8 Let (M",g) be a compact Hermitian manifold with a flat s-Gauduchon con-

nection V°. Assume n >3 and g is locally conformal Kdhler. If s # b, then g is Kdhler.

The main idea of proving Theorem 1.5 is: when n = 2, the torsion 1-form 7 contains all the
information about the torsion tensor. So the above type of consideration in Theorem 1.8 can
be pushed further to lead to the Kéhlerness of g for all s values (other than 0 and 2) except

one value: s = g By a Bochner type argument, one can conclude the Kéhlerness in the case

2
3

Note that in all dimensions, the connection Vi distinguishes itself with the property that

s = £ as well, thus proving Theorem 1.5.
it has the smallest total torsion amongst all Gauduchon connections. For that reason, we will
also call the i%)—Grauuduchon connection V3 the minimal Gauduchon connection.

Recall that a Hermitian metric g is called balanced, if dw™ ' = 0, where w is the Kéhler
form of g. g is said to be Gauduchon if 00w™~' = 0. A local property about Gauduchon flat

manifolds worth mentioning is the following:

Proposition 1.9 Let (M™,g) be a Hermitian manifold with a flat s-Gauduchon connection.
If s = %, then g is Kdhler. Also, if s # 0 and g is balanced, then g is Kdhler.
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Let us remark that a noncompact version of Conjecture 1.4 is much more subtle. If we
focus on the Chern flat case (s = 0), there are example of noncompact Hermitian surfaces
(incomplete ones in [2] and complete ones in [10]) without parallel Chern torsion, hence they do
not come from quotients of complex Lie groups with left invariant metrics. On the other hand,
noncompact (not necessarily complete) Bismut flat (s = 2) Hermitian manifolds have been
classified in [10]. It is an interesting question if such a difference also exists for noncompact
s-Gauduchon flat Hermitian manifolds when s is other than 0 and 2.

The paper is organized as follows. In Section 2, we collect some known results and fix the
notations. In Section 3, we give proofs to Theorem 1.6 through Proposition 1.9. In Section 4,

we prove Theorem 1.5.

2 Preliminaries

We begin with a Hermitian manifold (M™,g). We will follow the notations of [11] for the
most part. Denote by V, V¢ the Riemannian (aka Levi-Civita ) and the Chern connection,
respectively. Denote by R, R® the curvature tensors of these two connections, and by T°¢ the
torsion tensor of V¢. Under a local unitary frame {ej,...,e,} of type (1,0) tangent vectors,

T° has components
“(es,€5) 22 i€k T¢(e;,e5) = 0.

Note the coefficient 2 above, which is unconventional but makes some of the subsequent
formula simpler. We will write e = “(eq,...,e,) as a column vector. Write o = %(p1,...,05)

the column vector of local (1,0)-forms that are dual to e. As in [11], let us write
Ve =0e, Ve=0e+ 0O,

so f and © = dfl — 0 A 0 are the matrices of connection and curvature of V¢ under the unitary
frame e, while 6 and © = df — O A 6 are the matrices of connection and curvature of V under
the frame {e, e}, with

b 0, 62 ’ 6= 0O, 0O,
0, 0, O, O
The structure equations are:
dp=—"9Np+T, (1)
dd=0N0+0O, (2)

where 7 is the column vector of the torsion 2-forms under the local frame e, and

dp=—"10Np— 10, (3)
©1=db — 01 AO1 — 03 N\ s, (4)
Oz = dfy — O3 N Oy — 01 A Os. (5)

The entries of 7 are (2,0) forms, and the entries of © are all (1,1) forms. Taking exterior

differentiation of the above equations, we get the two Bianchi identities:

dr=—"9ANT+ 'O N, (6)
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dO=0N0—-0A0. (7)
From [11], we know that when e is unitary, we have the following simple formula
n n n .
=Y TheiNej, (02)ij =Y Thor, V=) Thew (8)
i,j=1 k=1 k=1

where 7/ is the (1,0) part of v = 6; — 0 = v’ —+"*. We will also denote by i = tr(v’) the torsion

1-form, aka Gauduchon 1-form ([4]), so we have

n= Zm%— = Z T, 9)
i=1

ik=1
oWl = 2 AW (10)
where w = v/—1 % A ¢ is the Kihler (1,1)-form. From the last equation above, we get
20wt =2 (On+2nAn) AWt (11)

By Lemma 2 of [10], we know that the matrix of connection for V® under e is given by

0 + 2, therefore we obtain the following:

Lemma 2.1 Given a Hermitian manifold (M™,g), the matriz of connection forms for the

s-Gauduchon connection under the frame e is given by
0° =0+ sv. (12)

Next let us recall the conformal change formula. Let § = e2"g be a metric conformal to g,
where u is a smooth real valued function. Locally we can take ¢ = e“p and € = e e, s0 € is a
local unitary frame for (M™, g), with ¢ its dual coframe.

Let 6, (:), and 7 be respectively the matrices or column vector of the Chern connection,
curvature, and torsion for the metric § under the unitary frame é. From §5 of [11], we have the
following:

0=0+(0u—0ul, ©=0—200ul,
and
T =e"(T+20u A p).
This leads to the following

TJ; = eiu[Tilz- + ui5jk - ’U,j(sik}, (13)
where u; = ¢;(u).
Next, recall that 7; = >, TF., and let us denote

n

n
P =Yl TP =Y T
=1

i,5,k=1
Both are independent of the choice of unitary frames thus are well defined global functions on
the manifold M™.

If g is Kahler, namely, if 7 = 0, then we have
T]; = Uj(sik — uiéjk

,

for any indices 4, j, k. This leads to the following:
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Lemma 2.2 If (M™,g) is a Hermitian manifold that is locally conformally Kdhler, then it
holds
=2 P
n—1""

Proof From the identity right above the statement of the lemma, we know that TZ; = 0 when
k¢ {i,j}, and T}; = u; if i # j. Son; = ( l)uj. From this, we get |n|? = (n — 1)?|du/?, and
IT]? =2(n — )\du|2 where |dul* = |u1|> + -+ + |u, 2. Thus |T|? = 2 |n|?, and the lemma is

proved. O

3 The s-Gauduchon Flat Manifolds

Throughout this section, we will assume that (M™,g) is a Hermitian manifold with flat s-
Gauduchon connection V?, where s # 0. For any p € M, there always exists a unitary frame e
in a neighborhood of p such that is e is V*®-parallel. That is, #° = 0. Note that such a frame
is unique up to changes by constant valued unitary matrices. Let us fix such a local frame e.
Specializing the structure equations and Bianchi identities with our condition § = —sv, and

using the fact that ' = —7, we get

dp=(s—1) Yo, (14)
Do =—57"¢p, (15)
' = -5, (16)
O=-504%-07)-5(v "+ YY), (17)

where the third equation is because of the vanishing of the (2,0)-component of © and the fact
that s # 0. The (2,1)-part of the first Bianchi identity dr = ©¢ — ®7 leads to

[(s—1) 8% —s 07 +s(s—1) (W5 +~"9)p=0. (18)

Lemma 3.1 Suppose a Hermitian manifold (M™, g) is s-Gauduchon flat, where s # 0. Let e

be a local V?-parallel unitary frame. Then the torsion components satisfy

23 k 1k J 2{2 1- S TZ Tjk + STYJZT ik T STlfrT‘ig}ﬂ (19)
(n - 2 S - 1 Z{ ir jk + TZ Tkz + Tk:'r‘ng’} =0, (20)

2(s — 1)T£7£ + S<Tlit’a — 2{2 s—s)TLTE, +2(s — s N(TET, - TETY,) (21)

kZ1 riTrl rjTre

(szTgk Tijrk)}
for any 1 < 4,5,k £ < n, where the index after comma denotes the covariant derivative with
respect to V?°.
Proof The first identity comes from the fact that 0y = —sv'y’ since s # 0. When n > 3, if we
combine the identity 0y = —sv'y" with the (3,0)-part of the first Bianchi identity, 7 = sty'r,
we get (s — 1) % 5o = 0. This leads to the second equation. The third equation comes
from (18). O

By the first two equations in the above lemma, we get
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Lemma 3.2 Let (M",g) be a Hermitian manifold that is s-Gauduchon flat, where s # 1 and
n > 3. Then for any indices i, j, k, ¢, it holds

Tf], zk] - Z ir ]k (22)

This identity shows that the case of the Bismut connection (s = 2) is special as the right-
hand side would vanish when s = 2. Next, recall that n; =, T,ffi, and let us denote by

n n

> =>"ml* T = Z Ti?, and x = n;,
=1 i,7,k=1 =1

In the last equation of Lemma 3.1, choosing ¢ = k£ and j = ¢ and summing them up from 1 to

n, we get

3
2(s — 1)x + 25y = s*|T|* + 2(5 - 252) In|2.

Since the right-hand side is a real number, we see that y must be real, so we get

Lemma 3.3 Under a local unitary V*-parallel frame e, the quantity x = >, satisfies
the identity

st 3 2
(2s—1)x = 2|T| +s 1—28 In|=. (23)

Now we are ready to prove Proposition 1.9. For s = ;, the above identity gives é|n\2 +
é|T|2 =0, so T = 0 everywhere, and g is Kéhler. If s # 0 and n = 0, then x = 0, so the above
equation leads to T' = 0 again. This proves Proposition 1.9.

Next, by the equation dp = —sv/¢, we get
on = Z (mﬁszrik )‘Pi/\‘»pj'
i,j=1
Since nv/-1 (37 =1 @ijPi N pj) A w1t = (31 @) w", we obtain the following
nv—1 0 Aw™t = —(x + sn|?) W™ (24)

Combining this with Lemma 3.3, we get
Lemma 3.4 Let (M™,g) be a V*-flat Hermitian manifold. Then it holds

(25 — 1)nyV/—100w™ ™ = [(85 — 52 —4) |n)* — s|T)*] w (25)

When the s-Gauduchon flat manifold M™ is compact, the integral of the left-hand side is
zero. Thus we immediately get the following

Lemma 3.5 Let (M™,g) be a compact V*-flat Hermitian manifold. Then it holds

(8s — 5% — 4)/ In|* w" = 32/ |T> w™. (26)
M M

Since the two roots of 8s — s2 — 4 are 4 + 2v/3, when either s > 4 + 2v/3, or s < 4 — 2¢/3
and s # 0, the left-hand side is nonpositive, which will force T to be identically zero, meaning
that g is Kéhler. So we have proved Theorem 1.6.
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Theorem 1.6 means that when M™ is compact, we may assume that 4 —2v/3 < s < 442+/3,

or approximately,

0.54 < s < 7.46.

Next, note that n; = >, TF. is the sum of at most (n — 1) terms, since Tj; = 0. By the
inequality a1 + -+ + an_1|> < (n — 1)(|a1]|?> + - + |an_1]|?), we know that

n|* < (n—1)|T.
Plugging this into the identity in Lemma 3.5, we get

F(s) /M IT|?w™ <0, where F(s) =ns*>—8(n—1)s+4(n —1). (27)

Clearly, when F'(s) > 0, the above inequality implies T' = 0 everywhere. The two roots of
F are exactly the two dimension-dependent constants

ot e 1 [4(n — 1) £ 2v/3n2 — Tn + 4]
n

n

given in the introduction. Thus we have completed the proof of Theorem 1.7.
Note that the improvement of Theorem 1.7 to Theorem 1.6 works better when n is smaller,
as af — 44 2v/3 when n — co. When n = 3, for instance, ai = 2(4£/10), so we just need

to consider the range

0.56 < s <4.77

for any potential non-Kéhler s-Gauduchon flat compact threefold.

Next let us consider the locally conformally Kahler case. In this case we have the relationship

In|? = ("gl) |T|? by Lemma 2.2. Plug this again into the identity in Lemma 3.5, we get

8(n— 1)s — 4(n—1) — (n + 1)32}/ T2 = 0 (28)
M
for compact Hermitian manifold (M™, g) that is V*-flat and locally conformally K&ahler. When
the coefficient is not zero, it will force T' = 0, so g would be Kéhler. The zeroes of the polynomial
are precisely the two constant bf given in the introduction. So we have completed the proof of
Theorem 1.8 here.

Now let us restrict ourselves to the two dimensional case. In this case, 71 = —T%, 72 = Ty,
so |T)? = 2|n|?. Plug this into the identity in Lemma 3.5, we get

(35 — 2)(s — 2)/ T2 = 0. (29)
M2
Therefore we obtained the following

Lemma 3.6 Let (M?,g) be a compact Hermitian surface with flat s-Gauduchon connection.
If s # 2 and s # g, then g is Kdhler.

Therefore in order to prove Theorem 1.5, we just need to deal with the s = 2

3 case, namely,

.. . 2
the minimal Gauduchon connection V3.



Hermaitian Manifolds with Flat Gauduchon Connections 1267

4 Surfaces with Flat Minimal Connection

In this section, we will assume that (M?,g) is a compact Hermitian surface with flat szs,
and our goal is to use the Bochner formula to conclude that g must be Kéhler, thus proving

Theorem 1.5 stated in the introduction.

Let s = g, and e be a V*-parallel local unitary frame. Let us denote a = Tf, = ns,
b=T% = —n. Then X\ = |a]? + |b|?> = ||? is a nonnegative smooth function on M?2. Since

2(1 — s) = s, in the first identity of Lemma 3.1, if we let i =k =1, j = 2, we get
sz,1 = _23T1Z2T122~
Similarly, if we let ¢ =k =2 and j = 1, we get
sz,z = 23T1Z2T112~
That is, we have the following
a; = —2s ab, by = —2sb%, ay=2sa’, by =2s ab. (30)
Next, we look at the last identity in Lemma 3.1. Letting ¢ =1, 7 = 2, and k = ¢, we get
T1k2,k = 25T (T3, + T),
that is,
ay = —2s ab, by, =2s ab. (31)

Similarly, by letting respectively i = k =1, j =¢ =2o0ori=£¢ =1, j = k = 2 in the last

identity of Lemma 3.1, and using the results for a; and b, above, we get
ag = 2s |a?, b, = —2s [b]*. (32)
From this, we get
A1 = —4sAb, )Xo = 4s)a,
A = 248°Ab%, Ay = 245%)al?.
Thus
DA =240 Y Nm =422, YA =165A°.

Now let us consider the smooth function f = log(A + ¢) on M?, where € > 0 is a constant.

Since dp = —sv/¢, we have
00f = -0 3 fx)
= Z (f” + stkT;k) Pi N\ @;.
0] k

Therefore,

2v/—190f ANw = (Zfii—i-stmi) w?

i

1 1 s
- ()\—i-ez/\“_ ()\+6)2;‘)\i|2+ )\+€;/\i7h‘) w?

%
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= 45? (8A+7¢) Aw?.
(A+e)?
On the other hand, by Lemma 3.4, specialized to our case of n = 2 and s = g, we get

00w = 0. So if we integrate the above equality, we get A = 0 on M?2, that is, (M2, g) is Kéhler.
This completes the proof of Theorem 1.5.
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