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Abstract We introduce the notion of property (RD) for a locally compact, Hausdorff and r-discrete
groupoid G, and show that the set Sé(G) of rapidly decreasing functions on G with respect to a
continuous length function [ is a dense spectral invariant and Fréchet #-subalgebra of the reduced
groupoid C*-algebra C;(G) of G when G has property (RD) with respect to [, so the K-theories
of both algebras are isomorphic under inclusion. Each normalized cocycle ¢ on G, together with an
invariant probability measure on the unit space G° of G, gives rise to a canonical map 7. on the algebra
C¢(G) of complex continuous functions with compact support on G. We show that the map 7. can be
extended continuously to S5(G) and plays the same role as an n-trace on C;(G) when G has property
(RD) and c is of polynomial growth with respect to I, so the Connes’ fundament paring between the
K-theory and the cyclic cohomology gives us the K-theory invariants on C;(G).
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1 Introduction

The fundamental pairing between the K-theory and the cyclic cohomology of a dense subalgebra
A of a C*-algebra A plays an important role in the theory of non-commutative geometry of
Connes. In order to use the pairing, one needs to find suitable dense subalgebra A such that
the K-theory invariants on A given by the pairing can be extended to ones on A. The dense
subalgebra A, stable under holomorphic functional calculus in A, is the simplest situation,
because, in this case, the inclusion A C A induces isomorphisms from K, (A) onto K. (A) ([3]).
When one considers the reduced group C*-algebra C}(G) of a countable group G, the space
H*(G) of rapidly decreasing functions on G with respect to a length function [ is stable under
holomorphic functional calculus in C}(G) if G has property (RD) in the sense that H*(G) is
contained in C}(G) [11, 13].

The property of rapid-decay for countable groups was established for free groups by Haage-
rup in [8] and investigated in detail by Jolissaint in [12]. The latter proved that both finitely
generated groups of polynomial growth and discrete cocompact subgroups of the group of all
isometries of any hyperbolic space have property (RD). The extension to Gromov’s hyperbolic
groups is due to de la Harpe [9]. These results were used in the work of Connes—Moscovici on
the Novikov conjecture [2] and the work of Lafforgue on the Baum—Connes conjecture [15].
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Spectral invariance and the stability under holomorphic functional calculus of dense sub-
algebras in their ambient Banach algebras are closely related. From [21], these two notions
are equivalent for dense and Fréchet s-subalgebras of C*-algebras. In [14], Ji and Schweitzer
proved that all rapid-decay locally compact groups are unimodular and the set of rapid-decay
functions on these groups forms dense, spectral invariant and Fréchet x-subalgebras of reduced
group C*-algebras. Recently, Chen and Wei studied the property (MRD) of discrete metric
spaces in [7]. They computed spectral invariant subalgebras of uniform Roe algebras on these
spaces and characterized the polynomial growth of countable groups using the spectral invari-
ance of the space of all [2-Schwartz functions in the reduced crossed product for commutative
C*-algebras with these group actions. For the theory and applications on property (RD) and

spectral invariance, we can refer to [5, 6, 10-14, 16, 21].

As generalizations of discrete groups and topological spaces, r-discrete groupoids, arising as
model for structures like leaf spaces of foliations and orbit spaces of actions by discrete groups,
figure prominently in the theory of non-commutative geometry. The reduced groupoid C*-
algebras of these groupoids can be regarded as spaces of continuous functions on them. This
property provides us with the possibility to study the property of rapid-decay for r-discrete
groupoids.

Given a continuous length function / on an r-discrete groupoid G, we consider the set S5(G)
of all complex continuous functions on G and rapidly decay on each fiber of G in the I%-sense
with respect to I. When SL(G) is contained in the reduced groupoid C*-algebra C}(G) of
G, we call G has property (RD). We can show that, in this situation, S4(G) is stable under

holomorphic functional calculus in C*(G), hence they have isomorphic K-theories.

Each normalized cocycle ¢ on a countable group I" gives rise to a canonical cyclic cocycle 7,
on the group algebra CI [3]. In general, 7. cannot be extended as an n-trace on the reduced
group C*-algebra of I, but in [13], Jolissaint proved that, with some additional hypotheses, 7.
plays the same role as an n-trace. Jolissaint’s technique on the estimation for the norm of 7. was
used in [2]. For an r-discrete groupoid G with a continuous length function ! and a normalized
cocycle ¢, we can define the canonical map 72 on each range fiber G* of G, as defined for the
group case. Under the hypothesis of property (RD) on G and polynomial growth on ¢ with
respect to [, the integral of 7% with respect to an invariant probability measure on the unit
space G° of G defines a map 7.. This map can play the same role as an n-trace on C}(G),

which is analogous to Jolissaint’s result.

The paper is organized as follows. Section 2 contains some definitions and results on spec-
tral invariance and groupoids. Section 3 contains the notion of property (RD) for r-discrete
groupoids. In addition, we obtain that each r-discrete groupoid being of polynomial growth has
property (RD). As an application, we can use the groupoid language to rewrite a result in [7],
which states that a countable group I is of polynomial growth with respect to a proper length
function if and only if the transformation group of I" on its Stone-Cech compactification space
has property (RD) with respect to a canonical length function. In Section 4, we show that,
if an r-discrete groupoid G has property (RD) with respect to a continuous length function I,
then the space S}(G) of rapidly decreasing functions on G is a spectral invariant and Fréchet

x-subalgebra of C*(G). Section 5 contains two examples of spectral invariant subalgebras of
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groupoid C*-algebras arising from two expansive dynamical systems, a subshift of finite type
and a solenoid. In Section 6, we associate to a normalized cocycle ¢ on an r-discrete groupoid
G a cyclic cocycle 7, on S(G), which plays the same role as an n-trace on C*(G), when G has
property (RD) and c is of polynomial growth with respect to a continuous length function I, so

the fundament paring of Connes gives us the K-theory invariants on C(G).

2 Preliminaries

We review some basic terminology and results concerning spectral invariance of subalgebras
of Banach algebras. Let A be a Banach algebra and A a subalgebra of A, and let Aand A
be obtained by adjoining the same unit. Recall that A is stable under holomorphic functional
calculus if, for each a € A and each function f holomorphic in a neighborhood of the spectrum
of a in ;1, one has f(a) € A. If Ais a dense subalgebra of A, stable under holomorphic functional
calculus, then the inclusion map ¢ : A < A induces isomorphisms on their K-theories [3]. We
say that A is spectral invariant in A if the invertible elements of A are precisely those elements
of A which are invertible in A. Note that A is spectral invariant in A if and only if for every
a € A, the spectrum of a is the same in A and in A.

By a Fréchet algebra, we shall mean a Fréchet space with an algebra structure for which
multiplication is jointly continuous. We say that A is a Fréchet subalgebra of A if A is a Fréchet
algebra, and the inclusion map ¢ : A — A is a continuous, injective algebraic homomorphism.
It follows from [21] that if A is a dense and Fréchet subalgebra of a C*-algebra A, then A is
spectral invariant in A if and only if it is stable under holomorphic functional calculus in A.

A groupoid is a set G, together with a subset G? C G x G, a product map (z,y) — 2y from
G? to G, and an inverse map + — 2~ from G onto G such that

(i) (@) ==

(ii) if (x,9), (y,2) € G?, then (xy, 2), (z,y2) € G? and (zy)z = x(y2);

(iii) for each z € G, (x,27!) € G2, and if (z,y) € G?, then 27! (zy) = y and (zy)y~! = z.

The maps r and d, defined by 7(x) = zz~! and d(x) = 2~ x, are called the range map and
the source map, respectively. They have a common image called the unit space of G, which is
denoted by G°. It is very useful to note that a pair (z,y) is in G2 only when d(z) = r(y). For
u € GO, the fibers of r and d are denoted by G* = r~({u}) and G, = d~*({u}), respectively.

In this paper, we call a groupoid G to be a topological groupoid, if it is endowed with a
locally compact and Hausdorff topology compatible with the groupoid structure: the inverse
map x — 2! and the product map (x,y) — xy are continuous on their respective domain G
and G?, where G? has the induced topology from G x G. For basic of groupoid theory, we refer
to [17, 19].

Let G be a topological groupoid. For S C G, let rg and dg respectively be the restrictions of
r and d to S. If the family, G°P, of open subsets of G such that rg and dg are homeomorphisms
onto open subsets of G, is a basis for the topology of G, then G is said to be r-discrete. In this
situation, the unit space G is open and closed in G, and all fibres G* and G, are countable.
Moreover, the counting measure is a Haar system of G [17, 19].

For an r-discrete groupoid G, let C.(G) be the space of continuous complex functions

with compact support on G. Then, it is a normed *-algebra, under the following convolution,
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involution and the norm | - ||;: for f,g € C.(G) and = € G,

Frga)= Y fWe(z), f*(@)=F(a"Y) and |fl|;=

Yz=2x

1£1lz, a},

where [|f]l1,» = supyego X pequ [F(@)]s 1f]l1,a = subuego 2 seq, 1F(2)].
For each u € GY, let Ind,, : C.(G) — B(I*(G.)) be the induced representation of C.(G) on
the Hilbert space [2(G,):
Ind,,( Z flzy)E(y™)

yeGH

for f € C.(GQ), £ € 1?(Gy) and x € G,. For each f € C.(G), defines

[[fllrea = sup [[Indy(f)]]-
ueGO

Then || - ||req is @ C*-norm on C.(G). The completion of C.(G) under the norm is called the
reduced groupoid C*-algebra of G, denoted by C;(G). From the following result, the elements

of C(G) can be viewed as continuous functions on G.

Proposition 2.1 ([19]) Let G be an r-discrete groupoid. Then
) [1flloe < Wfllzr < [1fllrea < [Lfllr for each f € Ce(G), where || fllo is the supremum norm
of f and

||f|n=max{sup<z|f >,sup(z|f )}

reGY z€Gy

(ii) The injection jo of Ce(G) into Co(G), the Banach space of continuous functions on G
vanishing at infinity, extends to a norm decreasing and one-to-one linear map Jy of C*(G) into
Co(G); Moreover, each a € C:(G) satisfies || Jo(a)|lso < |lallrea and |[lal?||; < ||lal|%y-

(iii) Under the identification Jo, the operations in C;(G) may be expressed in the same as
in the x-algebra C.(G) :

a*(@) = axl), axbe)= Y. a(ey)b(y)

yeGa(@)
fora,be C¥G) and x € G.

Example 2.2 (a) Discrete groups. A countable discrete group G is an r-discrete groupoid
with G2 = G x G and G° = {e} (the unit element of G). The reduced group C*-algebra is
isomorphic to the reduced groupoid C*-algebra.

(b) Topology spaces. A locally compact Hausdorff space X is an r-discrete, groupoid by
letting X2 = {(x,2) : # € X} and defining the operations by 2z = x and ~! = x for each
2 € X. The groupoid C*-algebra is isomorphic to Cy(X).

(¢) Transformation groups. Let T be a discrete group acting on the right on a locally compact
and Hausdorff space X. Then G = X x I', with the product topology, the multiplication
(v,9)(zg,h) = (z,gh) and the inverse (x,g)~! = (xg,¢g~ '), is an r-discrete groupoid. Here
G° ={(z,e): v € X} 2 X, r(x,9) = (z,e) and d(z, g) = (2g,¢) for (x,g9) € G. The groupoid
C*-algebra C}(Q) is isomorphic to the reduced crossed product Co(X) X4, I', where the action
a of I on Cy(X) is given by oy(f)(z) = f(zg) for g € T', f € Co(X) and z € X.



530 Hou C. J.

3 Polynomial Growth and Rapid Decay

Let G be an r-discrete groupoid. A nonnegative function [ on G is called a length function, if
it satisfies that [(xy) < (x) + I(y), [(z) = (27 !) and I(u) = 0 for every (z,y) € G?, z € G and
u € G°. Moreover, if I is bounded on every compact subset of G, then it is said to be locally
bounded. For two length functions {; and [» on GG, we say that [; dominates [ if there exist
c>0and k > 1 such that ly(x) < ¢(1 + I;(x))* for every x € G. We say that [; is equivalent
to Iy if, furthermore, l5 dominates [;.

We say that G is compactly generated, if it admits a symmetric compact subset K (i.e.,
K = K1) such that every element in G can be written as a finite product of elements in K.

Each generating set K gives us a word length function lx on G by
Ig(u) =0, and lg(z) =min{n: c =129z, z; € K fori=1,2,...,n}

for each u € G and x € G, x ¢ G°. If | is an arbitrary locally bounded length function on G
and let my = sup{l(z) : = € K}, then, for each z € G with z ¢ G°, we have x = z125- -1,
forz; € K,i=1,...,n, n = lg(x), and I(z) < > ; l(x;) < mglk(z). Hence every locally
bounded length function on G can be controlled by any word length function [k, so that locally
bounded word length functions on a compactly generated groupoid are all comparable to each
other. In the example of a transformation group G = X x I, if I has a finite symmetric
generating set S and X is compact, then K = X x S is a generating set of G. The word length
function lx on G is determined by the word length function lg on T, i.e., Ix(z,g) = ls(g) for
every (z,9) € G.

Recall that a discrete group I' is of polynomial growth with respect to a length function
[ if there exists a polynomial P(¢) such that the cardinality of the set of all elements in I'
with length no more than m is bounded by P(m). For an r-discrete groupoid G with a length

function [, we define

Beu(m) ={z € G*| l(x) <m}, B, (m)={z € G, l(z) <m}
for u € GY and m > 0. If we denote by # S the cardinality of a set S, then # BL,,, (m) =% BlGu (m)
for each m and u.

Definition 3.1 We say that G is of polynomial growth with respect to a length function I on
G, if there exist constants ¢ > 1, v > 1 such that, for every m > 0,
sup #BL.(m) < c¢(1+m)".
u€eGO
We say that G is of polynomial growth if it is of polynomial growth with respect to some
length function I on G.
In the rest of this section, we let G be an r-discrete groupoid and [ a nonzero locally bounded

length function on G. For a complex function ¢ on G and for p =0,1,2,..., we define

lllepas = sup [ 3 |so<x>|2<1+1<x>>2p} "

UEGO JEEGu

Il = sup [ T |«p<x>|2<1+Z<x)>2p} §

uweG® L cqu
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1ell2.pp = max{||@ll2,p.at: [#ll2p.r1}-

Clearly, for each ¢ € C.(G) and each p > 0, ||¢|lcc < |l
on C.(G). Let S4(G) be the completion of C.(G) under the local convex topology 7 generated

|2,p,1; and || - ||2,p; defines a norm

by the sequence of norms, {|| - |l2p; : »p =0,1,2,...,}, and || - ||o. Moreover, if let Lo, ;(G)
be the completion of C.(G) under the norm | - ||2,,., then S§(G) = Moo L2,p1(G), so it is a
Fréchet space under the topology 7. We call S(G) the space of rapidly decreasing functions
on G with respect to [.

Definition 3.2 We say that G has property (RD) with respect to a length function 1, if there
exist a ¢ > 0 and a positive integer p such that || f|lrea < || fll2,p,1 for each f € C.(G).

We simply say that G has property (RD) if it has property (RD) with respect to some locally
bounded length function on G.

Note that, for two locally bounded length functions [; and ls on G such that [; dominates
la, if G has property (RD) with respect to Iy, then it has property (RD) with respect to I;.

By Proposition 2.1, if we identify Jy(a) with a for each a € C}(G), then both C}(G)
and SL(G) are subspaces of Cy(G). Using the closed graph theorem, we have the following
description for property (RD).

Lemma 3.3 G has property (RD) with respect to | if and only if S5(G) is contained in C;(G).

Proof 1If G has property (RD) with respect to I, then there exist ¢ > 0 and a positive integer p
such that || f|lrea < c||fll2,p. for each f € C.(G). For each ¢ € SL(G), we can choose a sequence
{¢n} in C.(G) converging to ¢ under the norms, ||-||2p; and || - ||oc. Hence, {¢n}r is a Cauchy
sequence under the reduced norm || - || ed, S0 it converges to a in C*(G). Using the identification
Jo, we have {¢, }, converges to a in Cy(G). Hence ¢ = a € C*(G).

Suppose S4(G) C C#*(G). We claim that the inclusion ¢ from S}(G) with the Ffechet
topology into C(G) with the reduced norm is a closed map. In fact, for a sequence {p,}, in
SL(G), assume it converges to ¢ under the Ffechet topology and {:(y,)}, converges to a in
C}(G) under the reduced norm || - |lrea- By (i) and (ii) in Proposition 2.1, we have {¢,}, in
Co(@) converges to a under the norm || - ||, 80 @ = t(p). Hence ¢ is closed. By the closed
graph theorem, ¢ is continuous. Then there exist ¢ > 0 and a positive integer p such that
I fllrea < ¢||fll2,pi for every f € C.(G). Hence G has property (RD) with respect to . O

Proposition 3.4 Assume G has property (RD) with respect to a continuous length function
l. Then

(i) there exist ¢ > 0 and a positive integer q such that || f|lrea < c||f

|2,q.1 for each f € SL(G);

(ii) under the following convolution and involution, S5(G) is a *-algebra:

frgl@)y= > flaygly™) and [*(x)=fla")

yeGL(=)

for all f, g € SL(G) and x € G. Moreover, it is a dense and Fréchet *-subalgebra of C;(Q).
Proof (i) It follows from the continuity of the inclusion ¢ from S(G) into C;(G).

(ii) From Lemma 3.1, S}(G) is contained in C(G). For every f,g € SL(G), by (iii) of
Proposition 2.1, we have fxg and f* are well defined and belong to Cf(G). Moreover, (fxg)* =
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g+ 7 1 l2pat = 1 fllzprs and [|f* 2 pre = [ Fllzp.ass s0 [[f*l2p0 = [[fll2p.1 for each p > 0.
Hence f* € SL(G).

Let f and g be in S}(G). For u € GV, if let g, be the restriction of g to G, then g, € I*(G,,)
and f * glg, = Indu(f)gu € I*(Gu), 50 Xcq, |f * 9(@)|* = Indu(f)gull® < [Ifllreallgll2,0.a.-
Hence

I1f * gll2.0.d0 < | fllreallllgll2.0.a.0- (1)

For ¢ € SL(G) and g > 0, we define ¢ (z) = ¢(x)(1 +(z))? for z € G. Then ¢, € S5(G),
lqllz.par = lell2p+aar, [Pallzpri = lloll2p+arts 50 [gllzps = [[@ll2,p+q0 for each p > 0.
Since (1 +1(x))? < (1 +1(ay))P(1 +1(y~1))? for all (x,y) € G% and p > 0, one can check that
I gllz.p.ap < [fp * gpll2.0,a0 and [|f * gll2p.ra < [[fp * gpll2,0,00-

By (i), there exist ¢ > 0 and a positive integer g such that [[¢|lrea < ¢||¢||2,4,; for each
¢ € SL(G). Hence, for each p > 0, it follows from (1) that

1 * gllop.ar < o * gpll20.a0 < [ fpllxeallgnllz0.ar < cllfpll2.q.tllgpll20.4

< el fll2ptallgl

2,p0 < CHf||27p+q,lH9H27p+q7l-
Noting that (f * g)* = g* = f*, we have |f * gll2p,ri = [[(f * 9)*ll2,p,as = [lg" * [*ll2,p,a0 <
cllgll2.p+q.illfll2,p+4q, for each p. Consequently,

1 * gll2ps < clfllapraillgllaprqr  for f,g € SH(G).

Hence f x g € S5(G). Tt follows from (i) that SL(G) is a Fréchet *-algebra and dense in C}(G)
as a x-subalgebra. d

Proposition 3.5 If G is of polynomial growth with respect to a locally bounded length function
l, then G has property (RD) with respect to [.
Proof Since G is of polynomial growth with respect to [, there exist a constant ¢ > 1 and an
integer 7 > 1 such that, for every m > 0, sup,cgo 7 BLu(m) < c¢(1+m)".

Let p = 3+ r. Then, for each u € G°, we have

PBRENICIEDY > [+ ()7

reGu k=0 zeG* k<l(z)<k+1

<> #BLu(k+1)-(1+k)
k=0
(oo}

<ed (2+k)(1+k)
k=0
<2 Z(l +k) 5=/,
k=0
where ¢’ is a positive constant only depending on [. Hence, for each f € C.(G) and u € G°, we
have

Yo @I =Y (F@)IL+ L)) - [L+ ()]

zeGY zeGY

1 1

( ) (|f(w)|2[1+l(a:)]2p>2 . ( Z [1+l(x)}_21’)2

zeGY zeGY

IN
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< V| fll2prt,

and erGu If(z)] = erGu [f*(z)] < \/C/Hf*||27p77«71 = \/c’||f||27p,dyl. We have established that
Iflr < Ve fllapi for each f € Co(G). By Proposition 2.1, |[fllwea < [If]r, thus [|f]lrea <
Ve || flla.pa for each f € C.(G). Hence G has property (RD) with respect to [. O

Next we consider the property (RD) for transformation groups. Let G = X X T' be a
transformation group, as defined in Example 2.2. For a length function L on I', we can get a
length function ! on G by I(x,g) = L(g) for (x,g) € G. Note that, for each m > 0 and each x €
X,wehave {geT': L(g) <m}={geT: l(z,g9) <m},so#BL.(m) =% {g € G: L(g) <m}.
Hence G is of polynomial growth with respect to [ if ' is of polynomial growth with respect to
L.

Let AT be the Stone-Cech compactification of ', which consists of all nonzero multiplicative
linear functionals on the abelian C*-algebra [°°(I"). Under the w*-topology, OT" is a compact
Hausdorff space. For each g € T', we let g be the functional in ST" defined by g(f) = f(g) for
f € l(T). If we identify each g with g, then T' is a dense subset of ST". Consider the action
of " on BT given by the right multiplication of I': gh = 51\1 for gyh € T'. Let G = g’ x '
be the transformation group. Then the reduced groupoid C*-algebra C}(G) is isomorphic to
the reduced crossed product C(SI') X4, I', where the action a of I' on C(BT) is given by
ag(f)(z) = f(zg) for geT, f € C(BI') and z € AT

Recall that the Schwartz function space S& (T, C(8T')) of the action a of T on C(A8T") with
respect to L is the set of all functions ¢ : I' — C(0T") satisfying

lelln = [ D g1 (0(9) ¢ (9)) (1 + 1(9))>" <00
gel c(pr)
for all n = 0,1,.... Then S(I',C(BT')) becomes a Fréchet space with the topology generate

by the seminorms || - ||, » = 0,1,.... By Theorem 3.4 in [7], if S&(I',C(BT)) is contained in
C(OT) Xy, I, then T is of polynomial growth with respect to L. In view of property (RD) for

groupoids, we can rewrite a result in [7].

Theorem 3.6 ([7]) Let T be a countable discrete group with a proper length function L. Then
T is of polynomial growth with respect to L if and only if G = T’ x T’ has property (RD) with
respect to the length function I, defined by l(x,g) = L(g) for each (x,g) € G.

Proof Suppose T' is of polynomial growth with respect to L. We have shown that G is of
polynomial growth with respect to [, hence has property (RD).

Suppose G has property (RD) with respect to I. Let C.(T', C(6I')) be the set of all functions
with finite support from I" into C(BI'). Then it is a dense subalgebra of C'(SI') x4, I' under
the reduced crossed norm. Let IT : C.(G) — C (T, C(T")) be defined by II(¢)(g9)(z) = ¢(x, g)
for p € C.(G), g € I' and x € BT". Then II can be extended to a *-isomorphism, still denoted
by II, from C}(G) onto C(BT) X4, ['. We show that the isomorphism II maps Si(G) onto
SL(T,C(BT)), and is an isomorphism as Férchet algebras.

In fact, for each ¢ € S4(G) and each n = 0,1, ..., we have

Y a1 (M) (9) TL(p) (9) (@) (1 + L(g))*"

[TL()[|n = sup
zepr gerlr
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= ||<P||§,n,d,l

and

ITL(e")ln = sup > |T(ep “HIPA+ L(g))™"]

el gel

sup Y [@*(zg ™", g) (1 +U(zg ™", 9))>"
zeﬁl"qel—.

= sup > el g)P(1+ (2, )™
gEF

On the other hand, for each v € SZ(T", C(BT)), define ¢(z, g) = ¥ (g)(z) for (x,g) € BT x I
Then ¢ is continuous on SI' X L', ||¢||2.n,d1 = ||¥]|n and ||@|l2,n,ri = ||*||n for each n = 0,1, .. .,
and II(p) = . Hence, the restriction II|g () of II to SL(G) is an algebraic isomorphism from
S4(G) onto SI(T,C(BT)). Since G has property (RD) with respect to I, we have S4(G) is
contained in C(G), so S¥(I', C(A)) is contained in C(BT) x4 .. It follows from Theorem 3.4
n [7] that T has polynomial growth with respect to L. O

4 Spectral Invariance

In this section, we show that the space S.(G) of rapidly decreasing functions on an r-discrete
groupoid G with respect to a continuous length function [ is spectral invariant if G has property

(RD) with respect to I. We first recall a Connes’ technical lemma on spectral invariance [11].

Lemma 4.1 ([11]) Let B be a C*-algebra, and A a C*-subalgebra of B. For a closed derivation
§ : Dom(8) — B, let Ay = (o Dom(6*) N A, where Dom(8*), contained in B, denotes the
domain of 6 for each k. Then Aq is a Fréchet algebra under the topology generated by the
family of semi-norms, {|| - || : k= 0,1,2,...}, where ||A||r = ||6¥(A)|| for each A € Ay and
each k. Moreover, if Ay is dense in A, then it is a spectral invariant subalgebra of A, and the

inclusion Ay C A induces an isomorphism on their K-theories.
Borrowing Ji’s idea in [11], we have the following result.

Theorem 4.2 Let G be an r-discrete groupoid. If G has property (RD) with respect to a
continuous length function | on G, then SL(G) is a spectral invariant *-subalgebra of C;(Q).

Moreover, the inclusion S5(G) C C(G) induces an isomorphism on their K-theories.

Proof Let u € G° be fixed. Let Ind, : C}(G) — B(I*(G,)) be the induced representation
by Indu(f)(§)(z) = >, cqu flay)é(y™1) for f € CHQ), € € I?(G.), v € Gy. Let T, be the
multiplicative mapping on [2(G,), given by the length function I: T,(&)(z) = I(x)é(x) for
¢ € I>(G,) and = € G,,. Then the mapping d,, defined by 46, (A) = i(T, A — AT,), is a closed
-derivation on B(I2(G,)).

For each f € C.(G), ¢ € I*(G,) and z € G, we have

Su(Indy (/) (@) =i > flay)ély™)(U(z) —1(y)).

yeGu,
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Moreover, by induction, we can check that

35 (Ind, (N))(E) (@) =" Y flay)ély™)Ua) = i(y)" fork=1,2,....

yeG®

Hence, for each f € C.(G) and ¢ € I?(G,,), we have
I (Indu(NIEN = 3 18 (Indu(£))E)()?

TEG,,
=D | D flayéy ) —iy)*
zelG, 'yeGY

2

IN

> (X il

z€G, yeGY

> (X - f(y‘l)l)2

z€G, “yeGv

[Tnd., (£ &) ([N
< I (F5)12[1€]1%,
where ) (x) = |f(2)|(1 4 I(x))*, so
6% (Indy (/)] < [T (FEN) < 1P e (2)
Let Su(G) = (NheoDom(d¥)) N Ind,(C;(G)). It follows from Lemma 4.1 that S,(G) is
a Fréchet algebra under the topology generated by the family of semi-norms, {|| - || : k& =
0,1,2,...}, where ||A|x = ||6%(A)| for each A € S,(G) and k. By (2), S.(G) contains

Ind,, (C.(@Q)), so it is spectral invariant in Ind, (C}(G)).
For f € SL(G), by Proposition 3.1 (i), we can choose a sequence {f,} in C.(G) converging

IN

IN

to f under each norm || - |2, (p > 0), as well as under the reduced norm || - ||req. For every
n,m,k > 1, by (2), we have [|6%(Indy(f)) — 6% (Indy ()| < [ = flrea < €]l £ =
T(rf;)H27q7l < || fn — fmll2,g+k.1, where ¢ and ¢ are constants independent of u, m and n, as in
Proposition 3.1. Hence there exists T' € B(I?(G,,)) such that 6%(Ind,(f,)) — T in B(I*(G.)).
Since Ind,(f,) — Ind,(f) and &F is closed, Ind,(f) € Dom(6%) and T' = §%(Ind,(f)). Thus
Ind, (f) € Su(G), so that Ind, (S(G)) C S.(G). Moreover, for the above constants ¢ > 0 and

q > 1, we have
185 (ndu( )] < el fllagres  for cach £ € SH(G). (3)

Assume that A € C(G) satisfies that Ind, (A) € S,(G). Then Ind, (A) € Dom(d¥) for each
k> 0. If let e, € [*(G,) be the characteristic function on {u}, then

Yeea, [A@)21(2)** = |6} (Ind, (A))eu||* < |0} (Indy (A)]|* < o0,

(4)
Yoecn [A@) L) = |16, (Ind, (A%) ey ||* < (|07 (Ind, (A) || < oo.

Ind,(A) € S,(G) for each u € G° and

Sup,eco |65 (Ind,, (4))]| < oo for each k > 0
For A € S(G), welet ||A|l», = sup,eqo |65 (Ind,, (A))]| for each n > 0. Then S(G) is a Fréchet
x-algebra under the local convex topology given by the family of semi-norms, {|| - ||, : » > 0}.

Let S(G)={ A ¢ c:(c)’
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With a given A € S(G), by (4) and the basic inequality (1 + I(x))? < 2(1 + I(x)?) for z € G,
we have, for each k > 0,

1AI3 1 < 2°ULAIG + CRIANT + CRIAIS + - - + CEH AN - + 1 AIR).

where C} denotes the combination number. Hence A € SL(G). From (3), it follows that
Iflln < cllfll2.g+ni for each f € S5(G) and n > 0. Consequently, S(G) = S4(G) and they have
the same topology.

In order to show S}(G) is spectral invariant in C*(G), it is sufficient to show S(G) is spectral
invariant in C*(G). For A € S(G), if let B € C}(G) be the inverse of A in C}(G), then, for
each u € G°, Ind, (B) is the inverse of Ind, (A) in Ind,(C}(G)). Since Ind,(A) € S,(G) and
S (G) is spectral invariant in Ind, (C}(G)), we have Ind,(B) € Su(G), so 6 (Ind,(B)) is well
defined for every n > 0. By induction, from the fact 6]! (Ind,,(A)Ind,(B)) = 0 for each n > 1 and
[ Al = supyeqo (103 (Indy (A))]| < o0, we can obtain that || Bll, = sup,ego [|4; (Indu(B))[| < oo,
Hence B is in S(G). O

5 (C*-algebras Arising from Expansive Dynamical Systems

Let X be a compact metrizable space and ¢ a homeomorphism of X. We assume that ¢ is
expansive; this means that, for a given metric d compatible with the topology, there is € > 0
such that d(¢™(z),¢"(y)) < e, for all integers n, implies x = y. We say that z and y in X
are conjugate if lim, | d(¢™(x), " (y)) = 0. One can check that conjugacy is an equivalence
relation on X, and each equivalence class is countable. We assume that the dynamical system
(X, d, @) satisfies the following condition:

(C)  For every conjugate pair (x,y), there is a map v : O — X such that O is an open

neighborhood of x, v is continuous at x, y(x) =y, and
m d(¢"(2),¢"(v(2)) =0 (5)

uniformly for z € O.

From [20] (or [1]), if the condition (C) holds, the germ of v at x is uniquely determined by
(z,y), and one can define a conjugating homeomorphism as a pair (O, ), where O is an open
subset of X, and v is a homeomorphism from O onto (O) such that the equation (5) holds
uniformly for z € O.

Let G, be the set of all conjugate pairs (z,y). If G, is equipped with the topology whose
base is given by the following open sets:

{(z,72)| z € O}, for a conjugating homeomorphism (O, ),

then it is a separable and r-discrete groupoid.
Remark 5.1 FEach Smale space (X, d, ¢) satisfies the condition (C) [18, 20]. In this situation,
G, is precisely the groupoid defined by Putnam in [18] using the asymptotic equivalence relation
on X. Some important dynamical systems, for example, subshifts of finite type (SFT), Anosov
diffeomorphisms and solenoids, are Smale spaces, hence satisfy the condition (C).

In this section, we consider the property (RD) for the groupoid G, associated with SFT
and solenoids.
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5.1 Subshifts of Finite Type (SFT)

Let N be a positive integer and let A be a fixed N x N matrix whose entries A; ; are zeros or
ones. We assume that A is primitive, i.e. for some positive integer k, A* has no zero entries.
Let {1,2,..., N}% be the space of doubly infinite sequences of {1,2,..., N}. Let

X ={{z;} €{1,2,...,N}?| A, =1forallicZ}

isTi41
and ¢ the mapping from X onto itself defined by
o(x); =xi41  forz={x;} € X.
Then, with the metric
= ZZ*HHM —y;|  forx={x;} and y = {y;} € X,
i€Z
X is a compact metric space and ¢ is a homeomorphism on X. Moreover, (X, ¢) is an irreducible
Smale space, so it satisfies the condition (C) ([18]).

One can verify that  and y in X are conjugate if and only if, there is an integer kg > 0
such that zy = y for each k with |k| > kq. Hence, for g = (z,y) € G4, we can define

L(g) =min{kg > 0: xp = yg, for all k with |k| > ko},
l(g) = N9 —1
Then L(gh) < max{L(g), L(h)} and I(gh) < max{l(g),l(h)} for every (g,h) € G2, so L and I

are length functions on G,.

Theorem 5.2 The groupoid G, is of polynomial growth with respect to 1. Hence S5(G,) is a
spectral invariant and dense *-subalgebra of CX(G,,).

Proof We first show L is continuous on G,. For (z,y) € G,, since G? is open in G, and
L|go = 0, we can assume that z # y. Let ko = L(x,y) > 0 and write z = {z,,} and y = {y,}.
Then z, =y, when |k| > ko, and Tg,—1 7# Ykg—1 OF Tkot1 7 T—kot1. S€b

={z€ X : 2z, =mx for each |k| < ko}
and define the mapping v from O, into X by
(v2)i = 2z for |k| > ko, and  (v2)r =y for |k| < ko

for each z € O,. For each n € Z, and z € O,

ko—1

(0" 2)k — (" 72)k] lzj =yl _ ¢
= <
d(p"z,0"y2) E olk| Z 9ln—j| = 9ln|’
kezZ j=—ko+1

where c is a constant, only depending on N and ky. Hence

lim d(¢"z,¢"yz) =0, uniformly forz e O,.

|n|— 00
Obviously, v is injective, continuous at x and vz = y. From [1], (O,7) is a conjugating
homeomorphism determined by (z,y), so U = {(z,7z) : z € O,} is an open neighborhood of
(z,y) in G,. For each z € O,, by the definition of O,, we have (vz); = 2z, when |k| > ko,

and zp,—1(= To—1) # (V2)ko—1(= Yko—1) O 2ko41(= T—po+1) # (¥2)—ko+1(= Y—ko+1)- Hence
L(z,vz) = ko, so L is continuous at (z,y). Consequently, [ is continuous on G,.
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Let v = {un} € X be given. For z = {z,,} € X and m > 0, we have (u,z) € G, and
L(u,z) < m if and only if uy = xp when |k| > m. So

Tom = U—m,Tm = Um,

#BéZ(m) :# (a?_m,x_m+1,...,mm_1,wm) A

v = L—m<i<m

— (AQm)u7
< sz.

i.e., the (u_p,, um)-entry of A%™

m>Um?

Hence
4B, (m) < #BG, (logh ™ +1]) < N2 (m + 1)2.

Hence G, is of polynomial growth with respect to [. From Proposition 3.2 and Theorem 4.2,
SL(G,) is a spectral invariant and dense *-subalgebra of C*(G,). O

5.2  Solenoids

Let S* be the unit circle in the complex plane and o : S! — S! the map defined by o(z) = 22

for € S'. The inverse limit of the system {X,,, 0 }n>0 is called a solenoid. Concretely, we can
describe X as

X = {(zo,21,...)| T, € SY,0(2ps1) = Tn,n =0,1,...}.

Under the following metric,

> d(zn,
d(x,y) = Z ( 2"n yn) for x = (zn)nZOa y= (yn)nZO € X,

n=0
X is a compact metric space, where d’ is the Riemannian metric on S, i.e., for ay, as € [—7,7),
d'(e'1,el®2) = |ay — gl if [ — | < 7 and d' (€™, e'*2) = 27 — |ay — ] if oy — | > .

Let ¢ be the mapping from X onto itself, defined by
¢ (zo,21,20,...) — (23,20, 71,...) for & = (20,21, 22,...) € X.

Then ¢ is a homeomorphism on X with the inverse ¢ ~1(xg, 21, 72,...) = (21, 2,...) for x =
(zo,21,22,...) € X. By [18], (X,d, ¢) is an irreducible Smale space, so satisfies the condition
(©).

In order to describe the groupoid G, of conjugate pairs on (X,d, ), we use the dyadic
rational additive group I' = { ] : m,n € Z,n > 1} and a canonical flow {F;|t € R} on X. For
each t € R, we let

ti 27mti

27ti
x1,e 22 To,...), for (xzg,z1,22,...) € X.

27
Fi: (xg,x1,22,...) — (7™ x0,e 2

Then F,F, = F,1, for all s,t € R. For = {z,,}n>0 and y = {yn }n>0 € X, one can check that
lim,,— 4o d(p"x, ©™y) = 0 if and only if yo = txg for some t € T, and lim,,—, 4 o d(p "z, o™ "y) =
0 if and only if y = Fyx for some ¢ € R. Hence, x and y are conjugate, if and only if y = Fx
for a unique t € T'. So, I acts on X by {F}.

Fort €T, let

min{n| t = Ji ,form,n € Z,n > 1}, ift#0,

0, if t = 0.

Ii(t) =
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Lp(t) = max(24® — 1, [¢]).

Note that I3 (s +t) < max(l1(t),l1(s)) for s,t € I'. Then Lr is a length function on I'. By the
definition of Iy, we have, for k € N,

0, if k=0,

li(t) =k if and only if t = ¢ 2t for some odd n, ifk > 1,

5, € Zyn #0, ifk=1.
As before, let G, be the r-discrete groupoid consisting of all conjugate pairs associated with

the solenoid (X, d, ¢). Using the function Lr, we can give a length function [ on G,.
Definition 5.3 For each (x,y) € G, there exists a unique t € T such that y = Fyx. Define

l(l‘,y) = LF(t)'

One can verify that [ is a length function on G,. We have the following result.

Theorem 5.4 The groupoid G, is of polynomial growth with respect to I, hence S(Gy) is a

spectral invariant and dense *-subalgebra of C;(G,).

Proof We first claim that, for each ¢t = )15 € I' for mg,ng € Z and ng > 1, (X, F}) is a
conjugating homeomorphism, i.e., F} is a homeomorphism on X and lim|,,| o d(¢"z, " F;z) =
0 uniformly for z € X.

In fact, one can easily check that F; is a homeomorphism on X. For an arbitrary e with 0 <
€ < 7, choose an integer N such that N > max(|mq|, ng) and ,k (et 27T(12f|t‘) +Z?igl 2im) <
€. Let n > N be given.

Since | 2| < 3 for j = 0,1,..., we have d'(zn4j,exp( 2 )z,gy) = | 20| for every

z = {Zj}jZO € X. So

(2o, exp( 57T ) 2ntg) _ 1 o 2t
—n —n _ 7 on+j n+j .
d((p oY FtZ)_Z 27 _QnZ 49 <€
j=0 =
and
d(p"z, " Fyz) = ~ d'(0720,07(Fi2)0) | ~= d' (25, (Fi2);)
(62" Fi2) =3 on—j + ot
=1 =
" o0
1 d'( F
= on ZQJd (UJZO eXp(QTFQJtl ajzo on Z Zjv tZ )
j=1 =0
1"01 i (¥
= Z 29d' (07 29, exp(2m27ti) o7 z9) + o Z ZJ? 12)j
Jj=1 iz

[%j%w+§: ]

Hence lim ;| d(¢*z, p* Fyz) = 0 uniformly for z € X. We have established the claim.
For (z,y) € G, write y = Fyz for some ¢t € T', so I(x,y) = Lr(t). From the above claim, we
have U = {(z, Fiz)| z € X} is an open subset of G, containing (x,y), so that [ is continuous at

(z,y). Hence [ is a continuous length function on G,.
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Let k, k" € N. We consider the element ¢ in I" such that [t| < k and I;(¢) = k. If ¥ =0 or
k=0, thent=0;if & =1, then t = 7 for m € Z and 0 < |m| < 2k; if k' > 2, then t = o for
an odd m with |m| < 2¥'k. Hence

Y
el [t <k hL(t) <k}= Z#{t T |t| <k, ly(t) =4} <1421k
3=0

So, for u € X and m € N, we have
#(u,z) € GY l(u,z) < m} =% {t € T||t| <m,1i(t) <loght} < 4m? +4m + 1.

Hence G, is of polynomial growth with respect to [. From Proposition 3.2 and Theorem 4.2,
S4(G,) is a spectral invariant and dense *-subalgebra of C*(G,). O

6 Applications

For a countable discrete group I', one can associate to a normalized cocycle ¢ on I' a cyclic
cocycle 7. on the group algebra CT" [3, 4]:

efor fon b)) = Y folgo) filgr) -+ fulgn)c(gr, g2, - gn)

gogi--gn=1
for fo, fi,..., fn € CI'. In general, 7. cannot be extended as an n-trace on the reduced group
C*-algebra C*(T"), but in [13], Jolissaint proved that, with some additional hypotheses, 7. plays
the same role as an n-trace. In this section, we can give a similar application of property (RD)
for r-discrete topology groupoids.
Given an algebra A over C, for n > 1, let Z™(A) be the set of all (n + 1)-linear functionals
@ on A such that by = 0, where b is the Hochschild coboundary map given by

(bcp)(ao, A1y oy an+1)
= Z(—l)jgo(ao, Q@11 A1) + (1) o (an 100, a1, - .y an)
7=0

for all a; € A. We denote by Z{(A) the set of all cyclic n-cocycles ¢ on A, i.e., p € Z"(A) and
o(at,...,an,a0) = (=1)"p(ag,ai,...,ay) for all a; € A. For the cyclic cohomology theory, we
refer to [3].

Let G be an r-discrete, topology groupoid. The sets G, G! = G and G? have already been
defined. For n > 3, we set

G" ={(90,91,--,9n—1) : 9i € G, d(g;) =7(gi1),i=0,1,...,n —2}.

Let ¢ be a normalized n-cocycle on G. That is, ¢ is a complex continuous function on G™ with
the product topology and satisfies:
(i) for all (go,g1,---,9n) € G,

bC(QO,gl,QQa .. 7gn)

n

=c(g1,92,---,9n) + Z(—l)jc(go,gl, e 39j-1Gjs -+ 9n)
j=1

+(=1)"" (g0, g1, -+ gn-1) = 0;
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(ii) ¢(go,---sgn_1) = 0, for every (go,...,gn_1) € G™ with gog1---gn_1 € G%or g; € G°
for some 1.
For u € G, we define

T for b Fa) = Y folg0)fi(gr) -+ fulgn)elgr, g2, -5 gn),

gogi-gn=u

for f; € C.(@),i=0,1,...,n
Remark 6.1 For each f € C.(G), since G°P is a base for the topology, the (compact) support
of f is covered by a finite number of sets in G°P. Using a partition of unity for the cover, we
can obtain that f is a linear combination of functions f; in C.(G) with support contained in
some sets in G°P. Hence we can assume that the support of each f; in the definition of 7} is
contained in some A; in G°P. For each u in GV, if u has a decomposition u = gog; - - - g, for
gi € A;,i=0,1,...,n, then such decomposition is unique. So 7*(fo, f1, ..., fn) is well defined.

Recall that each positive Borel probability measure g on G° induces a Borel measure v on
G, defined by [, f(g)d = oo 2o gEG“ (9)dp(u) for f € C. ( ) Let v~ ! be the image of v
under the inverse map on G, ie., v~ is given by [, f(g)dv = [0 2o gea, F(g)du(u) for
f € C.(G). We say p is invariant if v = v=1. Under this smua‘mon7 for each A € G°P, if r(A)
and d(A) are endowed with the relative measures of p and let a4 be defined by a4 (r(a)) = d(a)
for a € A, then a4 is a homeomorphism preserving measure from r(A) onto d(A).

For f; in C.(G) with support contained in A; € G°P for i = 0,1,...,n, let

Ly={ucG’: u=gogi--gnforg; € A;,i=0,1,2,...,n},

L ={uecG": u=g,9001 " gn_1 for gi € A;;i=0,1,2,...,n}.
Then L,, C d(A,), L, C r(Ay), L, and L/, are open in G°. Moreover, o, (gngog1 - gn_1) =
9091 * " Gn—19n € Lyp for w = gngog1 - - gn—1 € L,,. Hence, ay, (L})) = L,, and the restriction of

aa, to L], preserves the relative measures of p on L/, and L,. So, for appropriate functions ¢

on L,, we have

/L p(u)dp(u) = /;’ olaa, (u))dp(u).

For each u € G°, if u ¢ L,, then 7%(fo, f1,...,fn) = 0; if u = gog1 - gn_19n € L, then

T2 fos f1, s fn) = fo(90)f1(g1) -+ fulgn)c(g1,92,--,9n). By the property of sets in G°P,
72(fo, f1,- -+, fn) is continuous on L,. Moreover, we have

/L Jolgo) -+~ falgn)e(gr, -, gn)dp(u) = y Jolgo) -+ fulgn)e(gr, - - gn)dp(u).
So, we can give the following definition.

Definition 6.2 Let p be an invariant probability measure on G°. Define
Tc(anf17~-~7fn):/ OTéL(anflw"afn)d:u(u) fOTfiECC(G), i:O,l,...,n
ueG

Proposition 6.3 7. is a cyclic cocycle on C.(G), i.e., . € ZY(C.(G).

Proof We first show 7. is an n-cocycle on C.(G), i.e., 7. € Z"(C.(G)). Without loss of
generality, we can let f; be in C.(G) with support contained in A; € G°P for i =0,1,...,n+ 1.
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By the above argument, we have

relfofi fon- o fr) = / Jo(g0) Fr(g) - Faer (G )elgs o+ gugr)dpa(a),

Te(fatr1fo, frs s fn) :/L/ Fnt1(gn+1)fo(g0) -+ falgn)e(gr, g2 - - - s gn)dp(u)

n+1

= /L Jo(go) -+ frlgn) frns1(gns1)e(g1, 92 - - - gn)dpu(u),
n+1
and, for each j with 1 < j <mn,
Te(fo, f1o- -5 fifivns ooy fgn)

- / Folg0) -+ £ (9 fix1(a51) -+~ Fogt (Gs)e@1 -+ G305 41s -+ s )da().

Hence
b7e(fo, f1r- oo 1) = > (=1 7e(fo, froe s fifivrs oo fuin)
j=0
+ (=) e (frgr fo, fro -5 fn)

= /L fo(90) - -+ fu(gn) frt1(gn+1)(be(g1, 92 - - - s Gns Gnt1)dp(u) = 0.

Consequently, 7. is an n-cocycle on C.(G).
Next we show that 7. is a cyclic cocycle. Let fo, f1,... fn be in C.(G). As before, we only
consider that each f; has support contained in A; € G°P for ¢ =0,1,...,n. Then

TC(an fla o 7fn) = /L fO(gO)fl(gl) o f’ﬂ(gn)c(gla927 s 7gn)d/’c(u)
and

TC(fﬂava---vfn—l) :/L/ fn(gn)fO(g())"'fn—l(gn—l)c(907glv'"7gn—1)d/’c(u)

= /L fO(QO) T fnfl(gnfl)fn(gn)c(gmgh ce. 7gnfl)dﬂ(u)-

It follows from the normality of ¢ that ¢(go, g1,-..,9n-1) = (=1)"c(g1,- -+, Gn—1,9n) for u =
gog1 * - gn—19n S Ln SO, Tc(f07 fla ey fn) = (_1)n7—c(fn7 an f17 LR fn—l)- U
We say an n-cocycle ¢ on G is of polynomial growth with respect to a length function I, if

there are constants 0 < b and 1 < m such that

[¢(90, 915+ gn—1)] < b(1 +1(g0))™ (1 +1(g2))™ -+ (1 + Ugn-1))"™

for each (go,91,---,9n—1) € G™. The following proposition is similar to that in [13].
Proposition 6.4 Let G be an r-discrete, topological groupoid. Suppose that G has property

(RD) with respect to a continuous length function l, and c is a normalized n-cocycle on G being
of polynomial growth with respect to . Then T, can be evtended continuously to S5(G). Hence
Te induces a map ®; : K;(C*(G)) — C, i = n(mod 2), such that

(1) if n is even and e € Proj(M,(S4(G))) then ®o([e]) = (7.#T7r)(e, ..., e);

(2) if n is odd and u € GLy(S4(Q)) then ®o([u]) = (Tc#Tr) (™ uy ..., u™t u).
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Proof From the assumption, there exist positive constants a,b and positive integers p and m

such that || f||- < al[f|l2,p; and [c(go, g1 - gn—1)] < b(L+1(g0))™ (1 +1(g1))™ -+ - (1+1(gn—1))™
for f € C.(G) and (g0, 91,---,9n—1) € G". For u € G° and fo, f1,..., fn € C.(G), we have

e oseen fdl <0 30 Wolgo) 1 fi(g0)l- | falgn)lle(grs g2, - - gn)

gogi-gn=u

< Z bdo(g0)p1(g1) -+ - dnlgn)

gogi-gn="1u
= b(go * P1 * -+ x P )(u)
< bllgo * d1 x -k )|l
< bl|goll Bl lpnllr
< a”bl follr - lonllzpt -+ | Pnll2p

< a"b| fill2prmi - | full2prm.ill follzprm.i,

where ¢o(9) = |fo(9)], ¢i(g) = |fi(9)|(1+1(g))™, i = 1,2,...,n. Since these constants a, b, p, m
are independent of v and p is a probability measure, we have |7.(fo, f1, - .., fn)| <a"b|| foll2,p+m.1
“ | fnll2.p+m.i- Hence 7. can be extended continuously to Si(G).

From Theorem 4.2, S(G) and C;(G) have isomorphic K-theories. By the pairing of the
K-theory and the cyclic cohomology [3], 7. induces a map ®; : K;(C}(G)) — C with the
properties (1) and (2). O
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