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Abstract Let H be a Hilbert space with dimH > 2 and Z € B(H) be an arbitrary but fixed operator.
In this paper we show that an additive map @ : B(H) — B(H) satisfies ®(AB) = ®(A)B = A®(B)
for any A, B € B(H) with AB = Z if and only if ®(AB) = ®(A)B = A®(B), VA, B € B(H), that is,
® is a centralizer. Similar results are obtained for Hilbert space nest algebras. In addition, we show
that ®(A%) = A®(A) = ®(A)A for any A € B(H) with A% = 0 if and only if ®(A) = AD(I) = ®(I)A,
VA € B(H), and generalize main results in Linear Algebra and its Application, 450, 243-249 (2014) to
infinite dimensional case. New equivalent characterization of centralizers on B(H) is obtained.
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1 Introduction

Let R be a ring with the unit I and ® : R — R be an additive map. @ is called a left
centralizer if ®(AB) = ®(A)B, VA, B € R, a right centralizer if ®(AB) = A®(B), VA,B € R,
and a centralizer if it is both a left and right centralizer, that is, ®(AB) = ®(A)B = A®(B),
VA,B € R. As well known that right (left) centralizers and centralizers are very important
in both theory and applications, and were studied intensively (see [1, 4, 7, 8] and references
therein). For example, centralizers were studied in the general framework of semiprime rings
by Vukmann and Kosi-Ulbl [8]. Recently some mathematicians characterized left and right
centralizers by local actions. In [1], Bresar characterized an additive map behaving like a right
(left) centralizer when acting on zero-product elements, that is, an additive map ® : R — R
satisfying

®(AB) = A®(B) (®(A)B) for any A,B € R with AB =0. (1.1)
They proved that an additive map from a prime ring into itself satisfying (1.1) if and only if

®(AB) = AD(B) (P(A)B), VA, B € R, that is, ® is a right (left) centralizer. In [2], Chen
studied a linear map ® : M, (F) — M, (F) (n # 3) satisfying

d(A?) = AD(A) for any A € M, (F) with A% = 0. (1.2)
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It is obvious that each right centralizer satisfies (1.2), but the reverse is not true. In fact, they
proved that such map has the form ®(A) = SA + trace(A)T,VA € M, (F). For centralizers,
Qi [7] showed that an additive map ® from a prime ring R into itself satisfies

®(AB) = AD(B) = ®(A)B for any A,B € R with AB=P, P>=P, P #0,I

if and only if ®(AB) = A®(B) = ®(A)B, VA, B € R, that is, ® is a centralizer. Motivated by
results in [1, 2, 7], more generally we say an additive map ® : R — R is centralized at a fixed
point Z € R if

®(AB) = A®(B) = ®(A)B for any A, B € R with AB = Z, (1.3)

and such point is called a centralized point of R. It is obvious that an additive map ® : R — R
is a centralizer if and only if it is centralized at each Z € R. It is natural and interesting to
ask the question whether or not an additive map is a centralizer if it is centralized at one given
point. We say that Z is an additive full-centralized point of a ring R if every additive map
from R into itself that is centralized at Z is in fact a centralizer. Main results in [1, 7] show
that 0 and every nontrivial idempotent are full-centralized points of a prime ring. In this paper,
we will show that every operator is a full-centralized point of B(H) and a Hilbert space nest
algebra Alg\.

Let H be a Hilbert space over the real number field R or the complex number field C
with dimH > 2 and B(H) be the algebra of all bounded linear operators on H. A nest N in
B(H) is a totally ordered family of orthogonal projections in B(H) such that for every family
{Py\} of elements of N, both VP, and APy belong to N, and which includes 0 and I. The
nest subalgebra of B(H) associated to a nest N, denoted by Alg\, is the set of all elements
A € B(H) satisfying PAP = AP for each P € N.

2 Centralizers on B(H)

In this section, first we characterize left or right centralizers on B(H) by additive maps behaving
like left or right centralizers at an injective or a dense range operator product elements. As its
application, we show that every operator is a full-centralized point of B(H) and Alg\ .

To prove our main result, Lemmas 2.1-2.3 are necessary. In the proof of Lemmas 2.1-2.3,
the statement that any operator in B(H) is a sum of two invertible operators will be used

without mentioning.

Lemma 2.1 Let ®: B(H) — B(H) be an additive map. Then
(1) For an operator Z € B(H) with dense range, ®(AB) = ®(A)B for any A,B € B(H)
with AB = Z if and only if D(AB) = ®(A)B, VA, B € B(H), that is, ® is a left centralizer.
(2) For an injective operator Z € B(H), ®(AB) = A®(B) for any A,B € B(H) with
AB = Z if and only if ®(AB) = A®(B), VA, B € B(H), that is, ® is a right centralizer.

Proof  We only check (1), (2) is similar. The “if” part of (1) is obvious, we only check its
“only if” part. For any invertible operator A € B(H), it follows from Z = I[Z and Z = A~1AZ
that ®(2) = ®(1)Z, ®(Z) = ®(A"1HAZ and ®(1)Z = ®(A')AZ. Now the fact that Z is an
operator with dense range implies ®(A~1)A = ®(I), and hence ®(A~1) = ®(I)A~!. Therefore,
®(A) =P(I)A, VA € B(H) and (1) is true. The proof is complete.
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From now on, fix a nontrivial idempotent P € B(H), and set P, = P,P, = I — P and
Aij = PB(H)Pj, 1 < 4,5 < 2. Then B(H) = A1 + A2 + A2 + Ago, which is the Pierce
decomposition of B(H). For any A € B(H), A;j = P,AP;, 1 <i,5 <2.

Lemma 2.2 For Z € B(H) such that Z21 = 0, if an additive map ® : B(H) — B(H) satisfies

®(AB) = ®(A)B for any A, B € B(H) with AB = Z, (2.1)
then for any A1y € A11, A1z € Aja, Agg € Ago,
O(A1)Py =0, P(A11A12)Py = ®(A11)Ar2, P(A12)A12 =0.

Proof For any invertible operator A;; € Aj; with A1_11 € Ay1 and Bag, (s € Ass such that
BQQCQQ = Z22, by (21) and

(Au + t(AuAlg + ng))((AilZ — Aung) + t_lcQQ) =7, VteQ, VAx € Ao, (2.2)
we have

®(Z) = ®((A11 + t(A11A12 + B22))) (A1 Z — A12Ca2) +t 1 Co2)
= ®(A11)(A;]'Z — A19C9) + ®(A11 Az + Bag)Cas
-+ t(I)(AllAlz + Bgz)(AﬁlZ - A12C22) + tilé(All)CQQ.

This implies

<I>(A11)(Af11Z — Aung) + (D(A11A12 + BQQ)CQQ = q)(Z), (23)
(A1 Ay + Boo) (A Z — A1pCas) = 0, (2.4)
B(A11)Cas = 0, (2.5)

By (2.3), (2.4) and replacing A2 with tA;o for arbitrary ¢ € Q, we have

D(A11)A12C02 = D(A11412)Co2, P(A11412)A12C22 =0, (2.6)
B(A11A12) A Z = B(Bya) A12Css. (2.7)

Let Coo = P,. Then (2.5) implies ®(A;1) P, = 0 for any invertible operator Ay; € A;q, thus
O(A11)Pa =0, VA € Ay (2.8)
Similarly, taking Cos = P, in the first equality of (2.6), we have
D(A11)A10 = D(A11412) Py, VA1 € Ajp, Arg € Ago. (2.9)
Letting A1; = P1, Ca2 = P» in the second equality of (2.6), one gets
D(A12)A12 =0, VAps € Ago. (2.10)

The proof of this lemma is complete.

Lemma 2.3 For Z € B(H) such that Za; = 0, if an additive map ® : B(H) — B(H) satisfies
®(AB) = A®(B) for any A, B € B(H) with AB = Z, (2.11)
then for any A1y € A1, A2 € A1, Asg € Ao,
Pi®(Az2) =0, Pi®(A1pAz) = Ap®(A22), A12®(412) =0.
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PT’OOf It follows from (22) and (211) that (A11 + t(A11A12 + BQQ))@((A:E[IZ — A12C22) +
t71C09%) = ®(Z), Vt € Q. This implies

A ®(AZ — A12Ca2) + (A1 Arg + Bog)®(C) = ®(2), (2.12)
(A11 412 + Bos)®(A7'Z — A12020) =0, (2.13)
A11P(Cy) = 0. (2.14)
By (2.12) and replacing A1 with tA;s for arbitrary t € Q, we have
A11P(A1202) = A11A12P(Ca2). (2.15)
A11A19P(A12Co2) = 0. (2.16)

Let Boy = ZyyDgo and Cay = Dy’ in (2.14), where Dgy € Agg is invertible in Ag. Then
BoyCoy = Zs. Thus (2.14) entails Py®(Dy,') = 0 and

Pl(I)(A22) =0, VA € Agp. (2.17)
Similarly, by (2.15) and (2.16), we have
Pr®(ApA9) = A12®(A22), A12®(A12) =0, VA € Ajg, Azo € Aga. (2.18)

The proof is complete.

By Lemmas 2.2 and 2.3, we can show an additive map ® : B(H) — B(H) is a centralizer if
and only if it is centralized at an arbitrary but fixed operator, new equivalent characterization
of centralizers on B(H) is obtained.

Theorem 2.4 Assume H is a Hilbert space with dimH > 2 and Z € B(H) is an arbitrary but
fized operator. Then an additive map ® : B(H) — B(H) satisfies ®(AB) = ®(A)B = A®(B)
for any A, B € B(H) with AB = Z if and only if ®(AB) = ®(A)B = A®(B), VA,B € B(H).

Proof The “if” part is obvious, we only check the “only if” part. If Z = 0, the conclusion
follows from main results in [1]. Next we assume Z # 0.
Case 1 ran(Z) # H, where ran(Z) denotes the range of Z.

Let P be the nontrivial orthogonal projection from H onto the closure of ran(Z). Then
(I —P)Z =0. Set P, = P and P, = I — P. Then the condition (I — P)Z = P,Z = 0 implies
Zo1 = Zss = 0, and thus by Lemmas 2.2-2.3 we see (2.7) holds for any Bag, Cos € Age with
B22Cas = 0. Letting Coe = 0 and A1 = P; in (2.7), we get ®(A12)P1Z = 0. Since ran(Z) = Py,
thus

<I>(A12)P1 =0, VA; € A (2.19)

It follows from P, Z = Z and Py (Z + Ag1) = Z that ®(P)Z = Pi®(Z) = ®(Z) and ®(P)(Z +
Ag) =0(Z) = PL®(Z + Aa1), and hence

(Z) = PL®(Z) = B(P)Z, ®(P))As; = Pi®(As;) =0, VAs € Aoy. (2.20)
For any A12 S A12, A21 S ./4217 it follows from (P1 + Alg)(z — A12A21 — A12 + Agl + Pg) =7
that (P1 + Alg)q)(Z - A12A21 - A12 + Agl + Pg) = (I)(Z) By Lemmas 2.2-2.3 and (220), we
have —qu)(AlQAgl) +A12(I>(Z) —A12(I)(A12A21) +A12@(A21) =0. Replacing Agl and Alg with
sA21 and tA;4 respectively for arbitrary s,t € Q, one gets

A12@(Z) = 0, qu)(AlgAQl) = Alg(I)(AQl), VA12 € A12; A21 S A21. (221)
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Since B(H) is a prime algebra, thus (2.20) and (2.21) imply P,®(Z) = 0, P2®(P;)Z = 0 and
P,®(Py)P; = 0 since ran(Z) = P;. By Lemma 2.2, we have P,®(A13)Py = P,®(Py)A12 = 0.
This and (2.19) imply ®(A;2) € Ajz. Lemmas 2.2-2.3 entail Po®(A11A12) Py = Pa®(A11)A12 =
0 and Pi®(A1pAss)Py = App®(As)Pr = 0, thus Pa®(A1)P; = 0 and Po®(As)Pp = 0.
Therefore, ®(A11) € A1, P(A2) € Aga, and ®(1) = ®(P1)+P(Pa) = PLP(P1)Pi+ PP (Ps)Ps.
Now by (2.21), we get A1oP(A21)Py = PiP(A12421)P> = 0, and hence Po®(As; )P, = 0. This
and (2.20) imply ®(Az;1) € Asa;.
Next we show @ is a centralizer. Lemmas 2.2-2.3 entail

P1(I>(A12)P2 = A12<I>(P2) = <I>(P1)A12, VAis € Aqs. (2.22)
and Pl(I)(AllAlg)Pg = (I)(Pl)AllA12 = A11A12(I)(P2)P2 = All(I)(Pl)AlQ. On the other hand,
Lemma 2.2 and (211) 1mply qu)(AllAlg)PQ = Pl(I)(All)AlQ. Thus

Pi®(Ay1) Py = PLO(P1) A = An®(Py) Py,
@(All) = All‘l)(Pl) = (I)(Pl)All, VAH S .A11. (2.23)

Similarly,
B(Ags) = Asp®(Py) = B(Py)Azs, YAy € Ass. (2.24)
Now (2.21)(2.22) imply
A12®(Ag1) P = Pr®(A12421) P = A1p A ®(P1) P
= A12A491D(Py) = O(Py)P1A12As = A12P(Py) Agy.

Since B(H) is a prime algebra, thus
‘I)(Agl) = Aglq)(Pl) = (I)(PQ)Agl, VAgl S .A21. (225)

Therefore, for any A = Z?,j:l Aij, 4,5 =1,2, we have
D(A) =P(A11) + P(A12) + ©(Aar) + P(Ag)

= A11P(P)) + A12P(Ps) + A21D(Py) + A ®(P,)

= (An + Az + Az1 + A22)(R(P1) + ()

= O(Py)A1 + @(Pr)Arg + @(P2) A2y + $(P2) A2z

= (®(P1) + ®(%)) (A1 + A1z + A2 + Aza),
and ®(A) = ®(I)A = AD(I),YA € B(H). Now it is easy to verify ®(AB) = ®(A)B =
A®(B),YA, B € B(H), that is, ® is a centralizer.
Case 2 ran(Z) = H.

If Z is an injective operator, by Lemma 2.1 ® is a centralizer.

If Z is not an injective operator, then ran(Z*) # H. Define an additive map ®* : B(H) —
B(H) by ®*(A*) = ®(A)*, VA € B(H). Then for any A,B € B(H) with B*A* = Z*
AB = Z, we have

" (B*A") = ®*((AB)") = ®(AB)" = (®(A)B)" = (A®(B))"
= B*®(A)" = §(B)"A* = B*®*(A*) = &*(B*) A",

and
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that is, ®* is centralized at Z*. Therefore, ®* is a centralizer by case 1, which implies @ is a
centralizer. The proof of this theorem is complete.
Next we show each operator is a full-centralized point of a Hilbert space nest algebra Alg\'.

This result has been got in [5], here we give a short proof of it.

Theorem 2.5 Let AlgN be a Hilbert space nest algebra. Assume Z € AlgN is an arbitrary but
fized operator. Then an additive map ® : AlgN — AlgN satisfies ®(AB) = ®(A)B = A®(B)
for any A, B € AlgN with AB = Z if and only if ®(AB) = ®(A)B = A®(B), VA, B € AlgN..

Proof  Only the “only if” part needs to be checked. If N' = {0, I}, then AlgN = B(H), the
conclusion follows from Theorem 2.4.

If there is a nontrivial projection P € A/, let P, = P and P, = I — P. We can decompose
A= AlgN as A = Ayq + Aig + Asa, Aij = PAIgNP;, 1 < i < j <2. Since PB(H)P, C
PiAlgN P, thus for Aj; € Ay and Agg € Ao, the condition A1 A5 = 0, VA5 € Ajo implies
A1 =0, and A12As =0, VA12 € Ajo implies Ags = 0. Therefore by the fact PoAlgN Py = {0}
and similar arguments as that in the proof of Theorem 2.4, we can show ® is a centralizer. The

proof is complete.

3 Left or Right Centralizers on B(H)

In this section, we characterize left or right centralizers on B(H) by square zero operators and
involutions, and generalize main results in [2] to infinite-dimensional case. To prove our main

result, the following two theorems are necessary.

Theorem 3.1 ([6]) Let H be an infinite-dimensional Hilbert space. Then every operator

A € B(H) is a sum of five square-zero operators.

Recall that a von Neumann algebra A is a C*-subalgebra of some B(H), which satisfies the
double commutant property: A” = A, where A’ ={T | T € B(H), TA = AT, VA € A} and
A" ={A’Y. A von Neumann algebra is called properly infinite if it contains no nonzero finite
central projection (see [3]). In particular, B(H) is a properly infinite von Neumann algebra if
H is an infinite dimensional Hilbert space.

Theorem 3.2 ([6]) Let A be a properly infinite von Neumann algebra. Then every operator
A € A is a sum of five idempotents.

It is well known that if H is infinite-dimensional, B(H) does not admit a nontrivial finite
trace. Comparing with main results in [2], we have
Theorem 3.3 Let H be an infinite-dimensional Hilbert space, and ® : B(H) — B(H) be an
additive map. Then

(1) A®(A) =0 for any A € B(H) with A% =0 if and only if ®(A) = A®(I), VA € B(H).

(2) ®(A)A =0 for any A € B(H) with A?> =0 if and only if ®(A) = ®(1)A, VA € B(H).

(3) A®(A) = ®(A)A = 0 for any A € B(H) with A% = 0 if and only if ®(A) = A®(I) =

®(I)A, VA € B(H).

Proof (1) and (2) imply (3). We only check (1), (2) can be obtained by similar argument.
The “if” part of (1) is obvious, its “only if” part need to be checked.

Claim ®&(P) = P®(I), VP € B(H), P> = P.
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Case 1 P is an idempotent with infinite-dimensional range and infinite-dimensional kernel.

Let H = Hy + Ho, H; = P(H) Hy = (I — P)(H). Denote the restriction of P to H;
and that of I — P to Hy by P and I-P respectively. Then P € B(Hl),I/—\_I/D € B(Hs),
Theorem 3.1 implies bOﬂl_\_P/ and I — P can be written as sum of five square-zeroN %perators,
P=A +Ay+- -+ A5, I — P = By+By+---+ Bs with A4; € B(H,), B; € B(H3), A; =0 and
BZ-2 =0 foreachi=1,2,...,5. Foreachi=1,2,...,5, let A; and B; be the extensions of A
and B; to H such that PAZ-P = A;, (I—P)Bi(I—P) = B;. Then we have P = A;+ Ay +- - -+ A
and [ — P = By + By + -+ By, with A2 =0, B2 =0, Vi = 1,2,...,5. Thus A;®(4;) = 0,
B;®(B;) =0, (A;+ B;)?> =0and 0 = (A; + B;)®(4; + Bj) = A;®(A;) + B;®(B;) + A;®(B;) +
B;®(A;) = A;®(B;) + B;®(A4;), 1 <i,j <5. Consequently,

0= Po(I - P)+ (I — P)®(P) = P(I) — 2PH(P) + ®(P).

Multiplying this equality by P from the left side, we get P®(P) = P®(I) and ®(P) = P®(I).
Case 2 P is an idempotent with finite-dimensional range or finite-dimensional kernel.

If P has finite-dimensional range, let K; and Ky be orthogonal infinite dimensional sub-
spaces of H with (I — P)(H) = K; ® K- and @Q; be the orthogonal projection onto K;, i =1, 1.
Then PQ; =Q;P=0,i=1,2, Q1Q2 = Q201 =0, = P+ Q1 + Q> and @1, Q2 have infinite
dimensional ranges and and infinite-dimensional kernel. By Case 1, we have ®(Q;) = Q;®(I),
i=1,2. Thus (I — P) = ®(Q; + Qs) = Q10(I) + Qo®(I) = (I — P)®(I) and &(P) = Pd(I).

If P € B(H) is an idempotent with finite-dimensional kernel, we have ®(P) = P®(I) by
considering I — P.

These facts imply ®(P) = P®(I) for any idempotent P € B(H). Therefore, ®(A) =
A®(I), YA € B(H) by Theorem 3.2. The proof of this theorem is complete.

Next we characterize left or right centralizers on properly infinite von Neumann algebras

by involutions.

Theorem 3.4 Let A be a properly infinite von Neumann algebra and ® : A — A be an
additive map. Then
(1) ®(A?) = AD(A) for any A € A with A? = I if and only if ®(A) = A®(I), VA € A.
(2) ®(A2%) = ®(A)A for any A € A with A? =T if and only if ®(A) = ®(1)A, VA € A.
(3) ®(A?) = AD(A) = ®(A)A for any A € A with A> = I if and only if ®(A) = AD(I) =
D(I)A, VA € A.

Proof We only check the “only of” part of (1). For any idempotent P € A, it follows from
(I —2P)? =1 that (I —2P)®(I — 2P) = ®((I — 2P)?) = ®(I). This implies ®(P) + P®(I) =
2P®(P), and thus ®(P) = PP(I) and ®(A) = AP(I), VA € A by Theorem 3.2. The proof is
complete.

Using the fact that any von Neumann algebra is the closed linear span of its projection and
by similar argument as that in the proof of Theorem 3.4, we have
Theorem 3.5 Let A be a von Neumann algebra and ® : A — A be a bounded linear map.
Then

(1) ®(A?%) = A®(A) for any A € A with A% = I if and only if ®(A) = AD(I), VA € A.

(2) ®(A2%) = ®(A)A for any A € A with A% =T if and only if ®(A) = ®(1)A, VA € A.
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(3) ®(A?) = AD(A) = ®(A)A for any A € A with A> = I if and only if ®(A) = AD(I) =
JA, VA € A.
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