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Abstract We consider a family of second-order elliptic operators { L.} in divergence form with rapidly
oscillating and periodic coefficients in Lipschitz and convex domains in R". We are able to show that

2r—6 <p< 2 +06 where
0 > 0 is independent of £ and the ranges are sharp for n = 2,3. And for elliptic equations in Lipschitz

the uniform WP estimate of second order elliptic systems holds for

domains, the WP estimate is true for S —d <p<3+4difn >4, similar estimate was extended to

convex domains for 1 < p < oo.
Keywords Homogenization, elliptic, non-smooth

MR(2010) Subject Classification 35B27, 35J57, 74B05

1 Introduction

In this paper, we carry out a study of the periodic homogenization problem subjected to Neu-
mann boundary condition. Precisely, let {2 be a bounded Lipschitz or convex domain in R™ and
N = (Ny, Na, ..., N,) the outward unit normal to 99, assume f € LP(Q2) and g € B~Y/PP?(9Q),

consider

Ee(ug) = lef in Q,
N
8u5:_fN+g onaﬂ, ( )P
v,
where
Ous \ ap T ou?
(o) =mtn?(2) o (L)

denotes the conormal derivative with respect to L. and 1 <i,j <n,1 < «a,8 < m. Here L. is
a family of second order elliptic operator with rapidly oscillating, periodic coeflicients, arising

in the theory of homogenization,

b 2 fap(7) 2] = awa(?)e] 02

Suppose that the coefficient matrix A(y) = afjﬁ(y)(l <i,j<n,1<a,0<m)isreal, bounded,
measurable. Here and thereafter we will suppose that A is elliptic, i.e.,

« (073 1 (073 nm n
MWSM%%@SMw,MﬁﬂamR , R, u>0, (1.3)
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and the periodicity condition
Aly +z) = Aly), forzeZ", yeR", (1.4)
as well as the smoothness condition
|[A(x) — A(y)| < 7]z —y|", for some n € (0,1) and 7 > 0. (1.5)

The symmetry condition A* = A, i.e.,

is also needed.
Letting 1 < p < oo, for any f € LP(Q2) and g € B~Y/P2(99), we say u. is a solution to (N),
if u. € WHP(Q) and

o () 0ul 06 .
/Qaijﬁ(€> Ox; 8331 / dx+ ) Br/vn (00) x B (99 (1.7)

for any ¢ € C°°(R™), where (-,-) denotes the paring between B'/PP (9Q) and its dual
B~YPP(9Q). Recall that for any 0 < a < 1, the Besov spaces B®P is defined to mean
the collection of functions u on 902 with the norm

|p 1/17
Bep(9Q) = ||'LLHLp(dQ) + (/é?Q /ag o — ‘n 1+ap> < 00. (1.8)

The following are the main results of the paper.

Theorem 1.1 Let Q be a bounded Lipschitz domain in R™(n > 2). Let m > 1 and L. be
defined as in (1.2) with A satisfying (1.3)~(1.6). Suppose that f € LP(Q) and g € B~Y/PP(9Q)

where nz_fl —0<p< nzfl + 6. Then if g satisfies the compatibility condition

[l

(9%, 1>B*1/P:P(89)xBl/PvP’(aﬂ) =0, (1.9)

the weak solutions to the Neumann problem (N), satisfy the WLP estimate

Vel o) < CLIf e @) + 9l 31w 00} (1.10)
where constants 0,C > 0 are independent of .
In the case of scalar equation (m = 1), we have the following theorem.
Theorem 1.2 Let Q be a bounded Lipschitz domain in R™(n > 2). Let m = 1 and L. be
defined as in (1.2) with A satisfying (1.3)~(1.6). Let f € LP(Q) and g € B~Y/PP(9Q) where
5—0<p<3+d6ifn>3(5-06<p<4+6ifn=2). Then if g satisfies the compatibility
condition
(9, 1>B*1/P,P(8§Z)xBl/PvP'(aﬁ) =0, (1.11)

the weak solutions to the Neumann problem (N), satisfy the W'P estimate

IVuellzo@) < CLIfllLe@) + gl B-1/0000) (1.12)

where constant 6 = 6(p,n,7,Q,n) > 0 and C > 0 depends only on n, p, A and the Lipschitz

character of 2.

The sharp ranges of p’s are obtained in convex domains, as follows.
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Theorem 1.3 Let 1 < p < oco. Assume that § is a bounded convex domain in R™(n > 2).
Let m = 1 and L. be defined as in (1.2) with A satisfying (1.3)—(1.6). Let f € LP(Q) and
g € B~YPP(9Q). Then if g satisfies the compatibility condition

(9, 1>B—1/p,p(ag)XBl/p,p’(aQ) =0, (1.13)

the weak solutions to the Neumann problem (N), satisfy the W'P estimate

IVuello@) < CLIf @) + 9l 31w 00} (1.14)

where constant § = 6(u,n,7,Q,1m) >0 and C > 0 depending only on n, p, A and the Lipschitz
character of §2.

Remark 1.4 In Theorems 1.3 and 1.2, the range of p’s is sharp even for the Laplacian.

Uniform regularity estimates in non-smooth domains play an essential role in the study
of the convergence problems in homogenization, we refer the reader to [7], also see related
work in [2-6, 20] and [22]. In [23] the L? Dirichlet, Regularity and Neumann problems in
Lipschitz domain for elliptic systems with rapidly oscillating coefficients satisfying (1.3) are
solved by the method of layer potentials. The uniform W'? estimate (1.10) of (N), was
established by Kenig, et al. in [20] for 1 < p < oo in C1® domain under the assumption
that A satisfies (1.3), (1.4), (1.5) and (1.6), the non-tangential maximal function estimates and
Lipschitz estimates were also obtained there via a three-step compactness argument. In the
case of Dirichlet boundary condition on C** domain, the uniform W7 estimate (1.10) was
obtained in [2] under the same assumption on A as [20] without A* = A. We also refer the
reader to [3, 5, 6] for various estimates in elliptic homogenization.

In the case of second order elliptic systems subject to Dirichlet boundary conditions in
Lipschitz domains, in [16], the authors were able to show that the uniform W? estimate (1.10)
holds on Lipschitz domains for |11) — 4| < o +6 under the assumption that A satisfies (1.5), (1.4)
and (1.3) as well as A* = A. Similar results for linear elasticity problem are also proved in [16]
by different approach. In the case of scalar equation (m = 1) on Lipschitz domain, the WP
estimate (1.10) for the elliptic homogenization problem L.u. = divf in Q was proved in [26]
for é —e<p<4d+eifn=2and é —e<p<4+e whenn >3, and the range of p's is sharp.
The L? boundedness of Riesz transforms associated with {£.} is also established for the same
optimal range of p in [26]. However, if the equation is subject to the Neumann boundary, it is
more difficult to obtain such estimate than the Dirichlet problem since the Neumann condition
in (1.1) involves e.

Our approach is to reduce the WP estimate to the weak reverse Holder inequality (locally)
via a duality argument of the Calderén—Zygmund decomposition, see Theorem 2.2. Basically, to
obtain the W1 solvability of (N), in Lipschitz domains, we rewrite |Vu|P = |Vu.|[P~2|Vu,|?,

and it is noted that the well-known interior estimate

c 1/2
sup |Vue| < {][ |u8|2} , (1.15)
B T \J2B

is proved by Avellaneda and Lin [2] if L.u. = 0 in B(x,4r) with A satisfying (1.3)—(1.5) and
the constant C' is independent of e. Consequently, |Vu.|[P~2 will be estimated by (1.15) and
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|Vue|? be estimated by the Rellich estimate (see [23])

2
ou,

v,

[ wuyp<c
o

This allows us to solve the WP estimate for homogenization problems L.(u.) = 0 in Q with
Neumann boundary data in LP(9).
Our proof of Theorem 1.3 follows the same line of argument as in the proof of Theorem 1.2,

[5}9)

but one may notice that a convex domain must be Lipschitz domain, but a Lipschitz domain
may not be convex. And it worthwhile to point out that, in [15], by using some elegant analysis
tools such as co-area formula, weighted inequality, together with the convexity of €2, we adapt

a complete different approach to establish the weak reverse Holder estimates

(][ |Vu|p>p<C(][ |Vu|2)2 (1.16)
Z(r) Z(2r)

holds for any 1 < p < 0o, where u is a weak solution of Au = 0 in  and g}(] = 0 on 012, and
this results has been extended to the constant coefficient case in this paper, see Theorem 6.1.
Next, it follows by a real-variable perturbation argument, we obtain the weak reverse Holder
estimates (1.16) for u satisfying Lu = 0 in Z(3r) and 9* = 0 on S(3r) with A € VMO, then
the same argument as in Theorem 1.2 deduces that the WP estimates (1.14) holds for any
2 < p < oo, this gives the small scale WP estimates. To handle the large scale WP estimates,

we fist utilize a three step compactness argument to obtain the boundary Holder estimates

uee) -t <o Y () (117

where L. (u:) = 0 in Z(2r) and ?;lfz = 0 on S(2r). This, together with the L? non-tangential
maximal function estimates, leads to the large scale estimates. See Section 6.

Compared to C*® domain, as expected for non-smooth domains, the main difficulty lies in
the boundary estimates and one may not expect that the boundary WP estimates hold for all
1 < p < oo in Lipschitz domains. Let 1 be a Lipschitz mapping ¢ : R*~! — R, for r > 0, set

Z(r) ={(z',x,) e R" : |2'| < r}, (1.18)
S(r)={(z',z,) e R": |2'| < r and Y(2') < z,, < P(z") + (M + 10n)r} (1.19)

denote the Lipschitz cylinder and its surface, respectively. And

B(Q,r0) NQ = {(2',z,) € R" 1 ,, > p(2")} N B(Q,70), (1.20)
B(Q,r0) NOQ = {(2',2,) € R" : z,, = (z")} N B(Q,r0), (1.21)

where B(Q,ro) = {x € R" : |z — Q| < 1o} denotes a ball centered at ¢ with radius r.

2 A Real Variable Argument

The following theorem is a refined real variable argument which established in [25, Theorem 3.2],
and can be seen as a duality argument of the Calderén—Zygmund decomposition. It plays an
important role in the proof of Theorems 2.2 and 3.1, with the help of it, the WP estimates
follow from the locally weak reverse Holder inequality consequently, we generalize [25, Theorem

3.2] and provide the proof for the sake of completeness.



616 Geng J.

Theorem 2.1 Let Q C R" be bounded Lipschitz domain and F € L?(2). Let p > 2 and
f € LYQ) for some 2 < q < p. Suppose that for each ball B with |B| < 3|Q|, there exist two
measurable functions Fg, Rp on 2B such that |F| < |Fp|+ |Rp| on 2BNQ,

{][ RB|pdx}p < C’l{(][ |F|2d:17> + sup <]Z f|2dx) } (2.1)
2BNQ aBNQ BCcB' \JB'nQ

][ |Fp|?dz < Cy sup |f|2dx + U][ |F|da, (2.2)
2BNQ BCB'J B aB

and

where C1,C2 >0 and 0 < f <1 < . Then, if 0 <o < o9 = 00(C1,Ca,n,p, q,, 3), we have

i quw}; <c{(} |F|2d:c)é ~(f |f|<zdz>‘l’}, 23)

where C' > 0 depends only on Cy,Cs,n,p, q, a, 3.
Proof We will argue by the Calderén—Zygmund decomposition and “Good-\" inequality. For

the convenience of dyadic decomposition, we may choose a cube )y such that 2 C Qo and
|Qo| ~ |92|, and we will not make the effort to distinguish the “cube” and “ball”. Then for
A > 0, consider

E(X) = {z € Qo : Mag, (|F[*)(z) > A}, (2.4)

where Mg, denotes the Hardy-Littlewood maximal function defined on 20).
Observe that the weak (1,1) estimate of Mag, implies that

LR (2.5)
A 2Qo

By letting \g = |2€200| Jog, [FI?dz and choosing Cy = 2" Cy, /¢, combining with (2.5) we obtain
[EA)] < €lQol (2.6)

for any A > Ao, where € € (0,1) is a constant to be determined later.

Next, we apply the Calderén—Zygmund decomposition to Qq, let @ be the maximal dyadic
subcubes of @y and ék denote the “parent” of Q, by choosing € sufficiently small, we may
assume that |Qx| < B|Qol|, we then have the following properties:

‘E()‘)\UQI@‘ =0, (2.7)
and k
]{ |F|?dz < X\, since Qp G E(\) (2.8)
as well as k
][, |FlPde < Cp\, Q' NQr#0 and |Q'| > c,|Qxl- (2.9)

Hence it is not hard to see that if z € Qy,

Mg, (|F?)(x) < max{Maq, (|F[*), CuA}. (2.10)
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Next, we claim that if {z € Q : Mag, (| f|?) < My} # 0, then
|E(AN) N Qx| < €|Qxl, (2.11)

where A = (26)_3. To establish (2.11), we may assume that A > C,. Then weak (1,1), weak
(5,7) type estimates of Mg, and the fact |F| < |Fg, |+ |Rg,| on 2Q imply that

[E(AN) N Q| < [{z € Qi+ Mag, (|F[*)(z) > AN}

< H"E € Qi : Mag, (|Fo,[*)(z) > i/\}’

A
+{r e tho(Ra o) > Y]
Cn/ 2 Cnp /
< Fo |?dz + ™, Ro, |Pdz. 2.12
A\ 2Qk\QI (A0 2Qk|Q\ (2.12)

It follows from (2.1) and the fact {x € Q) : Mag, (|f|*) < My} # 0 that

2 3\ P
| irerae < crpa{(f ipear) 4 s (f 15%a0) )
2Qk aQp QrCQ’ !

< CpCRIQKI{AZ + (7A)2 7. (2.13)

On the other hand, (2.2) implies that

/ \Fo, de < Col Qx| sup ][ |f\2dz+a|czk|f FPdx
2Qk QrLCQ'JQ’ aQy

< Co|QilyA + o] Qr|Cr A
<N Qkl{Cay +0Cy}. (2.14)
Substituting (2.13) and (2.14) into (2.12), we then have

|E(AN) N Qi < €|lQr{CnCovea " + Cpoea ' + C,, ,CPea '}, (2.15)

One may notice that it is possible for us to choose § and then 7, o9 > 0 such that {CnCQ’Y6§71 +
Cpoger ™' + CmpC'feffl} < 4, which gives the proof of (2.11). By taking the summation with
index k of (2.11) and using the fact that @y, is contained in F(\), one obtains

[E(AN)] < el Q)]+ [{z € Qo = Mag, (If*)(x) > ¥} (2.16)
The rest of the proof is exactly the same as in the case 0 = 0. We refer the reader to [25,

Theorem 3.2] for details. O

Armed with Theorem 2.1, the WP estimates for second order elliptic equations or systems
with divergence form subjected to Neumann boundary could be reduced to show that the weak

reverse Holder inequality holds for p > 2, as follows.

Theorem 2.2 Let Q be a bounded Lipschitz domain in R, n > 2 and p > 2. Let L =
div(A(x)V) with A = (a%ﬁ(x)) satisfies (1.3). Assume that for any B(zo,r) with the property
that 0 < r < ry/8 and either xo € OQ or B(xo,2r) C §, the weak reverse Hélder inequality

(][ wp) " <G (][ |vu|2) (2.17)
B(zo,r)NQ B(xo,2r)NQ
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holds, whenever v € W12 (B(xg,2r) N Q) satisfies L(v) = 0 in B(zg,2r) N Q and g:ﬁ =0 on
B(zg,2r) N OQ (if zo € Q). Let u be a H' solution of (N)g with f € LP(Q) and g =0. Then
u e WhP(Q) and

IVullLe ) < Cllfllzr ), (2.18)
with constants C > 0 depending only on n,p, u, Cy and the Lipschitz character of €.
Proof The proof is directly follows from Theorem 2.1, see [14]. O

Lemma 2.3 Let u. € H'(Z(3r)) be a weak solution of Lou. = 0 in Z(3r) and ?;lfz =0 in
S(3r). Then Vue is locally LP-integrable, for some p > 2, we have

{][ |Vu5|p}pgc{][ |Vu82}. (2.19)
Z(r) Z(2r)

Proof The proof is is essentially due to Giaquinta (see [17]), which follows from the Cacciopoli’s

inequality and Sobolev—Poincaré inequality. O

3 The VMO Coefficient Case

This section is devoted to the WP estimates for second order elliptic systems with VMO
coeflicients in nonsmooth domains. Armed with the regularity theory of second order elliptic
systems in divergence form with constant coefficient in Lipschitz domain [18] (see [14, 19, 25]
and the references there), for elliptic systems with VMO coefficient it has become customary
to use perturbation method, first introduced in [12], also see [1, 8-11, 13] and [24].

The following theorem was stated in [14] without a proof, we sketch out the proof here.
Recall that we say f € VMO(R") if

lim sup ][ f —][ fdy
=0 2eRn J B(2,r) B(y,r)

where fB(x ” fdx denotes the L! average of f over B(xz,7).

dx =0, (3.1)

Theorem 3.1 Let Q2 be a bounded Lipschitz domain in R™, n > 2 and n2+”1 —d<p< n2f1 +6,
where § > 0. Let L be a second order elliptic operator of divergence form with real-valued,
bounded, measurable coefficients. Also assume that the coefficient matriz A is symmetric and
in VMO(R®). Then there exists a unique (up to constants) u € WHP(Q) such that Lu = divf

in Q and g;‘ = —f-N on 0Q. Moreover, the W'P estimate
IVullr @) < C{lIfllze) + lgllz-1/p000) (3.2)

holds with constant C depends only on n, p, A and €.

The following perturbation argument originating in [12] plays an important role in the proof
of Theorem 3.1.

Lemma 3.2 Let Q be a Lipschitz domain in R™(n > 2). Assume that L satisfies the same
conditions as in Theorem 3.1. Let u be a W2 solution of L(u) = 0 in B(zo,87)NQ and gz =0
on B(xzg,8r) N ON. Then there exist a function 0(r) such that lim,_00(r) = 0 and a function
v € WHP(B(xg,7) N Q) as well as p > >, satisfy:

—1
{][ |Vv|pdx}
B(zo,r)N$

"3

< c{][ |Vu|2dx} , (3.3)
B(z0,87)NQ
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1

{][ |[Vu — VUQdI} < 9(7“){][ |Vu|2dac} . (3.4)
B(zg,r)NQ B(zo,8m)NQ

Proof Consider

L(v)=0 in QN B(xg, 4r),
ap OV ap Ou (3.5)
wﬁa N, = wﬁa N;  on (2N B(xo, 4r)),
where L = ¢ (C?jﬁ 82j) and c?j = fB(xO,ST) a?jg(x)dx is a constant.

By using v — u as a test function, we derive

/ (s O =0)?0u—v) - / (2 — 2P) o Ou—v)* (3.6)
ONB(woar) | 0zj Ox; QONB(zo,dr) Y 0z Oy

We will show that v satisfies estimates (3.3) and (3.4).

Thus, in view of ellipticity and Cauchy inequality with e, we have

i/ V(0 w)da
QNB(zo,41)
/ Z\a -jﬁ||Vu||V(v—u)\dx
QNB(zo,4r)

<c ja2? —cgﬁ|2\vu|2dx+a/ IV (u — v)[2da. (3.7)
QNB(xg,4r) QNB(xg,4r)

It follows from the Hoélder inequality and Lemma 2.3, one obtains

1
2
{][ |V(v—u)|2dx}
QNB(xg,4r)
2141 ’ 2‘11
< C{][ |Vu2qu} X {][ \a%ﬁ — cf‘jﬁ|2q dx}
QNB(zg,4r) QNB(zg,4r)

1
2
<0(r) x {][ Vu|2d:1:} , (3.8)
QNB(zp,87)

where

1

! 2 4

0(r) = C sup 3 {][ 028 — 2B dx} ‘1
20 €Q i QNB(zo,41)

and Lemma 2.3 was used in the last inequality. It is also known that the John-Nirenberg
inequality implies that 6(r) — 0 as r — 0 since a;) # € VMO. This gives (3.4).

Observing that v is a solution to L(v) = 0 in QﬂB(a:o, 4r) and cfjﬁ 68” N; = 0on B(zg,4r)N
0%, by the regularity theory of second order elliptic systems in divergence form with constant

coefficients [19], we obtain

1

» 2 5
{][ |Vv|pdx} < C’{][ |Vv2d:v} < C{][ |Vu|2dx} ,
B(xo,r)NQ B(zo,4r)NQ B(zo,8m)NQ

where p = “" + 6. This gives (3.3) and completes the proof. O

Now, we are ready to give the proof of Theorem 3.1.
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Proof of Theorem 3.1  In view of Theorem 2.2, it suffices to show L satisfies the weak reverse

Holder inequality (2.17) for anl —§<p< 2 +0ifn>2 Since that u,v satisfy (3.3)~(3.4),

it follows from Theorem 2.1 with Rg = Vv, F = Vu and f = 0 as well as Fg = F — Rp, we
then obtain desired estimate (2.17), thus Theorem 2.2 implies the gradient estimate

IVul| L) < CllfllLr(e) (3.9)

in the case of p > 2, g = 0.
The uniform WP estimate in the case of p < 2, and g # 0 will be obtained by a duality

IVull ey < C{Ifllr) + 19l B-1/0.0(00) }- (3.10)

Thus we complete the proof.

argument (see Section 4 for details), i.e., for any f}:l —d<p< 2”1 + 6, we have

4 Proof of Theorem 1.1

In view of Theorem 2.2, it suffices to show that for any weak solution u. € W12(Z(3r)) to
Leue =0 in Z(3r) and gz; = 0 on S(3r), then we have Vu, € LP~(Z(r)) and estimate (2.17)
holds for p = p,, =

2n

e,

{][ |Vu€|p}p§0{][ |Vu€2}, (4.1)
Z(r) Z(2r)

where the constant C independent of ¢.
Lemma 4.1 Let u. € H(Z(3r)) be a weak solution of Lou. = 0 in Z(3r) and gz: =0 in
S(3r), where the coefficient a%ﬁ of L. satisfies (1.5), (1.6), (1.3) and (1.4). Let 2 <p =p, =

2n
(][ Vua|p)p§0<][ |Vu5|2) . (4.2)
Z(r) Z(2r)

- Then we have
Proof We divide the proof into two steps.

Step 1 Let p = p; be the same as in Lemma 2.3. It follows from the interior estimate and
Lemma 2.3 that

P1 o) 2
|Vue SC{][ Vugpl} SC{ } {][ Vu5|2} , 4.3
| B(z,cd(x)) | ‘ d(.’b) B(z,cr) | ( )

where d(z) = |z, — ¥ (z)].
It follows from [23] that the L? Neumann problem L.u. = 0 on Q and gi = g on 0N is

uniquely solvable under the assumption that the coefficient A satisfies (1.3)—(1.6); moreover,
the solution u. satisfies the estimate
Ou,

1 5 1
{ / |(VUE)*|2+6}2+6 < O{ / 2+ }2+5, (44)
o9 - o | Ove

where § > 0 and (Vu.)* denotes the non-tangential maximal function of Vu,. By a perturbation

argument on Z(tr) with ¢ € (1,2), we have

/ |(Vu6)*|2+5d0§0/ |V, [ dz. (4.5)
S(r) T Jz(2r)
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Letting pg = 2 4 ¢, it follows from Lemma 2.3 and (4.5) that

{][ |(Vu8)*p°da}p0§0{][ |Vu52}. (4.6)
S(r) Z(2r)

Next, by using (4.6) and (4.3), if 0 < n(p — po) < p1 we have that

1

{][ |Vu8|pdaj}p
Z(r)
{][ |Vu5p°Vua|p_p°dx}p
Z(r)
1 1 [ s )7 "2’
c{ M/ (Vo) P do / (r/t) Mdt} {][ |Vu52d:c}
r S(r) ™ Jo Z(3r)

gc{][ |Vu€|2dx} . @7)
Z(3r)

It is easy to see that n(p — pg) < p1 implies that p <2+ + ',

IN

Step 2 (Tteration) Assume p; < nzfl, in view of Step 1 and Lemma 2.3, we know that there
exists some p =py > 2+ g + P > p; such that

{][ |Vu5p2}” <Co{][ |Vu52} . (4.8)
Z(r) Z(2r)
2n

If po < 7", by Step 1 and Lemma 2.3, we know that there exists some p = p3 > 2+ g + 2

> p; such that
1 1
P 2
{][ |vugps} : gco{][ |vu52} . (4.9)
Z(r) Z(2r)

Continuing this process, we claim that there exists some p = p; > nzfl such that

{][ |Vu€p3}p3§00{][ |Vu€2}. (4.10)
Z(r) Z(2r)

Otherwise, we may have a bounded increasing sequence {p;} such that pj41 > 2 + g + I;f ,
let p be the limit of p;, which implies that p > p, = nzfl. It follows that p; > p, if j sufliciently
large. Thus (4.7) holds for some p = p; > p,,. Thus we complete the proof.

We need the following two duality lemmas to finish the proof of Theorem 1.1 in the case of
g # 0 and p < 2, as follows.

Lemma 4.2 Let Q be a bounded Lipschitz domain and f_fl —i<p< nz_"l +9d and f € LP(9).
Let L. be defined as in (1.2). Suppose that A satisfies (1.3)~(1.6). Let uc € WP(Q) be a weak

solution to

L.(us) =divf in Q,

4.11
au‘E:—f-N on 0N). ( )
v,
Then
[VuellLo ) < CllfllLr ) (4.12)

where C' independent of .
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Proof The case p > 2 was proved in Lemma 4.1. Let £} denote the adjoint operator of £, and
v= be a weak solution of £Z(v.) = div(g) in  and 3% = 0 on 9Q where g € L9(92). Suppose
that 117 + (11 =1and ?" —§ < p<2. Since A* is also elliptic, periodic and Hélder continuous,

n+1
by using integration by parts we have that
ou? ‘ ove
g5 dx| = o dx|. 4.13
’ /Q du; o Oz (4.13)
Then the desired estimate (4.12) will be deduced from Lemma 4.1 and the fact
[VuellLr(o) =  sup / Vue - gdz|. (4.14)
[lgllay<11JQ

Thus we finish the proof. O

Similar argument will lead to the following lemma and we leave details to the reader.

nzfl —d<p< nzfl + 6. Suppose that

the coefficients of the operator L. in (1.2) satisfy (1.3)~(1.6). Then for any g% € B_;”p(aQ),

there exists a unique (up to constants) uc € WHP(Q) such that

Lemma 4.3 Let Q be a bounded Lipschitz domain and

L.(us)=0 in Q,

4.15
Oue _y on 940, ( )
v,

where g satisfies the compatible condition (g,1) = 0. Moreover,

Vel Lr) < Cligll -1 (4.16)

»7(09)
where C' independent on €.

Now, we are ready to give the proof of Theorem 1.1.
Proof of Theorem 1.1 ~ The desired result follows from Lemmas 4.2 and 4.3. Let v, be a weak
solution of L. (ve) = divf in Q and g:jz = f-N on 9Q. Let he = u. —ve. Then L.(he) =0 in
Q and gﬁz = g. Hence

Vuell o) < IVhellLe) + Vel L)

< Cllgll,-3ur gy + I o0 - (4.17)

Thus we finish the proof.

5 Proof of Theorem 1.2

In this section we give the proof of Theorem 1.2, in view of Theorem 2.2, it suffices to show

that the weak reverse Holder inequality

{]l |Vu5p}p§0{][ |Vu5|2} (5.1)
Z(r) Z(2r)

holds for g —0 < p<3+0if n > 4 with the constant C independent of £ whenever u. €
W'2(B(xo,2r) N Q) satisfies Le(u) = 0 in B(wg,2r) N Q and I = 0 on B(wo,2r) N OQ (if
Xo € 89)

Proof of Theorem 1.2~ We divide the proof into two parts.
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Step1l (p>2and g=0) Forx = (2/,2,) € Z(2r), let d(z) = |z, — P (2')|. It follows from

the interior estimate Lemma 1.15, De Giorgi—Nash estimate and Poincaré inequality, we have

@)\ 2
V.| < c{ (“’)} {][ |Vu52dy} , (5.2)
r Z(2r)
where 1 > 0.

Since A satisfies (1.3)—(1.6), it follows from the L? estimate (see [22]) that

. Ju
70 aemy < € ]| (5.3
Ve llL2(00)
Integrating with respect to t € (1,2) on Z(tr), we obtain
* 12 C 2
|(Vue)r|?do < |Vu|“dz, (5.4)
S(r) T Jz(er)

here (Vue) (2!, ¢(2")) = sup{|Vuc (', 2,)| : (', 2,) € Z(tr)}.
Note that if (p —2)(n — 1) > —1, we have

P—1
C 2
|V, [Pde < / |Vu |2(d(x))(p2)(’71)dx{][ |Vu |2dx}
/Z(r) : re=20=1 [ : Z(2r) :

P—1
c / 2 “ —2)(n—1 2 2
< |(Vue):| da/ tP=2 =1 g ][ |V, |[*dy
re=20-1 [q., : 0 Z(2r) :

P—1
< Cr/ |(Vu5);’i|2da{][ |Vu52dy} , (5.5)
S(r) Z(2r)

where (5.2) was used in the first inequality.
Plugging (5.4) into (5.5), we obtain the desired estimate

1 1
P 2
{][ Vu5|pd:1:} gc{][ |Vu5|2dx} (5.6)
Z(r) Z(2r)

for2<p<2+ 1i17' Typically, we may take p = 3. This gives the desired result for n > 4.

Step 2  (Duality) Theorem 1.2 was partially proved if p > 2 and ¢ = 0 in Step 1, the
remaining proof of Theorem 1.2 in the case of p < 2 and g # 0 could be deduced from the

duality argument as in Section 4. Thus we complete the proof.

6 Proof of Theorem 1.3

In this section we give the proof of Theorem 1.3, in view of Theorem 2.2, it suffices to show

that the weak reverse Holder inequality

{][ |Vu5p}p§0{][ |Vu5|2} (6.1)
Z(r) Z(2r)

holds for 2 < p < oo if n > 2 with the constant C' independent of ¢ whenever u. € W12 (B(xz, 2r)
N Q) satisfies L. (u:) = 0 in B(xg,2r) NQ and gjji =0 on B(xg,2r) NN (if zg € 09Q).
We first establish the WP regularity result of Neumann problem for second order elliptic

equation with constant coefficients in convex domains, as follows.
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Lemma 6.1 Let 2 < p < co. Assume that Q C R™ is a bounded convexr domain. Suppose
that u is a weak solution of Lu = 0 in B(zo,2r) N Q and 5% = 0 on B(zo,2r) N 09, where
L = —div(AV) with A = (a;j) being constant and A = A*. Then

1 1
P 2
<]l Vu|p> <Cy <]Z |Vu|2> , (6.2)
B(z,r)NQ B(xz0,2r)NQ

where the constant 6 > 0 and Cy depends only on n, the Lipschitz character of Q and the
ellipticity constant .
Proof Since A is constant, symmetric and positive definite, by a change of the coordinate
system, we may assume that £ = A. (6.2) was shown in [15] in the case of Laplace equation
subject to Neumann boundary and we outline the proof here for the sake of completeness.

Let g = |[v|? where v is a C? vector which to be determined later, and assume that v-n = 0

on 0. Set ® defined on [0,00) as a Lipschitz function. Use integration by parts twice we
obtain that
ov;  0v;
B(1vI2)d {di 2 _ OV 0OUj
et gy - 00

. . Ov;
= /{m <I>(d1v2){nivid1v(v) — n;v; &T]Z}

+2/Q<1>'(|v2){vng’; ;- ng —vng’: -vi-div(v)}. (6.3)
Notice that v-n = 0, combine with the convexity —3(vr;vr) = nv;div(v) — njv; g? >0,
i.e., B(vr;vr) <0 on 99, and choose
1 s>,
® = ¢ linear t<s<r,

0 s <t,

this, together with (6.3) as well as some direct computation leads that

1 / ) 1 .
Vg2 < ‘/ Vgl vldiv(v)]
2(r 1) t<|gl2<T (r—1) t<g<t

1 o ow; |2 ?
+ / [Vgl||v {‘ f— }
(T=1) Jicger ¥ Or;  Ox;
Ov;  0v;
—|—/ P {divv 2 j}. 6.4
[ atgtatoy - gt 0 (6.4)
It follows from the co-area formula and Lebesgue’s differential theorem, and by choosing

P € C§°(B(xg,2r)) and take v = (Vu)y, thus one may notice that v-n = 0, and some

computation shows that

/ |Vg|da§0t1/2/ |vu|\vw|+0/ |Vu|?| V|2 (6.5)
g=t g=t >t

g

To this end, we use the co-area formula repeatedly, and in view of convexity of 2 as well as

weighted Holder inequality we obtain that for p > 1,

q/p q
Amwmsc{LuWM} +cmﬂq{4mm}, (6.6)
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where 2 = 11] — 3.
Finally, the desired estimate (6.2) follows from simple iteration argument, we refer the
readers to [15]. O

Remark 6.2 It worths pointing out that in view of the Sobolev embedding, the W estimate
implies the uniform boundary Hélder estimate for any 0 < n < 1. Let A, and u satisfy the
same assumption as in Lemma 6.1. Then it is not hard to see that for any =,y € Z(r/2),

uta =it < (¥ ) () ) (6.1

where the constant C depends only on p, A\, 7,77 and 2.
Next theorem provide an approximation process for the weak solution of second order elliptic
equation with VMO coefficients by the constant coefficients regularity results in convex domains.

Theorem 6.3 Let Q be a bounded convexr domain in R", n > 2 and 2 < p < co. Let L
be a second order elliptic operator of divergence form with real-valued, bounded, measurable
coefficients. Also assume that the coefficient matriz A is symmetric and in VMO(R™). Then
there exists a unique (up to constants) u € WHP(Q) such that Lu = divf in Q and gg =
—f-N +g on 0. Moreover, the W'P estimate

HVUHLP(Q) < C{”fHLP(Q) + HQHB—l/w(aQ)} (6.8)
holds with constant C' depending only on n, p, A and €.

Proof The proof is essentially the same as Theorem 3.1. Letting u be a W2 solution of £(u) =
0 in B(zo,8r)N and ‘35 = 0 on B(xg,87) N0, by Lemma 6.1 and a real-variable perturbation
argument, then for any 2 < p < oo, there exist a function 6(r) such that lim,_,6(r) = 0 and a
function v € WHP(B(zg,r) N Q) satisfying

1 1
p 2
{][ |W|de} <C{][ |Vu|2dx} , (6.9)
B(zg,m)NQ B(zo,87)N2

1 1
2 2
{][ [Vu — szdzzr} <0(r) {][ |Vu|2dx} . (6.10)
B(zg,m)NQ B(zo,8r)N2

This, combining with Lemma 2.1 and duality argument, leads to the desired estimates. 0

Theorem 6.4 Let Q, A and L be the same as in Theorem 6.3. Assume 2 < p < oo. Let u be
a weak solution of Lu =0 in Z(2r) and g:j =0 on S(2r). Then for any x,y € Z(r),

wio =it < () () ue) (6.11)

where the constant C' depends only on pu, A\, 7,n and §2.

Proof The proof directly follows from Theorem 6.3 by Sobolev embedding. 0
Armed with Remark 6.2 and Theorem 6.4, we are ready to investigate the uniform bound-

ary C" estimate in convex domains by using the compensated compactness argument, which

originated by Avellaneda and Lin in [2] and further developed by Kenig et al. in [21].

Theorem 6.5 Let 0 < n < 1 and Z(r) and S(r) defined by (1.18) and (1.19) be convex.
Suppose that L. be defined as in (1.2) with A satisfying (1.3), (1.4), (1.5) and (1.6). Suppose
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that
Le(us)=0 in Z(2r),
Ou,
v, 0 on S(2r)

Then for any x,y € Z(r),

e -t <o Y () (6.12)

where the constant C' depends only on p, A\, 7,n and €.

Proof Tt was essentially proved in [21], we only point out the necessary modification here for
the convenience. To show (6.12), in view of the Campanoto’s characterization of Holder spaces,
it suffices for us to show that

1
][ [ue —][ uc)? < CTQ"][ lucl? for0<r< . (6.13)
2(r) 2(r) 2(1) 4

The proof (6.13) will follows from the elegant three step compactness method. The first
step is the improvement. To proceed our proof, let {11} be a sequence of convex domain and
one may notice that ¢, — g in |2'| < 1 where ¢ is a convex domain. Assume that there
exists sequences {ex}, {Ax}, {uc, } such that u,., satisfies

LE (uc,)=0 in Zi(1),

Oue (6.14)
8U5: =g on Si(1),

where £ = —div(Ay(2/ex)V), Zy(r) = Z(r,¢y) and Sk(r) = S(r,¢y). It is known that, as
er — 0, the equations (6.14) uniformly converge to

LO(’U/Q) = 0 in Z(1/2,1/)0),

8u0 -
81/0 =g on 5(1/2777[]0)7

where 1) is convex and L is a second order elliptic operator with constant coefficient. Thus, it
follows from Remark 6.2 that ug satisfies boundary Holder estimates (6.7). This, by passing to
a subsequence, combining with a limit argument will give the improvement step, we refer the
reader to [21] for more details. The iteration step is exactly the same as in [21].

To this end, to utilize the blow up argument, the key step is to show the boundary Hoélder
estimate for second order elliptic equations with VMO coefficients in convex domains, and this

was given in Theorem 6.4. Thus we complete the proof. O
Now, we are ready to give the proof of Theorem 1.3.

Proof of Theorem 1.3  The proof follows the same line as the proof of Theorem 1.2. We first
assume that g = 0 and p > 2. Letting d(z) = dist(z, 082), by the interior estimate (1.15) and
Theorem 6.5, for any n € (0,1), we obtain that

U\ T ! Uu — U T 2 1/2
Vil < Cg (F et )

< 0(6&)>1_n <][Z(2r) Vu8|2dy)l/2. (6.15)
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By choosing suitable 1 such that 1 — Il) < 1 < 1, and integrating both sides on Z(r), we have

][Z(T) (Ji esen |Vuspdy> dy < C|[ Vel ) (6.16)
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