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Abstract Motivated by the theory of isoparametric hypersurfaces, we study submanifolds whose
tubular hypersurfaces have some constant higher order mean curvatures. Here a k-th order mean
curvature @, (k > 1) of a submanifold M™ is defined as the k-th power sum of the principal curvatures,
or equivalently, of the shape operator with respect to the unit normal vector v. We show that if
all nearby tubular hypersurfaces of M have some constant higher order mean curvatures, then the
submanifold M itself has some constant higher order mean curvatures @, independent of the choice of
v. Many identities involving higher order mean curvatures and Jacobi operators on such submanifolds
are also obtained. In particular, we generalize several classical results in isoparametric theory given
by E. Cartan, K. Nomizu, H. F. Miinzner, Q. M. Wang, et al. As an application, we finally get a
geometrical filtration for the focal submanifolds of isoparametric functions on a complete Riemannian
manifold.
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1 Introduction

A hypersurface M™ of a Riemannian manifold N™t! is called isoparametric, if M™ is locally a
regular level set of a function f, so-called isoparametric function, with the property that both
[Vf||* and Af are constant on the level sets of f. One can show that M"™ is an isoparamet-
ric hypersurface of N1 if and only if its nearby parallel hypersurfaces have constant mean
curvature (for recent progress and applications see for example in [9, 11, 24, 29-33]).

The theory of isoparametric hypersurfaces originated from studies on hypersurfaces of con-
stant principal curvatures in real space forms. On this topic, Cartan started a series of researches
by proving the following characterization (cf. [5-8]):
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Theorem ([5]) A hypersurface in a real space form has constant principal curvatures if and

only if its nearby parallel hypersurfaces have constant mean curvature.

Therefore, a hypersurface in a real space form has constant principal curvatures if and only
if it is isoparametric. This characterization does not hold in more general ambient spaces; see
[18, 34] and [13] where counterexamples are given in complex projective spaces and complex
hyperbolic spaces. However, under an additional assumption that it is a curvature-adapted
hypersurface, this characterization also holds in a locally rank one symmetric space as showed
in [18, Theorem 1.4]. Note that in a real space form every hypersurface is curvature-adapted and
thus this assumption is superfluous. In this paper, by applying the Riccati equation and some
algebraic geometry, we will give a generalization of this characterization for these two cases by
using “higher order mean curvature” instead of (1st order) mean curvature; see Theorems 1.1
and 1.2 later. Here higher order mean curvatures will be defined by power sum polynomials of

the principal curvatures other than elementary symmetric polynomials as usual.

Noticing that parallel hypersurfaces of a hypersurface M can be looked as half-tubular hy-
persurfaces of M, we turn to consider submanifolds whose tubular hypersurfaces have some
constant higher order mean curvatures. Recall that in the classical theory of isoparametric
hypersurfaces in unit spheres, Nomizu [28] showed that each compact isoparametric hypersur-
face is a tubular hypersurface of some (exactly two) submanifolds, namely focal submanifolds,
and by using the constancy of the mean curvature of these tubular hypersurfaces, he proved
that the focal submanifolds are minimal. Later, as a fundamental step in his remarkable work,
Miinzner [25] proved that these focal submanifolds have constant principal curvatures which
implies the austerity?) and also the minimality of the focal submanifolds. Here we say that a
submanifold of higher codimension has constant principal curvatures, if the set of the eigen-
values of the shape operator S, at any point is independent of the choices of the unit normal
vector v and the point of the submanifold. This is different from that in [2] where the principal
curvatures are constant with respect to a (local) parallel normal vector field and thus may

depend on the choices of unit normal vectors.

When the ambient space is a general complete Riemannian manifold N**! and f is a global
isoparametric function on N, Wang [35] showed that (1) there are at most two singular level
sets, namely the focal varieties of f, and they are submanifolds (both may be disconnected
and of different dimensions®) of N; (2) each regular level set (isoparametric hypersurface) of
f is a tubular hypersurface around either of the focal varieties; (3) (claimed without proof)
the focal varieties are minimal. Based on the structural results (1)—(2) for the focal varieties,
Wang’s claim (3) just asserts the minimality of submanifolds whose tubular hypersurfaces have
constant (1st order) mean curvature, which generalizes Nomizu’s result to arbitrary Riemannian
manifolds (see a more general result of this form for compact submanifolds in [23]). However,
Miinzner’s result mentioned above does not hold in this general case, but it indeed holds for

submanifolds whose tubular hypersurfaces have constant principal curvatures (and thus each

2) A submanifold of a Riemannian manifold is called an austere submanifold in the sense of [20] if its principal

curvatures in any normal direction occur as pairs of opposite signs.
3) Henceforth, a connected component of the focal varieties of an isoparametric function f on a complete

Riemannian manifold N will be called a focal submanifold of f.
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higher order mean curvature is constant); see a proof of this assertion and Wang’s claim (3) in
[17]. In this paper, we will study submanifolds whose tubular hypersurfaces have some constant
higher order mean curvatures in a general Riemannian manifold. By some technical treatment
for the Taylor expansion formulae of higher order mean curvatures of the tubular hypersurfaces,
we will show that such submanifolds must have some higher order mean curvatures and some
curvature invariants involving the Jacobi operator of the ambient space being constant, which in
particular will generalize the results mentioned above given by [25, 28, 35] and [17]; see Theorem
1.4 later. As an application, we finally get a geometrical filtration for the focal submanifolds
of isoparametric functions on a complete Riemannian manifold according to the filtration of
isoparametric functions introduced by [18]; see Theorem 1.6 later.

To state the theorems explicitly, we have to set up some notations. First of all, as in [18], we
denote by py (resp. o;) the k-th power sum polynomial (resp. the i-th elementary symmetric
polynomial) in n variables for k > 1 and pp = n (resp. 1 <i < n and o9 = 1). For an n by n
real symmetric matrix (or self-dual operator) A with n real eigenvalues (p1, ..., tn) =: u, we
denote by pi(A) := tr(A¥) = p(u) and 04(A) = o(p).

Let M™ be a submanifold of a Riemannian manifold N**!. For any unit normal vector
v € V1M (unit normal bundle of M), denote by S, the shape operator of M™ in direction
v. Then for any & > 1, we define the k-th order mean curvature QY in direction v by the
k-th power sum polynomial of the shape operator other than the k-th elementary symmetric

polynomial as usual, i.e.,
Qi = p(Sy) = t((S,)").

When M is a hypersurface and v is a fixed global unit normal vector field, we simply write the
k-th order mean curvature Q} by Q. Recall that in [18], we introduced the following notions:
For 1 < k < n, a non-constant smooth function f on a Riemannian manifold N"*! is called
k-isoparametric, if |V f||> and p1 (H}), p2(Hy), ..., pr(Hy) are constant on the level sets of f, %)
where H; is the Hessian of f on N™™1; a hypersurface M™ of N"! is called k-isoparametric, if
M™ is locally a regular level set of a k-isoparametric function on N**!; an n-isoparametric func-
tion (hypersurface) on N"*1 is also called a totally isoparametric function (hypersurface). Note
that 1-isoparametric functions (hypersurfaces) are just isoparametric functions (hypersurfaces).
It was proved there that M™ is a k-isoparametric hypersurface if and only if its nearby parallel
hypersurfaces have constant higher order mean curvatures Q1,Qs, ..., Q. Therefore, the sets of
1-, 2-, ..., n-isoparametric functions (hypersurfaces) give a filtration for isoparametric functions
(hypersurfaces) on a Riemannian manifold N"! with the filtered geometrical property that
1-isoparametric hypersurfaces have constant (1st order) mean curvature, 2-isoparametric hyper-
surfaces have constant 1st and 2nd order mean curvatures, and so on, finally, n-isoparametric
hypersurfaces have constant principal curvatures.

Let R be the Riemannian curvature tensor and V the Levi-Civita connection of N"*!. In

this paper, we use the curvature convention as the following: for any tangent vectors (vector

4) In [18], we assumed some smoothness of these functions as one-parameter functions of f for some regularity
reasons; also see a note given in [17]. Anyway, without confusion, we emphasize the geometrical meaning behind

the algebraic definitions.
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fields) X,Y, Z, W of N"*1
R(X,Y,Z) = RxvZ = (Vixy] — [Vx,Vy])Z,
and then the covariant derivative VR is also a tensor field and can be written as:
(VR)(X,Y,Z,W) = (VwR)(X,Y,Z)
=Vw(RxyZ) — Rvyx)vyZ — Rx(vyv)Z — Rxy(VwZ).

For any tangent vector £ € TN, the Jacobi operator K¢ : TN — TN of N™*! in direction ¢ is
defined by
Kg(X) = fof for X € TN. (11)

Note that by properties of the Riemannian curvature tensor, K¢ is a self-dual linear operator,
tr(K¢) = Ric(§) is just the Ricci curvature in direction ¢, and K¢ = K_¢, K¢(§) = 0. Then
without confusion, we will use the same symbol K¢ when the Jacobi operator is looked as a
self-dual operator on the subspace &+ normal to £ in 7N. Recall that a submanifold M™
of N+ is called curvature-adapted (or compatible), if the direct sum S, @ I,,_,, of the shape
operator S, and the identity map commutes with the Jacobi operator K, or equivalently, these
two self-dual operators are simultaneously diagonalizable, for any unit normal vector v of M
(cf. [1, 19]).

Corresponding to the decomposition of the tangent bundle 7N on M™, we would like to
decompose the Jacobi operator K, (v € V1 M) into two self-dual linear operators, say tangent
Jacobi operator K, : TM — TM and vertical Jacobi operator K- : VM — VM as the
following:

K] (X) := projection to TM of K,(X) for X € TM,

K;-(n) := projection to VM of K, (1) for n € VM.

v
Obviously, K,|, K- are self-dual linear operators and K,) = K',, K} = K+, K- (v) = 0.
Without confusion, we denote by the same symbol K ;- when the vertical Jacobi operator K- is
restricted to the subspace v N VM in VM. Then under any orthonormal frame {ej,...,e,.1}
of TN on M with ey, ..., e, tangent to M and €,,41,...,€n, nt1 = v normal to M, the Jacobi

operator K, can be expressed as the following symmetric matrix

K! B, 0
K,=| Bt K- o], (12)
0 0 0

where K, and K; are the matrix expressions of the tangent and (restricted) vertical Jacobi
operators, B, is an m by (n —m) matrix with the property that B, = B_,,.

Finally, for any tangent vector (field) £ € 7N, we need to introduce another self-dual linear
operator, say covariant Jacobi operator K¢ : TN — TN, from covariant derivative of the

Riemannian curvature tensor R as the following:
Ke(X) = (VR)(E, X, €,§) = (VeR)(€, X, €) for X € TN. (1.3)

Note that when V¢& =0, K¢ = Ve K¢ is just the covariant derivative of the Jacobi operator K¢

in direction £. By properties of the Riemannian curvature tensor and its covariant derivative,
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it is easily seen that K¢ is a self-dual linear operator and K_¢ = —K¢, K¢(€) = 0. In the same
way as the decomposition (1.2) of the Jacobi operator K, (v € V1 M), we also decompose the
covariant Jacobi operator C,, into two self dual operators, say covariant tangent Jacobi operator
K} :TM — TM and covariant vertical Jacobi operator K- : VM — VM, as the following:

K} (X) := projection to TM of K,(X) for X € TM,

Kk (n) := projection to VM of K, (n) for n € VM.
Obviously, K], K are self-dual linear operators and XK', = -k, K+, = —-KL, KL(v) = 0.
Without confusion, we denote by the same symbol ;X when the covariant vertical Jacobi

operator K;- is restricted to the subspace v N VM in VM. Under the same orthonormal frame

as in (1.2), the covariant Jacobi operator can be expressed as the following symmetric matrix

Kl B, 0
K,=1|B K- 0], (1.4)
0 0 0

where K and IC;> are the matrix expressions of the covariant tangent and (restricted) covariant
vertical Jacobi operators, B, is an m by (n — m) matrix with the property that B_, = —B,.

Now we are ready to state the theorems. Firstly, for the hypersurface case, by applying
the Riccati equation and some algebraic geometry, we obtain the following generalizations of
Cartan’s theorem (see [5]) and Theorem 1.4 of [18], respectively.

Theorem 1.1 A hypersurface in a real space form has constant principal curvatures if and

only if for some k > 1, its nearby parallel hypersurfaces have constant k-th order mean curvature
Qk-

Theorem 1.2 A curvature-adapted hypersurface in a locally rank one symmetric space has
constant principal curvatures if and only if for some k > 1, its nearby parallel hypersurfaces

have constant k-th order mean curvature Q.

Remark 1.3 In these cases, the hypersurface is totally isoparametric. On the other hand, it
is still unknown whether a hypersurface of constant principal curvatures in a locally rank one
symmetric space other than real space forms is totally isoparametric.

For general submanifolds, by some technical treatment for the Taylor expansion formulae
of higher order mean curvatures of the tubular hypersurfaces, we obtain the following general-
izations of those results on geometry of the focal submanifolds in the theory of isoparametric
hypersurfaces given by [25, 28, 35] and [17].

Theorem 1.4 Let M™ be a submanifold of a Riemannian manifold N"*1. Suppose that on
any nearby tubular hypersurface M of M™ in N™*! (t € (0,¢)),

(a) for 1 <1 <4, the l-th, (14 1)-th, ..., (I+ [L])-th order mean curvatures Q;, Qu41,. .-,
Ql+[g] are constant;

(b) for 1 > 5, the l-th, (I+ 1)-th, ..., (I + [é] + 1)-th order mean curvatures Qp, Qi+1,-- -,
Ql+[{,]+1 are constant.

Then the l-th order mean curvature Qf in any direction v is a constant independent of the

choices of the unit normal vector v and the point of M™, and so are the curvature invariants:
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p[é](Klf—) when 1 is even; and tr((K;)2)71CL) when | > 3 is odd. In particular, when l is odd,
QY = 0 and tr((K;H)! 2IUCE) = 0. Purthermore, if in addition we assume the constancy of
Qi1 in (a) and (b) for 1 > 2, then we have a new constant curvature invariant tr((S,)' 2K,
which also vanishes when 1 is odd.
Remark 1.5 As indicated by the theorem, if we assume more constant higher order mean
curvatures on tubular hypersurfaces, we would possibly get more constant curvature invariants
such as tr((K;L)H(KCE)7), tr((S,) (K, )?) and even tr((S,)* (K} )7) on the submanifold, though
the computations would be rather complicated. See Theorem 4.4 for a more detailed description.
At last, we conclude this section by the following geometrical filtration for the focal subman-
ifolds of isoparametric functions on a complete Riemannian manifold according to the filtration
of isoparametric functions by 1-, 2-, ..., n-isoparametric functions.
Theorem 1.6 Let M™ be a focal submanifold of an isoparametric function f on a complete
Riemannian manifold N* 1. Suppose f is k-isoparametric, 1 < k < n.

(i) If k = 1, then for any unit normal vector v on M,
QY=0, Q5+tr(K])+ tr(K ) = Const,

Q% +tr(S,K,)) + tr(lCT) + tr(Kl) =0,

1
4
in particular, M is a minimal submanifold in N;

(i) If k = 2, then besides the identities in (i), we have further

2 1
QY — 3tr(K ) = Const, Q% +tr(S,K,) — 4tr(l€j‘) =0,

and thus tr(K,) = Ric(v) = Const, tr(K,) = 0;

(iil) If k = 3, then besides the identities in (i)—(ii), we have further

tr(K) = Const, QY%+ itr(lC,f) =0,

and thus Q4 = Const, tr(S, K, ) — tr(Kt) = 0;

(iv) If k = 4, then besides the identities in (1)—(iil), we have further

tr(K) =0,

and thus Q4 = 0,tr(S, K, ) = 0;

(v) If k =5, then besides the identities in (1)—(iv), we have further

, 2

(vi) If k = 6, then besides the identities in (1)—(v), we have further

pa(K) = Const, 3tr(S2K,) + po(K;-) = Const;

p2(K;) = Const, 2tr(S3K,) ) +3Q% + _tr(KK;) =0;

12
and thus QY = Const, tr(S?K, ) = Const;
(vii) If k = 3d + 1,d > 2, then besides the identities for k < 3d, we have further
= Const, pgq = Const, tr N = Const,
Q3,=C K,)=C SpPK))=C
Qa1 —d 37T ((K) 1K) =0,
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(2d)tr(S3K) + (3d + 1) Q3441 = 05
(viii) If k = 3d + 2,d > 2, then besides the identities in (i)—(vil), we have further

Q3041 =0, t(SPIE)) =0, w((K)" ) =0,
(2d + D)tr(S2AK,) ) + (3d + 2)Q% 410 — 374 pat1(K;S) = Const;

(ix) If k =3d + 3,d > 2, then besides the identities in (1)—(viii), we have further

Q5442 + 3 par1(K;) = Const;
2tr(S2UK) ) + 3Q% 5 + 374 (K ) K,) = 0.

Furthermore,

(a) if m =0, i.e., M is a point, then the Ricci curvature of N is constant on M;

(b) if m = n, i.e., M is a hypersurface, then M is a k-isoparametric hypersurface with
1 =Q3==Q2+1 =0 for2j+1<k;

(c) if m < [*1] for k <6, orm < [*'] for k > 7, or k = n, then M is an austere
submanifold of constant principal curvatures in N, if in addition m =2, n > 4; orm =3, n >
5, orm =4, n>10, then M is a totally geodesic submanifold,

(d) if m>n—1[E] fork <6, orm >n—[*;'] for k> 17, or k =n, then the vertical Jacobi
operator K;- has constant eigenvalues independent of the choices of the unit normal vector v
and the point of M, or equivalently, the restriction of the Riemannian curvature model (TN, R)

of N to the normal bundle of M is an Osserman curvature model.

Remark 1.7 Recall that [15] introduced (27)-th mean curvature function Ky; and (25 + 1)-
th mean curvature vector field Hyj41 on a submanifold M™ of a Riemannian manifold N ntl
which generalize higher order mean curvature functions on a hypersurface, and showed that
Kyj (resp. Hajy1) equals, up to a constant factor, the integral of o2;(S,) (resp. vog;j11(Sy))
over the unit normal sphere of M in N. Consequently, by Newton’s identities, K; = Const
(I even) and H; = 0 (I odd) on the focal submanifold M™ of a k-isoparametric function with
lg[%;l] for k<6,orl < [2’“3_1] for k> 7.

Remark 1.8 An isoparametric function is called a properly isoparametric function if the fo-
cal submanifolds have codimension greater than 1 (cf. [16]). So f in case (b) is not properly
isoparametric and since in this case the focal submanifolds or their normal line bundles could
be non-orientable, there may be no global unit normal vector fields, in which case the conclu-
sion in (b) should be considered as local property on M. Note that classically isoparametric
hypersurfaces in unit spheres are assumed to be connected and thus the focal submanifolds

have codimension greater than one.

Remark 1.9 It was proved by Chi [10] and Nikolayevsky [26, 27] that an Osserman curvature
model of dimension g # 16 is isomorphic to one of the curvature models given by Clifford module
structures (see a detailed introduction in [3]). In particular, if ¢ is odd, then the Jacobi operator
of an Osserman curvature model has only one constant eigenvalue except the trivial eigenvalue
0. So if n — m is even in (d), then the restricted vertical Jacobi operator K;- = Const - id and

thus the sectional curvatures of N in normal planes of M are constant.
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2 Shape Operators of Tubular Hypersurfaces

In this section, by using the Fermi coordinates, we will mainly derive a Taylor expansion
formula up to order 2 about ¢ of the shape operator S(t) of the tubular hypersurface M]* of
radius t € (0,¢) around a submanifold M™. This Taylor expansion formula up to order 1 has
been given in [17].

Let M™ be a submanifold of a Riemannian manifold N"*! and M]* be the tubular hyper-
surface around M of sufficiently small radius ¢ € (0, ). Then the “outward” unit normal vector
field v of M, for ¢t € (0, ¢) forms a unit vector field, say £, on an open subset N, M := Ute(o,e) M,
of Nt The shape operator S(t) of M; with respect to vy at a point ¢ € M; is just the re-
striction to M; of the tensorial operator S : T(N.M) — T (N.M) defined by

S(X) = —Vxé (2.1)

for X € T,(N-M), where V denotes the covariant derivative in N. It is easily seen that S is
self-dual and S(§) = 0. Taking covariant derivative of S with respect to £ gives the well-known
Riceati equation (cf. [19]):

VeS = 5% + K,

and its restriction to M; can be written as
S'(t) = S(t)* + R(1), (2:2)

where S'(t) :== (VeS)|rm, = (Vo,S)| 7, , K¢ is the Jacobi operator of N in direction ¢ defined
n (1.1) and R(t) := Ke|lrm, = Ko, |70, -

Now we choose a system of Fermi coordinates in a neighborhood U of any point p € M in
N as follows (cf. [17]). First we choose normal geodesic coordinates (y1,...,¥ym) centered at
p in a neighborhood U of p in M. Then in U we fix orthonormal sections E,y1,..., Fpn, Fni1
of the normal bundle VM of M in N such that they are parallel with respect to the normal
connection along any geodesic ray from p in M and E, 41|, = v for a given unit normal vector

v of M at p. The Fermi coordinates (21, ...,2Zn,Tnt1) of (U C M C) U C N centered at p are
defined by

vl e, ( 5 WD) ) =wla) =L

j=m+1
n+1
xi<equ< Z tjEj(q)>) =t;, i=m+1,....,n+1
j=m+1
for ¢ € U and any sufficiently small numbers t,41,...,t,41 with >, t? < €2, Then the

Generalized Gauss Lemma shows that in U — M C NM,

n

£= Z ?8331 = Vo, (2.3)

1=m-+1
where o := />, 27 is the distance function to M in U (cf. [19]). Tt follows from the definition
that along the normal geodesic 7, (t) := exp,(tv) in u,

O il ) = M(8) = vi = Ely, ) for t € (0,2). (2.4)
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Moreover, the coordinate vector fields dx1, ..., 0x,41 satisfy

Va%amp €V, M, Va%axi‘p e T,M, Vaxiaxﬂu =0, (2.5)
<8l‘a, 8l‘ﬁ>|p = (5,15, <8$a, 8l‘l>|u = 0, <8.Z‘i, 8l‘j>|u = (Sij,

where (-, ) denotes the metric, and the indices convention is that indices a,b, ... € {1,...,m},
indices 4, 7,... € {m+1,...,n+1} and indices o, 3, ... € {1,...,n+1}. Then dx1|p,...,0%m|p
form an orthonormal frame of 7,M and 0%;41lp; - - -, O%p41|p = v form an orthonormal frame

of VM, and under these frames, the Jacobi operator K, , the covariant Jacobi operator K, of
N can be written as real symmetric matrices as (1.2) and (1.4) respectively.

Now in U — M C N-M, we express the self-dual operator S defined by (2.1) as a real
matrix S = (Sa3) (not symmetric in general) of order n + 1 under the coordinate vector fields
Oxy,...,0%n 41, le., S(0xy) = Zgi} SapOxa. By properties of the Fermi coordinates, in [17]
we obtained the following expansion formula of S.

Proposition 2.1 ([17]) With notations as above, at the point 1, (t) = exp,(tv) € M; for any
t € (0,¢), the following expansion formula holds

Sy +t(S; + KJ)+0(t?)  tB, +0O(t?) o(t2)
§= 5Bl +0(#) T4 LKL 0 o) | (2.6)
0 0 0

where S, := (h%,) is the matriz of the shape operator of M in direction v under the orthonormal

frame Ox1|p, ..., 0x |y, O(t?) denotes matrices with elements of t’s order not less than 2.

Rewrite the expansion formula (2.6) by power series about ¢ as:

= 1
S=> '8, = S0+ 81418 + 255 + O(%), (2.7)
r=0
where
00 0 5,0 0 S2+K] B, 0
So=[0-1 0|, S1=[00 0], S2= 3BL LK 0|,
00 0 00 0 0 0 0

and S,.,r > 3, are matrices independent of .
To calculate the coefficient matrix Sz of t2 for this expansion formula, we need the following
lemmas.

Lemma 2.2 ([17, 21]) Let gog := (024, 0z3) and G = (gag) be the matriz of the metric.
Then at the point 1, (t) = exp,(tv) € M;, we have

Gap(t) = Gap — 2hY,t + (Z hY hY — (Ryow, Vs 8xb)>t2 +O(t%),
2 2 3
o (Buow,v, 0wi)t* + O(t%),

1
i t) = i —
9i(t) = 0ij — 4

Yai (t) ==

(Ryou,v, 0x)t* + O(t%),
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or in matriz form,

-25,0 0 S2-K] -2B, 0
— 2 2 nt 171 3
Gity=I+t| o o o|+#| 2B, Ikt 0o]|+0F).
0 0 0 0 0 0

Lemma 2.3 ([17]) Put Vo, 0Tn41 = Y zwapdzg and W = (wap). Then at the point
N (t) = exp,(tv) € My, we have

Vou,0Tnt1 = Z ho,0xp —t Z (Z hi hiy + (Ruow, v, &rb)) oxy

—tz vow, Vs 0Tk )Ox) + ZO (t? )a0% o,
k «

t

Vazi aanrl - — 3

t
;(Ryamiu, Oxp)Oxpy — 3 ;(Ryaxiu, Oxy)Oxy, + ; O(t?) o 04,

or in matrix form,

-5,0 0 -S2-K] -B, 0
Wit)y=1 0 0 0|+t 1Bt ikl o |+0@).
00 0 0 0 0

Lemma 2.4 At the point p € M, we have

Vvvazn_H Vax"+15$a = _vu(Ramn,+1610,axn+1) = _Kv(axa) - Kv(vuaxa);

1 1
Vl/vaaanrl Vaxn+1 afz = _2VV(R8;cn+18wiaxn+l) = _2Ku(axi);
\Y Vaaz,LJrla = _Ryamaaxn-l—l = _Ku(axa);
1 1
VoVoz, .0z = —3Ryaxiaxn+1 = —SK,,(&vi).

Proof Tt follows from (2.4) that along the geodesic 1, (t) = exp,(tv), Vog, ,,0Tni1 = Ve£ =0
and thus K¢ = V¢ K¢ by definition (1.3). Then the first equalities in the identities follow from
Lemmas 9.19 and 9.20 in [19] and the second equalities follow immediately from (1.1), (1.3)
and (2.5). O

Lemma 2.5 Let W (t) := > 72 (t"W, be the matriz in Lemma 2.3 with W,.s independent of t.
Then
_%KI - SS _KJSV _%BV 0
1 1
—iBL—3BLS, —.K& O
0 0 0

Wa

Proof Put uas = (Vog,0Tny1,015) and U(t) = (uag)ly, ). Then U(t) = W(t)G(t), and
thus

U"(0) = W"(0)G(0) + 2W'(0)G'(0) + W (0)G"(0),
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where G(t) is the matrix in Lemma 2.2 and so G(0) = I,

-25,0 0 S2-KJ -iB, 0
1y "y — 2 1
G(O)— 0 00, G (0)_2 _335 _3K1} (U (2'8)
0 00 0 0 0
and by Lemma 2.3,
-S,0 0 -S2 K] -B, 0
w@O=| 00 o0, WO=[ -iB, -iKf 0 (2.9)
0 00 0 0 0
On the other hand,
tg5(0) = v (Vor, 0Tpy1, 0xp) = v0n41(Vog, 0Tni1,0xp)
= <V,,(9$Ca, V,,ngnﬂaxﬂ) + 2<VVV3J;”+1(:):L‘Q, VV(9$C5>
+<VVV8ITL+1 Vaszrl axOﬁ a‘rﬂ>7
then by Lemma 2.4, we can get
K} +2K]S, +2S,K] —B, + 35,B, 0
U”(0) = —3BL + 2BLS, — 1Kk 0
0 0 0
Combining the above formulae, we can get the required formula for W5 by the following
1 1
Wy = 2W”(O) = 2(U”(O) —2W'(0)G'(0) — W(0)G"(0)). O
Corollary 2.6 Let S3 be the coefficient matriz of t2 in (2.7). Then
Ko + S5+ K/)S, 1B, 0
S = WBL+3BLS, LKL 0. (2.10)

0 0 0

Proof Tt follows from (2.1), (2.3) and (2.4) that at the point 7, (t) = exp,(tv) € M;,

—5(024) = Vo, & = Vo, (Z ”fjaxj> = I Vou,00; = Vou, 0201
j _

J
J J

J
1 1
- taxi - t(Sz n+1 aanrl + Vaziaﬂ@nﬂa

which, together with Lemmas 2.3 and 2.5, gives the required formula for S5 immediately. O

Finally we conclude this section by the following expansion formula for the Jacobi operator
Ke.
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Corollary 2.7 At the point 1, (t) = exp,(tv) € M, we have

K} -S,K+K!S, B, ~S,B, 0
Ke=K,, =K, +t B, 4+ BLS, Kt 0| + 0.
0 0 0
Proof Obviously, it suffices to verify the coefficient matrix, say Ki, of ¢ in this expansion
formula for K. Firstly by (2.4) and (1.3), we know that V¢ = 0 and thus K¢ = V¢K¢. Then
by the Taylor expansion formula, we calculate the coefficient matrix K7 as follows:
V(Ke(0xa), 0xp) = (Ve(Ke(024)), 0xp)|p + (Ke(0a), Vedza)lp
= ((VeKe)(0xa) + Ke(Ve0ra), 0xp)lp + (Ke(0xa), Vedzs)lp
= (Ke(0za), 02)|p + (VeOra, Ke(0p))|p + (VeOrp, Ke(0za))lp,
or in matrix form,
(V(K¢(024), O0xg)) =K, +U(0)K, + K,U(0)",
where U(0) = W(0) as in Lemma 2.5; on the other hand,

d

(K,,G(t)) = K1 + K,G'(0);
dt|,_,

(v(Ke(02a), Drp)) =

and therefore,
K1 =K, +W(0)K, + K,W(0)" — K,G'(0),

which gives the required formula by using (1.2), (1.4), (2.8) and (2.9). O

3 Hypersurface Case

In this section, we deal with the hypersurface case in our subject by proving Theorems 1.1
and 1.2. Throughout this paper, unless stated otherwise, notations will be consistent with
those in previous sections.

Firstly, we establish a lemma on algebraic geometry which will be useful in the proof of the

theorems.

Lemma 3.1 For each m,n > 1, define polynomials Py, € Clxy,...,x,] by
b= pk(ajl,...,xn)—I—ﬁk_l(xl,...,mn) fork=mm+1,....m+n—1,

where pi is the k-th power sum polynomial, ﬁk,l 18 an arbitrary polynomial of degree less than
k. Then Pp, Prii,-.., Pmin—1 form a regular sequence in Clzy,...,x,]. Consequently, the
dimension of each variety Vi, in C" defined by P, = P41 =+ = Ppntr—1 = 0 is less than or
equal ton —k for k=1,... ,n. In particular, V,, is a finite subset of C™.

Proof The proof is similar to that of Lemma 4.4 in [18]. For completeness, we repeat it as

follows.

Firstly recall (cf. [14, 22]) that a sequence ry, ..., in a commutative ring R with identity
is called a regular sequence if (1) the ideal (rq,...,7r;) # R; (2) r1 is not a zero divisor in R;
and (3) r;y1 is not a zero divisor in the quotient ring R/(rq,...,r;) fori=1,... k- 1.

Now we will work on the polynomial ring R = C|x1,...,x,]. Obviously, it is a Cohen—

Macaulay ring, possessing the property that dim(R/(r1,...,7,)) = n—k for a regular sequence
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r1,...,7 in R. Meanwhile, we know that dim(V}) = dim(R/I(V%)), where I(Vy) D (r1,...,7%)
is the ideal of the variety

Vi i={z € C"ri(x) = -+ = ri(x) = 0}.

Therefore, when r1, ..., r, form a regular sequence, dim(V}) <n—k for k =1,...,n. In partic-
ular, dim(V;,) = 0. The last assertion in the lemma is due to the facts that every variety in C"
can be expressed as a union of finite irreducible varieties and that a zero-dimensional irreducible
variety in C™ is just a point. So it suffices to show that the polynomials P, Ppt1 - .-, Pogyn—1
form a regular sequence in R.

Obviously, P, forms a regular sequence in R. Suppose that P, Ppt1, ..., Pmyn—1 do not
form a regular sequence, there exists some k with 1 < k < n such that P,y is a zero divisor
modulo (P, ..., Ppntk—1) in R. Then we may choose a relation of minimal degree of the form

JmPm + fms1Proyr + -+ fintk Pk = 0, (3.1)

where fi, ..., fm+k are polynomials of minimal degrees modulo (P, ..., Pyyr—1). Denote by
D(> 0) the maximal degree of fyPy’s. Let fi, P;,,..., fi, Pi be those of maximal degree D
for some m < i; < --- < 4. < m+ k. Then one can pick out the homogeneous components
firpirs- - fi, pi, of maximal degree from them in (3.1) such that

fhpil +oeeet f.i'rpi'r =0, (32)

where fil, ey fir are the homogeneous components of maximal degrees of f;,,..., fi,., respec-
tively. Recall a recent result showed in [12] that the power sum polynomials py,, prmt1,- -,
Pm+n—1 form a regular sequence in R. Then by (3.2), r > 1 and fir € (Pms Prt1s -+ s Pin—1)s
which imply that there exist homogeneous polynomials a,, @m+1, - - -, @i, —1 such that

fz‘r = 0mPm + Cm+1Pm+1 + -+ Qi —10i—1,
and therefore,
fir = @mPm + @ms1Prg1 + -+ aj.—1 P -1 + fAiT = fir mod (Pp, ..., Prmyk—1),

where fir is a polynomial of degree less than D — i, = deg(f;,), which contradicts the original
choice of minimal relation (3.1).

The proof is now complete. U

Let M™ be a curvature-adapted hypersurface in a real space form or locally rank one sym-
metric space N"T1. Denote by My, t € (—¢,¢), nearby parallel hypersurfaces of My = M and
v the unit normal vector field on M;. As is well known, a hypersurface in a real space form
is always curvature-adapted as mentioned in Introduction, and moreover, its parallel hypersur-
faces have common principal eigenvectors up to parallel translations along normal geodesics,
which is a nice property also preserved by a curvature-adapted hypersurface in a symmetric
space in which case parallel hypersurfaces are still curvature-adapted (cf. [19]). Now in both
cases, the Jacobi operator K¢ of IV has constant eigenvalues independent of the choices of the
unit tangent vector £ and the point of N. Therefore, one can choose the principal orthonormal
eigenvectors {e;(t)|i = 1,...,n} of M, such that they are parallel along normal geodesics and

simultaneously diagonalize the shape operator S(t) of M; and the restricted Jacobi operator
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R(t) := Ky,,|1,,, of N as the following symmetric matrices:

S(t) = diag(pa (), ..., un(t)), R(t) = diag(ki,...,K&n),

where p;(t)’s are principal curvature functions of M;, k; = ¢ for M in a real space form with
constant sectional curvature ¢, or k; € {c,4c} for M in a locally rank one symmetric space with

non-constant sectional curvature. Moreover, since V,,e;(t) = 0,
S'(1) = Vo, S(t) = diag(uh (¢), . .., 1, (1)),
and thus the Riccati equation (2.2) can be written as
ph(t) = pi(t)> +w; fori=1,...,n. (3.3)
We are now ready to prove the theorems for the hypersurface case in our subject.

Proof of Theorems 1.1 and 1.2  Recall that the k-th order mean curvature Q(t) of M, is
defined by the k-th power sum polynomial of the principal curvatures pq(t),. .., u,(t) for any
k>1,ie.,

Qult) = tr(S(MF) = 3 el = pr(pn(8)s - (). (3.4
i=1
Taking derivative of Q(t) with respect to ¢ by applying (3.3), we get
LD = D) i) = Qe+ D o) (35)
i=1 i=1

Similarly, for any j > 1, taking the j-th derivative of Q(t) with respect to ¢ by applying (3.3),
we can get

k(k+1)-- ~1(l<: i 1)Q;(cj)(t) = Qr4j + ﬁk-ﬁ-j—l(ﬂl(t)a s (), (3.6)

where ngﬂ-,l is some polynomial of degree less than k + j with constant coefficients in n
variables.

Now assume that for some k > 1, Q(¢) is constant on M; for any t € (—e,¢e) and thus it is
a smooth function depending only on ¢, so are the derived functions Q,(Cj ) (t) for all j > 1. Then
for any fixed t € (—¢,¢), (3.4)—(3.6) show that the principal curvatures (p1(%), ..., pn(t)) of M

are solutions of the algebraic equations

Play,...,xn) = pi(z1, ..., 20) + P1(1,...,an) =0 forl=rkk+1..., (3.7)

where p; is the [-th power sum polynomial, ]5171 = 13171 - ((1;:11))!! g_k)(t) is a polynomial of

degree less than [ with constant coefficients. In particular, (ui(t),...,p,(t)) belongs to the
variety V,, in C™ defined by P, = Px41 = -+ = Px4n—1 = 0. Therefore, by Lemma 3.1, we
know that (p1(t),..., un(t)) belongs to a finite subset of C™ and thus p;(t)’s are constant on
My since M; is connected. It means that M has constant principal curvatures and is totally
isoparametric.

Conversely, if M has constant principal curvatures, by the Riccati equation (3.3), we know
immediately (cf. [18]) that u;(t)’s are constant on M; and so each order mean curvatures are
constant on M;.

The proof is now complete. O
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4 General Submanifold Case

In this section, we deal with the general submanifold case in our subject. Firstly, by using
the Taylor expansion formula of the shape operator obtained in Section 2, we derive a power
series expansion formula for higher order mean curvatures of tubular hypersurfaces around a
submanifold in a general Riemannian manifold. Then through some involved calculations and
technical treatments of this formula, we obtain Theorem 4.4 and give a proof of Theorem 1.4.

As in Section 2, let M™ be a submanifold of a Riemannian manifold N"*! and M]* be the
tubular hypersurface around M of sufficiently small radius ¢ € (0,¢). Since the shape operator
S(t) of M, is the restriction of the operator S defined in (2.1) to 7 M, and S(v1) = S(€)|pm, = 0,
it follows that S(¢) has the same nonzero eigenvalues as S. Therefore, the k-th order mean

curvature Qg (t) of My can be calculated by
Qr(t) = tr(S(H)) = tr(S*) = (S(1)"),

where S(t) is the left-up n by n submatrix of S in (2.6) and by (2.7), (2.10), at the point
0y (t) = exp,(tv) € M; for any ¢ € (0,¢), we have the following expansion formula

tS(t) = —Ao+ Y _ At (4.1)
r=1
where
0 0 S?2+ K] B,
Ao = , Az= 1 ot T I
01 !B, K}
S, 0 K+ S5+ K/)S, 1B,
A1: ) A3: ’
0 0 WBL+ iBLS, %

and A,, r > 4, are n by n matrices independent of ¢.
Put 1;(t) := t'Q;(t) = tr((tS(t))?) = 3202, Yirt”, i > 1. Then by comparing the coefficient
of " in the extended formula for Y;(¢) with (4.1) substituted, we get
Y= > (=1)7 > tr(An, A, Ay) fori>1r>0, (4.2)
oEP;r Te€S5(0)
where

Py 1= {0 = (09,01,...,0,) € Z"!

T i
E o5 =1, E sogs =T, 0820};
s=0

s=0
and for o = (09,01,...,04) € P, B(0) :={s | 0< s <r,os >0},

Fi(o):={r=(11,...,7) €Z" |V s € B(0),3 0, elements of T equal 5.}
Obviously,
Tio = (=1)%r(AY) = (=1)'(n —m), Ty = ditr(A;) fori>1,
T =tr(A4,) for r > 1.

From now on, we assume ¢ > 2, r > 2 and put

T A
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Note that AgA; = A1A¢ = 0 and tr(CD) = tr(DC), then tr(A, A, ---A;,) =0if 0 and 1
occur in some successive indices 7, 7j41 (j mod ). Since A3 = Ay, we can reduce the sequence
in non-vanishing tr(A,, A, - - - A, )s such that Ay occurs separately. Moreover, one can see that
Ap occurs separately at most d(i,r) times with some Ag or A; A7 Ay (8,8’ > 2,15 > 1) between,
in fact, each non-vanishing tr(A,, A,, --- A.,), 7 € Si(0), 0 € P with g > 0 can be written
as

tr(A)° - A At - A, A)2 - A, A)e), (4.4)

where XS = Ag or A;A Ay with s,8" > 2, 15 > 1, the sum of A\, equals 0g, the sum of ¢5 equals
o1, and 1 < ¢ < D(i,r). According to these, we will refine the summation (4.2) or actually the
index sets &, and .¥;(o) as follows.

For 0 < a < i — 1, denote by Z,.(a) the set of all non-vanishing tr(A, A, ---A;,)s, T €
(o), 0 € Py with o9 = a, where the elements with different indices are looked as different

though they may have the same value. For 1 < ¢ < D(4,7), put
AS. = {a € Z" | 3 elements in Z;,.(a) of the form (4.4)}.
Then by straightforward calculations, we get
{1}, i=2 c=11r>2,
Af. = {i —c}, 1>3, 2c<1r<2c+2,
{ali—r+c+1<a<i—c—2,a>1}U{i—c}, i>3, r>2c+3.

It follows immediately from the definitions that Jj,.(a) is empty if a > 0 is not in A, for
any 1 < ¢ < D(i,7). For example, J33(1) is empty since now each tr(A, A, A;,) equals
tr(ApA1As) = tr(A1AgA2) = 0. On the other hand, putting

A¢(a) := {)\ = (Ao, A1y ee ey Ae) € ZETE Z)\S =a, A\ > 0},
s=0
Tir(A) i={w € F5r(a) | wis of the form (4.4) with (Ao,..., ) = A}, for A € A%(a),

we can divide 7, (a) (a > 0) into subsets Z,.(A), A € A%(a), 1 < ¢ < D(i,r). Note that each
Tir(A) should be empty if J,.(a) is empty. Furthermore, for 1 < b < ¢, putting

Api={p=(p1, ) [ 1< < <y < cb,
Ay == (u1, o) [ 1< g < oov < ooy <y = ¢},

and for p € Ay,

A(a, p) == {)\ € A%(a)

b
> =a d, =1,
s=1

and for y € Ay,

b—1
)‘0+/\C+Z)‘;Ls =a, Ao+ >1, Ay, 21fors<b}7

s=1

Aa,p) = {)\ € A%(a)

we can divide the index set A°(a) into subsets A°(a,u), p € Af or Ay, 1 < b < ¢. Since the
number of elements of A°(a, ) is independent of the choices of 1 € Af (resp. p € Ay) and ¢, we
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denote it by ©(a,b) (resp. O(a,b)) which would be zero for b > a. In fact, by a detailed study

of the definitions, it turns out that the 2-parameter function © satisfies the inductive relation
O(a+1,b) — ©(a,b) = O(a,b—1), (4.5)

with initial conditions ©(a,b) = 0 for a < b or b < 0, O(a,1) = 1 (6(a,0) := 0) for a > 1,
and so does the 2-parameter function © with initial conditions O(a,b) = 0 for a < b or b < 0,
O(a,1) = a+1 (0(a,0) := 1) for a > 1. Notice that for each u € A§ or Ay, respectively,
each element A of the index subset A°(a, 1) corresponds to the same subset 7;,.()), denoted by

c 5)
ir

--leuz)Ao . (ZS“HH ...gS%)AO ) (gs%ﬂ ) ..gsC))

Tir(a, p) which is non-empty for a € A$,.°), whose elements have values of the following form:

t((Ay, -+ A, )Ao - (A

Sp1+1

or, respectively,

tr((As, - As,,, VA - (Asu1+1 x 'ASM)AO e (ASM*1+1 < Ag ) Ao). (4.6)

Then we can define

05, (a,b) == Z Z w, Q;(a, b) := Z Z w, (4.7)
HEAL wE Tir(asp) peAy wETir(a,pn)

which are essentially identical when ¢ > b (the first is zero when ¢ = b) since, by the symmetry

of the trace function, both are the sum of all non-vanishing elements tr(A,, --- A..), 7 € % (o),

o € P with og = a (without counting multiplicities ©, ©), of the form (4.6) with b copies of

Ag occurring separately among ¢ number of As where /L = As or A;AT Ay (8,8 > 2,15 > 1).

Equipped with these refinements, we are ready to derive a more tractable formula than (4.2)

for the coefficients Y;, in the power series expression of the i-th order mean curvature Q;(t) of
the tubular hypersurface M;".

Proposition 4.1 With notations as above, we have fori > 2, r > 2,

D(i,r) c
Y= Y wt > > (=D (0(a,b),(a,b) + O(a, b)), (a,b)). (4.8)
w€T;r(0) c=1 a€Af, b=1

Remark 4.2 As footnoted before, the index b in the summation actually takes values from
1 to min{c,d(i,r)}, though it does not matter for the calculation since when ¢ > b > d(i,r),
AS. 3 a <i—c<d(i,r) <band thus ©(a,b) = O(a,b) = 0.
Remark 4.3 For example, we list some low order cases as follows:
ng = tI’(A%) — 2tI’(A2A0), TiQ = (—1)i71i tI‘(Ang), for ¢ Z 3,
T23 = Qtr(AlAQ) — 21]1‘(A3A0), T33 = tI‘(A?) + 3131‘(143140),
Tig = (—1)i_1i tI‘(A3A0), for ¢ Z 4,
T24 = 21]1'(A1A3) + tI‘(Ag) - 2tY(A4A0), T34 = 3‘5I’(A%A2) + 3t1“(A4A0) - 31]1“(A§A0),
T44 = tl"(Aéll) — 4t1"(A4A0) + 4tI‘(A§A0) + 2tI‘(A2A0A2A0),

3)

Yis = (—1)7 1 tr(Asdo) + (—1)72(i tr(A24g) + Z(Z; tr(AsAgAsAy)), for i > 5.

5) Then in this case, 2b < b+c<a+c<iandsob< min{[;], [5]} =: d(4,7) is just the number of copies of Ag
occurring separately in non-vanishing tr(A-, A, - -+ Ar;)s with some A5 between.
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Proof Based on the refinements above, direct calculations show

1—1 i—1 D(i,r)
Ti=) (D" D w= Y wtd (DD D D w
a=0 weTir(a) we Zir(0) a=1 c=1 X\eA<(a) WETir(N)

D('LJ’) c
= DL Wt ) D ()

WE Ty (0) c=1 a€AS, b=1

)OS S D DI DNt

HEAT  peA;” AEAC(a,p) wETir(N)

(
SIS S SIEID 3 O3S 38 HD SRD Sl
(

W€ i (0) c=1 a€AS, b=1 “pEAY  peAl’ AEAC(a,n) wETir(apm)

D(Zﬂ”) c
= Y wt > D> (=ry Z@(a,b)—i—Z@(a,b)) SNooow

w€ Z;(0) c=1 a€Af§,. b=1 “upeAg HEAg WE Ty (a,p)
D(ir)
= > wt Y D> (-1 ¢ (a,b) + O(a, b)Q2;, (a,b)).
w€Zir(0) c=1 a€AS, b:l
The examples in Remark 4.3 can be verified by (4.8) immediately. O

Now we consider the cases when ¢ > r > 2. Obviously, we have now

d(i,r) = D(i,r) = m = d.

It is easily seen from the definitions that 7,..(0) consists of only one element tr(A7) and .7;,.(0)
is empty for ¢ > r. Moreover, for each e > 1, the map from &, to &, . , defined by

(00,01,...,0p) — (00 +€,01,...,0.)
gives a one-to-one correspondence. Consequently, we have

rier=1a+elac Al } forl<c<d,
Tre rla+e,p) = Tp(a,p) forac AS. pe A§ or Ay,

and thus

Q. (a+eb) =05 (a,b), QiﬂT(a—l—e,b):Q;(a,b) for a € A;

T

1<b<e

Therefore, the formulae for Y, and Ty4e » (r > 2, e > 1) in the form (4.8) can be rewritten
as

(e}

d
T =tr(AD) + > D (=)D (0(a, b))%, (a,b) + O(a, b)), (a, b)), (4.9)

c=1lacAc, b=1

Trier Z Z “+ebz_; O(a + e,b)Q¢,(a,b) + O(a + e,b)2,., (a,b)).  (4.10)

c=1lacAc,
Similarly, for 7 > 3, . ,(0) consists of (r — 1) copies of tr(A] 245). Moreover, we have

rir={a—1]ae A5} forl1<c<d,
1 ola—1p) = Fp(a,u) forae AS,.,a—1>b,u € Af or AZ,
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and thus

C

Q° | (a—1,0)=9QC (a,b), Q. |, (a—1,b)=Q, (a,b) foraec A a—1>b1<b<ec

Therefore, the formula for Y,_; , (r > 3) can be rewritten as

d
Trorr=(r—Dtr(A]2A) + > > (=1)*” IZ (a—1,b)Q¢,(a,b)

c=1acAg,
+O(a—1,b)Q (a,b)), (4.11)
which also holds for » = 2 by (4.3) and the initial conditions of ©, ©.
Taking iterative sum of (4.5), we obtain the following useful formula for © and ©:
C2%0(a,b) — C1O(a+1,b) + -+ + (=1)°CO(a + e,b) = (—1)°O(a, b — e) (4.12)

for any a,b € Z and e > 0, where CJ = Forr > 2, e > 0, put

e!
Jte=)!"
(br(e) = CST’I‘T‘ + CelTr-i-l rto+ C:Tr-l-e )
\I’r(e) = C(?TT—l r+ Cel’rrr + 4+ C:Tr—1+e re
Then taking sum of (4.9) (4.10) and (4.11) iteratively by using (4.12), we obtain

c

B0 = (A + 3 Y (213 (Ola, b I o)+ O ) 0. 1)

c=1acAc, b=1
U,(e) = (r— 1)tr(A] 2 Ay) + e tr(A})

(&

d
+D 3 (=Y (O(a—1,b— €)%, (a,b) + O(a — 1,b — )0, (a,b)).

c=1acAs, b=1

In particular, since A%, = {r — d}, by the initial conditions of ©, ©, we have
@,(d) = (A7) + (~1)" %, (r — d.d),

O, (d+1) = tr(A7),

U, (d) = (r — Dte(A] % Az) + d tr(A}) + (=1)7 Q0 (r — d, d),

U (d+1) = (r— Dtr(A724) + (d + 1) tr(A7),

where by (4.7),

Q,,.(r—d,d) =

d B tr((Az40)%), for r = 2d;
dtr((Ang)d_lAng), for r = 2d + 1.

Recalling the formulae of A, in (4.1), then the above formulae can be rewritten as (d > 1)
Paq(d) = tr(Sp7) + 37 r((K;)7),
Pagi1(d) = tr(SFT) —d 37T (KT,
Dyq(d +1) = tr(S27),
Bogy1(d+1) = tr(S24Hh), (4.13)
Wog(d) = (2d — Dtr(S29 2K, ) + (3d — 1) tr(S37) — 37 tr((K;)?)
o1 (d) = (2d)tr(S?I1K ) + (3d) tr(S24H1) 4+ d 379 (K1),
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Woa(d+1) = (2d — Dtr(S22K,) ) + (3d) tr(S2%),
Uogiq(d+1) = (2d)tr(S2¥ 1K) + (3d + 1) tr(S24H1).

In conclusion, we get the following

Theorem 4.4 Let M™ be a submanifold of a Riemannian manifold N1 and M} be the
tubular hypersurface around M of sufficiently small radius t € (0,¢). For any integer d > 1,
(i) if each M]* has constant Q24, Q2d+1, - - -, Q3d, then on M,

Qb4+ 3" pa(K; ) = Const;
(ii) if each M has constant Qaq+1, Q2d+2,- - -, @3d+1, then on M,
Qi —d 3~ (KL ) = 0y

(iii) if each M has constant Qadq, Q2d+1, - - - » Q3d+1, then on M,

@54 = Const;
(iv) if each M]* has constant Qag+1, Q2d+2, - - - s Q3d+2, then on M,
Qo441 =0;

(v) if each M]* has constant Q24-1, Qad, - - -, Q34—1, then on M,
(2d — D)tr(S2472K,) ) + (3d — 1) Q%; — 37 %pa(K;-) = Const;
(vi) if each M]* has constant Q24, Q2d+1, - - -, Q3d, then on M,
(2)tr(S2 K ) + (3) Qapy +d 3 ()G = 0

(vii) if each M has constant Qa4—1,Q2d, - - -, Q3d, then on M,

(2d — Dtr(S?472K,) ) + (3d) Q%,; = Const;
(viii) if each M has constant Qaq, Q2d+1, - - -, Q3d+1, then on M,

Qd)tr(Sy4 K ) + (3d+1) Qbqpy = 0.

Proof Recall the definition of T;. which is the coefficient of ¢" defined over the unit normal
bundle V1 M of M in the power series expansion of Y;(t) := t'Q;(t) with respect to t € (0,¢),
where Q;(¢) is the i-th order mean curvature of M*. Therefore, if Q;(t) is constant on M;* and
thus is a function depending only on ¢, then Y;. would be constant on V1 M for each r > 0,
which implies that each ®,.(e), ¥,(e) (r =2d,2d+1, e = d,d+1) in the sequence (4.13) would
be constant under the corresponding assumptions listed in the proposition. This verifies the
identities in the cases where the vanishing assertion in (ii), (iv), (vi), (viii) is because of the
anti-symmetry with respect to v of QY. , tr((K; ) 'K;) and tr(S241K)). O
Now we are ready to prove Theorem 1.4.

Proof of Theorem 1.4 The case (b) follows directly from Theorem 4.4 with d = [1]. It suffices
to prove the case (a) for 1 <1 < 4.

For | = 1, it follows from (4.3) that QY = tr(A;) = Y11 which is the coefficient of t! in
the power series expansion of Y;(¢) := tQ1(¢) with respect to ¢t € (0,¢). Therefore, if Q1 (t) is
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constant on each tubular hypersurface M;*, then QY is constant on the unit normal bundle of
M and thus vanishes since Q7" = —Q¥.

For I = 2, if Q2(t),Qs(t) are constant on each tubular hypersurface M, then as the
coefficients of #? in the power series expansions of t?Qq(t) and #3Q3(t), Tz and T35 would be

constant. So in this case, by Remark 4.3, we get
v 2 1y — 1y —
Yoo =Q% — 3tr(KV ) = Const, Tg2 = tr(K, )= Const,
which verify the first assertion. If in addition @ (¢) is constant on M;*, then by (4.3),
1
Tip = tr(4As) = QY + tr(K,) ) + 3tr(KVl) = Const,
which implies tr(K, ) = Const and thus verifies the second assertion.

For | = 3, if Q3(t),Q4(t) are constant on each tubular hypersurface M, then as the
coefficients of #3 in the power series expansions of t2Q3(t) and t*Q4(t), Y33 and Y43 would be
constant. So in this case, by Remark 4.3 and the anti-symmetry of Q% and tr(C;-) with respect
to v, we get

v 3 1y — 1y —
T3 = QS + 4tr(ICl,) =0, YTy = —tr(ICl,) =0,
which verify the first assertion. If in addition Q2(t) is constant on M;", then by Remark 4.3
and the anti-symmetry of Q% and tr(S, K, ) with respect to v,

1
To3 = 2Q4 + 2tr(S, K, ) — 2tr(/c,f) =0,

which implies tr(S,K,]) = 0 and thus verifies the second assertion.

For I =4, if Q4(t),Qs5(t), Qs(t) are constant on each tubular hypersurface M}, then as the
coefficients of t* in the power series expansions of t2Q4(t), t°Qs(t) and t5Qg(t), Yas, Y54 and
T4 would be constant. So in this case, by Remark 4.3, we get

2
Tas = QY — 4(tr(AsAo) — tr(A3Ap)) + 9P2(Kul) = Const,
gpQ(Kj_) = Const,
To4 = —6(tr(A4A0) — tr(A5Ag)) + pa(K,) = Const,

Y54 = 5(tr(Asdo) — tr(A3A)) —

which imply that Q4 = Const, pa(K;) = Const, tr(A4Ag) — tr(A34,) = Const and thus verify
the first assertion. If in addition Q5(¢) is constant on M;*, then by Remark 4.3,

T34 = 3QY + 3tr(S2K,) ) + 3(tr(A4A4o) — tr(A2A4p)) = Const,

which implies tr(S2K,|) = Const and thus verifies the second assertion.

The proof is now complete. O

5 Focal Submanifolds

This section is devoted to the proof of Theorem 1.6 which is a geometrical filtration for the focal
submanifolds of isoparametric functions on a complete Riemannian manifold. The assertions
in (i)—(ix) of this theorem essentially come from Theorem 1.4 and Theorem 4.4, while (a)—(d)
of this theorem treat some special cases as corollaries of (i)—(ix) and the following preliminary

on austere submanifolds.
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Proposition 5.1 Let M™ be an austere submanifold of constant principal curvatures in a
Riemannian manifold N**'. If m=2,n>4; orm=3,n>5; orm=4,n > 10, then M is a
totally geodesic submanifold in N.

Proof Recall that a submanifold M™ is called an austere submanifold of constant principal
curvatures if there exist some constants Aj, ..., A, such that the shape operator S, of M with
respect to any unit normal vector v at any point has eigenvalues A1, —A1,..., Ay, =X, 0,...,0

((m — 2p) zeroes). In particular, on such submanifold, we have
|lS,||? = Const =: C,

which implies that for any orthonormal frame {e;,41,...,€,+1} of the normal bundle VM of
M

)

(Se;sSe;) = Cbyy fori,j=m+1,...,n+ 1.

Therefore, if M is not totally geodesic and thus C' > 0, then S,

self-dual operators on the tangent bundle 7 M of M with constant eigenvalues of opposite signs,

ma1s -2 Se, .y, are independent
which means that at any point ¢ of M the space S, of shape operators S,, v € V,M, is an
(n 4+ 1 — m)-dimensional subspace of self-dual operators on 7, M.

If the shape operators are looked as quadratic functions on 7, M via the metric, then S, is an
(n+1—m)-dimensional austere subspace of quadratic functions on 7, M in the sense of [4] where,
among other things, Bryant solved the classification problem of maximal austere subspaces of
quadratic functions on a real vector space of dimension m = 2,3, or 4. In particular, it follows
from his classification that each maximal austere subspace is of dimension 2 when m = 2 or 3,
and not greater than 6 when m = 4. Consequently, n + 1 —m = dim(S;) < 2 when m =2 or

3,and n+1—m = dim(S,) < 6 when m = 4, which verifies the assertions by contradiction. OJ

One can see from the proof above that for fixed m and sufficiently large n, an austere
submanifold M™ of constant principal curvatures in N™*! should be totally geodesic. It is

interesting to find out an optimal relationship for such pairs of (m,n).

Proof of Theorem 1.6  First of all, by definition f is a k-isoparametric function if and only if
each regular level hypersurface M;* of f has constant higher order mean curvatures Q1 (t),. ..,
Qr(t). As showed in section 4, if f is a k-isoparametric function, then the coefficients ;. in
the power series expansion formula of #*Q;(t) are constant for 1 <1i < k, r > 0.

Now we come to verify the assertions listed in the theorem case by case.

(i) k=1. By (4.3) and (4.1),

111 = tr(A;) = tr(S,) = Const,

Tio = tr(4z) = QY + tr(K,) ) + zl))tr(Kj‘) = Const,

1 1
T3 = tr(A3) = QY + tr(S, K, ) + 2tr(lC,j) + 4tr(ICj) = Const.

: _ T _ T T _ T 1o i
Moreover, since S_, = =S5, K., = K,, K., = -K, and K=, = —K

v

we know that T
and Y13 are anti-symmetric with respect to v and thus T1; = T3 = 0.
(ii) £ = 2. As in the proof of Theorem 1.4, by Remark 4.3, we can get

2
tr(K;}) = Const,

T22:Q5—3
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1 1
o Y28 = Q% +tr(S,K)) — 4tr(le‘) =0.
Combining these with (i), we get
tr(K,) = tr(K,] ) 4 tr(K;}) = T15 — Yoy = Const,

1 1 1 1
2tlr(lCl,) = 2tr(lC;r) + 2tr(l€f) ="3 — 2T23 =0.

(iii) k£ = 3. Similarly as before, we can get
Y39 = tr(KVl) = Const,

T33 = Qg + tI‘(,Ci') =0.

3
4
Combining these with (ii), we get

2
lel = TQQ + 3T32 = COHSt,

1
tI‘(Sl,K;r) — tI‘(K:Z%) = 2T23 — T33 =0.
(iv) k = 4. Similarly as before, we can get
T3 = —tr(K}) =0,

which implies Qg = T33 + ZT43 = 0, tI‘(Sl,K;r) = %ng — T33 — T43 =0.
(v) k = 5. Similarly as before, we can get
2

4
QL — 9/02(K,,L) =Ty + 5T54 = Const,

3131'(53[(;) + pQ(KVl) = T34 — 3T44 — 3T54 = Const.

vi) k = 6. Similarly as before, we can get
(vi) y g
1 1
pQ(Kj_) = 18<5T54 + 6T64> = COIlSt7

which, together with (v), implies Q4 = Const, tr(S2K,| ) = Const. By (vi) of Theorem 4.4, we
can get 2tr(SSK,) ) + 3Q% + Ltr(KFKL) = 0.

(vii) k = 3d+ 1, d > 2. The identities listed in this case successively come from (iii), (i),
(v), (ii), (viii) of Theorem 4.4 since now M;* has constant Q1, ..., Q34+1-

(viii) k = 3d+2, d > 2. The identities listed in this case successively come from (iv), (viii),
(vi), (v) of Theorem 4.4 since now M;* has constant Q1, ..., Q34+2.

(ix) k = 3d + 3, d > 2. The identities listed in this case successively come from (i), (vi) of
Theorem 4.4 since now M;" has constant Q1, ..., Q3d+3.

(a) m = 0. Obviously, Q5 = tr(K,]) = 0, which, together with the second identity in (i),
implies Ric(v) = tr(K,) = tr(K;-) = Const for any k > 1.

(b) m = n. By continuity it is easily seen that each higher order mean curvature Q;(¢)
of M}* converges to @; of M when t goes to 0, ie., @; = lim;_oQ;(t). Therefore, if f is
k-isoparametric, then @Q;(t) and hence @; are constant functions on M* and M respectively,
which shows that M is k-isoparametric since (locally) M consists of two equidistant parallel
hypersurfaces, say M," and M, , on both “sides” of M. The odd order mean curvatures Q2541
(2j + 1 < k) vanish on M because of the anti-symmetry of odd order mean curvatures with

respect to unit normal vectors and the identically constancy of Qa;41(¢) on M;" and M .
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(¢) For m < [2’“;'1], k < 6, (i)—(vi) above show that M™ has constant Q7,...,QF, and

thus has constant principal curvatures which occur in opposite signs since all odd order mean

2k—1

curvatures vanish. For m < [*",7], k > 7, (vii)—(ix) derive the same conclusion as above. For

k =n,ie., fis totally isoparametric, then each order mean curvature of M;* is constant, which
by Theorem 1.4 implies that M has constant each order mean curvature and thus is an austere
submanifold of constant principal curvatures. The second part of this case has been proved in
Proposition 5.1.

(d) Similarly as in (c), it is easily seen that under each assumption of m and k, p1(K;"),. ..,
Prn—m(K;F) are constant on M and thus the (restricted) vertical Jacobi operator K;- has con-
stant eigenvalues since the restricted vertical Jacobi operator K- is a self-dual operator of order
(n —m).

The proof is now complete. O
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