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Abstract Let p be an odd prime and ¢ = 2(p— 1). Up to total degree t — s < maX{(5p3 +6p* +6p +
4)q — 10,p*q}, the generators of H**(U(L)), the cohomology of the universal enveloping algebra of a
bigraded Lie algebra L, are determined and their convergence is also verified. Furthermore our results
reveal that this cohomology satisfies an analogous Poinéare duality property. This largely generalizes

an earlier classical results due to J. P. May.
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1 Introduction

Let p be an odd prime and let A be the mod p Steenrod algebra. To determine the stable
homotopy groups of sphere is one of the central problems in homotopy theory. One of the main
tools to approach the computation of the stable homotopy groups of sphere is the classical

Adams spectral sequence
{E%td,: B3t — Ef+T7t+T_1} = m_sS.
The most important term of the Adams spectral sequence is its Fa-term
Ey' = Ext}'(Z/p,Z/p) = H*'(A),

which is the cohomology of A. In order to compute m;_,S, we first need to know the explicit
structure of Ext;"(Z/p,Z/p) and then verify the convergence of the corresponding generators.
Up to now, only partial results about Ext®;*(Z/p, Z/p) have been known except the case s <3
(vefer to [1, 3]).
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Since it is difficult to consider H**(A), we can study it by considering the cohomol-
ogy of some Hopf-subalgebra of A. From this view of point, May [4, 5] studied H**!(P) =
Ext;t(Z /p,7Z/p), the cohomology of a Hopf-subalgebra of A which is generated by the reduced
power operations P’ (i > 0). Knowing well Ext>'(Z/p,Z/p) is related to the existence of
important Smith—-Toda spectra [9] which realizing the exterior part of the dual mod-p Steen-
rod algebra. It was shown in [9] that the Smith-Toda spectra V(n) exists for p > 2n when
n=0,1,2,3. Later, Nave [7] showed that not all Smith-Toda spectra exist.

In the following we recall some results on Ext3"(Z/p, Z/p) due to May [4, 5]. Let e: P — Z/p
be the argumentation. Let I be the kernel of € and define FyP =P and F_;P =1 - F_; ;1P
inductively for ¢ > 0. Associated with the filtration P = FylP O F_1P D .-, there is a graded
Hopf algebra E°P = >, FiP/F;_1P. Then by the corresponding exact couple there is a spectral
sequence

Eyt = H¥'(E'P) = H*'(P) = Exty"(Z/p, Z/p). (1.1)

According to Milnor—Moore’s theorem [6], E°P is a primitively generated Hopf algebra of char-
acteristic p and it is isomorphic to the restricted enveloping Hopf algebra V(L) = U(L)/J,
where L = P(E°P) is the restricted Lie algebra which consists of the primitive elements of
E°P, and

UL)=T(L)/{zy — yz — [z, y]}

is the universal enveloping algebra of L as a Lie algebra and .J is the ideal generated by &(x) — P
for x € L and a certain self-map &: L,, — Ly, (refer to [6]). Lemma 9 in [5] implies that there

exists another multipliticable spectral sequence
Ey* = Py)] @ H (U(L)) = H**(V(L)) = H** (E°P) (1.2)

where P[] denotes the polynomial algebra and b is a generator of bidegree (2, 2(p*t7+1 —pi+1)).
From these two spectral sequences we obtain an estimate on Exty™(Z/p, Z/p).

One critical thing is to determine the structure of H**(U(L)). Define a differential bigraded
exterior algebra (E(R?)8) generated by R of bidegree (1,2(p't7 — p/)). The differential § is
given by

J 1k pj
ZR Ry,

May [4] showed that there is an isomorphism H**(U(L)) = H**(E(R’),d) such that the
determination of H**(U(L)) is transformed into determining H* *( (R),6). Along this idea,
May [4] computed the generators of H*!(U(L)) for the range t — s < (p> + 2p? + 2p + 1)q — 4.
In [10] the above results were generalized to the case t—s < (2p® +2p?)q—3. But unfortunately
both of these two papers did not give the details of proof. Considering this, we go further to
determine the generators of H**(U(L)) in a greater range. Furthermore we show that the
obtained generators converge nontrivially into Exty " (Z/p,Z/p). We state our main results as

follows.
Theorem 1.1 Up to total degree t — s < max{(5p® + 6p? + 6p +4)q — 10, p*q}, H>*(U(L)) is

multiplicatively generated by the following classes:

hi ={Ri}(0<i<3), g={R,RI}(0<i<2), ki ={RyR{"}(0<i<2);
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i ={R§RIRY}, Il ={R3R3R}}, Ils={R3RIRY}, Is={R3RyR}},

Is = {R3R3R1}, s ={R3R3RT}, Iz ={R3RiR;}, Is ={R3R3R}};

my = {R§R3RIR}, my = {R{RIRIRY}, ms={R3R3RIR}},

my = {R3R3RIRY}Y, ms = {R3R3R;RT},  mg = {R;RIRyRy},

my = {R{RIR3RY}, mg = {R3R3R;RT},  mg = {R{R3R{RY},

mio = {RZR};R%R?};

m = {R3R§R;ROR1},  no = {R3RR;RIRy},  ng = {R3RyRIRYR; ),

ny = {RYR3RIR3RT}, ns = {RIRSRIRIR)}, ng = {RIR3RIRIRL},

ny = {R{R3R3RTRYY};

ui = {R3R§R;RIRYR Y, up = {RIRRIR;RORY},  uz = {R{R3RIRIR3RY},
us = {RIRSRR3RIRY},  us = {RIRSRIRIRIRY},  us = {RYR3R3RSRRY};
v = {R3R3RIRIRIRIRY},  vo = {RIRJRIR3RIRSR}, w3 = {R{R;RIRR; RyR1}.

For the above generators, the nontrivial multiplications among them are given as follows:

Dimension Multiplication

2 hoha hohs hihs

3 hoga  hoke higo = hoko hiki hsgo hsgz hsko

1 hohoks = hohsga  hola  haly  hals  hals  holy  haols  hols
hihsgo = hohsko
homi = gili  homs homig hima himz hims himig

5 hami = kols  hama  haomg homig hzma golsa = kily
g1ls = kals  kils = hams  k2ly

6 hohamio  hone hikils = hihgms = hikals  hihsmae  hikily  hsng
gimz  gimio  gamz  komio kime kimig  keme

. hous  higoma hikimig = hagimio hiue hsgama  hsug lamag
lsmio lsma lema lrma  lsme

3 holamio  hihsus = hilamio  hilsma  halsma  halsma  hslsma
kousg mimig mams

9 himams  hamimio  hzmaoms = kilsma  gilsmae = kalsma

10 hikilgme = hihamomsg = hikalsms

Corollary 1.2 ([4]) Up to total degree t — s < (p> + 2p* + 2p + 1)qg — 4, H*'(U(L)) is

multiplicatively generated by the following classes:

hi ={R1}(0<i<3), gi={RR{}(0<i<2), ki ={R,RT}(0<i<1);
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h={R3RyRY}, o= {RyRyRi}, I3 = {R3RIR},

li={R3RyR7}, s ={R3RyR1}, s = {RyRy R

m1 = {R§RyR3R1 Y, ma = {RGRSRIRYY,  ms = {RyRyR3RY},  may = {R3RSRYIRY):
and we have additively

H*7*(U(L)) = {17 l47 h3} X {17 h07 h17g()7 k07 kOhO}
+ {ha, haho, g1, 11,12, liha, k1, I3, k1ha, Lihe, ma, miho, g2, g2ho, U5, ma, m3, lg, ma}.

Corollary 1.3 Rank(Exty'(Z/p, Z/p) < Rank([P[b;;] @ H**(U(L))]**)).
Remark 1.4 The Poincaré duality property has already been shown on the above table. It
seems that the Poincaré duality property holds for this kind of cohomology in a greater range.
We believe that our method is valid for an even larger range, but it seems that the number of
the obtained generators will become huge and we still do not know what is it used for in that
case.

This paper is organized as follows. In Section 2, we will inductively compute out the desired
generators shown as Theorem 1.1. In Section 3, we will verify that all the obtained generators
can converge nontrivially to Exty™(Z/p, Z/p).

2 Computation of Generators
We take the notations defined in Section 1. Recall that there is an isomorphism H**(U(L)) =
H**(E(RJ), ) and the differential § is given by
SRD) = 3" BB
k=1
Our method of computing H**(U(L)) is to break the exterior algebra E(Rf) into four sum-
mands and compute the generators of the cohomology of each summand. The follows are our
proof.
Proof of Theorem 1.1 (i) Let K = E[R!|i + j < 4,j > 0]. Define a chain of increasing
complexes K' ¢ K? c K? Cc K* by
K'={R}® K" K*={R} R} ®K"
K* = {R9, RY, R% @ K% K* = {RY, RY, RY, R} @ K°.
There is a short exact sequence 0 — K'=! — K! — K!/K!=! — 0 for 2 < [ < 4 with
K'/K'=1 = {R)} ® K°. We will compute each H**(K') by the induced cohomological long
exact sequence
—>H*_1’*(K1/Kl_1) i} H*’*(Kl_l) L) H*’*(Kl) i) H*’*(Kl/Kl_l) L H*+1’*(Kl)—>
(2.1)

Let us first compute H**(K?). There are six generators for K°: R}, R}, R}, R3, R? R3.

In what follows we list the first May differential on elements of K.
Rl —0 R? —0
R} —0 R)— R:R!
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R2 — R3R? R} — R2R} — RIRS

R3R} — 0 RIRI —0

RIR? — 0 RIR? — R3RIR!

R3R} — 0 R3R} —0

R3RY — —R3RIR; + RyRIR? RiR; — —R3R}R]

RIR? — —R3R?R; — RyRIR? RiR} — —RAR}R]

RiIRY — —RIR?R{ — RZRJR] RiR? — —RiR3R? — RIRLR}

RIR? — R3R — —2RIR3R? RIR? + R3Rs — 2R3RIR;

RIRIR} — 0 RIR’R? —0

RIRIRI — RIR3R?R! R2RIR? — 0

RIRIR? — —R2R3RIR] RIRIR} — 0

RIRIR} — 0 RiR3R? — R3R,RIR;

RIRIR? — —RIRIRIR] + RSRLRIRT RyR5RT — —RIRIRIR} — RSRLRIR]
RiRZR? — —R2RIR3R? RLRZR3 — 0

RARSR) — RIR2R?R} — RIRIR3R?

RARSR| — RiRIR} — —2R3RLR3R! RIRAR} + RIRIR? — —2RIR3R?R;

RIRIRIR; — 0 RIRIR}R} — 0

RIRMR3R? — R2RIR3RIR! RIRAR3R} — 0
RIRIRIR] — 0 RiR3R3R; — —R3RyRIRIR]
RiRZRIR? — 0 RiR3R3R} — RiRZRIRIR|
RIRSRIRIR} — 0 RIRARIRIR] — 0
RIRSRIR3R? — 0

RIRSRIRIRIR} — 0

The above elements with trivial differentials are the all possible generators of H**(K"). Tt is
known that the Poinéare series for H**(K?) is 1+ 3t + 5t? + 6t3 + 5t + 3t° +¢5. Thus it follows
the generators of H**(KY):

dim1 R R? R}

dim2 Ri-R} RIR! RIR? RR? RIR}

dim3 Ri-RyR} R} R3R? R3RIR? RIRIRT RAIRIRI RiR3R}

dim4 R?-RiRJRI R} RIRLR{ Ri-RiR3R} R?-RiIR3R} RiR3R)R?

dim5 Ri-RyR3RIR? RiR}- RiR3R; RIR?- RIRRS

dim 6 Rj}-R}R?-RIR3R?

Since dy (RY) = 0, it follows that H**(K') = {R{}® H**(K°). For 2 <[ < 4, since there is
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d1(RY) ¢ E[R]|i +j <4,j > 0], we have H**(K'/K'"') = {R}} ® H**(K°). Considering the
long exact sequence (2.1), we see that if one element of H**(K!/K'~!) hit another one element
of H**(K'~!) under the connecting homomorphism §, then both of them vanish in H**(K!)
(exclude H**(K°)). The remaining elements are the generators of H**(K'). This idea will
also be used to compute H**(F!) and H**(G") later. Following this idea we first compute out
H**(K?). We list out the actions of § on H**(K?/K") in the following table:

RY — RIRY RIR} — 0
ROR? — R?RIR? RIR? — RPRIRY

RORSR} — 0 RSR3R; — 0
RORIR? — RIR?RIRY RIRSR? — RAR’RiRY
RIRZR? — R2R3RIRY

RIRIRIRT — 0 RIRSRIR? — RIRIRIRIRY
RORZRIR? — RORIRZRIRY RIRLR3Rl — 0
RIRIRIRT — 0 RIRIRAR? — RIRZRIRIR)

RORLRIRIRI — 0 RSRiRIR3R} — 0
RIRIR2R3R} — 0 RORIRZRIR? — RARZR3R?RIRY
RIRIRZRIR? — RIR2RIR?RIRY

RIRIRIRIRIR] — 0 RSRIR3RIRIR{ — 0
ROR3RR;RIRT — RyR3R; RYRIRI R
RIRIRIRIRIRIRT — 0
By checking the generators of H**(K') and H**(K?/K') according to the above table, we
obtain the generators of H**(K?) as follows:
dim1 RY
dim2 RIR] RYR? R?RY R3R)
dim3 RYR’Ri RORIR{ RORAR? RIRSR? RAIRIRY RIRIRY R3RIR) RIR}R!
dim4 RYRIR?R; RORIR(R{ RIRIRIRI RIRSR3R? RIR3RIR?
RIRRIR) RIRIRZRY) RLRIRIR) RiRIRIR) RiRIRIRY
dim5 RIRIRIRIR] RIRIRIR3R] RIRIRARR! RIRIRAR3R?
RYRIRIRIRY RiRIRIRIR) RiRSRIRIR) RIRARZRIRY
dim6 RYRIRARIR’R; RORIRARIRIR, RIRARIRIRIRY RIRSRIRIRIRY
dim 7 RIRIRARIRIRIR;
Following the above method we can similarly use H**(K?) and H**(K?3/K?) to compute
out H*(K?3) as follows:

dim1 RY
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dim2 RIR? RORI R2RY R3RY
dim3 RYR3R? RORIR, RORIR, RIRIRT RIRSR? RIRSR} R3RIR) R3R}R!
dim4 RYRIR?R{ RORARLR? RORARIR? RIRIRPR] RIRLRLR]
RIR3RIR? RIRIRIRY) RiRIRIR) RiRIRIR) RiRIRIRY
dim5 RIRIRIRIR] RIRIRZRIR? RORLRLRIR! RSRIRLIRIR)
RORIRIRIR] RiRIRIRIR) RiRIRIRIR) RIRAR3RIRY
dim 6 RYRIRARIR?R] RORIRARIRIR? RORIRARIRIR, RORIRAIRIRER]
dim 7 RYRIRZRIR}RZR]
We use H**(K3) and H**(K*/K?) to compute out H**(K*%) as follows:
dim1 R
dim2 RSR; RY-R? RY R}
dim3 RSRIR? R} ROR] RIRSR; RY-RiR? R)-RiR}
dim4 RYRIRZR}? R} -RIRIR? RZRIRIR? RIR3ROR! RIRIRORI RY-R?.RIR}
dim5 Ry-RIRIR5R} R} RIRIRAR} RIROSRIRIR, RIRSRIRIR? RIRIRIRIR]
dim 6 R3Ri- RIRAR3R} RiRI RIRIRAR? RIRARIRIRIRI
dim7 Rj-RAR? - RORIRAR
(ii) Define a chain of increasing complexes F! C F? C F? by
F' = {RIR)} ® K,
F? = {R3RY, RIR? RSRV} ® K°;
F? = {RYRY, RYRS, RIRY, RIRS, RIRY, RORY} @ K°.
There is a short exact sequence 0 — F'~1 — F! — FZ/FZ_1 — 0 for 2 <[ <3. We will
compute each H ***(Fl ) by the induced cohomological long exact sequence
—H Y FYFY S grFY s qY(FD L BE(FY RN S Y E)— (2.2)

Since di (RIRY) = 0, it follows H**(F1) = {RIR{} ® H**(K°). For F?/F! = {R}} ® K2,
there is H**(F?/F') = {R}} ® H**(K?). Considering the long exact sequence (2.2), the
actions of § on H**(F?/F') = are listed as follows.

RIRY — RIRVR?

RIROR} — —RIRYRIRT RIRIR? — —RORVR3R3
RIRIR) — 0 RIRIR) — RIRVRIR?

RIRIR3R} — —RSRIRIRIR] RYRORIR} — 0
RIRIRIR] — RIRVYRARIR? RIRIRSRY — RORVRIRIRS
RIRIRIR) — —RIRYRIRZR! RIRIRIRY — 0
RIRSRIR) — 0 RIRARIR) — RORIRZR:R?
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RIRIRIR?R} — 0 RIRSRIR3R] — RORVYRIRIRIR]

RIRORIRIR} — 0 RYRSRARIR? — ROR)R3RLR}R}

RIRZRIRIR) — 0

RIRSRIRIR) — 0 RSRIRIRIRY — —RIRVRIR3RIR]

RIRIRIRIR) — —RORIRIRIR?R} RIRIRAR3R) — RORIR:R2R3R?

RIRIRIRIRIR} — 0 RYRORIRIRIR; — 0

RIRIRIRAR3R] — —RIRVRIRARIRIR] RIRSRIRAZRIR? — —RIRVRIRZRIRIR?
RIRIRIRIRIR) — 0 RSRIR3RIRIR) — —RRYRRR}RIR]

RIRARZRIRIR) — 0 RYRiRARIRIR) — 0

RIRSRIRIRIRIR; — 0 RYRSRIRARIRIR; — 0
RIRIRZRIRIRIR) — —RIRVRIRZRIRIRIR] RIRARZRIRIRIRY — 0
RIRSRIRIRIRIRIR; — 0
By checking the generators of H**(F') and H**(F?/F') according to the above table, we
obtain the generators of H**(F?) as follows:
dim 2 RYRY
dim3 RIRVR? RIRIR? RSR'R] RIRVR?
dim4 RIRSR]RI RIRIRIRI RIRIRZR? RSRIRLR?
RSRIRIRY RyRIRIR) RORVRIRY RyRVRSRY
dim5 RYRSRIR?RT RORSRIRIR, RORIRARIR? RIRIRSRIR? RIRIRIRIR?
R3RIRIRyRY RIRIR;RIR] RORYR3R{R, RyRIR3RyR; RyRIR;RIR}
dim 6 RIRSRIRLRIR! RORSRIRIRIR, RYRLRIRRIR) RYRiAR)R}RiR!
RERYRSRIRIRY  R§RIRsRIRRY RORVR3RIRIR)  RyRYR3RIR)RY
dim7 RIRSRIRARIR?R, RORIRIRARIRIR, RIRVRIRSRIRIR? RIRVRARZRIRIR]
dim 8 RIRSRIRIRIRIRIR;
In a similar way, we use H**(F?) and H**(F?/F?) = {R}} ® H**(K3) to compute out
the generators of H**(F?3) as follows:
dim2 RYRY
dim3 RIR?RY RIRIR) RIRIR?
dim4 RIRAR’RY RORIRSRI RVRIRIR? RARSR?RY RIR3RIR?
dim5 RIRIR]ROR] RIR\RIRIRY RYRYRIRZR? R?RYRLRIR)
RIRIRIRORI RYR2RSRLR?
dim 6 RYRIRARSRIR: RIRIRIRIROR, RIRIRIRIRSR: RYRIRIRIRSRY
RiRIRIRIRIR]
dim 7 RIR\RIRZRIRIR? R3RIRIRSRIRIR? RIRIRIRYRiRIR}
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dim 8 RIRIRIRIRIRLIRIR?
(iii) Define two complexes G' C G2 by
¢! = (R = K
G* = {RIRIRY, RIRSRY, RYRIRY, RORSRYY @ K.

Since di (RYRIRY) = 0, it follows that H**(G') = {RIRIRY} @ H**(K"). It is easy to see
that G2/G! = {R}®@F?, thus H**(G?/G') = {R{}®H**(F?). For the induced cohomological
long exact sequence

— H* TGP )GY) s H(GY) = B (GP) - H(G?)GY) o B (G — (2.3)

let us consider the action of connecting homomorphism § on H**(G?/G'). They are listed as
follows:

RIRSRY — —RSRORIRS

RYRSRYR? — RIRIRVRZR? RIRSRVR? — RYRIRYRZR; + RIRIRVRIR?
RIRIRVRI — —RSRORIRIR] RYRORIR? — 0

RIRIRSR3R} — —RORIRIRIR3R} + RORIRYRIR3R!

RIRIRIRIR} — RIRIRYRIRIR:

RIRIRYRER} — —RIRIRVRIRER} — RIRSRYRZRIR? — RYRSRIRS RS Ry
RIRIRYRIR? — RYRORIRSRIR?

RIRSRIRIR} — 0 RYRSRVRIR; — 0

RIRIRVRZR? — RORIRVRARZR? RIRIRIRSR? — 0

RIRSRORIRIR] — —RIRIRYRIRIRIRT RYRIRIRIRIR} — 0

RORIRIRIR3R? — —RIRIRRIRZR3R? — RIRSRVRZRIR3R? + RIRIRIR2R3R?RY
RORIRIRZRIR? — —RIRIRRIRSRIR? RIRIRIRZR3R? — 0

RORSRYRARIR? — 0 RORSRYRIRIR} — —RIRSRVR:RARIR! + RIRSRVRIR3RIR!
RIRSRIRIRIR; — 0 RYRSRYRIR3R; — —RYRSRIRIRIRIR]

RIRSRIRIRARY — 0

RIRSRORIRIRIR; — 0 RYRSRORIRIRIR; — 0

RIRSRIRIRIRIR) — RIRIRYR:R2RIRIR]

RIRIRIRIRIRIRY — RIRSRVRIRZRIR3RY + RORIRIRIRIR3RIR!
RIRIRVRIRIRIR? — 0 RIRIRIRIRARIRI — 0

RIRIRVRIRZR3R! — 0 RYRIRIRIR2RIR? — RYRIRIRIR2R.RIR?

RIRIRSRIRIRIRIRT — 0 RIRIRSRIRIRIRIRT — 0
RIRIRVRIRZRIRIR? — 0 RIRIRIRIRARIRIR! — RIRIRVRIRZRIRIRIR;

RIRIRSRIRZRIRIRIR; — 0
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According to the above table, the generators which are connected by § will vanish in H**(G?)
and the remaining generators of H**(G') and H**(G?/G') are the generators of H*(G?).
They are listed as follows:
dim 3 RIRSRY
dim4 Ri-RIRIRY RI RIRIR? RIRIRIRY
dim5 RIR{-RIRSRY R3R?-RYRIRY RAR}-RORSR) RIRSRSRIR! R}-RIRIRIR)
RiRIR{RORY
dim6 Ri-R}RT RORSR) RIRSRIRIRIR) R:- RIRGRSRIR) RYRIRIR;RIRY
RIR3R3RVRSRY Ry RiR3RIR3R)
dim 7 RIRAR}RIRIRIRY RYRIRIRIRIRSR; RIRIRIRSRLRIR]
R3RIR - RIR;R3R] R - RIR3R3R3R;RY Ry - RyRY - RiR3RIRY
dim 8 RYR; - RYR3R3RIR3R; RIRIRIR} - RORSRIRT RY- RYRIRI - RIRAR3R
dim9 R?-RIRIR3R} - RORIROR;
(iv) Let us define N = {RYRIRIR{} @ K. Since di(RIRIRIRY) = 0, it follows that
H**(N) = {R{R3RIR)} @ H**(K").
Since E[RI[0 <i+j<4,7>0] =K@ K*® F*®G?® N, thus we have
H**(U(L)) = H**(K°) @ H**(K*) @ H**(F*) © H**(G?*) ® H**(N).
The above computation in each part together gives the desired results. The multiplication
among the generators of H**(U(L)) has already been marked in the list of its each summand. O

3 Convergence of Generators

In this section, we will show that the obtained generators of H**(U(L)) can converge non-
trivially to Exty™(Z/p,Z/p). By reference [8], there is a spectral sequence {E:**, d,} which
converges to Ext%(Z/p, Z/p). Its Ej-term is

E7"" = E(hpilm > 0,i > 0) @ P(byi|m > 0,i > 0) ® P(ay|n > 0)
where

b

1,2(p™ —1)p’,2m—1 2,2(p"—1)p' 1, (2m—1 1,2p™—1,2n+1
h i c El1 (p )P bm,i c E!1 (p )P ( )ZD, an € El’ P 2n+ .

One has the r-th differential d,.: ES“M — Est1LLM=" for » > 1, For z € ES* and y € B ',
there is d,(z - y) = dr(z) -y + (=1)°z - d.(y) and for z,y € {hm, bm,i, an} thereis z -y =
(=1)ss"+t"y . 2. The first differential dy : ES™M — ESTHEM=1 g given by

di(hig) =Y hikkijhug, di(a)= Y hiprar, di(bi;)=0.

0<k<i 0<k<i

For the May spectral sequence (1.2) in Section 1,

By = PO) & HE (U(L) = PO) © H* (B(R]),6) — H**(V(L))
by the reasons of degree and dimension, there is an isomorphism

P(bij) ® H™*(E(hyz), ) = P(b]) @ H™*(E(R}), )
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by identifying b;; and sending h;; to R{ . Hence every {Rf }in H**(U(L)) has a unique preimage
hij in E77". It follows that every generator in H**(U(L)) has a unique preimage in E7"™".
Thus in order to prove that the generators of H**(U(L)) converge into Exty™(Z/p,Z/p), it is
sufficient to prove that their corresponding preimages in E7""" converge into Ext’;*(Z/p, Z/p).

This relation can be shown in the following diagram:

E;™* >Ext,"(Z/p, Z/p)

\ \
P(b))® H**(U(L))  >Exty"(Z/p,Z/p).

Theorem 3.1 Each generator of H*'(U(L)) with t —s < max{(5p>+6p*+6p+4)q—10, piq}
is a permanent cycle and converges nontrivially into Exti;,’t(Z/p, Z/p).

kK, k

Proof  According to the above statement we use the same notations in E"™" to denote the
preimages of the corresponding generators in Theorem 1.1. It is well known that h;, ¢g; and k;
in H**(U(L)) converge nontrivially to h;, g; and k; in Extfp,’t(Z/p, Z/p), respectively. Thus we
need only to verify the convergence of the other generators of H**(U(L)).

Suppose we are given a generator r € Ej ’t’M, in order to show the convergence of = we
need to first show that any May differential d,.: E>*M — EstLEM=T on g is trivial and z also
can not be hit by any other May differential d,.: E5~1LHM+T — FstM - For each preimage of
H**(U(L)) in E;"™", we list a table as follows.

generators € Ef’t’M s t M Effl’t’* Efﬂ,t,*
ll = h30h20h’10 3 (p2 + 210 + 3)q 9 none none
hsoh11b hooho1b
Iy = hothaohis 3 (p*+3p+1)q 7 none soh11b10  h2oh21b10
haoh11b20
I3 = h3zohi2h1o 3 (2p°+p+2)q 7  none haohiobii
la = haohzilnz 3 (3p”+2p+1)g 9  mnone haoh21b11 hsohi2b20
hsi1ha1b hs1h11b
ls = hsiha1hi1 3 (p3 +2p2+3p)q 9  mnone 311121010 317111020
ha1h11b30
hs1hi2b ho1hosb
le = hoohaihis 3 (p®+3p* +p)g 7 hone 31h12b11 hoiho2bin
ha1hi2b21
hs1hisb hi1h13b
lr = haihishi 3 (25° +p° + 20)g 7 nome 31hizbio  hi1hisbso
h31hi1b12
h31hisb hoohi3b
ls = hsi1hoohis 3 (3p3 +2p2+p)q 9  none 311113010 22113030
h31ha2b12
ma = haoharhaohin 4 (2% +4p + 2)q 12 none hsohoohaibio  haohaohi1bao
ma = haohsohaohio 4 (p* +2p*> +3p+4)g 16 none none

haoha1hi11bio  haohsihiibao
haoha1h11b3o  h3iha1haobio

m3 = hathathaohit 4 (p® +2p*> +4p+1)g 12 none
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M
generators € E7""

my = h22h30h12h10

ms = hashsoh21h12
me = haoh13h20h10

my7 = hzi1hizhaohi1

mg = h31h22h21h12
mg = h40h22h13h10

mio = haohsihaz2hiz

n1 = hai1hsoh21h2ohi11

n2 = hai1hsoh21hi2h11

n3 = hai1hizhaihaohi1

ng = hathashsoh21hi2

ns = h40h22h13h20h10

t

(0® +3p° +p+2)q

(p° +4p® +2p+1)q
(2p° +p* +2p+3)q

(20> +p* +3p+1)q

(2p° + 4p* + 2p)q

(3p® +2p* + p+2)q

(4p® +3p* +2p + 1)q

(p® +4p®> +4p+1)q

(p* +4p* +4p+ 1)q

(2p® +2p* +4p+ 1)q

(2p® 4 5p* +3p+ 1)q

(3p° +2p* + 2p + 3)q

10

12

12

12

12

17

15

13

17

15

Effl,t,*

none

none

none

none

none

none

none

none

none

none

none

none

Ef+1,t,*

haohiohi2bio
hsohiohi12b21
haohz21hi2b11
hsoha1ho2bi1
haohaohiobi2
haohi1hi13bso
ha1hizhaobio
hs1haaho1b11
hs1haihi2b21
haoh22hi10b12
haohsihazbio
haohazhi3bso
haohsoh21h11b1o
haoha1haohi1b20
hsoh20hs1ha1b10
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h30h10h22b11

hsohsihi2b11
hsoha1hi2b21

haohsi1hi1b12
haohishi1b1o
hs1hazhi12b20
hasha1hi2b3o
haohizhiob21
haohsihi3ba:

hz1haohaohi1hoo
hzohz21h2ohi1h30

haohz21hi2hi1b2o
hsi1hsoh21hi2bio
haihsoh21h11b11
hsihsohi2h11b20
hsohz21hi2h11bs0
haoh21b30
haoh21b30b20
hsihizha1haobio
hsi1hishaohi1b2o
h3i1hai1haohi1b12
hizha1haohi1b3o0
haohi11b50
hsiha2hsoha1b11
hsihazhsohi2b20
hs1hsoha1hi2b21
ha2hsoha1hi2b3o
haoh22h20h10b12
haohizhaohi0ba1

h30 h31b%0
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M
generators € E}"

ne = h40h31h13h20h11

nr = h40h22h30h12h10

u1 = haihzoh21hi2hooh11

U2 = haohzihizha1hoohi1

uz = haohzihaahizhaohio

ug = haohazahzoh21hi2h10

us = haoh22h13hzohi2h20

Ue = h40h31h22h30h21h12

(3p° +2p* +4p + 2)q

(2p° +4p* +2p + 3)q

(p® + 4p* + 5p + 2)q

(3p® 4 3p* +5p + 2)q

(4p® + 3p* +3p + 3)q

(2p® 4 5p* + 3p + 3)q

(3p 4 4p* +3p + 3)q

(3p° + 6p* +4p + 2)q

20

20

20

20

24

—1,t,%
Es—bt
1

none

none

none

none

none

none

none

none

Ef«l»l,t,*

haohsihizhaobio
haohsi1h2oh11b12
haohizhaohi11bso
haoh22h3ohiobi1
haohsohi2hioba1
hsihsoh21hi2haobio
hs1hsoh21h2oh11b11
hsihsohiz2haohi1b20
haoha1hi2haoh11b30
haoh21hi2haohi1b20
haohsoh21h12h11b10
hs1hsohaob3o
haohsihizhaihaobio
haohsihizhaohi1b20
haohsziha1haohi1b12
haohizha1haohi1b30
haohsihazhaohi1b1o
haohzihishsohi1bio
haohaoh11b3o
haohsihazhaohiobi2
haohzihizhaohioba1
haoh22hizhaoh10bso
haohazhszoh21hiobi1
haohozhszohi2hi10b20
haohsoha1hi2hi0b21
haohsihsohi2hiob2o
haohoahishsohaobi1
haohozhsohi2haobi2
haohizhsohi2h20b21
haohsohaob3,
haohsihazhsoha1bi1
haohsihazhszohi2b20
haohsihsohaihi2b21
haohazhsoha1hi2bso
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generators € Ef’t’M s t M Effl’t’* Ef“’t‘*
hsihaahishsohaohiobio
hs1hazhsohaohi1hi0b12
(3p° +3p* +4p+3)g 19 none hsihizhsoh2ohi1hiob21
hazahizhsohaohi1hiobso
hashsohaoh1ob3o
haohsihsoha1hi2h20bi10
haohszihsoha1h2ohi11b11
haohsihzohi2h20hi11b20
haohsohaihi2haohi1hso
haohsihsoha1hi1hiobao
haohs1hsoh20b30
haohazhsohiobi1
haohsohi2hioba1
haohsihizhsoh21h20bio
haohsihishsohaohi1b2o
haohszihsoha1h2ohi11b12
haohishsohaihaohi1bso
haohsihazhsoh2oh11b10
haohsohzo0h11b30

v1 = haihaahizhsohaohi1hio

-

v2 = haohzihaoha1hi2haohi1

-

(2p® 4+ 5p® +6p+3)g 25 none

(S8

n7 = haoha2hzohi2hio (2p® 4+ 4p* +2p+3)q 17 none

EN|

v3 = haohaihi1zhsoha1haoh11 (3p® 4+ 4p* +6p+3)g 25 none

According to the above table, we see that for every preimage z € F} BM and the corresponding -
th differential d,.: ESM — EstLtM=r the B -term E; 1M~ is either zero or has generators
with May filtrations greater than M —r. It follows that x has trivial May differential and then
it is a permanent cycle in the spectral sequence {E5t* d,.}. Also since ES~V"M*7 is trivial, it
follows that z can not be hit by the May differential starting from E3~%%M+7 Thus x converges
nontrivially into Ext’;"(Z/p, Z/p). This finishes our proof. O
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