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Abstract In this paper, we study solution structures of the following generalized Lennard-Jones
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with 0 < o < 8. Considering periodic solutions with zero angular momentum, we prove that the corre-

system in R",

sponding problem degenerates to 1-dimensional and possesses infinitely many periodic solutions which
must be oscillating line solutions or constant solutions. Considering solutions with non-zero angular
momentum, we compute Morse indices of the circular solutions first, and then apply the mountain pass
theorem to show the existence of non-circular solutions with non-zero topological degrees. We further
prove that besides circular solutions the system possesses in fact countably many periodic solutions
with arbitrarily large topological degree, infinitely many quasi-periodic solutions, and infinitely many

asymptotic solutions.

Keywords Generalized Lennard-Jones system, mountain pass solutions, periodic solutions, quasi-

periodic solutions, asymptotic solutions
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1 Introduction

Periodic solutions of the generalized Lennard-Jones Hamiltonian system (1.2) have been ex-
tensively studied using variational methods since 1980s (see [1, 4, 5, 7-9, 16, 18, 21], and the

Received March 23, 2017, accepted August 15, 2017

The first author is partially supported by the Ph.D. Candidate Research Innovation Fund of Nankai University
and NSFC (Grant Nos. 11131004 and 11671215); the second author is partially supported by NSFC (Grant
Nos. 11131004 and 11671215), LPMC of MOE of China, Nankai University, and the BAICIT at Capital Normal
University; and the third author is partially supported by US NSF (Grant DMS-1362507)

1) Corresponding author



140 Liu B. W. et al.

references therein). Found by Lennard-Jones [13] in 1924, the Lennard-Jones potential is one
of the commonly used potentials in the molecular dynamics. For the N-body case with N > 3,
we refer to interesting works of [5, 7, 8], and [21].

In the 2-body case, Lennard-Jones potential describes the interaction between two atoms

or molecules. The interaction consists with two parts, repulsion and attraction. It is defined by

. 12 o 6
o= l(1, 7 ) = (D) |
|yl - y2| |y1 —y2|

where d/4 is the depth of the potential well, o is the finite distance at which the inter-particle
potential disappears, and |y; — y2| is the distance between the two particles. The first term
(Iylzyzl )12 is the repulsive term describing Pauli repulsion; and the second term —( ‘ylin‘ )6 is
the attraction in the long range describing the van der Waals force ([18] for accurate quantum
chemistry computations).

We re-scale Vi,; by the unit mass, unit length and fix one particle at the origin of R™ with

n > 2, and consider the following generalized Lennard-Jones potential as in [4, 16] and [18],

b a
= — , (1.1)
wl? lyl*
where 0 < a < 3, a and b > 0 are fixed constants, |y| denotes the norm of y € R™. The

corresponding equation system of the motion is given by

ULi(y)

aq b3
Yss = _VULJ(y) = <_ |y|a+2 + |yﬁ+2>y, (12)

where y,, is the second order derivative of y = y(s) with respect to s. We introduce A = (Z)ﬁiu
and p = \/A2+8/b and let y = Az, s = put. Then (1.2) is reduced to

i=-VU(z) = (— |x|‘j+2 - |x|§+2)x, (1.3)

1

[a]

where Z is the second order derivative of x = x(t) with respect to ¢t and U(z) = |;‘ﬁ -

After the pioneer work [19] of Rabinowitz in 1978, many contributions have been devoted
to the singular Hamiltonian and Lagrangian systems via the variational method. To set up
the variational structure, in this paper, for 7 > 0, let X, = WH2(S,,R") with S, = R/(77Z),
equipped with the usual W'2-norm || - ||; given by

ol = ( NG sc|2>dt) g

for # € X;. We denote the usual L?-norm by [z 2 = ([, |z|*dt) 2. The action functional on
X, corresponding to the system (1.3) is defined by

fr(2) = /OT (;|:i:|2 - U(x))dt, Ve X,. (1.4)

Then it is well known that critical points of f, on X, correspond to 7-periodic solutions of (1.3).

The S,-action on every z € X, is defined by 0 - x(t) = x(0 + t) as usual for § € S;. The
Zs-action on every x € X is defined by 0+ xz(t) = x(¢t) and 1xx(t) = x(7 —t) as usual for 0 and
1 € Z3. The O(n)-action on every x € X, is defined by (Mz)(t) = Mx(t) for M € O(n). Note
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that f,(z) is invariant under these group actions, i.e., f-(0-z) = f; (1 xz) = f.(Mz) = f.(x)
holds for any 0 € S;, M € O(n) and z € X .

In [9] of 1988, Coti Zelati used Morse index theory to study a family of Lagrangian systems
with effective-like potential V' satisfying Gordon’s strong force condition ([10]) and that the set
Z, ={x € R"|VV(z) = 0} is finite and consists of only non-degenerate critical points. In [9]
he proved that there exists a constant 79 > 0 such that the system possesses a non-constant 7-
periodic solution for every 7 > 7y. Note that the system (1.3) satisfies his conditions except that
on Z,. In [22] of 1990, Solimini studied periodic solutions of the forced singular systems, where
Theorem 3 in [22] with 2 = 0 includes (1.3) and proved the existence of T-periodic solutions
for every 7 > 0. In [23] of 1993, Terracini proved the existence and multiplicity of the periodic
solutions of repulsive systems in R™ with the singular set . containing at least two points.
In Ambrosetti and Coti Zelati [1, Chapter 9] a family of Lagrangian systems which is more
general than (1.2) with the strong force condition, i.e., § > 2 there, was studied by mountain
pass theorem and the existence of at least one 7-periodic solution of (1.2) was proved for every
7> 0. In [7, 8] of 2004, Corbera et al. studied the 2 and 3-body problems of the Lennard-
Jones system with « = 6, § = 12, a = 2, and b = 1, and specially its constant and circular
solutions and central configurations. In [4] of 2011, Barbosu et al. studied the system (1.2)
in R? with 2 < a < 8 on the intersections of the level surfaces of the conserved Hamiltonian
energy and angular momentum. They described the behavior of constant solutions, circular
solutions, line periodic solutions and other non-periodic solutions by analyzing the flow defined
by the system (1.2). In [21] of 2014, Sbano and Southall proved the existence of 7-periodic
solutions of the N-body problems of the Lennard-Jones system for sufficiently large 7 > 0 when
the potential satisfies the strong force condition 2 < o < 3. In the strong force case, they also
proved that no 7-periodic solution exists when the period 7 is too small. In [16] of 2015, Llibre
and Long studied the system (1.2) in R™. Besides the constant solutions they characterized the
circular solutions for 0 < o < 3, a > 0, and b € R, and proved that 7/2-antiperiodic solutions
of (1.2) in R™ do not exist when 7 > 0 is too small for 2 < o < § and a,b > 0.

This paper is devoted to the understanding of the solution structure of the system (1.3) in
R™ for all 0 < a < G, including specially the case of weak forces in the sense of Gordon [10].

In Section 2, we notice that if z(t) is a classical solution of (1.3) on the open interval
(t1,t2), x(t) must be a classical solution on the closed interval [t1, 2] and each solution of the
system (1.3) must be contained in a 2-dimensional sub-plane P(z) of R™ passing through the
origin such that € P(x) holds always. Therefore, we restrict our study from R™ to R? in

Sections 3 to 5. We can also obtain 7y > 0 such that no periodic solutions exist when 7 < 7.

In Section 3, by computing the Morse indices and nullities of circular solutions of (1.3)
mentioned in [16], when 1 < a < [ we obtain an explicit constant 7'1# > 0 such that when
T > 71# the action functional f; at one of the circular solutions which we denote by xo possesses
Morse index i(z2) = 0 and nullity v(z2) = 1, which is produced by the S'-invariance of f,. All
the other circular solutions of (1.3) possess Morse indices at least 5 when 7 > 7'1# . Therefore the
Sl-orbit S, - x5 of zo forms a strictly local minimal non-degenerate critical manifold of f, in A,.
Here, A, consists of all 7-periodic curves x in W2 satisfying deg(z,0) # 0 and z(t) # 0 for all

t € S;. Therefore in Theorem 3.8 below, for 7 > 7'1# we can apply the mountain pass theorem
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at Sr - 2 and obtain a 7-periodic solution = = z(t) of (1.3), which satisfies f-(x) > f;(z2) and
possesses Morse index i(z) < 1. Consequently z is not a circular solution of (1.3).

When the angular momentum ¢ = 0, the system (1.3) degenerates to a 1-dimensional
problem. In Theorem 4.1 below we study the family of 1-dimensional solutions of (1.3) which
we call oscillating line solutions. Such a periodic solution always oscillates periodically on a ray
emanating from the origin 0 € R? but never touches the origin 0. Specially we prove that there
exists a constant 7,5 > 0 such that the period 7 of any oscillating line solution must satisfy
T > Tos. Since many classical books such as [2] and [15] have already provided the framework
for central force potential, we only list related results in Section 4.

Note that our above results already show that when 7 > 0 is small enough, the 7-periodic
solution of the system (1.3) found by Ambrosetti and Coti Zelati in Theorem 9.1 of [1] must
be constant solutions (also Remark 9.5 of [1]). Note that the system (1.3) with the potential
function U(z) satisfies the conditions of Theorem 3 of [22] of Solimini in 1990 with A = 0. Thus
for the period 7 > 0 small enough, Theorem 3 with h = 0 in [22] yields also only constant
solutions of the system (1.3).

In Section 5, we study the solution structure of the system (1.3) when the angular momen-
tum ¢ # 0. By fixing the angular momentum, we obtain that under certain conditions the
system possesses at least countably many periodic solutions with arbitrarily large topological
degree and infinitely many quasi-periodic solutions.

Furthermore, we also prove the existence of the so called asymptotic solution © = x(t)
of (1.3), which is asymptotic to two rays Ly (x) starting from the origin in the plane P(x) as
t — 400 respectively. The minimal angle covered by x(t) between L, (z) and L_(z) is called
the asymptotic angle of the solution z. Because the system (1.3) is rotational invariant in the
plane P(z), the asymptotic property of x is determined by its asymptotic angle and its minimal
distance from the origin minseg |z(t)|.

In this paper, we use N, Z, R, R and C to denote the sets of the positive integers, integers,

real numbers, positive real numbers and complex numbers respectively.

2 Non-collisions and Planar Motions

Let = z(t) be a classical solution of the system (1.3). For all ¢ in the domain of x, the
Hamiltonian energy H(x, 1) is defined by

1 1
@7 Je(t)]e

It is well known that the Hamiltonian energy H(z, %) is conserved if @ = x(t) is a solution

Sa@) +

H(z, ) = 5

(2.1)

of (1.3). By this property, we have the following proposition.

Proposition 2.1 (i) Suppose z € C?((t1,t2),R"™), z(t) # 0 for all t € (t1,t2) and satis-
fies (1.3) on (t1,t2). Then z(t) can be extended to a function in C2([t1,t2],R™) such that
x(t) £ 0 for all t € [t1,t2] and satisfies (1.3) on [t1,ta]. Consequently, any solution x(t) satis-
fying (1.3) on an open interval can be extended to all t € R.

(ii) There ezists a 2-dimensional sub-plane P(x) C R™ passing through the origin 0 such
that x(t) € P(x) holds for all t € R.

Proof (i) Since z(t) is a classical solution of (1.3) on (¢, t2), Hamiltonian energy H (x(t), (t))
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is a constant on (t1,t2), i.e., for t € (t1,2),
const. = H(x(t),&(t)) = _|&(t)|* +

= O ) 22

If liminf, ., 4+ |z(¢)| = 0, the right side of (2.2) approaches +oo along a subsequence. It
contradicts the conservation of Hamiltonian and thus there exists § > 0 such that |z(t)| > § for
all t € (t1, 5(t1 + t2)]. Since the right side of (1.3) is bounded on {z € R" : [z| > &}, we obtain
that x(t) is Cauchy as t — t1+ and thus lim;_,;, 4+ z(t) # 0 exists. Similarly, lim; ,;,— x(t) # 0
also exists. A standard continuation argument allows x(t) to be extended to a solution z(t) for
all t € R.

(ii) The motion is contained in the plane P(x) which is spanned by initial conditions z(0)
and #(0) in central force field. O

By Proposition 2.1, we restrict our attention to x € C?(R,R?) in the rest of this paper.

Define the angular momentum of the system (1.3) as
c(x) = x(t) A z(t). (2.3)

When 2 < a < 3, Sbano and Southall proved in [21, Propositions 3.4 and 5.13] that for the
tied homotopy class (Definition 5.6 of [21]) there exists a small 79 > 0 such that the Lennard-
Jones system of N-bodies possesses no 7-periodic solution for 7 € (0, 79). Their method of [21]
also works when 0 < a < . By estimating the minimal period of periodic solutions of (1.3)
directly, we also obtain a similar result which is stated in Proposition 2.2. We omit the proof

here and refer readers to [14] for details.

Proposition 2.2 There exists a 79 > 0 such that the system (1.3) possesses no T-periodic

solutions with non-zero topological degree when 0 < 7 < 79.

3 Variational Properties of Circular Solutions and the Mountain Pass Solutions
3.1 Existence of the Circular Solution

In [16, Proposition 5], Llibre and Long gave a characterization of 7/2-antiperiodic circular
solutions of the system (1.3). In order to simplify the computations of the Morse indices of the
action functional at these circular solutions, we give an equivalent and slightly modified way to
characterize them by introducing a function p(r) for r > 0 instead of using the function @, (r)
n [16]. This method gives more explicit representations for r;(7) with ¢ = 0, 1,2 than [16] and
simplifies the Morse index computation.

For 7 >0, r > 0 and € [0, 7], we write a circular motion as

2m(t — 1 2m(t — 1
r=x,,;(t)= (rcos m( ),:I:rsin m( ))
e T T

By direct computation, we have
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Comparing (3.1) with (1.3) yields that z =z . ;(?) is a 7-periodic solution of (1.3) if and only
if r > 0 is a solution of the equation p(r) = 4;’22, where we define

o B

p(r) = rat2 T a2 Vr > 0. (3.2)

p(r) possesses a unique maximal point at

1
L _(BB+2)\r
_ 3.3
"= (et 22
satisfying p/(#) = 0. Thus p'(r) > 0 for 0 < r < 7 and p/(r) < 0 for # < r < 4o00.
As a remark, note that for the function ¢, (r) = —4:22 rP+2 4 arf~* — B with 7 > 0 and

r > 0 defined in [16, Proposition 5], we have p(r) = ¢, (r)r#=2+ 47”22. Thus r > 0 is a solution
of the equation

Q@ 0 e
p(r) = rot2 - rB+2 = 72 (34)
if and only if r is a root of ¢, (r) = 0, which is used in [16].

Let 7 = 7 be the unique positive solution of the equation p(7) = 4;;2. We obtain

. BH2 ayaym _ B+2 6(6+2)>2<73”“>
T—ZW\/Q(B_Q)T +2 2_2W\/a(ﬂ—a)<a(a+2) . (3.5)

With these preparations, we can give the following equivalent version of [16, Proposition 5].

Proposition 3.1 ([16, Proposition 5]) If 0 < a < 3, then the following results hold.

(i) When T > 7, the equation (3.4) possesses two solutions r = r;(7) with i = 1,2 satisfying
0 < r(7) < 7 < ro(7) such that the system (1.3) possesses following T/2-antiperiodic circular
solutions centered at the origin given by
27t — t;)

+r; i
, £ (7) sin .

2r(t —t;
cenion = s )
fort; € [0,7] with i =1 and 2.
(ii) For T = 7, the equation (3.4) possesses precisely one solution r = # such that the

system (1.3) possesses following 7/2-antiperiodic circular solution centered at the origin given

by

2w (t —t 2w (t —t
m( 0),:i:fsin m( 0))
T T

Tt i, (t) = (72 cos

with to € [0, 7).
(iii) For 0 < 7 < 7, the equation (3.4) possesses no positive solution and the system (1.3)

possesses no periodic circular solution centered at the origin.

Remark 3.2 For 7 > 7, comparing the constants r1(7) and r3(7) defined in Proposition 3.1

= ()

with the constant

defined by (9) in [16], we have

0< (i)ﬂa <ri(1) <7 <ro(7) <re(T) < 00, (3.6)

Note that the above third to the fifth inequalities become equalities simultaneously when 7 = 7.
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Note also that in the rest of this section, we always assume 7 > 7 as in Proposition 3.1.

3.2 Morse Indices of Circular Solutions

For (p,0) € WH2(S,,R?), we write the Fourier expansions of p and o as p = Zk>0(pke P

2kmt

pre” " )and o = Zkzo(ffke T4 Gpe i%rﬂ) with p, and o}, € C and k > 0. Then we have

S 1+ R (sl + loul) < oo}.
k>0

Next we calculate the Morse indices of the functional f. at the circular solutions using the

s 8 = {(.0)

polar coordinates. By z = re'? and & = (# + irf)e'?, the action functional (1.4) can be written

as
fr(r,0) = /OT (;(|r2 +r20%) —r P 4 r‘“) dt. (3.7)
Then the first variation of f,(r,0) at (r,0) with respect to (p, o) is given by
(fL(r,0), (p,0)) = /OT(fp + 7206 + (r6 + BrP~1 —ar—*"1)p)dt. (3.8)
The second variation of f, at (r,0) with respect to (p,o) and (§,<) is given by

(050 0.00) = [ (€0 208(e0+ p4) 1765
+ (02 - BB+ 1)r P2t a(a+ 1)r "2)pg)dt. (3.9)
We let p = 27 = § and simplify (f”(r,0)(p, o), (p, o)) to
<f4’(r, 0)(p. o), (p,0))

:/T(pz—i-r 62 4+ 4rfps + (0% — BB+ 1)r P2+ a(a+ 1)r 2 2)p?)dt
0

+oo
=72 = BB+ P24 ala+ 1)r " 2)p2 + 27 Z{T2u2k2\ak|2
k=1
+drpPkIm(poy) + (12 (K +1) = B3+ =772 + ala+ 1)r=72) |}
+oo

= Tu? Ao (r)pg + 27p4? Z{Vﬂ“ak — 2ipi|* + Aw(r)|pel?}, (3.10)
k=1

where Ay, (r) = k2 —4+ Ag(r) and Ag(r) =1 —pu=2(B(B+1)r =2 —a(a+1)r~°~2). By (3.4),
Ap(r) can be rewritten as

Ao(r):ﬁ+2+ﬂi ; ) (3.11)
and for k > 1, Ai(r) can be rewritten as
a(f —a)
Ag(r) = k? 2+ﬂ+ﬂa b_ o (3.12)

Lemma 3.3 (i) Ag(r) > 0 if and only if

1

(1)
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(ii) When 1 < a < and k > 1, Ax(r) > 0 if and only if

(BB —2)\ e
r>rk:<a(a+k2_2)) , (3.14)

. . ~ 1
where Ty, decreases when k increases and limy_, oo T, = (g)ﬁ—ﬂ .

This lemma can be obtained by direct computation. We omit it here.

Let By, = {(feiﬂ%ﬂ +&e 1 el —l—g‘e*i%%”) |€,¢ € C} for all integer & > 0. Then these
Ejs are mutually Wh2-orthogonal to each other, span W12(S,,R?), and satisfy dimg Ey = 2
and dimg Fj, = 4 for k > 1.

We decompose Eqy as Eg = E} & EZ where E} = span{(1,0)} and E? = span{(0,1)}. For
k> 1 and r > 0, we decompose each subspace Ej, as Ey = EL(r) & EZ(r) where

s 2kmt s 2kmt

E(r) ={(0,ce"~" + G ) € By},

i 2kmt knt s 2k s2kmt

E%(r)={(fe‘ T4l e 4 e ) € By

¢ = Z{g € cc},

and then dimg F} (r) = dimg EZ(r) = 2.

Lemma 3.4 (i) For k # j, Ey and E; are f!(r,0)-orthogonal. For given k > 0 and r > 0,
Ei(r) and Ei(r) are f!(r,0)-orthogonal.

(ii) E2 C ker f”(r,0) holds.

(iil) If the radius of the circular solution r satisfies r > to, f/(r,0) is positive definite on
E}; if r < o, f(r,0) is negative definite on EL; if r = o, Eo C ker f(r,0).

(iv) When 1 < a < B and k > 1, if r > 7, f/(r,0) is positive definite on Ey; if r < 7,
I2(r,0) is positive definite on E}(r) and is negative definite on Ez(r); if r = 7x, f/(r,0) is
positive definite on EL(r) and EZ(r) C ker f/(r,0).

Proof By (3.9), one can directly verify that (f”(r,0)(&k, k), (§5,55)) = 0 where (&, k) € Ex,
(&j,5;) € Ej with k # j. Similarly, E}(r) and EZ(r) are f/(r,0)-orthogonal by (3.9). This
yields (i) of this lemma.

Since Ey is f!(r,6)-orthogonal to Ej, for k > 0, we have (f”(r,0)(0,1), (&, <)) = 0. Ad-
ditionally, (f”(r,0)(0,1),(1,0)) = 0 and {f/(r,6)(0,1),(0,1)) = 0. Then we obtain (ii) of this
lemma. Note that EZ C ker fZ(r,6) corresponds to the degeneracy caused by the S -symmetry
of f. ().

Suppose (p,0) = (po,00) € Ey where pg, 00 € R. (3.10) can be simplified to

<f-:—l(rv 9) (va Uo), (p07 00)> = TMQAO(T)pg' (3'15)

If Ag(r) > 0, f,(r,0) is positive definite on E} C Ep; if Ag(r) < 0, f-(r,0) is negative definite
on E} C Ey; if Ag(r) =0, Eg C ker f/(r,0). Applying (i) of Lemma 3.3, we obtain (iii) of this
lemma.

j2mk _j2mkt

Suppose (p,0) = (pkei%rkt + [)ke*i%rkt,ake S ) € E}, where pg,o0r € C. (3.10)

can be simplified to
(7 (r.0)(p, 0), (p,0)) = 2rp*{|kroy — 2ip[* + Ax(r)|pe[*}- (3.16)

If Ag(r) >0 for k> 0, f(r,0) is positive definite on the whole subspace Ej. If Ax(r) <0,
f2(r,0) is positive definite on E}(r) and negative definite on EZ(r). If Ax(r) = 0, f/(r,0) is
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positive definite on the subspace E}(r) and Ef(r) C ker f//(r,0). Applying (ii) of Lemma 3.3,
we obtain (iv) of this lemma. O

Because the functional f; is O(2)-invariant, the Morse indices at the circular solutions in the
same O(2)-orbit are the same. Thus it suffices to compute the Morse indices for the following
circular solutions of (1.3) in Proposition 3.1,

2mt 2rt
x;(t) = (ri(r) coS T ,1;(T) sin T ),
T T

for i = 0,1 and 2 with 7o(7) = # in (ii), and r1(7) and 73(7) being given in (i) of Proposition 3.1.
Denote the Morse index and nullity of f; at x; by i(x;) and v(z;) for i = 1,2 respectively.
Forkzland1<oz</6’,wedeﬁne7',f by

4 27 3oF2(3 4 k2 — 2)B+2 2(Fma)
T8 T /8= a\af2(a + k2 — 2)a+2 '

One can directly verify that 71# > 7'2# =7 and T]# > ’7';# if j >k>2.

(3.17)

Proposition 3.5 When 7 > 7 and 8 > a > 1, the following conclusions on the Morse index
i(z2) and nullity v(z2) of fr at xo hold.
(i) When T > 7, the Morse index i(x2) and nullity v(zs) satisfy

i(rx2) =0 and v(zry)=1. (3.18)
(i) When 7 = 77", the Morse index i(22) and nullity v(zs) satisfy
i(x2) =0 and v(xy)=3. (3.19)
(i) When 7 < 1 < 7'1#, the Morse index i(x2) and nullity v(xs2) satisfy
i(z2) =2 and v(zr)=1. (3.20)
Proof By (3.6) and (3.14), we have ry > # = 79 > 7, for all k¥ > 2. Then by Lemma 3.4,
fZ(re,0) is positive definite on E} @ (Dy>o Ex) and E2 C ker f/(rq,0).
By p(r) = ar~®~2 — Br="=2 we know that ro > 7, if and only if

. a2 pa—f-2 4m
p(71) = ary — By > p(ra) = Ry (3.21)
By solving the inequality (3.21), we obtain that ro > 71 is equivalent to

o bz 2T (ﬂ““(ﬁ - 1)[’*2) 2("1’")7 (3.22)
VB —a\alt2(a—1)o+2
when 3 > a > 1.

By Lemma 3.4, if 7 > 7, f/(ry,0) is positive definite on Ejo (@B, Er) and ker f/(r2,0) =
EZ2. Thus, the Morse index and the nullity of f,(z2) satisfy i(z2) =0 and v(xy) = 1. These
yield (i) of this proposition.

By Lemma 3.4, if 7 = 777, Ay(ry) = 0. This yields f/(rs,0) is positive definite on E} &
Ei(ra) ® (By>o Ex) and ker f(rq,0) = E§ ® Ef(rs). Thus, the Morse index and the nullity of
fr(z2) satisfy_i(xg) = 0 and v(z2) = 3. These yield (ii) of this proposition.

By Lemma 3.4, if # < 7 < 77, f(ry,0) is still positive definite on E} & EL(ry)® (Dr>2 Ex),
is negative definite on E?(ry) and ker f”(re,6) = E3. Thus, the Morse index and the nullity of
fr(x2) satisty i(xz2) = 2 and v(z2) = 1. These yield (iii) of this proposition. O
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Proposition 3.6 When 7 > 7 and 8 > a > 1, then the following two conclusions on the
Morse index i(x1) and nullity v(zq) of fr at x1 hold.

(i) When 1 € (7']#, Tfil) for some j > 2, the Morse index i(x1) and nullity v(x1) satisfy

i(r1)=2j+1>5 and v(r)=1. (3.23)
(ii) When 7 = T]# for some j > 2, the Morse index i(x1) and nullity v(x1) satisfy
i(r1)=2—1>5 and v(x)=3. (3.24)

Proof By (3.6) and (3.14), we have r; < # = 73 < #; when § > a > 1. By Lemma 3.4, /(1)
is negative definite on E} & E?(r1) & E3(r1).

When j > 2, Ag(r1) < 0 for all £ < j and Ag(r1) > 0 for all k > j + 1 is equivalent to
Fj41 < r1 < 7; . This is equivalent to p(7;11) < 4:;2 = p(r1) < p(#;). By direct computation,

we obtain 741 <7 < 7; if and only if
# #
T < T <7y, (3.25)

where 77 is defined in (3.17).

J

By Lemma 3.4, if 7']# <7< Tfj_l fpr j > 2, f’(r1,0) is negative definite on E} @
(D, Ei(r1)), is positive definite on (@, B (1)) © (Bj;11 Ej) and ker f7(r1,0) = Ej.
Therefore, we obtain Morse index and the nullity of f,(x1) satisfy i(z1) = 2j+1 and v(x1) = 1.
Then we obtain (i) of this lemma.

By Lemma 3.4, if 7 = T]# for some j > 2, the kernel of f”(ry,0) is ES@EJZ(H). Furthermore,
f2(r1,0) is negative definite E} @ (@i;ll E2(r1)) and is positive definite on ( i:l El(r)) &
(Dr>j+1 Ej)- These yield the Morse index and the nullity of f-(z1) satisfy i(z1) = 2j — 1 and
v(xz1) = 3. Then we obtain (ii) of this lemma. O

Remark 3.7 For the case of j = 2 in (ii) of Proposition 3.6, i.e., when 7 = 7 = 7'2#, we
have £1 = x2 = T4 74, Where x4 ;, is defined in Proposition 3.1. We can proceed a similarly
calculation as in (ii) of Proposition 3.6 and obtain that the Morse index i(z4 7 4,) and nullity

V(x4 5 4,) satisfy
W(Triy) =3, and v(xgse) =3

3.3 Application of the Mountain Pass Theorem

This subsection is devoted to the proof of the existence of a mountain pass solution of the
system (1.3). We define the subset A, of X, = W12(S, R?) by

A ={ze X, |z(t) € K.Vt €[0,7] and deg(zx,0) # 0},

where K. = {0} is the singular set of the system (1.3), and deg(z,0) is the winding number of
x = x(t) with respect to the origin. We use the convention deg(x,0) > 0 if x winds counter-
clockwise with respect to the origin, and deg(z,0) < 0 if 2 winds clockwise with respect to the
origin.

Theorem 3.8 For every 1 < a < 3 and

#_ <6°‘“(6 - 1>ﬁ+2> =

T>T1 = aB+2(o — 1)o+2
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which is defined in (3.17), there exists a smooth T-periodic non-circular solution x = x(t) of the
system (1.3) with deg(x 0) =1.
Proof Fixar > 7. Let zy = x ra(7),0(t) be a circular solution with |z3(t)| = 72(7) given
by (i) of Proposition 3.1. We continue the proof in six steps.
Step 1  Properties of f. near S; - xs.

By (i) of Proposition 3.5, S, ~x2 forms a strict local minimal non-degenerate critical manifold
of fr in X; by the condition 7 > 7'1 Welet x_ o = x_ ,,(7),0(t) defined in (i) of Proposition 3.1
Since z2 and z_ » have different topological degrees 1 and —1 respectively, S, 22N S;-z_ 2 =10

fr(m2) = /0 (;V@(”z * |x2(1t)\a - |x2(1t)ﬂ)dt
>/ (ml o x2<1>|ﬁ)dt
(1 ) (3.26)

By (i) of Proposition 3.1, (3. 3) and , we obtam

ro(T) > 7 = (gggig)sla > 1.

Therefore the right hand side of (3.26) is positive and we obtain
fr(z2) > 0. (3.27)

For any A > 0, let Ny (S; - z2) = {x € X, |dist(x, S; - x2) < A}, where we let dist(z, A) =
infyea ||z — y|; for any subset A C X,.

For the given 7 > 7'1#7 we have Ag(rg) > 0 for all £ > 0 because of Lemma 3.3. By (3.15)
and (3.16), there exists a constant C; > 0 such that for any (p,0) € E} @ Ei(r2) ® Ea(rs)

satistying [|(p,0)[ly = 1, (f7(22)(p, o), (p, o)) = Cy holds.
2kt 2ot ; 2kt -2kt

For k > 3, suppose (p,0) € Ep(ry) with p = €el™7 +&e "7 o =¢el 7 +3G 17 and
[(p,o)||1 = 1. Note that

holds. Here we have

;k2r§|§|2 + 8¢|* — 4kroImés > 0.
By (3.16), the facts ro(7) > 1 and A;(r2) > 0 and direct computations, we have
(f7 (@2)(p,0), (p, o)) = 274> {[krac — 2i€[* + Ax(r)[€]*}
> 2y LRI = 4l + ()l + (4 - 1)

> rp (R[] + (K - 5)[¢[*}

2012
s+ 1y 202+ 1P + 15}
> 27”2.
- 10

Due to the f(z2)-orthogonality among Ej(r2), there exists Cy > 0 such that

(2 (22)(9r0). (0.0)) = Call(pr ) ¥(pro) € Y = Eb e (@Ekvg)).

k>1
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Due to the invariance of f, under S, action, f/(x2) = 0, and the above positivity of f/(z2) in
Y which is transversal to the orbit S; - 2, we obtain some A > 0 sufficiently small and an n > 0
such that

fr(x) > fr(z2), VaeNa(S;-z2)\Sr-x2, (3.28)
fr(@) > fr(z2) + 1, Vo€ INA(S: - z2). (3.29)

Step 2 The mountain pass value of f.

For € > 0 we define y. = exy € A,. Because

PN L P B
0= (fr(z2),22) /0 ( 2(8)] Ixz(t)|“+|$2(t)|ﬁ>dt’

0= [ (GHOF+ e )
1 1
/< (m o mfw)+ea|x2<t>a‘eﬁ|wz<t>|ﬁ)dt

(2 <7“2(T) - T2(€)5> " 60‘7“21(7)“ - 657“21(7)5)'

Because 1 < a < 3, we have

we obtain

B

1 1
€rg(T)®  €ePry(r)B

Therefore we can fix an €y € (0,7) sufficiently small such that

Fr(ye,) < 0. (3.30)

— —o0, ase— 0.

We define the path set ' by

I'={y e C([0,1], A+) [¥(0) = 2, Y(1) = e, }- (3.31)

Let v(s) = (1 — s)za + sy, = (1 — s+ seg)x2 for every s € [0,1]. Then ~(s) € A, for s € [0, 1],
~v(0) = x2, and y(1) = €pz2 = Ye,- Thus vy € I' and T" # 0.
Now we define

— inf : . 3.32
o= inf max fr(v(s) (3.32)

Here by (3.27) and (3.29), we have
k> fr(x2) + 1> fr(z2) > 0. (3.33)

Step 3  f; satisfies the (PS) condition on A, at every f.-level x # 0.

As usual, a sequence {Z,,},>1 C A, satisfying f,(Z,,) — x and || fL(&,)]l1 — 0asn — +oo is
called a Palais-Smale (PS) sequence in A,. The functional f;(z) is called to satisfy the Palais—
Smale condition (PS) in A, if every (PS) sequence {Z,}n,>1 C A, possesses a convergent
subsequence in A,.

Note first that because the L-J potential function U in (1.3) satisfies the conditions (V2)
and (V3) on p.210 of [9], the first part of the proof of on [9, Lemma 3, pp.211-212] can be
applied here for us to get that every (PS) sequence {Z,},>1 C A, is bounded, and thus contains
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a subsequence, which is still denoted by {&,},>1 below, which converges to some & weakly in
W12(S,,R?) and strongly in C(S,,R?).

If #(t) = 0 for all ¢, then sup,cg_|Z,(t)| — 0 as n — oo which contradicts the boundedness
of f;(Z,) and the boundedness ||Z,||1. Therefore there exists a ¢ty € S, such that Z(¢g) # 0.

Now we assume {t € S;|Z(t) = 0} # 0. By the existence of the above t; the set {t €
S-|Z(t) # 0} is a non-empty open subset of S.. Consequently there exists a non-trivial open
interval (¢1,t2) with ¢t1 < to such that tg € (t1,%2), &(t) # 0 for all t € (¢1,12), and &(t1) =
Z(t2) = 0.

For any compact subinterval I C (t1,t2), let ¢ € WOI’Q(I, R?), and then 1 can be extended
trivially to a function in X, i.e., set (¢) = 0 for all t € S \ I. Then because {#,} is a (PS)
sequence and converges to & weakly in X, and strongly in C(S,, R?), we obtain

/(:‘m/} — VU (&) - )dt = 0.
I
Then Z is a classical solution of (1.3) on I by the theory of calculus of variations.

Consequently & is a classical solution of (1.3) on the open interval (t1,¢2). But then it
is a classical solution of (1.3) on [t1,t2] by Proposition 2.1. This contradicts the assumption
Z(t1) = Z(t2) = 0. Therefore the set {t € S, |&(t) = 0} must be empty and & is a classical
solution of (1.3) on S;.

Now by the part (ii) of the proof of Lemma 3 on [9, p.213], {z, } converges to & strongly in
A, i.e., the (PS) condition holds.

Step 4 The existence of mountain pass solution when > 2 and 1 < a < f3.

When 8 > 2 and 1 < a < (3, the potential U(z) satisfies the strong force condition ([10, 21]).
If x satisfies f-(x) = k, we have that x € A.. Note that by the strong force condition,
the classical deformation flow ([6, 20]) pushes elements in A, into A, ([3, Proposition 1.17]).
Therefore « is a critical value of f.. Let x = &(t) be a critical point of f. corresponding to k,

which is a classical solution of (1.3) in A, by Step 3.

Step 5 The existence of mountain pass solution when 1 < a < 3 < 2.

When 1 < a < 3 < 2, the potential U(x) does not satisfy the strong force condition any
more. We further require ¢y < 1 given by (3.30). Inspired by [3], we define the perturbed
potential by

1 1 0

Us(e) = UG) + g(lal) + () (3.31)

N
where 0 < § < 1 and g(r) € C*([0,+00),R) such that g(r) =1if r < ¢, g(r) =0if r > ¢ and
g (r)<0ifre(9,%). Note that Us(z) € C*(R?\ {0}, R) satisfies the strong force condition
for any 0 < 6 < 1 and lims_o Us(z) = U(x) for z € R?\ {0}.

For x satisfying 0 < |z| < %, we have

0<U(zeo) <Ulx) <Us (x) <Us,(x) < Ur(), (3.35)

where Teo | = & and 0 < §; < 62 < 1. The first and the second inequalities of (3.35) hold
because U (x) is monotonically decreasing in |z| when 0 < |z| < ¢ < 1 and U(x) = 0 if || = 1.

The third to the fifth inequalities hold because of definition of Us(z).
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We calculate (VUs(x),z) and obtain

(VUs(a).) = (VU(@).2) +/ () = alla) - (3.36)
For z satisfying 0 < [z < %, we have
(VUL (z),z) < (VUs,(2),2) < (VUs, (2),2) < (VU(z),z) <0, (3.37)

where 0 < §; < d2 < 1. The first to the third inequality of (3.37) hold because ¢'(r) < 0
when r € (9, %) and ¢'(r) = 0, g(r) = 1 when r € (0, 7). The last inequality holds because
(VU(x),z) = 7‘zﬁ|5 + 4] < 0 when lz] < .

When [z > <, we have g(|z|) = 0, Us(xz) = U(z) and (VUs(x),z) = (VU (x),z) for every
0<d<1. By (VU(z),z) — 0, U(xz) — 0 as |x| — oo, there exists an Ny sufficiently large such
that 0 < [(VU(z),z)] <1 and 0 < |U(z)| <1 when |z| > No. When ¢ < |z| < Np, both U(z)
and (VU(z), ) are continuous. This yields that there exist ¢;, where i = 1,2, 3,4, such that
1 <U(z) <c¢gand ¢35 < (VU(x),x) < ¢q. Then for every 0 < § < 1, we have

min{cy, —1} < Us(z) = U(z) < max{eg, 1}, (3.38)
min{cz, —1} < (VUs(x),2) = (VU(z),z) < max{cq, 1}, (3.39)

when [z| > . Note that ¢; and € are independent of § where i = 1,2, 3, 4.
The perturbed action functional is defined by

Fro) = [ (1P - Uste) )t (3.40)

Then fr5 € C*(A,R) and f-(z) = frs(2) if mingeg, |z(t)] > . Since |z2(t)] > |ye, (t)| =
€0 > ¢ for all t € S7, both the Morse index and the nullity of the action functional fs(x) at
the circular solution x5 are the same as those of f;(x) at z2, and fr.5(Ye,) = fr(Ye,) < fr(x2) =
fr.s(x2). Then the discussion of f; in Step 1 to Step 4 are still valid for f; 5.

The critical value k(0) is defined by

= 1 f *
k() = inf Jnax, frs(2(s)), (3.41)

where T is still defined by I' = {y € C([0, 1], A.) | v(0) = z2, v(1) = y., }- By Step 1 to Step 4,
for each 0 sufficiently small there exists an x5 € A, satisfying f; s(x5) = k() such that x5 is a
critical point of f; 5.

We define & = max,¢[o,1) fr,s(s72 + (1 — 8)ye,) and £ = fr5(x2) > 0 where both £ and &
are independent of ¢ by the definition of xa, y, and Us(z). (3.41) indicates that

0 <k < k() <E. (3.42)

Note that |¢5(t)|? > 0 and (3.42) yield — [ Us(xs)dt < k. Since xs is a critical point of
fr5(x), we have that (f. 5(x5), z5) = 0, i.e, [) [is|*dt = [ (VUs(x5),x5)dt. This yields

Frston) = [ (glaal? ~ Us(as) )

1

=, /OT((VUg(x(;),xg) — 2Us(xs))dt

1
= oL+l +1y), (3.43)
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where we define

I

/ (VUs(s), 25) — 2Us(s))dt;
{teSrilzs ()| > 9}

I

/ ((VUs(x5), 25) — 2Us(5))dt;
{teS; P <|zs (1)<}

I3 = / ((VUs(x5), x5) — 2Us(xs))dt.
{te€S 3]s (1)<

By (3.38) and (3.39), we have (VUs(x),x) < max{cq,1} and Us(x) > min{c;, —1} when
lz(t)] € [§,+00). Then
n-f (VUs(as). ) — 25 (s))dt < . (3.44)
{teSr;las ()= 9

where Cy = 7(max{cg, 1} + max{—2c¢;,2}) > 0 is a constant independently of §. By (3.35)
and (3.37), (VUs(z),2z) <0 and Us(x) > U(z <) > 0 when |z(t)| € (7, T ). Then

I, = / (VUs(x5), 25) — 2Us(24))dt < 0. (3.45)
{tes ;P <lzs(®)|< P}

Ty 4

By (3.42), we have that I3 has a lower bound independently of 6 namely Is > 2x — Cj.

Iy — / (VUs(xs), 28) — 2Us (w5))dt
{teS-ilzs(H)|< P}

_/ <_6+a_46_2+2_26>dt
{18 3]s (1) < P N N N el

2 1 1 65 1
=(a+2)/ (—ﬁJr s 4>dt
{teS,3lzs (1)< a+2zf "zl o+ 2zl

< (a+2) / —Us(zs)dt. (3.46)
{teS;lzs (1)< T
It yields that
2k = C
/ —Us(as)dt > <" L (3.47)
{teSrla(n]< P} a+2
By (3.35), Us(xz) < Ui(z) when ¢ < |z| < . Since U;(x) is monotonically decreasing along

the radial direction when ¢ < [z| < ¢, we have Us(x) < Ur(z) < Ur(x< ) where = 9.

When ¢ < |z| < oo, by (3.38), Us(x) = U(xz) < max{cy, 1} holds. Then we have that
Us(x) < Cp = max{cp,1,U1r(z <)} and Cz > 0 independently of § when [z > 9. Then

X <o
4

/ —Us(xs)dt > —7Cs. (3.48)
{teS;lzs (1)[> 7}

By (3.48) and (3.49),
2K — Cl

3.49
a+2 ( )

/ —U(;(l‘g)dt > —7Cy +
0
independently of 4.

By (3.42) and (3.49), ||s||r2 has an upper bound independently of §. Note that ||zs|| 2
must be bounded independently of §. Since for any 0 < t; <ty < T,

=t0) [ lastoan > ( / aba(t)dt)z  fes(t) — as(t)P%,

t1
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we have

| maxas(t) — min a5 ()] < V75l e (3.50)
If there exists a sequence {d;} satisfying d; — 0 as i — +oo such that ||zs,| L2 — 0o as i — 0.
Then by (3.50) and the boundedness of ||Z5||12, we obtain |zs, ()] — oo as i — oo uniformly
for all t € S-. This yields that both Us(zs) and (Ug(xs), zs) tends to 0 as § — 0 uniformly for
t €[0,7]. By (3.43), when § — 0, we have

fm;(x(;) = ; /OT((VUg(x(;),iL'(s) - 2U5(£L’5))dt — 0. (3.51)

This contradicts (3.42).

When § is sufficiently small, ||x5]|1 are bounded independently of 6. Then we can choose a se-
quence {zs,}3°, such that {zs, }2, converges weakly in W2(S,, R?) and strongly in C(S,, R?)
to some & € A, as §; — 0.

Assume {t € S;|Z(t) = 0} # 0. There exists at least a tog € S, such that £(¢o) # 0.
If not, for any e sufficiently small there exists a ¢’ > 0 such that maxegs, |25(t)] < € when
0 < 0 < &. Then minseg, Us(x5(t)) — 400 as § — 0. This contradicts that — [ Us(xs)dt is
lower bounded independently of ¢ given by (3.49). Thus there must exists a non-trivial open
interval (tg — €, to + €) such that £(t) # 0 when t € (to — €,to + €) and Z(to — €) = Z(to +¢€) = 0.
We proceed the computations as in Step 3 and obtain that & is a classical solution of (1.3)
on the open interval (¢, — €ty + €). By Proposition 2.1, & is a classical solution of (1.3) on
[to —€, to+ €] which yields a contradiction. Then {¢t € S;|Z(t) =0} = 0 and & € A, is a classical
solution of the system (1.3).

Step 6 Morse index and the topological degree of the mountain pass solution.

Because f-(£) =k > fr(x2) = fr(x_2), we obtain & & (S; - x2) U (S - z_2). On the other

hand, by results of Hofer in [11] or Tian in [24], the Morse index (&) of f, at & satisfies

i(&) < 1. (3.52)

By Proposition 3.6, the Morse indices of f. at every solution of (1.3) in S, - z1 is at least 5.
Therefore & cannot be a circular solution of (1.3).
Note that deg(#,0) = 1 holds, because Z is in the connected component of A, containing

x9 and deg(zx, 0) is locally constant in A,. This completes the proof. O

Remark 3.9 (i) The condition a > 1 is used only in the definition of 7, which is not used
in the above proof of the (PS) condition.

(ii) In this section, we have understood the variational properties of the circular solutions
and used the mountain pass theorem to find one non-circular solution with topological degree 1.
These variational properties will be useful in the later studies of the N-body problem of the
Lennard-Jones potential. The circular solutions and the mountain pass solutions are certainly

special cases of the solutions found in Section 5 below.

4 Zero Angular Momentum Solutions

We introduce the polar coordinates by setting

a(t) = r(t)e®, (4.1)
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and the system (1.3) is rewritten as

n 12 B o -
F=rl*— G+ e =0,

(4.2)

where ¢ is the angular momentum of the solution z(t) of (1.3). When ¢ = 0, the system
degenerates to a 1-dimensional problem and the topological degree of the solution is zero; when
¢ # 0, the solution is planar and the topological degree of the 7-periodic solutions are not zero.
In this section, we study the degenerate case. The study on the non-zero angular momentum
case is discussed in the next section.

If the angular momentum ¢ = 0, (4.2) degenerates to

. B a
L +r°‘+1 = 0. (4.3)

We define the potential U(z) in one dimension by

1 1

V(T) = T'ﬁ - T'O"

where r € RT. V(r) attains its global minima at

A
r_(a> .

Let 7 min and 7p max be the two solutions of V(r) — h = 0 where V() < h < 0 and 7j min <
7 < T max- Then we can state following standard results of the one dimension system of (4.3).
By x(t) = r(t)el% for some fixed 6y, the solution of (4.3) is equivalent to the solution of (1.3).

Theorem 4.1 (i-1) Suppose 0 < a < B. Then for every h € (V(7),0) and 0y € [0,27), the
given energy problem

B(t) = =VU(x(t)),
H(z(t),4(t)) = h, (4.4)
a(r) =x(0), @(r) = (0),

always possesses a periodic oscillating line solution (T, ) such that x(t) = r(t)el% with r = r(t)

being a periodic solution of (4.3) possessing energy h, and the period T = 7(h) is given by

Th,max 1
7(h) =2 /Th:mm \/2(h B V(r))dr, (4.5)

which is finite, positive, and depends on h continuously.
(i-2) limy,_,g- 7(h) = 400 holds.

(1—3) hth*ﬂ/(f)Jr ’T(h) = \/53‘; = \/ﬁ(ﬁ (ﬁ)2(%t20) holds.

(i-4) There exists a constant Tos = Tos(a,ﬁ) € (0, \/5:(7:)] such that 7(h) > Tos for any
h € [V(7),0), i.e., Tos > 0 is the mazimal value such that there exists no T-periodic oscillating
line solution for every T € [0, Tos)-

(i-5) For any given T > Tos and 6y € [0, 2m), there exists a T-periodic oscillating line solution
z(t) = r(t)e!% possessing energy h such that T(h) = 7.

(i) For h = V(7) and 0y € [0,2), 2(t) = 7el% fort € R is a constant solution z.. of (1.3).
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(iii) For h < V(7) and 0y € [0,27), the system (1.3) possesses no solution.

(iv) For h > 0 and 6y € [0,27), z(t) = r(t)e!% fort € R must be a non-periodic line solution
of the system (1.3) and the system (1.3) possesses no periodic oscillating line solutions.

Since the system degenerates to a 1-dimensional problem, we can get these results by direct
computations. Readers are referred to [2] and [15] for outlines of proof. The detailed proof can
be found in [14].

Remark 4.2 We also calculate the Morse index i(x.) and nullity v(z.) of f, at the constant

solution z. of (1.3) viewed as a 7-periodic solution and obtain

. Loif ] \/Bfﬂw
i(xe) =14+20_- and v(z.) = (4.6)
3, 1f g \/'Brsu

where

0— = Q(l‘c)—maX{jENU{O}’j< \/ﬁrﬁm } (4.7)

We refer readers to [14] for details of the proof.

Remark 4.3 (i) Using the method of Remark A.9 and 1° of Lemma A.10 of [17], it can be
proved that 0 < 745 < éf’/(m
he (V(7),V(F)+6). Let hos = V(7) + 6. We tend to believe that 7(hes) = Tos holds, and also
that 7(h) is strictly increasing for h € [hos,0). Namely, 7(h) changes monotonicity only once
on (V(7),0).

(ii) Note that for every 7 > 0, Ambrosetti and Coti Zelati found a 7-periodic solution of (1.3)

and there exists 6 > 0 such that 7(h) is strictly decreasing for

with 4 > 2 in Theorem 9.1 of [1] via the mountain pass theorem. Proposition 2.2 and (i-4)
of Theorem 4.1 show that when 7 is sufficiently small, this 7-periodic solution of (1.3) found
in [1] must be a constant solution (also [1, Remark 9.5]). By the same reason, when 7 € (0, 7.),
Theorem 3 with h = 0 in [22] yields also only constant solutions of the system (1.3).

B+2
(iii) When 7 > \/ﬁ(Qg a)(g)z(ﬁ—a)7 by our Remark 4.2 a constant solution x possesses

Morse index i(z) > 3 and thus cannot be a mountain pass solution. Then the 7-periodic
solution of (1.3) found in [1] must be a non-constant solution. It is interesting to understand
how this non-constant solution behaves, whether it is still an oscillating line solution, and how

the transition happens from constant solutions to non-constant solutions as 7 increases.

5 Non-zero Angular Momentum Solutions

Since every solution = x(t) of the system (1.3) is free from collision with the origin, r = |z(¢)|
is never 0 if it is not initially. In this section, we always assume c # 0. By (4.2), we may justify

the change of the variable from ¢ to 0 as

d dod c d
1
At~ dtdd  r2df (5-1)

and obtain

Cd(Cdr>—62— gy (5.2)

r2do \ r2 do r3  pBtl | patl
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Let u = i # 0 and uy = —?}2 rg, and (5.2) is written as

d
—cu? gt~ Aud — puPtt + auttt =0,

ie.
1
ugg +u + 2 (BuP~t —au*"1) = 0. (5.3)

We define the effective potential F(u,c) by
1, 1

1
F(u,c) = 2u2 + 2% c2u°‘7
where u > 0 and c is the angular momentum defined in (4.2). In rest of this section, when the
angular momentum c is fixed, we write F(u) instead of F(u, c), write F’(u) instead of 27 and
write F"(u) instead of gif; , if it does not cause any confusion.
For any fixed ¢, the Hamiltonian function of the system (5.3) is
- 1
H(’LL, ’ILg) = 9 |’LL0|2 + F(U, C)
1 on 1o, 1 45 1,
:2|u9| —|—2u —|—C2u - 22U (5.4)
The Hamiltonian energy of (2.1) are related with the Hamiltonian energy of (5.3) by
H(z,4) = ¢ H(u,ug). (5.5)

Proposition 5.1 Suppose F(u) attains its critical value at ug > 0 for some given angular
momentum c. The system (5.3) possesses a constant solution u(f) = ug for all 6 € R. Corre-
spondingly, the system (1.3) possesses a circular solution
1
z(t) = = (coswt,sinwt), (5.6)
Ug

where w = cu3.

Proof Since ugg = —F'(ug) = 0, u(f) = ug for all § € R is a constant solution of the

system (5.3). Because the angular momentum c¢ satisfies ¢ = |2|20, we have § = cu2. Thus the

1

u? x(t) is a circular periodic solution given by

period of z(t) is 7 = 02;; Since |z| =
0
1 .
z(t) = = (coswt,sinwt),
Uo
where w = cu3. O
If u is a solution of (5.3), its Hamiltonian energy h satisfies h = H(u, ug). This yields that
d
o = + “ . (5.7)
V2(h = F(u,c))

Integrating both sides of (5.7), let

w2 du
Ol ) = /u V2(h = F(u,c)’ (5:8)

where u; and wus are two different solutions of F(u,c) = h satisfying F(u,c) < h when u; <

u < Ug.
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Proposition 5.2 For given angular momentum ¢ and h = H(u,up), suppose u; < u < ug
satisfy F(u,c) < h = F(u1,c) = F(ug,c), then there exists a periodic solution u(6) with energy
h, period 20(h,c), minu(0) = uy, and maxu() = uy. If H(Z’C) is rational, u(6) corresponds
o - . i 0(hic)
to a periodic solution x(t) of (1.3); if ™
solution x(t) of (1.3) with two frequencies at the ratio

is irrational, w(6) corresponds to a quasi-periodic
9(1’0), More precisely, if u(0) is a periodic
solution of (5.3) and 9(};’0) = g with (p,q) = 1, the corresponding configuration path of x(t)
in R? possesses the topological degree q with respect to the origin and achieves the mazimal

distance to the origin p times.

Proof  For such given ¢ and h, from the standard ODE theory, the solution u(0) with «(0) = uy,
ug(0) = 0 is periodic and satisfies min u() = u; and maxu(f) = ug, with period 26(h, c).

We express the configuration path z(t) € R? of a solution to (1.2) in the form of the
parametric equation with the parameter 6 as

z(0) = cos f,sin ). (5.9)

o
u(0)
The motion of u(f) is oscillating between u; and uy. The motion of z(¢) is in the region of the

1
uy

O(h,c) of u(f) is the angle of x in R? between consecutive

annulus whose the outer radius |x| = | and the inner radius are |z| = ulz. The half period

! and ull. If 20(h, ¢) dependents

Uz
rationally on 2w, i.e.,

. - o u2 du
p.ﬁ_e(h, ) /u1 V2(h = F(u,¢))’

where p and ¢ are co-prime positive integers, () is a closed path of the system (1.3) in R?

where p is the number of times of |x(0)| realizing ull or 1}2

(5.10)

in one period and q is the topological
degree of the orbit x(f) with respect to the origin in one period.
If 0(h, c) satisfies

“2 du
wer = 0(h,c) = /u o+ ey (5.11)

where w is irrational, then z(¢) is a quasi-periodic solution and orbit of x is dense in the annulus
of R2. a

Remark 5.3 Let u(6) be a periodic solution of (5.3) with H (u,ug) = h, whose period is given
by 26(h,c). Let 0(t) be the solution of

Clearly
Ot +T)=0(t)+20(h,c), VteR, whereT =min{t>0]0(t)=20(h,c)} >0.
From (5.1) and the definition of u(6), if we identify R? with C,

x(t) = L 90 (1) = e(iu(0(t)) — ua(0(t)))el?® (5.12)

is a solution of (1.3). The orbits of its all phase rotations (e'%x(t), e’ (t)) foliate the invariant
torus T(h,c) = U(T?) of (1.3), where T? is the standard 2-dimensional torus with period 27
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and ¥ : T? — R? x R? is given by

U(s1,82) = (uw(isl)),c(iu@(;sl)) — ug (9(;51»>)ei(sz+5(£;s1>>,

where 0(t) = 0(t) — 29(;“6)t is T-periodic. In terms of ¥ we can write

(2(t), #(t)) = © (217}5 29(1}2’ °) t).

If G(Z’C) is irrational, this solution is quasi-periodic with two frequencies at the ratio 0(};’6).

Finally we note that the invariant torus T(h, ¢) is actually the intersection of a level surface
of the energy and a level surface of the angular momentum of (1.3). We refer readers to [4]
for discussions on solutions of (1.3) on such surfaces with constant Hamiltonian energy and

constant angular momentum.

Corollary 5.4 For given ¢, if the range of 0(c,h) has a non-empty interior, then the sys-
tem (5.3) possesses infinitely many periodic solutions. Correspondingly, the system (1.3) pos-
sesses at least countably many periodic solutions with arbitrarily large topological degree and

uncountably many quasi-periodic solutions with constant angular momentum.

Proof For a given constant ¢, if the range of 6(h,c) contains an open interval I, there are
countably many rational numbers Z € I satisfying ¢ and p are co-prime integers, i.e., (¢,p) = 1,
such that (5.10) holds. Different such fractions ! correspond to different solutions of (5.3). By
Proposition 5.2, (1.3) possesses at least countably many distinct periodic solutions with distinct
energy. Furthermore, ¢ can be arbitrarily large in the interval 1. This indicates that the degree
of the solution of (1.3) can be arbitrarily large.

Similarly, if the range of 0(h,c) contains an open interval I, there are uncountably many
irrational numbers w € T such that (5.11) holds. This implies that the system (1.3) possesses

uncountably many quasi-periodic solutions. O

Proposition 5.5 If there exists some uy > 0 such that h = F(up) > 0, F'(u) > 0, and
F(u) < h for all u € (0,uyp,), then there exists a solution u = u(0) of (5.3) satisfying u(0) = uy,
and H(u,up) = h. Furthermore, the solution u(f) ezists only on the open interval (—6y,60y)
for some 0y > 0 such that u(f) converges to 0 when 0 converges to £6y. This solution u =
u(0) corresponds to an asymptotic solution © = z(t) of the system (1.3) given by (5.12) with
asymptotic angle 20y and mingeg |z(t)] = ulh.
Proof Extend F(u) as an even function. Then h = F(up) = F(—up) > 0, F'(un) > 0,
F'(—up) < 0and F(u) < hfor all u € (—up,up). Note first that the energy equation H (u, ug) =
h > 0 defines a closed curve in the (u,ug) space U around the origin (0,0) € U if we allow
u € R, and this curve defines a periodic solution u = u(6) of (5.3). Without loss of generality,
we suppose 4(0) = up, > 0. By (5.4), this curve is symmetric about the u-axis and u(0) = u(—6)
and ug(—0) = —ug() hold for all > 0. Thus there exists a unique §y > 0 such that u(£6y) = 0.
Whenever u(6) > 0, (5.9) defines a function x = x(#). Using the function § = 6(t) defined
in Remark 5.3, we obtain a solution z(t) = z(6(t)) of (1.3) given by (5.12) with lim;—, 1+, 0(t) =

1

+6o. Correspondingly, x = x(t) satisfies minser [z(t)| = , and limg_49, = [2(0)] = oc.

Therefore, the asymptotic angle of x(t) is 26y. O
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5.1 The Solutions When 0 < o« < 2

When 0 < a <2 and 0 < a < 8, F(u,c) = v’ + ju? — Lu®. For any given c satisfying

0 < ¢ < +0o, F(u) = 0 has exact one positive root denoted by u.. And F'(u) = 0 has only one
positive root denoted by wmi, which is the local minima of F(u). Furthermore, 0 < tpmin < U
and F'(u.) > 0. When 0 < u < Umin, F'(u) < 0 and when u > umin, F'(u) > 0 and
limy, o F(u) = oco.
Proposition 5.6 When0<a<2,0<a<f andc#0,

(i) if h = F(umin), the system (5.3) possesses one constant solution u(0) = Umin where tUmin
is the unique global minimizer of F(u). Correspondingly, the system (1.3) possesses one circular
solution

1
x(t) = (coswt, sinwt),
Umin

where w = cu?; ;
(ii) any solution of (1.3) with energy h > 0 is an asymptotic solution.

Proof (i) Since F'(umin) = 0, we can apply Proposition 5.1 and obtain the results directly.
(ii) Suppose that up > u, satisfying F'(uy) = h > 0. By the monotonicity of F(u), F'(up) >

0 and F(u) < F(up) when 0 < u < up. Then we can apply Proposition 5.5 and obtain the

results directly. O
By Proposition 5.6, the Hamiltonian energy h of (5.3) satisfies F(umin) < h < 0 is a

necessary condition for the solution z(t) of (1.3) to be globally bounded when 0 < o < 2 and

0<a<p.

Theorem 5.7 When 0 < a < 2, 0 < a < 8, a # 1, |c| is sufficiently large and h €

(F(tmin),0), all solutions u(0) of (5.3) are periodic in 6. They correspond to at least countably

many periodic solutions of (1.3) with arbitrarily large topological degree and uncountably many

quasi-periodic solutions.

Proof When 0 < o < 2 and 0 < a < 3, for any given ¢ # 0, F(u) = 0 has only one positive
root U.
1 1 .
F(u.) = g4 2uc — 2l = 0. (5.13)

Because F'(1) > 0, we have 0 < u, < 1. We rewrite (5.13) as

a1 1 4,

2°¢ ¢z 2 ¢
We obtain lim._, o u. = 0. Since 0 < u, < 1 for any given ¢ # 0, we have

1

02 a—2
0<u.< .
v ()

Furthermore, by (5.14), when |c| tends to infinity,

e = (622)0_2 —0(622>M. (5.15)

When h = 0, we calculate the lim|_ 0(0,c) as

(5.14)

lim (0, ¢) lim

le| o0 c|—>oo/ V2(0 = F(u,c))
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lim

B /“C du
c|—><x>\/2 0 \/_guﬁ_;u2+ 12’LLa'
c c

We change the variable u to s and u, to s. by following two equalities,

c? otz 1 c2 ola
u= (2> s2=e and wu.= (2) s&. (5.17)

By (5.15) and (5.17), 0 < s. < 1 for any given ¢ and lim._,», s. = 1. Plugging (5.17) into (5.16),

we have

ds
|cl\1i>n000(0 ) = \/ clggo/ \/ 2(8—a) ﬁ 2 pt2-2a ' (5.18)

c a—2 2—82a _282"'%8

(5.16)

2(B—)

To simplify the notations, let A, = ¢ «-2 252 > () satisfying lim. o, A, = 0. Since u. is the
only positive root of F(u) =0, s. satisfies that
3227% 1 1
—Acse 7T — 250 + o5 =0. (5.19)
Let s = s.t and ¢ € [0,1]. Then (5.18) can be written as

dt
lim 6(0,c) = hm e . (5.20)
c—00 \/ c—00 B+2—2a
\/— (sct) 2-= —ésth—i—ésct
By (5.18), when t =0 or 1,
20 1\, B+2—2a Se 1
—(2 - 4)t — A(set)E +(2 - 4>t—0. (5.21)
: . 21 e se 1
When s, is sufficiently close to 1, —(% — ) < 0, —Acs. <0and % —, > 0. By the

<
generalized Descartes’ rule of signs in [12], we know that ¢t = 1 is the only positive root of (5.21).

Additionally,
2
sz 1Y\, B2—2a Se 1
(%~ — Au(set) e - , 22
(2 4)t (sct) +<2 4>t>0 (5.22)

when t > 0 is sufficiently small. Therefore, (5.22) holds for all ¢ € (0,1). Then (5.22) implies
that

1 1 —2a 1

zsct S5et” = Aclsct) SN L=t >0, (5.23)

for all t € (0,1). When 5, <s.<1and A. >0,

\/
Se 1

<
B+2-2a
Viset = 122 — A (so)" 50\ Jhe- e

holds for all ¢ € (0,1). Furthermore, the right hand of (5.24) is integrable. By the dominated

convergence theorem, we obtain

(5.24)

. scdt
Cli)rgoe(o,c) V22 clggo/ \/ Bt2-2a

1 1
e(8ct) 2o — 58212 + ;) s.t

(5.25)

Lol
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When 0 < o < 2, upin # 0 is the solution of F'(u) = 0. By lim._,o . = 0 and 0 < upin <
Ue, We obtain lim, s Umin = 0. When A tends to F(umin), for any given ¢ # 0, the half period
of the system (5.3) can be computed as

™

lim 6(h,c) = 5.26
h—F (umin) ( ) \/F//(Umin) ( )
and it is well defined because F'(umin) is a non-degenerate local minima. Therefore we obtain
T
lim lim 6(h,c) = lim
¢—00 h— F (Umin) ( ) 00 \/F//(Umin)
— lim o . (5.27)

=5 JB( — Duls + ¢ — afa— Dusy?

For any given ¢ # 0, Uiy satisfies F/(uyin) = 0. We plug au®;? = ﬁuﬁ_Q +¢? into (5.27) and

min min

obtain

lim lim  6(h,¢) = lim CW
Sl T IR o ity 0 e
77
= ) 5.28
Ji—a (5.28)
If o # 1, by the two results (5.25) and (5.28), we have
lim 6(0, li li 0(h,c). 5.29
Jim 6(0,¢) # lim lim | (h,c) (5.29)
Thus, when |c]| is sufficiently large, we still have
0(0,c) # lim  6(h,c). (5.30)

h— F(umin)

Therefore, when |c| is sufficiently large, the range of §(h,c) denoted by I. ~, contains a non-
empty interval. By Proposition 5.2 and Corollary 5.4, for any given |c| large enough, the
system (1.3) possesses infinitely many periodic solutions with arbitrarily large topological degree

and infinitely many quasi-periodic solutions. O

Before proving Theorem 5.9, we prove Lemma 5.8 as a preparation. We use B(-, ) to denote

the Beta function.

Lemma 5.8 [fO0<a<2and0<a<f,

Vz(ﬂl o)’ (2(2ﬂ_—aa)’ ;) ) m; ~a) @ o (5.31)

holds on a zero measure set B of a and 3 in R2.

Proof (5.31) is equivalent to
2-a 1\ B (B
B<2(ﬁ_a),2) _\/27r\/a 1<a> : (5.32)

and ¢=". (5.33)

We define
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(5.32) can be rewritten as

1
B(p, 2) =V2r\/q—1¢7". (5.34)
Define
p=Va-1¢7".
For any fixed p, \/12WB(p, é) is a constant. Take the derivative of ¢ with respect to ¢ and obtain

oy — (L= 2p)a+2p
To2grtlyg -1
If1-2p=0,ie., =2, it yields o, = gqp+?1\)/q_1 # 0 when 0 < a < 2. When g = 2, we have

p=14,q=72and ¢ = /1 — §. Therefore, (5.34) holds when o =1 and 8 = 2.

[e%

When 3 # 2, ¢, = 0 if and only if
2p

= . 5.35
1=, (5.35)
Plugging (5.33) into (5.35), we obtain
6 2—a«a
= . 5.36
0" 2.3 (5.36)
Since 0 < & < 2 and 0 < v < 3, (5.36) holds when
0<a<l and f=2-a. (5.37)

Above all, (5.31) holds at most on a zero measure set. We define B as the zero measure set
such that (5.31) holds. O

Theorem 5.9 When 0 < a < 2,0 < a < B, a,0 & B, |c| is sufficiently small and h €
(F(tmin),0), all solutions of (5.3) are periodic in 0. They correspond to at least countably
many periodic solutions of (1.3) with arbitrarily large topological degree and uncountably many

quasi-periodic solutions.

Proof When |c]| is sufficiently small, it happens that
lim 6(0,¢) = lim lim 6(h,c)=0. 5.38
|e|]—0 ( ) |e]—0 h— F(umin) ( ) ( )

To distinguish the two values of lim._.¢ 6(0, c) and lim. o limj,_, p(y,,,,) 0(h, ¢) when |c| is suffi-

ciently small, we change the system (5.3) to
Augg + Au+ BuP T —aut "t = 0.

Setting ddT = cjg, we have

Ury + Au+ fuP~! —au = 0. (5.39)

We define the effective potential of (5.39) by

2
G(u,c) = 02 u? +uf —u”.

For simplicity, we often use G(u) to denote G(u,c), use G'(u) to denote 9, and use G”(u) to

2 . .
denote ‘?%C; when c is given.
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For any given ¢ # 0, G(u) = 0 has only one positive root denoted by u. and G’(u) = 0 has
only one positive root denoted by wmin. Since G(1) > 0 when ¢ # 0, we have 0 < u. < 1. From
G(u.) = 0, we have 1 — u~ = C; u2=® — 0 as ¢ — 0. Then we have lim._ou. = 1.

The corresponding Hamiltonian energy of (5.39) is
Lo
=, lur]® + G(u,c). (5.40)

For any given sufficiently small |c| and h € (G(umin),0), the half period 7(h, ¢) of (5.39) is given
by
uo d
0) = / u (5.41)
ul \/2(h - G(ua C))
where u; and ug are two consecutive different roots of G(u,c) —h = 0 where u; < us.

In this proof, the calculations proceed similarly as in the proof of Theorem 5.7. We consider
7(h,c) when h =0 and ¢ tends to 0.

lim 7(0, ¢) = lim

c—0 C*)O/ \/2 0— G U C

te du
= lim /
\/2 “=%Jo \/—uﬁ— < u? + u>

B \/2/0 Vue —uf

1 2—a 1
- B ). 5.42
V2(3 - a) (a6s—2) (542
When h tends to G(umin) and ¢ tends to 0, we have
. . T
glg(l) he(,l};&mm)dh’c) llg(l) \/G“ (Umin)
= lim m . (5.43)
. \/ﬁ(ﬁ - 1) Emn2 + c? — 04(05 - 1) imz
Since G (tumin) = *Umin + ﬂui;} — auﬁlml =0 and 0 < Umin < ue < 1, from 1 — 5 gjn =
ijufn;f‘ — 0 as ¢ — 0, we have

1

. Qe
EE% Upmin = (5) . (5.44)

Plugging (5.44) into (5.43), we obtain

lim lim  7(h,c) =

=0 kG i) VBB =155 —ala - 1)(3)F
B—2
_ 7 <5> e (5.45)

By Lemma 5.8, if a, 8 ¢ B, we obtain

1 0 li li h,c).
1rr(1)7'( ,¢) # lim h—>G’1’r(Iilimm) 7(h,c)



The Generalized Lennard-Jones System 165

Therefore, when || is sufficiently small

7(0,¢) # hﬁc}/i/r(rb A )T(h,C). (5.46)

The range of 7(h,c) denoted by I.( contains a nontrivial open interval when |c| is sufficiently
small. By Proposition 5.2 and Corollary 5.4, when |c| is sufficiently small, the system (1.3) pos-
sesses infinitely many periodic solutions with arbitrarily large topological degree and infinitely

many quasi-periodic solutions. O

5.2 The Solutions When 2 = a < 3

When oo =2 and 0 < a < 3, F(u,c) can be written in descending order as
1 1 1
_ B8 2
F(wc)-czu —|—<2—62>u.

Proposition 5.10 If2 = a < 3 and |c| > /2, the system (1.3) possesses only asymptotic
solutions.
Proof When a =2 and || > v/2, we have } > } and F(u) is a monotonically increasing func-
tion and F'(u) > 0 for u € (0, +00). By Proposition 5.5, we can conclude that the system (1.3)
possesses only asymptotic solutions. (]

In the rest of this section, we assume that 0 < |¢| < v/2 and F(u) attains its unique local
minima at Umin. When 0 < 4 < Umin, F'(u) is monotonically increasing, and when u > tmin,
F(u) is monotonically decreasing.
Theorem 5.11 Let 2=« < 3 and h = H(u,ug). If the given ¢ satisfies 0 < |c| < v/2,

(i) for h > 0, the system (1.3) possesses only asymptotic solutions;

(ii) for h = F(umin) of (5.3), the system (5.3) possesses a constant solution. Correspond-
ingly, the system (1.3) possesses a circular solution;

(ili) for F(umin) < h < 0, all solutions of (5.3) are periodic in 6. They correspond to
at least countably many periodic solutions of (1.3) with arbitrarily large topological degree and

uncountably many quasi-periodic solutions.

Proof (i) When the Hamiltonian energy h > 0, F(u) —h = 0 has only one positive root uj, > 0
and F'(up) > 0. By the monotonicity of F(u), F(u) < F(up) when 0 < u < up,. Then we can
apply Proposition 5.5 and obtain infinitely many asymptotic solutions.

(ii) Since F'(u) attains its local minima at umin, we can obtain a constant solution w(6) =
Umin for all 8 € R. By Proposition 5.1, we obtain the circular solution of (1.3) as

z(t) = 1 (coswt, sinwt),
Umin

where w = cu2; .

(iil) If 0 < |c| < V2, i.e.
period of (5.3) satisfies

21 21
, % < 612, Umin = (Qﬁc )s-2 and u, = (22C )s-2. We have half

me cm

lim  6(h,c) = = . 5.47

h— F(Umin) ( umm \/5 _72 +e2-2 \/(ﬂ — 2)(2 - 02) ( )
When h = 0, we have

. 5.48

/ \/2 0—F(u / V(2 02 u2 2uf (548)
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We let u = u.t and obtain

2cu.dt
6(0,c¢) / \/ cuc / = +o00. (5.49)
\/ —c?)( — 2(uet) \/ 02 12

For any given c satisfying 0 < |¢|] < \/2, (5.47) and (5.49) yield the range of 6(h, ¢) denoted by
I, satisfies

(-0

By the Proposition 5.2 and Corollary 5.4, for any given c satisfying 0 < |c¢| < v/2, the sys-

),+oo> cI. (5.50)

tem (1.3) possesses at least countably many periodic solutions with arbitrarily large topological
degree and uncountably many quasi-periodic solutions. O

5.3 The Solutions When 2 < o < 3
When 2 < a < 3, we rewrite F(u,c) in descending order of u as
1 1 1
_ B e 2
F(u,c) = 28T + g
Lemma 5.12 If2 < a < (8 and c satisfies

oeut< (3 8)

F(u) has one local minima attained at um, and one local maxima attained at Umax. When
0 < U < Umax, F(u) is monotonically increasing; when tumax < t < Umin, F(u) is monotonically
decreasing; when u > Umin, F(u) is monotonically increasing. If (5.51) does not hold, F(u) is

a monotonically increasing function.

P7’00f The derivative of F(U) is
/3 « [3 (0%
F/(’U/)—CQ’LLB 1—62’&& 1+u—u(62u5 2—62ua 2+1)

F'(u) < 0 for some u > 0 if and only if there exist some u such that ¢ < au®=2 — Buf~2 holds.
We define g(u) as

g(u) = au®? — pu’ 2. (5.52)

g(u) attains its global maxima at g max = (ggg:g)) ) o'a . Therefore, when

0< || < \/g(ug,max) = <g§g : ;;) o \/Olf?_—;)’

g(u) = ¢? has two 100tS Umax and Ui, Where Upayx < Ugmax < Umin. When Umax < U < Umin,
we have g(u) > ¢2. This yields that F’(u) < 0. Then when 0 < u < Upax, F'(u) is monotonically
increasing; when tmax < % < Umin, F'(u) is monotonically decreasing; when u > tmin, F'(u)
is monotonically increasing. Furthermore, F(u) has one local maxima at umax and one local

minima at Upin. U

Proposition 5.13 If2<a < g and

a(a=2)) 6= [a(s-a)
|C|><B(ﬂ—2)) \/ G2
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the system (1.3) possesses only asymptotic solutions.
Proof If |c| > \/g(ugmax), it yields F(u) > 0 and F(u) is a monotonically increasing function
for all u > 0. By Proposition 5.5, the system (1.3) possesses only asymptotic solutions. (]

Theorem 5.14 If2 < a < f and

~ (a(a—=2) 2(5—a) alf — a)
el = (6([)’—2)) \/ g2 (5.53)

the system (5.3) possesses a constant solution. Correspondingly, the system (1.3) possesses a
circular solution. Furthermore, the system (1.3) possesses infinitely many asymptotic solutions.
Proof When (5.53) holds, F'(u) = 0 if © = ug max and F’(u) > 0 when w # g max. Then the
system (5.3) a constant solution u(f) = ug max for all § € R. By Proposition 5.1, we obtain the

circular solution of (1.3) as

1
z(t) = (coswt, sin wt) (5.54)
Ug,max
where w = cugvmax.
If uw # Ug max, F'(u) > 0 and the condition of Proposition 5.5 is satisfied. The system (1.3)
possesses only asymptotic solutions. O

In the rest of this subsection, we always assume (5.51) holds.

If the given c satisfies (5.51), there exists only one w,. satisfying u. > umax such that
F(uc) — F(umax) = 0 holds because of the monotonicity of F'(u) discussed in Lemma 5.12.
Again by Lemma 5.12, we have u. > tumin and F’(u.) > 0.

Phase Curves
T T

(a) (b)

Figure 1 ~ Figure (a) shows the graph of F(u) = 1.6u'® — 1.6u” + }u® where we have a = 5,
B =10, and ¢® = 3. Figure (b) shows the phase curves of (5.3) with the effective potential F'(u) =
1.6u'° — 1.6u° + éu2. Umax Of F'(u) in (a) corresponds to the saddle point (Umax,0) in (b) and umin
of F(u) corresponds to the center point (umin,0) in (b). The arrows show the directions of flows at

(u,ug). Along each flow line, (u,up) possesses the same Hamiltonian energy.
Theorem 5.15 When2 < a < 3, h = H(u,ug) and c satisfies (5.51), every solution of (1.3)
satisfying one of the following conditions must be an asymptotic solution:

(i) the Hamiltonian energy h satisfies h > F(umax), 0T
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(i) the Hamiltonian energy h satisfies 0 < h < F(umax) and 0 < u(0) < Upax.

Proof When condition (i) holds, we suppose F'(up) = h. By the monotonicity of F(u), we
have that F'(up) > 0 and F(u) < h for all u € (0,up). Then we can apply Proposition 5.5
and conclude that the solution is an asymptotic solution of (1.3) on each Hamiltonian energy
surface.

If condition (ii) holds, F'(u) is in the monotonically increasing interval. If we define uy
by F(up) = h and 0 < up < Umax, then h > F(u) when u € (0,up). We also can apply
Proposition 5.5 to obtain that the solution is an asymptotic solution of (1.3) on each Hamiltonian
energy surface. O

For any given ¢ satisfying (5.51), when the Hamiltonian energy of (5.3) h satisfying F'(tmin) <
h < F(tumax) and umax < u < u,, there may exist the periodic solutions or quasi-periodic solu-
tions. When F(upyin) < 0, the figure of F'(u) is shown in Figure 5.1.

Theorem 5.16 For 2 < o < 3, h = H(u,ug) and any given c satisfies (5.51), the followings
hold.

(i) If h = F(umin) or h = F(umax), the system (5.3) possesses one constant solution. The
constant solution corresponds to a circular solution of system (1.3);

(ii) of F(tumin) < h < F(umax) ond Umax < U < U, all solutions of (5.3) are periodic in
0. They correspond to at least countably many periodic solutions of (1.3) with arbitrarily large
topological degree and uncountably many quasi-periodic solutions;

(iii) there exists an orbit which is homoclinic to (Umax,0) on the Hamiltonian energy surface
h = F(umax)-

Proof Since F'(u) = 0 when © = tpin (0T 4 = Umax), we apply the Proposition 5.1 and obtain

the constant solution of (5.3) and the corresponding circular solution of (1.3):

1
x(t) = (coswt,sinwt),
u

2

2. (orw=cul,,).

where © = Upin (0F U = Upax) and w = cu 2 ax

When c satisfies (5.51), F(u) — F(tumax) = 0 has two roots tmax and u.. According to
Theorem 5.14, we consider this theorem in the invariant subset {(u,ug) : h < F(tmax), v €
(Umax, Uc)} in the phase space of (5.3).

For any given c satisfies (5.51), when h tends to F'(umin), we calculate limy,_, g,y 0(h, c)
as

lim e

Oh,c)= , " =
hF(tmin) V" (Umin) \/5(5 ~Dul? 4+ 2 —ala — 1ul;?

min min

(5.55)

Since F'(u) attains a non-degenerate local minima at wmin, F’(tmin) = guﬁ?nl - g;u;‘;ﬁ‘nl +
Umin = 0 and F"'(umin) > 0. Then limy,_, p(y,,,.) 0(h, ¢) is finite.

Next, we calculate limy_, p(y,,..) 0(h, ). Since F'(umax) = 0, u(0) = Umax for all € R is a
constant solution of the system (5.3). One may verify that F”(umax) < 0. Therefore u = tmax
is a saddle equilibrium point in the phase space.

We define T, = {(u, ug) | H(u,up) = h} is the level set of the energy of (5.3). When h =

F(tumax), the connect component of I'p(y, .. ) \(Umax, 0) containing (u.,0) does not contain any
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equilibrium and (umax,0) is its only boundary point. Since u = tmax is an saddle equilibrium

point in the phase space, the orbit of initial value problem

ugy = —F"(u); (5.56)
ug(0) =0, w(0)=wu,. (5.57)
is homoclinic to (tmax, 0), i.e.,
GETOOU(Q) = Umax and egrjloo w(0) = Umax-

Therefore, the periodic O(F (umax), ¢) of the initial value problem (5.56)—(5.57)satisfies

li = . .
h*)F'l(r’lIleax)e(h7C) +0o0 (5.58)

By (5.55), (5.58) and the continuity of 6(h, c¢), the range of §(h, ¢) contains the open interval
(imp,—, pupn) O(R, €), +00) for any fixed c satisfies (5.51). By Proposition 5.2 and Corollary 5.4,
the system (1.3) possesses at least countably many periodic solutions with arbitrarily large

topological degree and uncountably many quasi-periodic solutions. O
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