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1 Introduction

Let us define the space Lpν+μ(I), 1 ≤ p < ∞ and I = (0,∞), consisting all those real valued
measurable function f on I such that the integral

∫ ∞
0

|f(t)|ptμ+ν
2 dt exists and finite. Also the

space L∞(I) is the collection of almost everywhere bounded integrable functions. Hence, the
norm is endowed with

‖f‖Lp
ν+μ

=

⎧
⎪⎪⎨

⎪⎪⎩

(∫ ∞

0

|f(t)|ptμ+ν
2 dt

)1/p

, 1 ≤ p <∞, μ, ν ∈ R,

ess sup
t∈I

|f(t)|, p = ∞.
(1.1)

As per fractionalization of conventional Hankel transforms [5, 7], the two variants of fractional
powers α (0 < α < π) of Hankel–Clifford transformations of order ν ≥ 0 are generalization of a
pair of Hankel–Clifford transformations [2, 6] defined by Prasad and Kumar [11]. The modified
versions of [11] are defined as:

The first FrHClIT of function f is defined by

(hα1,ν,μf)(ω) = f̂(ω) =
∫ ∞

0

Kα
1 (t, ω)f(t)dt, (1.2)
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where

Kα
1 (t, ω) =

⎧
⎪⎪⎨

⎪⎪⎩

γαν,μCν,μ(tω csc2 α)ei(t+ω) cotαωμ, α �= nπ,

Cν,μ(tω)ωμ, α = π
2 ,

δ(t− ω), α = nπ,

(1.3)

where n ∈ Z, γαν,μ = ei(ν+1)(α− π
2 )

(sinα)μ+1 , Cν,μ(t) = t−μ/2Jν(2
√
t) and Jν is the Bessel function of first

kind of order ν.
Analogously, the second FrHClIT of function g is defined by

(hα2,ν,μg)(ω) = g̃(ω) =
∫ ∞

0

Kα
2 (t, ω)g(t)dt = ω−μ(hα1,ν,μ(t

μg))(ω), (1.4)

where

Kα
2 (t, ω) =

⎧
⎪⎪⎨

⎪⎪⎩

γαν,μCν,μ(tω csc2 α)ei(t+ω) cotαtμ, α �= nπ,

Cν,μ(tω)tμ, α = π
2 ,

δ(t− ω), α = nπ,

(1.5)

with n and γαν,μ being the same as above.
The inverse of (1.2) and (1.4) are respectively defined as follows:

f(t) = ((hα1,ν,μ)
−1f̂)(t) = (h−α1,ν,μf̂)(t) =

∫ ∞

0

K∗α
1 (ω, t)f̂(ω)dω (1.6)

and

g(t) = ((hα2,ν,μ)
−1g̃)(t) = (h−α2,ν,μg̃)(t) =

∫ ∞

0

K∗α
2 (ω, t)g̃(ω)dω, (1.7)

where K∗α
1 (ω, t) and K∗α

2 (ω, t) are complex conjugate of Kα
1 (ω, t) and Kα

2 (ω, t), that is, K∗α
1 (ω,

t) = K−α
1 (ω, t) and K∗α

2 (ω, t) = K−α
2 (ω, t) respectively. The first and second FrHClIT’s are

adjoint of each other. We note that (hπ/21,ν,μ)
−1 = h

π/2
1,ν,μ and (hπ/22,ν,μ)

−1 = h
π/2
2,ν,μ.

The Dirac-delta function is a very peculiar kind of function; it vanishes for all t �= 0, and it
tends to infinity in an appropriate way when t = 0. Here we express the Dirac-delta function
δ(t− a) as

δ(t− a) = aμ
∫ ∞

0

ωμCμ,ν(tω)Cμ,ν(aω)dω. (1.8)

Now, we have interesting properties of kernels stated in the following lemma:

Lemma 1.1 If Kα
2 (t, ω) is the kernel of the transformation (1.4), then

(i)
∫ ∞
0
Kα

2 (t, ω)Kβ
2 (ω, z)dω = Kα+β

2 (t, z),
(ii)

∫ ∞
0
Kα

2 (a, ω)K∗α
2 (ω, t)dω = δ(t− a).

Proof (i) Using (1.5) and Cν,μ(x) = x−μ/2Jν(2
√
x), we have

∫ ∞

0

Kα
2 (t, ω)Kβ

2 (ω, z)dω

=
ei(ν+1)(α+β−π)

(sinα sin β)μ+1
ei(t cotα+z cot β)(tz csc2 α csc2 β)−μ/2tμ

×
∫ ∞

0

ei(cotα+cot β)ωJν(2 cscα
√
tω)Jν(2 cscβ

√
ωz)dω.
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Using [1, p. 55] the last integral can be solved and then on simplification yields the required
result.

(ii) An application of (1.8) gives the result. �

Remark 1.2 If Kα
1 (t, ω) is the kernel of the transformation (1.2), then

(i)
∫ ∞
0
Kα

1 (t, ω)Kβ
1 (ω, z)dω = Kα+β

1 (t, z),
(ii)

∫ ∞
0
Kα

1 (a, ω)K∗α
1 (ω, t)dω = δ(t− a).

1.1 Fractional Hankel–Clifford Integral Translation and Convolution

Let Δ(t, ω, z) denote the area of a triangle having sides t, ω, z [19]. Then for ν ≥ 0, arbitrary
real parameter μ and 0 < α < π, we define

Dν,μ,α(t, ω, z) =

(
γαν,μ

)∗ Δ2ν−1e−i(t+ω+z) cotα

22ν(cscα)3μ−ν+2(tωz)
ν+μ

2 Γ(ν + 1/2)
√
π
, (1.9)

where if such a triangle exists and zero otherwise. Clearly, Dν,μ,α(t, ω, z) ≥ 0 and is symmetric
in t, ω, z.

Lemma 1.3 For 0 < t, ω, z <∞, we have

γαν,μ

∫ ∞

0

Cν,μ(ωs csc2 α)ei(ω+s) cotαωμDν,μ,α(t, ω, z)dω

= e−i(t+z) cotαCν,μ(ts csc2 α)Cν,μ(zs csc2 α)eis cotαs
μ−ν

2 , (1.10)

and

γαν,μ

∫ ∞

0

Dν,μ,α(t, ω, z)eiω cotαω
μ+ν

2 dω =
e−i(t+z) cotα(tz csc2 α)

ν−μ
2

Γ(ν + 1)
. (1.11)

Proof From Prasad et al. [14], we have
∫ ∞

0

Jν(2
√
ts)Jν(2

√
ωs)Jν(2

√
zs)(

√
s)−νds =

Δ2ν−1

22ν(tωz)(ν/2)Γ(ν + 1/2)
√
π
.

Then by using the relation Cν,μ(t) = t−μ/2Jν(2
√
t), we may write

(
γαν,μ

)∗ e−i(t+ω+z) cotα

∫ ∞

0

Cν,μ(ts csc2 α)Cν,μ(ωs csc2 α)Cν,μ(zs csc2 α)s
3μ−ν

2 ds

=

(
γαν,μ

)∗ Δ2ν−1e−i(t+ω+z) cotα

22ν(cscα)3μ−ν+2(tωz)
μ+ν

2 Γ(ν + 1/2)
√
π

= Dν,μ,α(t, ω, z).

Now, applying the second FrHClIT (1.4), the relation (1.10) is established and then setting
s = 0 we obtain (1.11).

This completes the proof of Lemma 1.3. �
Let φ, ψ ∈ L1

ν+μ(I). Then, the fractional Hankel–Clifford integral convolution is defined by

(ψ#αφ)(t) = γαν,μ

∫ ∞

0

(ατtψ)(ω)eiω cotαω
μ+ν

2 φ(ω)dω, (1.12)

where the fractional Hankel–Clifford integral translation ατt of ψ is defined by

(ατtψ)(ω) = ψα(t, ω)
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= γαν,μ

∫ ∞

0

Dν,μ,α(t, ω, z)eiz cotαz
μ+ν

2 ψ(z)dz, (1.13)

provided that the above integrals exists and 0 < t, ω, z <∞.
Parseval’s identity If f̃ and g̃ are the second FrHClIT of f(t) and g(t) respectively, then under
certain assumptions,

∫ ∞

0

f(t)g∗(t)tμdt =
∫ ∞

0

f̃(ω)g̃∗(ω)ωμdω (1.14)

holds.

2 The Fractional Bessel–Clifford Wavelets

Fractional wavelets (see [13, 16]) are a family of functions constructed from translation, dilation
and chirp modulation of the mother wavelet ψ ∈ L2(R). In the present work based on the ideas
of fractional wavelets and inspired by the work of [8, 9, 12, 17], mathematically we define the
fractional wavelet ψb,a,α of function (Bessel–Clifford wavelet) ψ ∈ L2

ν+μ(I) with dilation and
translation parameters a > 0, b ≥ 0 respectively and 0 < α < π, as

ψb,a,α(t) = Da(ατbψ)(t) = Daψα(b, t)

= a−μ−1ei( 1
a−1)(t+b) cotαψα(b/a, t/a)

= a−μ−1ei( 1
a−1)(t+b) cotαγαν,μ

∫ ∞

0

Dν,μ,α(b/a, t/a, z)eiz cotαz
μ+ν

2 ψ(z)dz, (2.1)

where Da denotes the fractional dilation operator.
A Bessel–Clifford wavelet is a function ψ ∈ L2

ν+μ(I), which satisfies the condition

Cψν,μ,α =
∫ ∞

0

ωμ−ν−1
∣
∣
∣(hα2,ν,μe

−iz cotαz
ν−μ

2 ψ(z))(ω)
∣
∣
∣
2

dω <∞, (2.2)

then Cψν,μ,α is known as the admissibility condition of the Bessel–Clifford wavelet.

Proposition 2.1 If ψ ∈ L2
ν+μ(I), then the second FrHClIT of ψb,a,α is given by

(hα2,ν,μψb,a,α)(ω) = (aω)
μ−ν

2 e−i[(a−1)ω+b] cotαCν,μ(bω csc2 α)

× hα2,ν,μ[e
−iz cotαz

ν−μ
2 ψ(z)](aω).

Proof Let ψ ∈ L2
ν+μ(I). Then using (2.1), (1.10) and (1.3), we have

(hα2,ν,μψb,a,α)(ω) = γαν,μ

∫ ∞

0

Cν,μ(tω csc2 α)ei(t+ω) cotαtμψb,a,α(t)dt

= γαν,μ

∫ ∞

0

Cν,μ(tω csc2 α)ei(t+ω) cotαtμa−μ−1ei(t+b)( 1
a−1) cotα

× γαν,μ

∫ ∞

0

ψ(z)Dν,μ,α(b/a, t/a, z)eiz cotαz
μ+ν

2 dzdt

= γαν,μ

∫ ∞

0

ei(ω−b) cotαCν,μ(bω csc2 α)Cν,μ(zaω csc2 α)(aω)
μ−ν

2 ψ(z)z
μ+ν

2 dz

= (aω)
μ−ν

2 e−i[(a−1)ω+b] cotαCν,μ(bω csc2 α)hα2,ν,μ[e
−iz cotαz

ν−μ
2 ψ(z)](aω).

This proves Proposition 2.1. �
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3 Fractional Wavelet Transformation (FrWT)

In this section, we now introduce the fractional wavelet transformation (FrWT) associated
with the second FrHClIT of a function f ∈ L2

ν+μ(I) with respect to Bessel–Clifford wavelet
ψ ∈ L2

ν+μ(I) as

(HWα
ψf)(b, a) =

∫ ∞

0

ψ∗
b,a,α(t)f(t)tμdt.

= a−μ−1

∫ ∞

0

e−i( 1
a−1)(t+b) cotαψ∗

α(b/a, t/a)f(t)tμdt. (3.1)

Using Parseval’s formula (1.14) and Proposition 2.1, the fractional wavelet transformation of a
function f ∈ L2

ν+μ(I) can be written in the following form

(HWα
ψf)(b, a) =

1
γαν,μ

hα2,ν,μ[(aω)
μ−ν

2 ei(a−2)ω cotαf̃(ω)

× (hα2,ν,μ(e
−iz cotαz

ν−μ
2 ψ(z)))∗(aω)](b). (3.2)

Theorem 3.1 If ψ and φ are Bessel–Clifford wavelets and f, g ∈ L2
ν+μ(I), then

(i)
(
HWα

ψ(β1f + β2g)
)
(b, a) = β1(HWα

ψf)(b, a) + β2(HWα
ψg)(b, a);

(ii)
(
HWα

β1φ+β2ψf
)
)(b, a) = β∗

1

(
HWα

φf
)
(b, a) + β∗

2

(
HWα

ψf
)
(b, a);

(iii)
(
HWα

ψ(ατcf)
)
(b, a) = a−μ−1e−i(c−b)(1−1/a)

(
HWα

f (ατb/aψ)
)∗ (c/a, 1/a), c > 0;

(iv)
(
HWα

Dcψf)
)
b, a) =

(
HWα

ψf
)
(b, ac), c > 0; where β1, β2 are scalars.

Proof The proof is obvious and is omitted. �

Theorem 3.2 Let φ and ψ be two Bessel–Clifford wavelets and (HWα
φf)(b, a) and (HWα

ψg)(b,
a) denote the FrWT of f and g ∈ L2

ν+μ(I) respectively. Then
∫ ∞

0

∫ ∞

0

(
HWα

φf
)
(b, a)

(
HWα

ψg
)∗ (b, a)bμdb

da

a
= (sin2 α)μ+1Cφ,ψν,μ,α

∫ ∞

0

f(t)g∗(t)tμdt,

where

Cφ,ψν,μ,α =
∫ ∞

0

ωμ−ν−1[hα2,ν,μ(e
−iz cotαz

ν−μ
2 φ(z))]∗(ω)

×[hα2,ν,μ(e
−iz cotαz

ν−μ
2 ψ(z))](ω)dω <∞. (3.3)

Proof Using (3.2) and Parseval’s identity (1.14), we have
∫ ∞

0

∫ ∞

0

(
HWα

φf
)
(b, a)

(
HWα

ψg
)∗ (b, a)bμdb

da

a

= (sin2 α)μ+1

∫ ∞

0

∫ ∞

0

(aω)
μ−ν

2 f̃α(ω)(g̃α)∗(ω)ωμ[hα2,ν,μ(e
−iz cotαz

ν−μ
2 φ(z))]∗(aω)

×[hα2,ν,μ(e
−iz cotαz

ν−μ
2 ψ(z))](aω)dωda

= (sin2 α)μ+1Cφ,ψν,μ,α
∫ ∞

0

f̃α(ω)(g̃α)∗(ω)ωμdω.

Then, by utilizing Parseval’s identity (1.14), Theorem 3.2 is established. �

Remark 3.3 The following are its deductions:
(i) If f = g, then
∫ ∞

0

∫ ∞

0

(
HWα

φf
)
(b, a)

(
HWα

ψf
)∗ (b, a)bμdb

da

a
= (sin2 α)μ+1Cφ,ψν,μ,α

∫ ∞

0

|f(t)|2tμdt.
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(ii) If φ = ψ, then
∫ ∞

0

∫ ∞

0

(
HWα

ψf
)
(b, a)

(
HWα

ψg
)∗ (b, a)bμdb

da

a
= (sin2 α)μ+1Cψν,μ,α

∫ ∞

0

f(t)g∗(t)tμdt.

(iii) If φ = ψ and f = g, then
∫ ∞

0

∫ ∞

0

| (HWα
ψf

)
(b, a)|2bμdbda

a
= (sin2 α)μ+1Cψν,μ,α

∫ ∞

0

|f(t)|2tμdt,

where Cψν,μ,α is given by (2.2).

Theorem 3.4 (Inversion formula) Let f ∈ L2
ν+μ(I). If φ and ψ are Bessel–Clifford wavelets,

then f can be reconstructed by the formula

f(t) =
(csc2 α)μ+1

Cφ,ψν,μ,α

∫ ∞

0

∫ ∞

0

(
HWα

φf
)
(b, a)ψb,a,α(t)bμdb

da

a
.

Proof Let f ∈ L2
ν+μ(I). Then for any arbitrary g ∈ L2

ν+μ(I), we have from Theorem 3.2,

(sin2 α)μ+1Cφ,ψν,μ,α
∫ ∞

0

f(t)g∗(t)tμdt

=
∫ ∞

0

(∫ ∞

0

∫ ∞

0

(
HWα

φf
)
(b, a)ψb,a,α(t)bμdb

da

a

)

g∗(t)tμdt,

which on simplification yield the theorem. �

4 Examples of Second FrHClIT and FrWT

4.1 Table of the Second FrHClIT of Some Functions:

f(t) (hα
2,ν,μf)(ω)

δ(x − p) γα
ν,μei(ω+p) cot αpμCν,μ(pω csc2 α)

t−ν/2e−it cot αJμ(2
√

pt)
γα

ν,μ

Γ(ν−μ)
eiω cot αpμ/2(ω csc2 α)−(μ+ν)/2

×(ω csc2 α − p)ν−μ−1; p < ω csc2 α < ∞

t−μ/2e−it(cot α−iq)Jν(2
√

pt)
γα

ν,μ

q
eiω cot α(ω csc2 α)−μ/2

×e
− (ω csc2 α+p)

q Iν

(
2
√

pω csc2 α

q

)

t(ν−μ)/2e−it(cot α−i)Lν
n(t) γα

ν,μeiω cot α
√

2
n!

(ω csc2 α)(2n+ν−μ+1/2)/2e−ω csc2 α

t(ν−μ)/2e−it cot α(p2 + t)−1 γα
ν,μeiω cot α(ω csc2 α)−μ/2pνKν(2p

√
ω csc2 α)

t(ν−μ)/2e−it cot α(p2 − t)−ν−1/2 γα
ν,μ

22ν+1/2Γ(1/2−ν)√
π

eiω cot α

×(ω csc2 α)
ν−μ−1/2

2 sin(2p
√

ω csc2 α)

where p > 0, q > 0, n is an integer, Re ν > Re μ > −1, Iν , Kν and Lνn are known as modified
Bessel functions of the first, third kind and generalized Laguerre polynomial respectively.

Example 4.1 Assume that f(t) = e−it(cotα−ip), p > 0.
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Then the FrWT of f(t) is given by

(HWα
ψf(t))(b, a) =

∫ ∞

0

f(t)ψ∗
b,a,α(t)tμdt

= (γαν,μ)
∗a−μ−1

∫ ∞

0

e−i(t+b)( 1
a−1) cotα

×
[ ∫ ∞

0

ψ(z)Dν,μ,α(b/a, t/a, z)eiz cotαz
μ+ν

2 dz

]∗
f(t)tμdt.

Substituting the value of Dν,μ,α(b/a, t/a, z) from (1.12) in the last integral and evaluating the
resulting integral by means of the formula [3, p. 29], then we have

(HWα
ψf(t))(b, a)

= a−ν/2−2b−μ/2p−ν(cscα)2−3μ+νeib cotα

∫ ∞

0

ψ∗(z)zν/2

×
∫ ∞

0

exp
(−s csc2 α

ap

)

Jν(2
√
zs csc2 α)Jν(2

√
(b/a)s csc2 α)dsdz.

Now, evaluating the last integral by means of the formula [3, p. 23], we have

(HWα
ψf(t))(b, a) = a−ν/2b−μ/2p−ν+1(cscα)ν−3μeib cotα

×
∫ ∞

0

ψ∗(z)zν/2 exp(−(b+ az)p)Iν(2p
√
abz)dz,

where Iν(x) is the modified Bessel function of first kind of order ν.

5 Fractional Powers of Bessel–Clifford Wavelet Packet Transformation (FrBWPT)

Posch [10] studied the wave packet transformation as applied to signal processing using the
Weyl operator and established some fruitful properties. Huang and Suter [4] introduced the
fractional wave packet transformation associated with fractional Fourier transform and obtained
some properties including the version of the Resolution of the Identity for fractional wave packet
transformation. In this section, we introduce the fractional powers of Bessel–Clifford wavelet
packet transformation (FrBWPT) involving second FrHClIT as

(BWPαψf)(u, b, a) =
∫ ∞

0

Kα
2 (t, u)ψ∗

b,a,α(t)f(t)dt, (5.1)

where Kα
2 (t, u) and ψb,a,α are defined as (1.5) and (2.1) respectively.

More precisely, the FrBWPT is given by

(BWPαψf)(u, b, a) = γαν,μ

∫ ∞

0

Cν,μ(ut csc2 α)ei(u+t) cotαψ∗
b,a,α(t)f(t)tμdt. (5.2)

Assuming

fu,α(t) = γαν,μCν,μ(ut csc
2 α)ei(u+t) cotαf(t),

and using Parseval’s identity (1.14), (5.2) becomes

(BWPαψf)(u, b, a) =
∫ ∞

0

f̃u,α(ω)ψ̃∗
b,a,α(ω)ωμdω. (5.3)

We see that

f̃u,α(ω) = γαν,μ

∫ ∞

0

Cν,μ(tω csc2 α)ei(t+ω) cotαtμfu,α(t)dt
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=
(
γαν,μ

)2
∫ ∞

0

Cν,μ(tω csc2 α)Cν,μ(ut csc2 α)ei(u+ω+2t) cotαf(t)tμdt

=
(
γαν,μ

)2 ei2(ω+u) cotα

∫ ∞

0

(e−i(ω+u) cotαCν,μ(tω csc2 α)Cν,μ(tu csc2 α)

×eit cotαt
μ−ν

2 )eit cotαt
μ+ν

2 f(t)dt.

Using (1.10) and (1.13), we have

f̃u,α(ω) =
(
γαν,μ

)3 ei2(ω+u) cotα

∫ ∞

0

∫ ∞

0

Cν,μ(tz csc2 α)ei(t+z) cotαDα
ν,μ,α(u, ω, z)

×zμeit cotαt
μ+ν

2 f(t)dzdt

=
(
γαν,μ

)2 ei2(ω+u) cotα

∫ ∞

0

hα2,ν,μ(e
it cotαt

ν−μ
2 f(t))(z)Dα

ν,μ,α(u, ω, z)zμdz

= γαν,μe
i2(ω+u) cotα

ατu(z
μ−ν

2 e−iz cotαhα2,ν,μ(e
it cotαt

ν−μ
2 f(t))(z))(ω). (5.4)

Hence, from (5.4) and Proposition 2.1, (5.3) may be written as

(BWPαψf)(u, b, a)

= γαν,μe
i2u cotα

∫ ∞

0

Cν,μ(bω csc2 α)ei(ω+b) cotα(aω)
μ−ν

2 eiaω cotα

×{hα2,ν,μ(e−iz cotαz
ν−μ

2 ψ)(aω)}∗

× ατu(z
μ−ν

2 e−iz cotαhα2,ν,μ(e
it cotαt

ν−μ
2 f)(z))(ω)ωμdω

= ei2u cotαhα2,ν,μ[(aω)
μ−ν

2 eiaω cotα{hα2,ν,μ(e−iz cotαz
ν−μ

2 ψ)(aω)}∗

× ατu(z
μ−ν

2 e−iz cotαhα2,ν,μ(e
it cotαt

ν−μ
2 f)(z))(ω)](b). (5.5)

Theorem 5.1 If φ and ψ are two Bessel–Clifford wavelets and (BWPαφf)(u, b, a) and (BW
Pαψ g)(u, b, a) denote the FrBWPT’s of f and g ∈ L2

ν+μ(I) respectively, then
∫ ∞

0

∫ ∞

0

(BWPαφf)(u, b, a)(BWPαψg)
∗(u, b, a)bμdb

da

a

= Cφ,ψν,μ,α
∫ ∞

0

(Cν,μ(ut csc2 α))2f(t)g∗(t)tμdt, (5.6)

where Cφ,ψν,μ,α is as (3.3).

Proof Using (5.5), we have
∫ ∞

0

∫ ∞

0

(BWPαφf)(u, b, a)(BWPαψg)
∗(u, b, a)bμdb

da

a

=
∫ ∞

0

∫ ∞

0

(aω)μ−νατu(z
μ−ν

2 e−iz cotαhα2,ν,μ(e
it cotαt

ν−μ
2 f)(z))(ω)

×{hα2,ν,μ(e−iz cotαz
ν−μ

2 φ)}∗(aω){hα2,ν,μ(e−iz cotαz
ν−μ

2 ψ)}(aω)

×(ατu(z
μ−ν

2 e−iz cotαhα2,ν,μ(e
it cotαt

ν−μ
2 g)(z)))

∗
(ω)ωμdω

da

a

= Cφ,ψν,μ,α
∫ ∞

0
ατu(z

μ−ν
2 e−iz cotαhα2,ν,μ(e

it cotαt
ν−μ

2 f)(z))(ω)

×(ατu(z
μ−ν

2 e−iz cotαhα2,ν,μ(e
it cotαt

ν−μ
2 g)(z)))

∗
(ω)ωμdω.
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Hence by using Parseval’s identity (1.14), then the above expression becomes
∫ ∞

0

∫ ∞

0

(BWPαφf)(u, b, a)(BWPαψg)
∗(u, b, a)bμdb

da

a

= Cφ,ψν,μ,α
∫ ∞

0

[hα2,ν,ματu(z
μ−ν

2 e−iz cotαhα2,ν,μ(e
it cotαt

ν−μ
2 f)(z))(ω)](t)

×[hα2,ν,ματu(z
μ−ν

2 e−iz cotαhα2,ν,μ(e
it cotαt

ν−μ
2 g)(z))(ω)]∗(t)tμdt. (5.7)

Now, we see that

[hα2,ν,ματu(z
μ−ν

2 e−iz cotαhα2,ν,μ(e
it cotαt

ν−μ
2 f)(z))(ω)](t)

= γαν,μ

∫ ∞

0

Cν,μ(tω csc2 α)ei(t+ω) cotαωμ

×ατu(z
μ−ν

2 e−iz cotαhα2,ν,μ(e
it cotαt

ν−μ
2 f)(z))(ω)dω

= (γαν,μ)
2

∫ ∞

0

Cν,μ(tω csc2 α)ei(t+ω) cotα

∫ ∞

0

Dα
ν,μ,α(u, ω, z)

×hα2,ν,μ(eit cotαt
ν−μ

2 f)(z)zμdz)ωμdω. (5.8)

Therefore, using (1.10) and (1.6) in (5.8), we obtain

[hα2,ν,ματu(z
μ−ν

2 e−iz cotαhα2,ν,μ(e
it cotαt

ν−μ
2 f)(z))(ω)](t)

= γαν,μ

∫ ∞

0

e−i(u+z) cotαCν,μ(ut csc2 α)Cν,μ(zt csc2 α)eit cotαt
μ−ν

2

×hα2,ν,μ(eit cotαt
ν−μ

2 f)(z)zμdz

= e2i(1+ν)(α−π/2)e−i(u−3t) cotαCν,μ(ut csc2 α)f(t). (5.9)

Similarly, we get

[hα2,ν,ματu(z
μ−ν

2 e−iz cotαhα2,ν,μ(e
it cotαt

ν−μ
2 g)(z))(ω)]∗(t)

= e−2i(1+ν)(α−π/2)ei(u−3t) cotαCν,μ(ut csc2 α)g∗(t). (5.10)

Hence, using (5.9) and (5.10) in (5.7), we have
∫ ∞

0

∫ ∞

0

(BWPαφf)(u, b, a)(BWPαψg)
∗(u, b, a)bμdb

da

a

= Cφ,ψν,μ,α
∫ ∞

0

(Cν,μ(ut csc2 α))2f(t)g∗(t)tμdt. (5.11)

Thus, we obtain the required result. �

Remark 5.2 The following are its deductions:
(i) If f = g, then

∫ ∞

0

∫ ∞

0

(BWPαφf)(u, b, a)(BWPαψf)∗(u, b, a)bμdb
da

a

= Cφ,ψν,μ,α
∫ ∞

0

(Cν,μ(ut csc2 α))2|f(t)|2tμdt,

(ii) If φ = ψ, then
∫ ∞

0

∫ ∞

0

(BWPαψf)(u, b, a)(BWPαψg)
∗(u, b, a)bμdb

da

a
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= Cψν,μ,α
∫ ∞

0

(Cν,μ(ut csc2 α))2f(t)g∗(t)tμdt,

(iii) If φ = ψ and f = g, then
∫ ∞

0

∫ ∞

0

|(BWPαψf)(u, b, a)|2bμdbda
a

= Cψν,μ,α
∫ ∞

0

(Cν,μ(ut csc2 α))2|f(t)|2tμdt

where Cψν,μ,α is as in (2.2).

Theorem 5.3 (Inversion formula) Let f ∈ L2
ν+μ(I) and (BWPαψf)(u, b, a) be the correspond-

ing FrBWPT. Then f can be reconstructed by the formula

f(t) =
e−i(t+u) cotα

(
γαν,μ

)∗

Cφ,ψν,μ,αCν,μ(ut csc2 α)

∫ ∞

0

∫ ∞

0

(BWPαφf)(u, b, a)ψb,a,α(t)bμdb
da

a

or

fu,α(t) =
(csc2 α)μ+1

Cφ,ψν,μ,α

∫ ∞

0

∫ ∞

0

(BWPαφf)(u, b, a)ψb,a,α(t)bμdb
da

a
,

where Cφ,ψν,μ,α is as (3.3).

Proof Let us consider an arbitrary function g ∈ L2
ν+μ(I). Then from Theorem 5.1, we have

Cφ,ψν,μ,α
∫ ∞

0

(Cν,μ(ut csc2 α))2f(t)g∗(t)tμdt

=
∫ ∞

0

∫ ∞

0

(BWPαφf)(u, b, a)(BWPαψg)
∗(u, b, a)bμdb

da

a

=
∫ ∞

0

∫ ∞

0

(BWPαφf)(u, b, a)
(∫ ∞

0

Kα
2 (t, u)ψ∗

b,a,α(t)g(t)dt
)∗

bμdb
da

a

=
(
γαν,μ

)∗
∫ ∞

0

∫ ∞

0

∫ ∞

0

(BWPαφf)(u, b, a)Cν,μ(ut csc2 α)e−i(t+u) cotα

×ψb,a,α(t)bμdb
da

a
g∗(t)tμdt,

which on comparing yields the required result. �

Note 5.4 Similar results of Sections 2–5 can be found by using first FrHClIT.

6 Example of FrBWPT

Example 6.1 Assume that f(t) = δ(t−c)
t , 0 < c <∞, then the FrBWPT is given by

(BWPαψf)(u, b, a) =
∫ ∞

0

Kα
2 (t, u)ψ∗

b,a,αf(t)dt

= γαν,μ

∫ ∞

0

Cν,μ(tu csc2 α)ei(t+u) cotαa−μ−1e−i(t+b)( 1
a2 −1) cotα

×ψ∗
α(b/a, t/a)f(t)tμdt

= csc2 α

∫ ∞

0

Cν,μ(tu csc2 α)ei(t+u) cotαa−μ−1e−i(t+b)( 1
a2 −1) cotα

×
[∫ ∞

0

Dν,μ,α(b/a, t/a, z)eiz cotαz
μ+ν

2 ψ(z)dz
]∗
f(t)tμdt.

Using (1.9), we have

(BWPαψf)(u, b, a)
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=
γαν,μa

−μ−1ei(u+b) cotα

22νΓ(ν + 1/2)
√
π(csc2 α)

3μ−ν
2

∫ ∞

0

∫ ∞

0

Δ2ν−1

(bt/a2)
ν+μ

2

Cν,μ(tu csc2 α)

×ei2t cotαψ∗(z)tμ
δ(t− c)

t
dtdz

= γαν,μ(csc
2 α)(ν−3μ)/2b−(μ+ν)/2c(μ−ν−2)/2ei(b+u+2c) cotαCν(cu csc2 α)

× aν−1

22νΓ(ν + 1/2)
√
π

∫ ∞

0

ψ∗(z)Δ2ν−1dz,

where Δ denotes the area of a triangle having sides b/a, c/a and z if such a triangle exists.

7 Fractional Bessel Integral Transformation

It is seen that for μ = 0 the two variants of FrHClIT’s defined in (1.2) and (1.4) coincide that
is these are act as a self-adjoint transformation. We named this transformation as fractional
Bessel integral transformation, which is denoted by Hα and defined on function f ∈ L1

ν as

(Hαf)(ω) =
∫ ∞

0

Kα(t, ω)f(t)dt, (7.1)

where the kernel

Kα(t, ω) =

⎧
⎨

⎩

γαν Jν(2 cscα
√
tω)ei(t+ω) cotα, α �= nπ,

δ(t− ω), α = nπ,
(7.2)

and γαν = ei(ν+1)(α−π
2 ) cscα.

The corresponding inversion formula is given by

f(t) =
∫ ∞

0

K∗
α(t, ω)(Hαf)(ω)dω, (7.3)

where the kernel K∗
α(t, ω) is complex conjugate of Kα(t, ω).

The Kα(t, ω) has the following properties:

Kα(t, ω) = Kα(ω, t),
∫ ∞

0

Kα(t, ω)Kβ(ω, z)dω = Kα+β(t, z),
∫ ∞

0

Kα(t, a)K∗
α(t, ω)dt = δ(ω − a).

We note that
K∗
α(t, ω) = K−α(t, ω).

Let Φ,Ψ ∈ L1(I). Then we define the fractional Bessel integral convolution (Φ �α Ψ)(t) by

(Φ �α Ψ)(t) = γαν

∫ ∞

0

(αςtΦ)(ω)Ψ(ω)eiω cotαdω, 0 < ω <∞, (7.4)

where the fractional Bessel integral translation (αςtΦ)(ω) is given by

(αςtΦ)(ω) = γαν

∫ ∞

0

Dν,α(t, ω, z)eiz cotαΦ(z)dz, 0 < t, ω <∞, (7.5)

provided the integrals convergent, and

Dν,α(t, ω, z) =
(γαν )∗ Δ2ν−1e−i(t+ω+z) cotα

22ν(cscα)(−ν+2)(tωz)ν/2Γ(ν + 1/2)
√
π
, (7.6)
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where Δ(t, ω, z) denotes the area of a triangle having sides t, ω, z [19] if such a triangle exists
and zero otherwise. Clearly, Dν,α(t, ω, z) ≥ 0 and is symmetric in t, ω, z.

We now prove the following inequality which shall be used in the sequel:

Lemma 7.1 If Φ ∈ L2(I) and ‖Φ‖ = 1, then
∫ ∞

0

|(αςtΦ)(ω)|2dω ≤ (t csc2 α)ν

(Γ(ν + 1))2
.

Proof By employing (7.5), using the Cauchy–Schwartz inequality and by Lemma 1.3 for μ = 0,
we have

|(αςtΦ)(ω)|2 ≤ |γαν |
(tω csc2 α)ν/2

Γ(ν + 1)

∫ ∞

0

|Dν,α(t, ω, z)|z−ν/2|Φ(z)|2dz. (7.7)

Again using Lemma 1.3 for μ = 0, we get the required inequality. �

8 Fractional Wavelet Packet Integral Transformation (FrWPIT)

In this section, we study the FrWPIT. Let us define the fractional wavelets Ψb,a,α of any Bessel
wavelet Ψ ∈ L2(I) by

Ψb,a,α(t) = Da(αςbΨ)(t)

=
Γ(ν + 1)
(cscα)ν

a(ν−1)/2(αςb/aΨ)(t/a)e−i(t−a) cotα (8.1)

for all 0 < a; b ∈ R and Da denotes the fractional dilation operator.
Now, the fractional wavelet transformation of a function f ∈ L2

ν(I) with respect to wavelet
Ψ ∈ L2(I) is defined by

(W α
Ψ f)(b, a) =

∫ ∞

0

Ψ∗
b,a,α(t)f(t)dt.

Wave packet transform is a generalization of wavelet transformation which have applications
in signal processing [10], pattern recognition [18] and many more. The fractional wave packet
transform (FrWPT) associated with Fourier/fractional Fourier transform have been studied
[4, 10, 15]. Motivated by their works, in this paper we introduce the fractional wavelet packet
integral transformation (FrWPIT) involving fractional Bessel integral transformation, denoted
by (Pαf)(ω, b, a) for a given signal f(t) as follows:

(Pαf)(ω, b, a) =
∫ ∞

0

Kα(t, ω)Ψ∗
b,a,α(t)f(t)dt. (8.2)

It is important to see that FrWPIT is a function of time, frequency and scale with parameter
α. Now, we will show a version of Resolution of Identity for the transformation (8.2) stated as
follows:

Proposition 8.1 If Ψ ∈ L2(I), (Pαf)(ω, b, a) and (Pαg)(ω, b, a) denote the FrWPIT’s of
functions f and g ∈ L2

ν(I) respectively, then
∫ ∞

0

∫ ∞

0

(Pαf)(ω, b, a)(Pαg)∗(ω, b, a)dωdb ≤
∫ ∞

0

f(t)g∗(t)tνdt.

Proof Using (8.1) and by an application of Lemma 7.1, we have
∫ ∞

0

∫ ∞

0

(Pαf)(ω, b, a)(Pαg)∗(ω, b, a)dωdb
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=
∫ ∞

0

∫ ∞

0

∫ ∞

0

Kα(t, ω)Ψ∗
b,a,α(t)f(t)dt

∫ ∞

0

K∗
α(t′, ω)Ψb,a,α(t′)g∗(t′)dt′dωdb

=
∫ ∞

0

∫ ∞

0

∫ ∞

0

Ψ∗
b,a,α(t)Ψb,a,α(t′)f(t)g∗(t′)

∫ ∞

0

Kα(t, ω)K∗
α(t′, ω)dωdt′dtdb

=
∫ ∞

0

∫ ∞

0

∫ ∞

0

Ψ∗
b,a,α(t)Ψb,a,α(t′)f(t)g∗(t′)δ(t′ − t)dt′dtdb

=
∫ ∞

0

∫ ∞

0

|Ψb,a,α(t)|2f(t)g∗(t)dtdb

=
(

Γ(ν + 1)
(cscα)ν

)2

aν−1

∫ ∞

0

∫ ∞

0

|(αςb/aΨ)(t/a)|2f(t)g∗(t)dtdb

=
(

Γ(ν + 1)
(cscα)ν

)2

aν
∫ ∞

0

f(t)g∗(t)dt
∫ ∞

0

|(αςt/aΨ)(b/a)|2db

≤
∫ ∞

0

f(t)g∗(t)tνdt.

This proves the proposition. �

Remark 8.2 As a consequence, we have the energy-preserving property by putting f = g in
Proposition 8.1:

∫ ∞

0

∫ ∞

0

|(Pαf)(ω, b, a)|2 dωdb ≤
∫ ∞

0

|f(t)|2tνdt.

9 Conclusion

In the beginning, we established some properties of the kernels Kα
1 (x, y) and Kα

2 (x, y). Then,
we introduced the concept of FrWT and studied their basic properties. Also, a table of sec-
ond FrHClIT and examples of FrWT have been obtained. Thereafter, combining the idea of
FrHClIT and FrWT, we defined the FrBWPT. The Parseval’s relation and an inversion formula
of FrBWPT have been established. Moreover, we have observed that for μ = 0 the two variant
of FrHClIT coincide, which give forth the fractional Bessel integral transformation. In the last
we introduced the concept of FrWPIT and derived a version of the resolution of the identity.
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