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1 Introduction

Motivated by the idea of randomizing space theory of Menger, Schweizer and Sklar from the
theory of probabilistic metric space [20], Guo initiated a new approach to random functional
analysis in [6, 7]. In particular, random metric spaces, random normed modules and random
inner product modules have formed three basic frameworks of random functional analysis. In
fact, the notion of a random normed module (briefly, an RN module) is a randomnization of
that of an ordinary normed space, see [7] for further details. In this paper, an RN module is
always endowed with the (g, A)-topology and the (g, A)-topology is very natural, for example,
let LO(F, R) be the algebra of equivalence classes of random variables from a probability space
(2, F, P) to the real scalar field R, then L°(F, R) is an RN module and the (g, \)-topology on
L°(F,R) is exactly the topology of convergence in probability P. However, an RN module is
not a locally convex space in general and in particular the theory of classical conjugate spaces
universally fails to serve the theory of RN modules, which motivates Guo to have developed the
theory of random conjugate spaces in [8]. Subsequently, the theory of RN modules together with
their random conjugate spaces has obtained a deep and systematic development in the direction
of functional analysis [9-14, 22-26], and it has also been applied to random linear operators
[21, 27-29], Lebesgue-Bochner function spaces [3] and conditional convex risk measures [15-18].

Motivated by the work with respect to mean ergodicity in [1, 2, 5], we have recently begun
to study the mean ergodic theorem under the framework of RN modules and have obtained
some results. For example, in 2012, Zhang and Guo proved a mean ergodic theorem on a
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random reflexive random normed module [30]. Subsequently, Zhang studied some mean ergodic
semigroups of random linear operators [27] and further gave two forms of conditional mean
ergodic theorem for a type of semigroup of random linear operators [28]. The purpose of this
paper is to continue to study the mean ergodicity of random linear operators by using some
techniques of measure theory and L%-convex analysis. Intuitively, an RN module possesses not
only the random normed structure but also the structure of a probability space. It is the module
structure of an RN module that makes its random normed structure and the structure of its base
space behave well, which makes an RN module possess many rich and complicated stratification
structures, see [13, 14] for details. In this paper, besides the analysis on stratification structures
in measure theory, we use a approach of L°-convex analysis to study the mean ergodicity of
random linear operators. Precisely, using a fixed point approach of L°-convex hull, we proved
that a random linear operator T under some condition is mean ergodic in the || - ||,-topology if
and only if T' is mean ergodic in the (g, A)-topology. Subsequently, we are devoted to establishing
a characterization for a complete RN module to be mean ergodic. It should be pointed out that
in this process the discussion with respect to the local property and the local mean ergodicity
of a linear operator is a difficult point of this paper.

The remainder of this paper is organized as follows: in Section 2 we briefly recall some basic
notion and facts; in Section 3 we study the mean ergodicity of some random linear operators

and in Section 4 we give a characterization for a complete RN module to be mean ergodic.

2 Preliminaries

Throughout this paper, N denotes the set of natural numbers, K the scalar field R of real
numbers or C' of complex numbers, (2, F, P) a given probability space, L°(F, R) the set of
equivalence classes of extended real-valued F-measurable random variables on Q, L°(F, K)
the algebra of equivalence classes of K-valued F-measurable random variables on {2 under the
ordinary addition, scalar multiplication and multiplication operations on equivalence classes.
It is well known from [4] that Proposition 2.1 below holds, which will be used in the proof of

Lemma 3.1.

Proposition 2.1 ([4]) L°(F, R) is a complete lattice under the ordering <: & < n if and only
if €%(w) < (W), for P-almost all w in Q (briefly, a.s.), where £ and n° are arbitrarily chosen
representatives of & and n, respectively, and has the following three properties:

(1) each subset A of L°(F, R) has a supremum (denoted by \/ A) and an infimum (denoted
by N A) and there exist two sequences {an, n € N} and {b,, n € N} in A such that \/,~,
an =V A and \, -1 by = N\ A; -

(2) if A is directed (dually directed), namely for any two elements ¢ and co in A there exists
some c3 in A such that c1 \/ ca < c3 (1 c2 > ¢3), then the present {a,, n € N} ({bn, n € N})
can be chosen as nondecreasing (nonincreasing);

(3) L°(F, R), as a sublattice of L°(F, R), is complete in the sense that each subset with an

upper bound (a lower bound) has a supremum (an infimum).
As usual, we denote LY (F) = {¢ € L°(F,R) | > 0}.

Definition 2.2 ([8, 9]) An ordered pair (X, || -||) is called an RN module over K with base
(Q,F, P) if X is a left module over over the algebra L°(F,K) and || - || is a mapping from X
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to Lg(}') such that the following three azioms are satisfied:
(1) l[gz] = [¢] - [lz]l, V€ € LY(F, K) and x € X;
@) llz+yll < llzll + llyll, Vo, y € X;
(3) ||z|| = 0 implies x = 0 (the null vector of X),

where || - || is called the L°-norm on X and ||z|| is called the L°-norm of a vector z € X.

Clearly, (L°(F, K),|-|) is an RN module over K with base (2, F, P).
Let (X,] -]|) be an RN module over K with base (2, F, P). For any positive real numbers
€ and A such that A <1, let

No(e;A) ={z e X | P{w e Q[ [lz](w) <e} > A},

then
{Ng(e,\) |e>0, 0< A< 1}

is a local base at the null vector 6 of some Hausdorff linear topology, and the linear topology
is called the (g, A)-topology. It should be pointed out that the idea of introducing the (g, \)-
topology is due to Schweizer and Sklar, see [20] for details. In this paper, given an RN module
(X, |-, it is always assumed that (X, || - ||) is endowed with the (e, \)-topology. Besides, one
needs to notice that a sequence {z,,n € N} in X converges to € X in the (g, \)-topology if
and only if {||z, — z||,n € N} converges to 0 in probability P.

Example 2.3 Let X be a normed space over K and L°(F, X) the linear space of equiv-
alence classes of X-valued F-random variables on 2. The module multiplication operation
2 LY(F,K) x L°(F, X) — L°(F, X) is defined by £z = the equivalence class of £€°2°, where £°
and z° are the respective arbitrarily chosen representatives of ¢ € L°(F, K) and x € L%(F, X),
and (£%2°)(w) = €%(w) - 2°(w), Yw € Q. Furthermore, the mapping | - || : L%(F, X) — L% (F) is
defined by ||z|| = the equivalence class of ||2°]|,Vz € LY(F, X), where 20 is as above. Then it
is easy to see that (L°(F, X), | -||) is an RN module over K with base (€2, F, P). In particular,
L°(F,K) is an RN module over K with base (22, F, P).

Definition 2.4 ([19]) Let (X', |- |l1) and (X2,] -||2) be two RN modules over K with base
(Q,F, P). A linear operator T from X* to X? is called a random linear operator, and further
the random linear operator T is called a.s. bounded if there exists a £ € L(J)r(]-') such that

ITzll2 <& [lz]x

for any x € X'. Denote by B(X*', X?) the linear space of a.s. bounded random linear operators
from X' to X?, define || - || : B(X',X?) — LY(F) by
IT|| == A\{é € LE(F) | | Talls < €-||z]r, Vo e X'}

for any T € B(X', X?), then it is clear that (B(X', X?),| - |) is an RN module over K with
base (Q0, F, P).
Proposition 2.5 ([19]) Let (X1,]-]l1) and (X2, |- ||2) be two RN modules over K with base
(Q,F, P). Then we have the following statements:

(1) T € B(X*Y, X?) if and only if T is a continuous module homomorphism;

(2) If T € B(X', X?), then ||T|| = V{||Tz|l2: z € X' and ||z||; < 1}, where 1 denotes the
identity element in L°(F, R).
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Now let us recall the notions of an a.s. power-bounded random linear operator and a mean

ergodic operator on an RN module below.
Definition 2.6 ([30]) Let (X,|-]|) be an RN module and T : X — X an a.s. bounded random
linear operator. If

V7" € LY(7),

neN
then T is called an a.s. power-bounded random linear operator on X.

Definition 2.7 ([30]) Let (X,|-]|) be an RN module and T : X — X an a.s. bounded random
linear operator. If the sequence

N

{ Z T'z, n € N}
n-
=1

converges to some point in X for any x € X, then T is called a mean ergodic operator on X.
Furthermore, if any a.s. power-bounded random linear operator on X is mean ergodic, then X

is said to be mean ergodic.

3 Mean Ergodicity of Random Linear Operators

The central result of this section is Theorem 3.4, which is devoted to establishing a relation
with respect to mean ergodicity of random linear operators between the || - ||,-topology and
the (g, A)-topology. What’s more important is that this relation plays a key role in the proof
of Theorem 4.4. Before presenting them, let us give some preliminaries below for the reader’s
convenience.

In the sequel of this paper, let 1 < p < oo and (X, || -||) denote a complete RN module over
K with base (2, F, P). Define the mapping || - ||, : X — [0, +o0] by

1
p
[/ |x||de} , when 1<p < 400,
]|, = Q
the P-essential suppremum of ||z, when p = +o0

for any z € X and denote
LP(X)={z e X | ||z||, < +oo}.

Then (LP(X), ||-||p) is a Banach space. Let L(LP(X)) denote the set of bounded linear operators
on LP(X) and | - || denote the usual norm of LP(X). Then it is clear that (L(LP(X)),| - )
is also a Banach space. Furthermore, let I denote the identical operator on LP(X) and T a
linear operator on LP(X). Then range(l — T) stands for the range of the operator I — T,
range(I — T)E")\ the closure of range(I — T') under the (g, A)-topology and range(I — T)H.”p the
closure of range(I — T') under the || - ||,-topology.

Besides, for any A in F, I4 denotes the characteristic function of A and I the equivalence
class of I4. When A denotes the equivalence class of A4, i.e., A= {B € F | P(AAB) = 0}, we
also use 1 ; for 4, where AAB = (A\ B)U(B\ A). Specifically, [¢ < 5] denotes the equivalence
class of {w € Q| €%w) < n°(w)}, where £ and n° are arbitrarily chosen representatives of &
and 7 in L°(F, R), respectively, one can similarly understood such notations as [ = 7] and

[€ # n].
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Now let us recall the notion of the local property of a linear operator. A linear operator
T:LP(X) — LP(X) is called to have the local property if T'(I42) = I4T(x) for any A € F and
& € LP(X), where I4 stands for the equivalence class of the characteristic function of A. The
key is that Lemma 3.1 below holds.

Lemma 3.1 Let (X,]|-|) be a complete RN modules over K with base (Q,F,P) and T :
LP(X) — LP(X) be a bounded linear operator having the local property such that sup,,cn |77

)57)\ = range(I — T)H'”p.

< 00 for any given p satisfying 1 < p < co. Then range(I —T

“lip A ol e
Proof Tt is easy to see that range(] — T)” | C range(I — T)E , and it is enough to prove that

y)‘ “llp y)‘
range(I — T)E C range(I — T)H I For any = € range(l — T)E , then

d(xz, range(I = T)) = /\{||x —g|l|g € range(I —T)} = 0.

Now we will first prove that {||x — g|| | g € range(I — T')} is directed. In fact, for any g1, g2 €
range(I — T), let E =[]l — ¢1]| < ||l — ¢2]|]- Then

lz = g1l A\ lle = g2ll = Tz - |z — g1 || + (1 = Iz) - | — g2
=lle—=Up-91+1—1g) g)l (3.1)
Since T is linear and has the local property, it follows that
Ig-g1+ (1 —1Ig)-go €range(I —T).

Thus {||z — g||| g € range(I — T} is directed. Hence it follows by Proposition 2.1 that there
exists a sequence {g,, n € N} in range(I — T') such that

Iz = gnll \ \{llz = gll | g € range(I — T)}
as n — 0o0. Denote
dist(z, range(I —T)) = inf{||x — gl|, | g € range(I — T},

and observe that

|2 = gull < [lz — g1, Vn>1.

Then, when 1 < p < o0, according to Lebesgue’s dominated convergence theorem, it follows
that

dist(, range(I — T)}? = [nf{ |~ gl | g € range(I — 7))
< Jm [ o= g,Pap
| [ Atz =gl g € range(r — 73] ap

—0. (3.2)

A

Thus
dist(x, range(I —T)) =0,

namely z € range(I — T )”'Hp and the desired result follows.
When p = oo, one can similarly prove the result.
This completes the proof. O
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Using Egorov’s theorem, one can obtain Lemma 3.2 below, which will be used in Lemma 3.5,
Theorem 3.6 and Theorem 4.2.

Lemma 3.2 If a linear operator T : LP(X) — LP(X) having the local property is continuous
in the || - ||p-topology for any given p satisfying 1 < p < oo, then T : LP(X) — LP(X) is
continuous in the (g, \)-topology.

Proof For any {x,,n € N} C LP(X) and = € LP(X) such that z, — = as n — oo in the
(e, A\)-topology, then, according to Egorov’s theorem, for any €, A > 0 such that A < 1, there
exist some A € F satisfying P(A) < 3 and some N; € N such that

Hac - xy — Ise -] <e on

as n > Ny. Thus I4e -2, — I4c -2 as n — oo in the || - ||,-topology. Since T': LP(X) — LP(X)
is continuous in the || - ||,-topology, it follows that T'(Iac - x,) — T(I4- - ) as n — oo in the
I - |l,-topology. According to Egorov’s theorem again, for the same €, A\ above, there exists
some B € F and B C A° satisfying P(B) < ;‘ and some Ny € N such that

Hpe - T(Iae - xy) — Ige - T(Iac - 2)|| <& onQ
as n > Ny. Let Ny = max{Ny7, No}. Then obviously
Hpe - T(Iae-xp) — Ige - T(Iac - z)|| <€ on

holds as n > Nj.
Since T possesses the local property, it follows that

Ipge - T(IAC ' xn) = TacnBe - T(xn)

and
IBu . T(IAc . l’) = IACmBu . T({E)

hold. Consequently,
|T(z,) —T(x)]| <e on A°N B¢

as n > Ny, and further we can obtain that for any &, A > 0 such that A < 1, there exists some
Ny € N such that

PlT(zn) = T(x)l| <] = P[A°N B]

= P[(AUB)]
—1— P[A] - P[B] + P[AN B
>1-2\ (3.3)

as n > Ny, which shows that T : LP(X) — LP(X) is continuous in the (g, A)-topology.

This completes the proof. O
Proposition 3.3 ([12]) LP(X) is dense in X in the (g, X\)-topology for any given p satisfying
1<p<oo.

Based on Proposition 3.3, we can present Lemma 3.4 below.

Lemma 3.4 If a linear operator T : LP(X) — LP(X) having the local property is continuous
in the (g, \)-topology for any given p satisfying 1 < p < oo, then T can be extended to a

continuous module homomorphism on X in the (g, \)-topology.
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Proof Since T': LP(X) — LP(X) is continuous in the (&, A)-topology and L”(X) is dense in X
in the (g, A\)-topology by Proposition 3.3, it follows that for any x in X, there exists a sequence
{zn,n € N} C LP(X) such that x,, — x as n — oo in the (g, \)-topology. Set
T(z) = lim T(x,),

and we only need to prove that T is linear and is continuous in the (e, A)-topology. Obviously,

T(x+y)=T(x) +T(y), Vo, yeX,

T(kzx)=k-T(z), VkecK,zeX
hold. Now we will prove that T is continuous in the (e, \)-topology. For any sequence
{m,m € N} C X such that {z,,,m € N} converges to some z* in X as m — oo in the
(e, \)-topology, since LP(X) is dense in X in the (g, \)-topology, it follows that there exist
m sequences {xl(l),l € N}, {xl(2),l € N}, ..., {xl(z),l € N}, ..., {xlm),l € N} in LP(X) such
that {.Z‘l(z),l € N} converges to x; as | — oo in the (e, A)-topology for any i = 1,2,...,m.
Furthermore, the above m sequences form a table below:

mgl),xél),scgl),xfll),...,:El(l),...
R R
L9 o) 0 O
acgm),xém),xgm),xflm),...,xl(m),....

Then the diagonal elements form a new sequence {mﬁ,ﬁn ),m € N} and it is easy to see that
(m)
Tm

— x* as m — oo in the (g, A)-topology. Since
|T () = T(@*)|| = 1T (@m) = T(xGP) + T(@G?) = T(a")|
= 1T (wm) = T + [T (@) = T,
it follows that 7" is continuous in the (e, M)-topology. Moreover, T is linear and has the local
property, and one can obtain that T is a continuous module homomorphism on X.
This completes the proof. O

Before giving Lemma 3.5 and Theorem 3.6, let us recall the notions of an L°-convex set and
an L°-convex hull. Let X be a complete RN module over K and A a subset of X. If

{far+(1—a)y|ae L (F)and 0 <a <1} C A,
then A is called an L°-convex set of X. Let B be a subset of X and {A)|\ € A} all the

L%-convex set containing B of X. Then aen A is the smallest L%-convex set containing B of

X, called the L%-convex hull of B (denoted by hyo(B)). Furthermore, it is easy to see that
n
o; € Ler(f),xi € A and Zai =1, n> 1}.

hLo(B) = { Zaixi
i=1 i=1

Lemma 3.5 Let (X,| -]||) be a complete RN module over K with base (Q,F,P) and T :
LP(X) — LP(X) be a bounded linear operator having the local property such that sup,,cn |77

< oo for any given p satisfying 1 < p < oo. If T belongs to the (g, \)-closed L°-convex hull of
{T*z, k € N} for any x € LP(X), then Z still belongs to LP(X).
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Proof Since  belongs to the (g, A)-closed L°-convex hull of {T*z, k € N} for any x € LP(X),

there exists a sequence {S;x, | € N} of L%-convex combinations with the form
my
Slx = Z )\ilTll‘
i=1

(A € LY(F) and > Xy = 1 for any | € N) such that {S;z, | € N} converges to Z in the
(e, A)-topology.

According to Lemma 3.2, we have T : LP(X) — LP(X) is continuous in the (g, A)-topology;
furthermore, it follows from Lemma 3.4 that T' can be extended to a continuous module homo-

morphism 7" on X in the (e, A)-topology. This implies that

r— Sz = Z)\il(l‘ —T'z)

i=1

= i Nz —T'x)
i=1

my
=> NI -T)I+T+T*+---+T" )z

i=1

:(I—T)[i/\il(l+j’+f2+-"+fi1)1‘}

=1

:(I—T)[i/\il(I+T+T2+-“+Ti1)1‘}

=1

€ range(I —T) (3.4)

since one can observe that > ;' \y(I +T + T2 + - -+ T 1)z still belongs to LP(X), where I

A .
denotes the identity element in L(LP(X)), so that  — T € range(] — T)E . Since, according to
Lemma 3.1,

e,
)

range(I — T) ~ = range(J — T)H.Hp,

it follows that x — Z € range( — T)”'Hp C LP(X); furthermore, observing that x € LP(X),
which shows that Z still belongs to L?(X). This completes the proof. O

Now we can present Theorem 3.6 below.

Theorem 3.6 Let (X, | -||) be a complete RN module over K with base (Q,F,P) and T :
LP(X) — LP(X) be a bounded linear operator having the local property such that sup,,cn |77
< o0 for any given p satisfying 1 < p < oo. Then for any x € LP(X), the following statements
are equivalent:

(1) {n=1 30, T*z, n € N} converges in the | - ||,-topology.

(2) {n 1Y}, T*z, n € N} converges in the (g, \)-topology.

(3) T has a fived point in the (g, \)-closed L°-convex hull of {T*z, k € N}.
Proof (1)= (2) It is clear.

(2)=(3) Let
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for any n € N. Then there exists an & € X such that A,z — T as n — oo in the (g, A)-topology.
Clearly, Z belongs to the (g, \)-closed L%-convex hull of {Tka:, k € N}, then, according to
Lemma 3.5, it follows that z € LP(X).

It is easy to notice that A,z € LP(X) and

1
TA,x — Apz = (T 'z — Tax)
n

for any n € N, thus

1
T = Ayl = | (77412 = Ta)
K P
1 n
< (T el + [|Txllp)
2 m
< (s 4T -l )
 \meN
— 0 (3.5)
as n — 00, hence TA,x — A,z — 0 as n — oo in the || - ||,-topology. Furthermore, according

to Lemma 3.2, T is continuous in the (g, \)-topology. Consequently TZ = Z. Observing that
7, being the (g, A)-limit of L%-convex combinations of {T%x, k € N}, is in the (g, \)-closed
LO-convex hull of {T*z, k € N}.

(3)=(1) Let 7 be the fixed point. Since T*x = T*z + T*(x — ) = = + T*(z — 7) for any
k € N, we have that

Ay =24 Az — )

for any n € N, and it is enough to prove that A, (z — Z) converges to 6 as n — oo in the || - || -
topology. Since Z belongs to the (g, A)-closed L%-convex hull of {T*z, k € N}, it follows from

Lemma 3.5 that  —Z € range(I — T)”'”p. Thus for any € > 0, we can choose a y € range(I —T)
such that ||y — (z — Z)||, < . Since

A (I-T) = i(T — Tt

for any n € N, it follows that A,z converges to # as n — oo in the ||-||,-topology. Consequently,

for the same ¢ above, there exists some N(g) € N such that
[An(z = 2)llp < [Anylly + [[An(y = (@ = 2))]l,

<e+ ( sup |||Tm|\|) e (3.6)

asn > N(e), i.e. A,(x —Z) converges to ¢ in the || - ||,-topology.
This completes the proof. O

4 A Mean Ergodic Characterization

The central result of this section is Theorem 4.3, which establishes a characterization for a
complete RN module to be mean ergodic. For the sake of clearness, the proof of Theorem 4.5 is
divided into Theorem 4.1 and Theorem 4.2 below. First, we give the proof of Theorem 4.1 and
it is just based on the analysis of module structure of complete RN modules that makes the

Theorem 4.1 established. However, when we turn to the proof of Theorem 4.2, we are forced
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to deal with a difficult point with respect to the local property and the local mean ergodicity
of a linear operator.

For the reader’s convenience, a Banach space B is said to be locally mean ergodic if any
power-bounded linear operator on B having the local property is mean ergodic. Clearly, if B

is mean ergodic, then B must be locally mean ergodic.

Theorem 4.1 Let (X,| -]||) be a complete RN module over K with base (0, F, P). If LP(X)
is locally mean ergodic in the || - ||,-topology for any given p satisfying 1 < p < oo, then X is
mean ergodic in the (e, \)-topology.

Proof Let T be an arbitrary a.s. power-bounded random linear operator on X and

e=\/ I

menN
Then £ € LY (F). Let B; = [i — 1 < & < i] for each i € N. Then {E;, i > 1} is a sequence of
pairwise disjoint F-measurable sets such that > . E; = Q. Let T; = I, - T for each i € N.
Then T; € L(LP(X)) and sup,,cn [||T77]|] < oo, ie., T; is a power-bounded operator on the
Banach space L?(X) for each ¢ € N. Furthermore, T; obviously has the local property for each
i € N since T is a module homomorphism on X. For any € X, let F; = [j — 1 < ||z|| < j]
for each j € N. Then {F;, j > 1} is a sequence of pairwise disjoint F-measurable sets such
that Zj’;l F; = Q. Let x; = I, -« for each j € N. Then x; € LP(X) for the same p above
for each j € N. Since LP(X) is locally mean ergodic in the | - ||,-topology, it follows that
for each i € N, T; is always mean ergodic on LP(X). Namely, for each fixed i,j € N, there
exists a y;; € LP(X) such that ! >} TFz; converges to y;; in the || - [|,-topology as n — oc.
Consequently, }L S h_y TFx; converges to y;; in the (g, \)-topology as n — oo for each i, j € N.
Observe that y;; = Ip,nF; - yi; for each 4,7 € N and we can suppose P(E; N F;) > 0 for each

i,j € N (otherwise such an E; N F; is automatically removed). Furthermore, since

i P(E;NF;) = P( i (E; ij)) =P(Q) =1,

we have that {Zizl Z;nzl ¥ij, ([,m) € NxN}isa Cauchy net in the (e, A)-topology in X . Since
X is complete, it follows that there exists a y in X such that {22:1 > s Yigs (I, m) € N x N}
converges to y in the (g, \)-topology as I,m — oo. Since T} = (Ig, - T)* = I, - T*, it follows
that {30, S (Y oh—y TFay), (I,m) € N x N} converges to ) >°r_ T"x as [,m — oo in
the (e, \)-topology for each n € N. Thus it is easy to check that Ylb >Yh_y T*x converges to y
as n — oo in the (g, A)-topology, which shows that X is mean ergodic in the (g, A)-topology.
This completes the proof. O

Now we can present Theorem 4.2 below.
Theorem 4.2 Let (X,| - ||) be a complete RN module over K with base (2, F,P). If X is
mean ergodic in the (e, \)-topology, then L>°(X) is locally mean ergodic in the || - || -topology.

Proof Let T be an arbitrary power-bounded linear operator on L*°(X) such that T has the
locally property. Then there exists an M > 0 such that || T™|| < M for any m € N. It is clear
that the linear operator T : L*°(X) — L°(X) having the local property is continuous in the
I - llso-topology, then, according to Lemma 3.2, it follows that T' : L*>°(X) — L*°(X) is also
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continuous in the (g, A)-topology. Furthermore, according to Lemma 3.4, T' can be extended to
a continuous module homomorphism on X (still denoted by T') in the (g, \)-topology. Moreover,
one can observe that

[T 2| < |T"zllec < M

for any m € N and « € {z € X and ||z|| < 1}. Since the random closed unit ball on X and the
closed unit ball on L*°(X) are the same, it follows that

VT < M,

meN

ie., Vyen IT™] € L (F), which shows that T is an a.s. power-bounded random linear opera-
tor on X. Since X is mean ergodic in the (e, \)-topology, it follows that {n=! > _ T*z, n € N}
converges in the (¢, A)-topology for any € L*>°(X) C X. According to Theorem 3.6, the se-
quence {n~'>"7_ T*z, n € N} also converges in the || - ||s-topology, which says that L>°(X)
is locally mean ergodic in the || - ||o-topology.

This completes the proof. O

Based on Theorems 4.1 and 4.2 above, we can now present a characterization for a complete

RN module to be mean ergodic below.

Theorem 4.3 Let (X, | - ||) be a complete RN module over K with base (Q,F,P). Then
X is mean ergodic in the (g, \)-topology if and only if L*°(X) is locally mean ergodic in the
[[ - llso-topology.

Remark 4.4 Theorem 4.3 establishes a bridge between a complete RN module X and its
generated Banach space L>°(X) with respect to mean ergodicity of random linear operators,
which will motivated us to adopt the properties of classical Banach spaces to study the further

properties and structures of random normed modules.
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