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1 Introduction

Occupation time, the amount of time a stochastic process spends in a certain region, is of
theoretical interest and finds many applications in risk theory and finance; see Cai et al. [4],
Landriault et al. [8], Gerber et al. [6], Loeffen et al. [13], Yin and Yuen [17] for such applications.
Many explicit results on Laplace transforms for occupation times have been obtained for some
well known examples of diffusion processes; see e.g. Borodin and Salminen [3] for a collection
of such results. But the joint Laplace transforms of general diffusion processes have not been
studied systematically.

We quickly review some previous approaches of finding Laplace transforms of occupation
times for stochastic processes. Cai et al. [4] studied the jump-diffusion process with two-sided
exponential jumps and found a Laplace transform on its occupation by the standard approach
of solving the associated integro-partial-differential equation. They also applied the results
into several option pricing problems under Kou’s double exponential jump diffusion model.
Pitman and Yor [14, 15] applied the excursion theory to obtain occupation time related Laplace
transforms of one-dimensional diffusions. They found a formula for the joint Laplace transform
of the occupation times spent by the process either above or below a level up to a suitable
random time.

Landriault et al. [8] found an alternative perturbation approach to study the Laplace trans-
form of occupation time for spectrally negative Lévy processes (in short SNLP). In Landriault
et al. [8], the associated approximating occupation times were proposed so that their Laplace
transforms can be computed via the solutions to the exit problems for SNLP. Li and Zhou [10]
adopted the approach of Landriault et al. [8] to study the joint Laplace transforms of occupa-
tion times for diffusion processes up to an independent exponential time. Li et al. [12] used
the same strategy to find expressions of double Laplace transforms for diffusion processes. Yin
and Yuen [17] considered the SNLP and determined the joint laws for some quantities, which
are useful in insurance risk theory. Loeffen et al. [13] also studied the Laplace transforms of
occupation times of intervals until the first passage time for SNLP. They found the expressions
through approximating the SNLP by an SNLP with sample paths of bounded variation whose
Laplace transform for the occupation time can be found directly. The approaches of Landriault
et al. [8] and Loeffen et al. [13] aimed at overcoming the difficulty caused by the possible infinite
activity for SNLP.

In order to avoid the approximation procedures of Landriault et al. [8] and Loeffen et al. [13],
recently Li and Zhou [11] first studied the Laplace transforms of pre-exit joint occupation times
for SNLP via a new approach of identifying the Laplace transform with a fluctuation result on
the SNLP observed at independent Poisson arrival times. Such fluctuation identities have been
investigated in Albrecher et al. [1].

In this paper, we adopt the Poisson approach of Li and Zhou [11] to consider the joint
Laplace transform of occupation times for diffusion processes up to the two-sided exit time.
The results can be applied to find more explicit Laplace transforms of the occupation times
before exiting for Brownian motion with alternating drift and for skew Brownian motion. To our
best knowledge, such results have not been known before. Similar to other results on diffusions
along this line, our expressions are explicit but quite lengthy in general.
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The rest of this paper is arranged as follows. In Section 2, we review the basic facts we need
for the time-homogeneous diffusion processes and derive the expression of potential measure
which we need later. In Section 3, the desired results on joint Laplace transform of occupation
times for diffusion processes are obtained. In Section 4, we find explicit expressions on the
joint Laplace transforms of occupation times for several examples of diffusion processes, such
as Brownian motion with drift, Brownian motion with alternating drift and skew Brownian
motion.

2 Preliminaries

2.1 Time-Homogeneous Diffusion Processes

In this paper, we consider a one-dimensional diffusion process X = (Xt)t≥0 defined on a filtered
probability space (Ω, P, (Ft)t≥0). Process X takes values in interval I with end points −∞ ≤
l1 < l2 ≤ ∞, which is specified by the following stochastic differential equation:

dXt = μ(Xt)dt + σ(Xt)dWt, (2.1)

where X0 = x0 is the initial value and W = {Wt, t ≥ 0} is a one-dimensional standard Brownian
motion. Throughout the paper, we assume that (2.1) allows a unique weak solution, which is
guaranteed if there exists a constant K > 0 such that, for all x, y ∈ I,

|μ(x) − μ(y)| + |σ(x) − σ(y)| ≤ K|x − y|, μ2(x) + σ2(x) ≤ K2(1 + x2), (2.2)

see Li and Zhou [10].
Two basic characteristics of diffusion processes X, the speed measure m and the scale func-

tion s, are given by

m(dx) = m(x)dx := 2eB(x)/σ2(x)dx and s(x) :=
∫ x

e−B(y)dy

for l1 < x < l2, where B(x) :=
∫ x 2μ(y)/σ2(y)dy. Let p(·; ·, ·) be the transition density of X

with respect to the speed measure for diffusion processes, i.e.,

Px{Xt ∈ dy} = p(t; x, y)m(dy).

For λ > 0, let g−,λ(·) and g+,λ(·) be two independent positive solutions to the (generalized)
differential equation associated to the generator of X

1
2
σ2(x)g′′(x) + μ(x)g′(x) = λg(x), (2.3)

with g−,λ(·) decreasing and g+,λ(·) increasing. For many particular diffusion processes, (2.3)
yields explicit expressions for g−,λ(·) and g+,λ(·), see Borodin and Salminen [3]. Here a solution
g(x) to (2.3) satisfies

λ

∫
[a,b)

g(x)m(dx) = g−(b) − g−(a), (2.4)

where
g−(x) := lim

h→0+

g(x) − g(x − h)
s(x) − s(x − h)

.

The Green function for X is

Gλ(x, y) :=
∫ ∞

0

e−λtp(t; x, y)dt.
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Then

Gλ(x, y) =

⎧⎨
⎩

ω−1
λ g+,λ(x)g−,λ(y), x ≤ y,

ω−1
λ g+,λ(y)g−,λ(x), x ≥ y,

where

ωλ := g+
+,λ(x)g−,λ(x) − g+,λ(x)g+

−,λ(x) = g−+,λ(x)g−,λ(x) − g+,λ(x)g−−,λ(x)

is the so-called Wronskian with

g+(x) := lim
h→0+

g(x + h) − g(x)
s(x + h) − s(x)

.

It is known that ωλ is independent of x.
We refer to Chapter II of Borodin and Salminen [3] for the above facts and more details

about diffusion processes.
Furthermore, for λ > 0, define

fλ(y, z) := g−,λ(y)g+,λ(z) − g−,λ(z)g+,λ(y).

We have the following well-known solutions to the exit problems. Let

τx := inf{t ≥ 0 : Xt = x}
be the first passage time of X at level x with the convention inf φ = ∞. For any a < x < b and
λ ≥ 0,

Ex[e−λτa ; τa < τb] =
fλ(x, b)
fλ(a, b)

and
Ex[e−λτb ; τb < τa] =

fλ(a, x)
fλ(a, b)

;

see e.g. Borodin and Salminen [3] and Feller [5].

2.2 Diffusion Potential Measure

The potential measure for diffusion processes is needed for our main results in Section 3. Its
expression is given as a lemma in this subsection.

Throughout the paper, we always assume a, b ∈ (l1, l2).

Lemma 2.1 For a < x, y < b and λ ≥ 0,∫ ∞

0

Px{Xt ∈ dy, t < τa ∧ τb}e−λtdt

=
[
Gλ(x, y) − fλ(x, b)

fλ(a, b)
Gλ(a, y) − fλ(a, x)

fλ(a, b)
Gλ(b, y)

]
m(dy).

(2.5)

Proof Write eλ for an exponential random variable with rate λ > 0 that is independent of
everything else. Because

Px{Xeλ
∈ dy, eλ < τa ∧ τb} = λ

∫ ∞

0

Px{Xt ∈ dy, t < τa ∧ τb}e−λtdt,

we have

Px{Xeλ
∈ dy, eλ < τa ∧ τb} = Px{Xeλ

∈ dy} − Px{Xeλ
∈ dy, τa ∧ τb < eλ},
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where
Px{Xeλ

∈ dy, τa ∧ τb < eλ}
= Px{Xeλ

∈ dy, τa < τb ∧ eλ} + Px{Xeλ
∈ dy, τb < τa ∧ eλ}

= Px{τa < τb ∧ eλ}Pa{Xeλ
∈ dy} + Px{τb < τa ∧ eλ}Pb{Xeλ

∈ dy}
= Ex[e−λτa ; τa < τb]Pa{Xeλ

∈ dy} + Ex[e−λτb ; τb < τa]Pb{Xeλ
∈ dy}

= λ
fλ(x, b)
fλ(a, b)

Gλ(a, y)m(dy) + λ
fλ(a, x)
fλ(a, b)

Gλ(b, y)m(dy).

So,
Px{Xeλ

∈ dy, eλ < τa ∧ τb}

= λGλ(x, y)m(dy) − λ
fλ(x, b)
fλ(a, b)

Gλ(a, y)m(dy) − λ
fλ(a, x)
fλ(a, b)

Gλ(b, y)m(dy).

We thus obtain ∫ ∞

0

Px{Xt ∈ dy, t < τa ∧ τb}e−λtdt

=
[
Gλ(x, y) − fλ(x, b)

fλ(a, b)
Gλ(a, y) − fλ(a, x)

fλ(a, b)
Gλ(b, y)

]
m(dy).

3 Main Results

In this section, we proceed to find the joint Laplace transform on occupation times of diffusion
processes. In the following sections, we always denote λ−, λ+ for two nonnegative constants.

Theorem 3.1 For any a < x ≤ r < b, we have

Ex[e−λ−
∫ τa∧τb
0 1(a,r)(Xs)ds−λ+

∫ τa∧τb
0 1(r,b)(Xs)ds; τa < τb] =

fλ−(x, r)
fλ−(a, r)

+
fλ−(a, x)
fλ−(a, r)

f−(r);

for any a < r ≤ x < b, we have

Ex[e−λ−
∫ τa∧τb
0 1(a,r)(Xs)ds−λ+

∫ τa∧τb
0 1(r,b)(Xs)ds; τa < τb] =

fλ+(x, b)
fλ+(r, b)

f−(r),

where

f−(r) :=

fλ−+λ+ (r,b)

fλ−+λ+ (a,b) + λ+

∫ r

a
Iλ−+λ+(a, b, r, x)

fλ−(x,r)

fλ− (a,r)m(dx)

1 − λ+

∫ r

a
Iλ−+λ+(a, b, r, x)

fλ−(a,x)

fλ− (a,r) m(dx) − λ−
∫ b

r
Iλ−+λ+(a, b, r, x)

fλ+(x,b)

fλ+ (r,b) m(dx)

and
Iλ(a, b, r, x) := Gλ(r, x) − fλ(r, b)

fλ(a, b)
Gλ(a, x) − fλ(a, r)

fλ(a, b)
Gλ(b, x).

Proof Define

f−(x) :=

⎧⎨
⎩

Ex[e−λ−
∫ τa∧τb
0 1(a,r)(Xs)ds−λ+

∫ τa∧τb
0 1(r,b)(Xs)ds; τa < τb], a < x < b,

1, x ≤ a.

Write 0 < T−
1 < T−

2 < · · · and 0 < T+
1 < T+

2 < · · · for the arrival times of independent Poisson
processes with rates λ− and λ+, respectively. We also assume that these Poisson processes are
independent of process X. By a property of Poisson process, we observe that f−(x) = Px{D−}
for event

D− =: {{T−
i } ∩ {s < τa < τb : a < Xs < r} = φ = {T+

i } ∩ {s < τa < τb : r < Xs < b}}.
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Then for independent exponential random variables T− and T+ with rate λ− and λ+, respec-
tively, we have

f−(r) = Pr{τa < τb ∧ T+ ∧ T−} +
∫ r

a

Pr{T+ < τa ∧ τb ∧ T−, X(T+) ∈ dx}f−(x)

+
∫ b

r

Pr{T− < τa ∧ τb ∧ T+, X(T−) ∈ dx}f−(x)

= Er[e−(λ−+λ+)τa ; τa < τb] + λ+

∫ r

a

∫ ∞

0

Pr{t < τa ∧ τb, X(t) ∈ dx}e−(λ−+λ+)tdtf−(x)

+ λ−
∫ b

r

∫ ∞

0

Pr{t < τa ∧ τb, X(t) ∈ dx}e−(λ−+λ+)tdtf−(x)

=
fλ−+λ+(r, b)
fλ−+λ+(a, b)

+ λ+

∫ r

a

[
Gλ−+λ+(r, x) − fλ−+λ+(r, b)

fλ−+λ+(a, b)
Gλ−+λ+(a, x)

− fλ−+λ+(a, r)
fλ−+λ+(a, b)

Gλ−+λ+(b, x)
]
m(dx)f−(x)

+ λ−
∫ b

r

[
Gλ−+λ+(r, x) − fλ−+λ+(r, b)

fλ−+λ+(a, b)
Gλ−+λ+(a, x)

− fλ−+λ+(a, r)
fλ−+λ+(a, b)

Gλ−+λ+(b, x)
]
m(dx)f−(x). (3.1)

For a < x ≤ r,

f−(x) = Ex[e−λ−τa ; τa < τr] + Ex[e−λ−τr ; τr < τa]f−(r)

=
fλ−(x, r)
fλ−(a, r)

+
fλ−(a, x)
fλ−(a, r)

f−(r); (3.2)

for r ≤ x < b,

f−(x) = Ex[e−λ+τr ; τr < τb]f−(r) =
fλ+(x, b)
fλ+(r, b)

f−(r). (3.3)

Combining (3.1), (3.2) and (3.3), after some algebras, we can obtain A−f−(r) = B−, with A−
and B− given by

A− − 1 = −λ+

∫ r

a

[
Gλ−+λ+(r, x) − fλ−+λ+(r, b)

fλ−+λ+(a, b)
Gλ−+λ+(a, x)

− fλ−+λ+(a, r)
fλ−+λ+(a, b)

Gλ−+λ+(b, x)
]
fλ−(a, x)
fλ−(a, r)

m(dx)

− λ−
∫ b

r

[
Gλ−+λ+(r, x) − fλ−+λ+(r, b)

fλ−+λ+(a, b)
Gλ−+λ+(a, x)

− fλ−+λ+(a, r)
fλ−+λ+(a, b)

Gλ−+λ+(b, x)
]
fλ+(x, b)
fλ+(r, b)

m(dx)

= −λ+

∫ r

a

Iλ−+λ+(a, b, r, x)
fλ−(a, x)
fλ−(a, r)

m(dx)

− λ−
∫ b

r

Iλ−+λ+(a, b, r, x)
fλ+(x, b)
fλ+(r, b)

m(dx) (3.4)

and

B− − fλ−+λ+(r, b)
fλ−+λ+(a, b)

= λ+

∫ r

a

[
Gλ−+λ+(r, x) − fλ−+λ+(r, b)

fλ−+λ+(a, b)
Gλ−+λ+(a, x)
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− fλ−+λ+(a, r)
fλ−+λ+(a, b)

Gλ−+λ+(b, x)
]
fλ−(x, r)
fλ−(a, r)

m(dx)

= λ+

∫ r

a

Iλ−+λ+(a, b, r, x)
fλ−(a, x)
fλ−(a, r)

m(dx). (3.5)

So,

f−(r) =
B−
A−

=

fλ−+λ+ (r,b)

fλ−+λ+ (a,b) + λ+

∫ r

a
Iλ−+λ+(a, b, r, x)

fλ−(x,r)

fλ− (a,r)m(dx)

1 − λ+

∫ r

a
Iλ−+λ+(a, b, r, x)

fλ−(a,x)

fλ− (a,r)m(dx) − λ−
∫ b

r
Iλ−+λ+(a, b, r, x)

fλ+(x,b)

fλ+ (r,b) m(dx)
.

Combining (3.2) and (3.3), we can get the results of Theorem 3.1.
Throughout the paper, we denote Iλ−+λ+(a, b, r, x) as in Theorem 3.1.

Theorem 3.2 For a < x ≤ r < b,

Ex[e−λ−
∫ τa∧τb
0 1(a,r)(Xs)ds−λ+

∫ τa∧τb
0 1(r,b)(Xs)ds; τb < τa] =

fλ−(a, x)
fλ−(a, r)

f+(r);

for a < r ≤ x < b,

Ex[e−λ−
∫ τa∧τb
0 1(a,r)(Xs)ds−λ+

∫ τa∧τb
0 1(r,b)(Xs)ds; τb < τa] =

fλ+(r, x)
fλ+(r, b)

+
fλ+(x, b)
fλ+(r, b)

f+(r),

where

f+(r) =

fλ−+λ+ (a,r)

fλ−+λ+ (a,b) + λ−
∫ b

r
Iλ−+λ+(a, b, r, x)

fλ+ (r,x)

fλ+ (r,b) m(dx)

1 − λ+

∫ r

a
Iλ−+λ+(a, b, r, x)

fλ−(a,x)

fλ− (a,r) m(dx) − λ−
∫ b

r
Iλ−+λ+(a, b, r, x)

fλ+(x,b)

fλ+ (r,b) m(dx)
.

Proof Define

f+(x) =

⎧⎨
⎩

Ex[e−λ−
∫ τa∧τb
0 1(a,r)(Xs)ds−λ+

∫ τa∧τb
0 1(r,b)(Xs)ds; τb < τa], a < x < b;

1, x ≤ a.

Observe that f+(x) = Px{D+} for event

D+ := {{T−
i } ∩ {s < τb < τa : a < Xs < r} = φ = {T+

i } ∩ {s < τb < τa : r < Xs < b}}
and for independent exponential random variables T− and T+ with rate λ− and λ+, respectively.
Following similar arguments in the proof of Theorem 3.1, we have the results of Theorem 3.2.

Combining Theorems 3.1 and 3.2, we have the following result.

Theorem 3.3 For a < x ≤ r < b,

Ex[e−λ−
∫ τa∧τb
0 1(a,r)(Xs)ds−λ+

∫ τa∧τb
0 1(r,b)(Xs)ds] =

fλ−(x, r)
fλ−(a, r)

+
fλ−(a, x)
fλ−(a, r)

[f−(r) + f+(r)];

for a < r ≤ x < b,

Ex[e−λ−
∫ τa∧τb
0 1(a,r)(Xs)ds−λ+

∫ τa∧τb
0 1(r,b)(Xs)ds] =

fλ+(r, x)
fλ+(r, b)

+
fλ+(x, b)
fλ+(r, b)

[f−(r) + f+(r)],

where f−(r) and f+(r) have been defined in Theorem 3.1 and Theorem 3.2, respectively.
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4 Examples

In the following Subsection 4.1, we apply the results in Section 3 to Brownian motion with
drift to compare with the known results. In Subsection 4.2, the explicit expressions of joint
Laplace transform for occupation times of Brownian motion with alternating drift are found.
Subsection 4.3 concerns skew Brownain motion.

4.1 Brownian Motion with Drift

Let Xt = μt+Wt be a Brownian motion with drift. The corresponding differential equation (2.3)
is

1
2
g′′(x) + μg′(x) = λg(x), λ > 0.

With two independent solutions

g+,λ(x) = e(−μ+
√

μ2+2λ)x and g−,λ(x) = e(−μ−
√

μ2+2λ)x;

see Borodin and Salminen [3, pp. 127–128], we also have

m(dx) = 2e2μxdx, ωλ = 2
√

2λ + μ2

and

Gλ(x, y) =

⎧⎨
⎩

ω−1
λ e−(μ+

√
μ2+2λ)xe(−μ+

√
μ2+2λ)y, x ≥ y,

ω−1
λ e−(μ+

√
μ2+2λ)ye(−μ+

√
μ2+2λ)x, y ≥ x.

Furthermore,

fλ(y, z) = e−μ(y+z)(e
√

μ2+2λ(z−y) − e−
√

μ2+2λ(z−y)),

denote Υλ :=
√

μ2 + 2λ, we can get

Iλ(a, b, r, x) =
e−μ(r+x)−Υλ|r−x|

2Υλ
− e−μrsh(Υλ(b − r))

sh(Υλ(b − a))
× e−μx−Υλ(x−a)

2Υλ

− e−μrsh(Υλ(r − a))
sh(Υλ(b − a))

× e−μx−Υλ(b−x)

2Υλ

and

λ+

∫ r

a

Iλ−+λ+(a, b, r, x)
fλ−(x, r)
fλ−(a, r)

m(dx)

= λ+

∫ r

a

[
e−μ(r+x)−Υλ−+λ+ (r−x)

2Υλ−+λ+

− e−μrsh(Υλ−+λ+(b − r))
sh(Υλ−+λ+(b − a))

× e−μx−Υλ−+λ+ (x−a)

2Υλ−+λ+

− e−ursh(Υλ−+λ+(r − a))
sh(Υλ−+λ+(b − a))

× e−μx−Υλ−+λ+ (b−x)

2Υλ−+λ+

]

× eμ(x+a)(eΥλ− (r−x) − e−Υλ− (r−x))
sh(Υλ−(r − a))

dx

=
eμ(a−r)N

2Υλ−+λ+sh(Υλ−+λ+(b − a))sh(Υλ−(r − a))
,

where

N = Υλ−sh(Υλ−+λ+(b − a)) + Υλ−sh(Υλ−+λ+(b − r))ch(Υλ−(r − a))

− Υλ−+λ+sh(Υλ−+λ+(b − r))sh(Υλ−(r − a))
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+ Υλ−eΥλ−+λ+ (a−b)sh(Υλ−+λ+(r − a))ch(Υλ−(r − a))

− Υλ−e−Υλ−+λ+ (r−a)sh(Υλ−+λ+(b − a))ch(Υλ−(r − a))

− Υλ−+λ+e−Υλ−+λ+ (r−a)sh(Υλ−+λ+(b − a))sh(Υλ−(r − a))

− Υλ−e−Υλ−+λ+ (r−a)sh(Υλ−+λ+(b − r))

− Υλ−e−Υλ−+λ+ (b−r)sh(Υλ−+λ+(r − a))

+ Υλ−+λ+eΥλ−+λ+ (a−b)sh(Υλ−+λ+(r − a))sh(Υλ−(r − a))

= Υλ−sh(Υλ−+λ+(b − a)) + Υλ−sh(Υλ−+λ+(b − r))ch(Υλ−(r − a))

− Υλ−+λ+sh(Υλ−+λ+(b − r))sh(Υλ−(r − a))

+
1
2
Υλ−+λ+sh(Υλ−(r − a))(e−Υλ−+λ+ (b−r) − eΥλ−+λ+ (b−r))

+
1
2
Υλ−ch(Υλ−(r − a))(e−Υλ−+λ+ (b−r) − eΥλ−+λ+ (b−r))

− 1
2
Υλ−(eΥλ−+λ+ (b+a−2r) + e−Υλ−+λ+ (b+a−2r) − 2e−Υλ−+λ+ (b−a))

= Υλ−sh(Υλ−+λ+(b − a)) + Υλ−sh(Υλ−+λ+(b − r))ch(Υλ−(r − a))

− Υλ−+λ+sh(Υλ−+λ+(b − r))sh(Υλ−(r − a))

− Υλ−+λ+sh(Υλ−(r − a))sh(Υλ−+λ+(b − r))

+ Υλ−e−Υλ−+λ+ (b−a) − Υλ−ch(Υλ−(r − a))sh(Υλ−+λ+(b − r))

− Υλ−ch(Υλ−+λ+(b + a − 2r))

= −2Υλ−+λ+sh(Υλ−+λ+(b − r))sh(Υλ−(r − a))

+ Υλ−ch(Υλ−+λ+(b − a)) − Υλ−ch(Υλ−+λ+(b + a − 2r)).

With similar computations, we have

λ+

∫ r

a

Iλ−+λ+(a, b, r, x)
fλ−(a, x)
fλ−(a, r)

m(dx)

=
1

2Υλ−+λ+sh(Υλ−+λ+(b − a))sh(Υλ−(r − a))

× [Υλ−+λ+sh(Υλ−+λ+(b + a − 2r))sh(Υλ−(r − a))

+ Υλ−ch(Υλ−+λ+(b + a − 2r))ch(Υλ−(r − a))

− Υλ−ch(Υλ−+λ+(b − a))ch(Υλ−(r − a))] +
1
2

and

λ−
∫ b

r

Iλ−+λ+(a, b, r, x)
fλ+(x, b)
fλ+(r, b)

m(dx)

=
1

2Υλ−+λ+sh(Υλ−+λ+(b − a))sh(Υλ+(b − r))

× [−Υλ−+λ+sh(Υλ−+λ+(b + a − 2r))sh(Υλ+(b − r))

+ Υλ+ch(Υλ−+λ+(b + a − 2r))ch(Υλ+(b − r))

− Υλ+ch(Υλ−+λ+(b − a))ch(Υλ+(b − r))] +
1
2
.
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By (3.4) and (3.5), we obtain

B− =
eμ(a−r)sh(Υλ−+λ+(b − r))

sh(Υλ−+λ+(b − a))

+
eμ(a−r)

2Υλ−+λ+sh(Υλ−+λ+(b − a))sh(Υλ−(r − a))

× [−2Υλ−+λ+sh(Υλ−+λ+(b − r))sh(Υλ−(r − a))

+ Υλ−ch(Υλ−+λ+(b − a)) − Υλ−ch(Υλ−+λ+(b + a − 2r))]

=
eμ(a−r)Υλ−(ch(Υλ−+λ+(b − a)) − ch(Υλ−+λ+(b + a − 2r)))

2Υλ−+λ+sh(Υλ−+λ+(b − a))sh(Υλ−(r − a))

and

A− =
−1

2Υλ−+λ+sh(Υλ−+λ+(b − a))sh(Υλ−(r − a))sh(Υλ+(b − r))

× [Υλ−ch(Υλ−+λ+(b + a − 2r))ch(Υλ−(r − a))sh(Υλ+(b − r))

+ Υλ+ch(Υλ−+λ+(b + a − 2r))ch(Υλ+(b − r))sh(Υλ−(r − a))

− Υλ−ch(Υλ−+λ+(b − a))ch(Υλ−(r − a))sh(Υλ+(b − r))

− Υλ+ch(Υλ−+λ+(b − a))ch(Υλ+(b − r))sh(Υλ−(r − a))]

=
1

2Υλ−+λ+sh(Υλ−+λ+(b − a))sh(Υλ−(r − a))sh(Υλ+(b − r))

× [(ch(Υλ−+λ+(b − a)) − ch(Υλ−+λ+(b + a − 2r)))

× (Υλ−ch(Υλ−(r − a))sh(Υλ+(b − r)) + Υλ+sh(Υλ−(r − a))ch(Υλ+(b − r)))].

So,

f−(r) =
B−
A−

=
Υλ−eμ(a−r)sh(Υλ+(b − r))

Υλ−ch(Υλ−(r − a))sh(Υλ+(b − r)) + Υλ+sh(Υλ−(r − a))ch(Υλ+(b − r))
.

By Theorem 3.1, we have for a < x ≤ r < b,

Ex[e−λ−
∫ τa∧τb
0 1(a,r)(Xs)ds−λ+

∫ τa∧τb
0 1(r,b)(Xs)ds; τa < τb]

=
e−μ(x+r)(eΥλ− (r−x) − e−Υλ− (r−x))

e−μ(a+r)(eΥλ−(r−a) − e−Υλ−(r−a))
+

e−μ(a+x)(eΥλ− (x−a) − e−Υλ− (x−a))

e−μ(a+r)(eΥλ− (r−a) − e−Υλ− (r−a))
f−(r)

=
eμ(a−x)sh(Υλ−(r − x))

sh(Υλ−(r − a))
+

eμ(r−x)sh(Υλ−(x − a))
sh(Υλ−(r − a))

f−(r)

=
1

Υλ−ch(Υλ−(r − a))sh(Υλ+(b − r)) + Υλ+sh(Υλ−(r − a))ch(Υλ+(b − r))

× eμ(a−x)

sh(Υλ−(r − a))

× [Υλ+sh(Υλ−(r − x))sh(Υλ−(r − a))ch(Υλ+(b − r))

+ Υλ−sh(Υλ−(r − x))ch(Υλ−(r − a))sh(Υλ+(b − r))

+ Υλ−sh(Υλ−(x − a))sh(Υλ+(b − r))],

=
1

Υλ−ch(Υλ−(r − a))sh(Υλ+(b − r)) + Υλ+sh(Υλ−(r − a))ch(Υλ+(b − r))
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× eμ(a−x)

sh(Υλ−(r − a))
[Υλ+sh(Υλ−(r − x))sh(Υλ−(r − a))ch(Υλ+(b − r))

+ Υλ−sh(Υλ+(b − r))sh(Υλ−(r − a))ch(Υλ−(r − x))]

=
eμ(a−x)

Υλ−ch(Υλ−(r − a))sh(Υλ+(b − r)) + Υλ+sh(Υλ−(r − a))ch(Υλ+(b − r))

× [Υλ+sh(Υλ−(r − x))ch(Υλ+(b − r)) + Υλ−sh(Υλ+(b − r))ch(Υλ−(r − x))], (4.1)

where in order to obtain the fourth equation, we use the following property of hyperbolic
functions.

sh(Υλ−(x − a)) = sh
(
Υλ−((r − a) − (r − x))

)
= sh(Υλ−(r − a))ch(Υλ−(r − x)) − sh(Υλ−(r − x))ch(Υλ−(r − a)).

And for r ≤ x < b, we have

Ex[e−λ−
∫ τa∧τb
0 1(a,r)(Xs)ds−λ+

∫ τa∧τb
0 1(r,b)(Xs)ds; τa < τb]

=
e−μ(x+b)(eΥλ+ (b−x) − e−Υλ+ (b−x))

e−μ(r+b)(eΥλ+ (b−r) − e−Υλ+ (b−r))
f−(r)

=
eμ(r−x)sh(Υλ+(b − x))

sh(Υλ+(b − r))
f−(r)

=
Υλ−eμ(a−x)sh(Υλ+(b − x))

Υλ+ch(Υλ+(b − r))sh(Υλ−(r − a)) + Υλ−ch(Υλ−(r − a))sh(Υλ+(b − r))
. (4.2)

Both (4.1) and (4.2) agree with formula 3.6.5 (a) on p. 316 of Borodin and Salminen [3].

4.2 Brownian Motion with Alternating Drift

Let X be a Brownian motion with alternating drift, specified by the following stochastic differ-
ential equation:

dXt = (μ1(−∞,0)(Xt) − μ1(0,∞)(Xt))dt + dWt, (4.3)

where μ ∈ R and Wt is the standard one-dimensional Brownian motion. Although the Lipschitz
assumption (2.2) for drift function μ(·) = μ1(−∞,0)(·) − μ1(0,∞)(·) fails, (4.3) still has a unique
strong solution, see Prokhorov and Shiryaev [16].

Referring to Li and Zhou [10] and Li et al. [12], for λ > 0 the two independent positive
solutions of the differential equation

1
2
g′′(x) + (μ1(−∞,0)(x) − μ1(0,∞)(x))g′(x) = λg(x)

are given by

g−,λ(x) =
[

μ√
μ2 + 2λ

e(−μ+
√

μ2+2λ)x

+
(

1 − μ√
μ2 + 2λ

)
e(−μ−

√
μ2+2λ)x

]
1x<0 + e(μ−

√
μ2+2λ)x1x>0
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and

g+,λ(x) =
[(

1 − μ√
μ2 + 2λ

)
e(μ+

√
μ2+2λ)x

+
μ√

μ2 + 2λ
e(μ−

√
μ2+2λ)x

]
1x>0 + e(−μ+

√
μ2+2λ)x1x<0.

In addition, we have
m(dx) = 2e2μ|x|dx

and

Gλ(x, y) =
1

2
√

2λ + μ2
e−μ(|x|+|y|)

(
e−|x−y|

√
2λ+μ2 − 2μ

ωλ
e−(|x|+|y|)

√
2λ+μ2

)
,

where ωλ = 2(
√

2λ + μ2 + μ); see pp. 128–129 of Borodin and Salminen [3].
We consider the case a < 0, r = 0, b > 0. Similarly, denote Υλ :=

√
μ2 + 2λ. Then for

x, y > 0,

fλ(x, y) =
(

1 − μ

Υλ

)
(e(μ−Υλ)x+(μ+Υλ)y − e(μ+Υλ)x+(μ−Υλ)y);

for x < 0, y > 0,

fλ(x, y) = eμ(y−x)

[
2μ

Υλ
ch(Υλ(x + y)) + 2sh(Υλ(y − x)) − 4μ2

Υ2
λ

sh(Υλx)sh(Υλy)
]
;

and for x < 0, y < 0,

fλ(x, y) =
(

1 − μ

Υλ

)
(e(−μ−Υλ)x+(−μ+Υλ)y − e(−μ+Υλ)x+(−μ−Υλ)y).

After some calculations, we have for x ≤ 0,

Iλ(a, b, 0, x) =
e(μ+Υλ)x

2(μ + Υλ)
− (Υλ − μ)eμb+(μ+Υλ)ash(Υλb)

Υ2
λfλ(a, b)

(
e(μ−Υλ)x − μ

μ + Υλ
e(μ+Υλ)x

)

+
(Υλ − μ)e−μa−(μ+Υλ)be(μ+Υλ)xsh(Υλa)

(μ + Υλ)Υλfλ(a, b)
,

and for x ≥ 0,

Iλ(a, b, 0, x) =
e−(μ+Υλ)x

2(μ + Υλ)
− (Υλ − μ)eμb+(μ+Υλ)ae−(μ+Υλ)xsh(Υλb)

(μ + Υλ)Υλfλ(a, b)

+
(Υλ − μ)e−μa−(μ+Υλ)bsh(Υλa)

Υ2
λfλ(a, b)

(
e(−μ+Υλ)x − μ

μ + Υλ
e−(μ+Υλ)x

)
.

Let

c± :=
1

2μ2 + λ+ ± 2μΥλ−+λ+

,

l± :=
1

2μ2 + λ− ± 2μΥλ−+λ+

,

k±,a := −Υλ− + (2μ ± Υλ−+λ+)e−(2μ±Υλ−+λ+ )ash(Υλ−a) + Υλ−e−(2μ±Υλ−+λ+ )ach(Υλ−a),

k±,b := Υλ+ + (2μ ± Υλ−+λ+)e(2μ±Υλ−+λ+ )bsh(Υλ+b) − Υλ+e(2μ±Υλ−+λ+ )bch(Υλ+b),

d±,a := (−2μ ± Υλ−+λ+)sh(Υλ−a) + Υλ−ch(Υλ−a) − Υλ−e(−2μ±Υλ−+λ+ )a,

d±,b := (−2μ ± Υλ−+λ+)sh(Υλ+b) − Υλ+ch(Υλ+b) + Υλ+e−(−2μ±Υλ−+λ+ )b.
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Further define

M(x, y) :=
(Υλ−+λ+ − μ)eμx+(μ+Υλ−+λ+ )ysh(Υλ−+λ+x)

fλ−+λ+(a, b)
,

A1 :=
2(1 − μ

Υλ−+λ+
)eμbsh(Υλ−+λ+b)

fλ−+λ+(a, b)
+

λ+

e−μash(Υλ−a)

×
[
c−k−,a

(
1

2(μ + Υλ−+λ+)
+

M(−a,−b)
Υλ−+λ+(μ + Υλ−+λ+)

)

− M(b, a)
Υ2

λ−+λ+

(
c+k+,a − c−k−,aμ

μ + Υλ−+λ+

)]
,

A2 :=
−2(1 − μ

Υλ−+λ+
)e−μash(Υλ−+λ+a)

fλ−+λ+(a, b)
+

λ−
eμbsh(Υλ+b)

×
[
l−k−,b

(
1

2(μ + Υλ−+λ+)
− M(b, a)

Υλ−+λ+(μ + Υλ−+λ+)

)

+
M(−a. − b)

Υ2
λ−+λ+

(
l+k+,b − l−k−,bμ

μ + Υλ−+λ+

)]

and

B − 1 : = − λ+

sh(Υλ−a)

[
c−d+,a

(
1

2(μ + Υλ−+λ+)
M(−a,−b)

Υλ−+λ+(μ + Υλ−+λ+)

)

− M(b, a)
Υ2

λ−+λ+

(
c+d−,a − c−d+,aμ

μ + Υλ−+λ+

)]

− λ−
sh(Υλ+b)

[
l−d+,b

(
1

2(μ + Υλ−+λ+)
− M(b, a)

Υλ−+λ+(μ + Υλ−+λ+)

)

+
M(−a,−b)
Υ2

λ−+λ+

(
l+d−,b − l−d+,bμ

μ + Υλ−+λ+

)]
.

Combining Theorems 3.1, 3.2 and 3.3, we have for a < x ≤ 0,

Ex[e−λ−
∫ τa∧τb
0 1(a,0)(Xs)ds−λ+

∫ τa∧τb
0 1(0,b)(Xs)ds; τa < τb]

=
eμ(a−x)sh(Υλ−x)

sh(Υλ−a)
+

e−μxsh(Υλ−(a − x))A1

sh(Υλ−a)B
,

Ex[e−λ−
∫ τa∧τb
0 1(a,0)(Xs)ds−λ+

∫ τa∧τb
0 1(0,b)(Xs)ds; τb < τa] =

e−μxsh(Υλ−(a − x))A2

sh(Υλ−a)B

and
Ex[e−λ−

∫ τa∧τb
0 1(a,0)(Xs)ds−λ+

∫ τa∧τb
0 1(0,b)(Xs)ds]

=
eμ(a−x)sh(Υλ−x)

sh(Υλ−a)
+

e−μxsh(Υλ−(a − x))(A1 + A2)
sh(Υλ−a)B

;

for 0 ≤ x < b,

Ex[e−λ−
∫ τa∧τb
0 1(a,0)(Xs)ds−λ+

∫ τa∧τb
0 1(0,b)(Xs)ds; τa < τb] =

eμxsh(Υλ+(b − x))A1

sh(Υλ+b)B
,

Ex[e−λ−
∫ τa∧τb
0 1(a,0)(Xs)ds−λ+

∫ τa∧τb
0 1(0,b)(Xs)ds; τb < τa]

=
eμ(x−b)sh(Υλ+x)

sh(Υλ+b)
+

eμxsh(Υλ+(b − x))A2

sh(Υλ+b)B
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and
Ex[e−λ−

∫ τa∧τb
0 1(a,0)(Xs)ds−λ+

∫ τa∧τb
0 1(0,b)(Xs)ds]

=
eμ(x−b)sh(Υλ+x)

sh(Υλ+b)
+

eμxsh(Υλ+(b − x))(A1 + A2)
sh(Υλ+b)B

.

Letting μ = 0, we can recover the results of Brownian motion.

4.3 Skew Brownian Motion

The skew Brownian motion is a natural generalization of the Brownian motion, which is pro-
posed in Itô and McKean [7]. We now briefly introduce the skew Brownian motion. Let X be a
skew Brownian motion of parameter β with β ∈ (0, 1). Process X is specified by the following
stochastic differential equation:

dXt = dWt + (2β − 1)dL0
t (X), (4.4)

where Wt is a one-dimensional standard Brownian motion and L0
t (X) is the local time at 0 for

X. (4.4) has a strong unique solution, see Lejay [9]. In addition, from Borodin and Salminen
[3, p.126], we have

m(dx) =

⎧⎨
⎩

2βdx, x > 0,

2(1 − β)dx, x < 0;

s(x) =

⎧⎨
⎩

x
β , x ≥ 0,

x
1−β , x < 0;

and

Gλ(x, y) =
e−|x−y|√2λ − e−(|x|+|y|)√2λ

√
2λ(1 + (2β − 1)sgn(x ∧ y))

+
e−(|x|+|y|)√2λ

√
2λ

.

In addition, ωλ =
√

2λ. We refer to Borodin and Salminen [3] and Lejay [9] for more details
about skew Brownian motion and Appuhamillage et al. [2] for an occupation time related results
on skew Brownian motion.

Then for a < 0 < b, the corresponding differential equation (2.4) of skew BM is

2λ(1 − β)
∫

[a,0)

g(x)dx + 2λβ

∫
[0,b)

g(x)dx = βg′−(b) − (1 − β)g′−(a),

where g′− denotes the usual left derivative. We can obtain the two independent positive solutions

g−,λ(x) =
[
1 − 2β

1 − β
sh(x

√
2λ) + e−x

√
2λ

]
1(−∞,0)(x) + e−x

√
2λ1[0,∞)(x),

and

g+,λ(x) = ex
√

2λ1(−∞,0](x) +
[
1 − 2β

β
sh(x

√
2λ) + ex

√
2λ

]
1(0,∞)(x).

For x, y > 0,

fλ(x, y) =
e
√

2λ(y−x) − e−
√

2λ(y−x)

2β
;
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for x < 0, y > 0,

fλ(x, y) =
(1 − 2β)2

(1 − β)β
sh(x

√
2λ)sh(y

√
2λ) +

1 − 2β

1 − β
sh(x

√
2λ)ey

√
2λ

+
1 − 2β

β
sh(y

√
2λ)e−x

√
2λ + e

√
2λ(y−x) − e−

√
2λ(y−x);

and for x < 0, y < 0,

fλ(x, y) =
1

2(1 − β)
(e

√
2λ(y−x) − e−

√
2λ(y−x)).

We consider the case of a < 0, r = 0 and b > 0. After some computations, we have for
x ≤ 0,

Iλ(a, b, 0, x) =
ex

√
2λ

√
2λ

− sh(b
√

2λ)(e−
√

2λ(x−a) + (1 − 2β)e
√

2λ(x+a))
2
√

2λ(1 − β)βfλ(a, b)

+
e
√

2λ(x−b)sh(a
√

2λ)√
2λ(1 − β)fλ(a, b)

,

and for x ≥ 0,

Iλ(a, b, 0, x) =
e−x

√
2λ

√
2λ

− e−
√

2λ(x−a)sh(b
√

2λ)
β
√

2λfλ(a, b)

+
sh(a

√
2λ)(e

√
2λ(x−b) + (2β − 1)e−

√
2λ(x+b))

2
√

2λβ(1 − β)fλ(a, b)
.

Define functions

F1(x, y, z) := −
√

2λ−ex
√

2(λ−+λ+) +
√

2(λ− + λ+)sh(z
√

2λ−)ey
√

2(λ−+λ+)

+
√

2λ−ch(z
√

2λ−)ey
√

2(λ−+λ+)

and
F2(x, y, z) :=

√
2λ+ex

√
2(λ−+λ+) +

√
2(λ− + λ+)sh(z

√
2λ+)ey

√
2(λ−+λ+)

−
√

2λ+ch(z
√

2λ+)ey
√

2(λ−+λ+).

In addition, put

A∗
1 := λ+

∫ 0

a

Iλ−+λ+(a, b, 0, x)
fλ−(x, 0)
fλ−(a, 0)

m(dx)

=
1√

2(λ− + λ+)sh(a
√

2λ−)

×
[
(1 − β)F1(0, a,−a) − sh(b

√
2(λ− + λ+))(F1(a, 0, a) + (1 − 2β)F1(a, 2a,−a))

2βfλ−+λ+(a, b)

+
sh(a

√
2(λ− + λ+))F1(−b, a − b,−a)

fλ−+λ+(a, b)

]
,

A∗
2 := λ+

∫ 0

a

Iλ−+λ+(a, b, 0, x)
fλ−(a, x)
fλ−(a, 0)

m(dx)

=
1√

2(λ− + λ+)sh(a
√

2λ−)

×
[
(1 − β)F1(a, 0, a) − sh(b

√
2(λ− + λ+))(F1(0, a,−a) + (1 − 2β)F1(2a, a, a))

2βfλ−+λ+(a, b)
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+
sh(a

√
2(λ− + λ+))F1(a − b,−b, a)

fλ−+λ+(a, b)

]
,

A∗
3 := λ−

∫ b

0

Iλ−+λ+(a, b, 0, x)
fλ+(x, b)
fλ+(0, b)

m(dx)

=
1√

2(λ− + λ+)sh(b
√

2λ+)

×
[
βF2(−b, 0, b) − sh(a

√
2(λ− + λ+))(F2(0,−b,−b) + (1 − 2β)F2(−2b,−b, b))

2(β − 1)fλ−+λ+(a, b)

− sh(b
√

2(λ− + λ+))F2(a − b, a, b)
fλ−+λ+(a, b)

]
,

A∗
4 := λ−

∫ b

0

Iλ−+λ+(a, b, 0, x)
fλ+(0, x)
fλ+(0, b)

m(dx)

=
1√

2(λ− + λ+)sh(b
√

2λ+)

×
[
βF2(0,−b,−b) − sh(a

√
2(λ− + λ+))(F2(−b, 0, b) + (1 − 2β)F2(−b,−2b,−b))

2(β − 1)fλ−+λ+(a, b)

− sh(b
√

2(λ− + λ+))F2(a, a − b,−b)
fλ−+λ+(a, b)

]
.

Combining Theorems 3.1, 3.2 and 3.3 we have for a < x ≤ 0,

Ex[e−λ−
∫ τa∧τb
0 1(a,0)(Xs)ds−λ+

∫ τa∧τb
0 1(0,b)(Xs)ds; τa < τb]

=
sh(x

√
2λ−)

sh(a
√

2λ−)
− sh(

√
2λ−(x − a))

sh(a
√

2λ−)
f−(0),

Ex[e−λ−
∫ τa∧τb
0 1(a,0)(Xs)ds−λ+

∫ τa∧τb
0 1(0,b)(Xs)ds; τb < τa]

= − sh(
√

2λ−(x − a))
sh(a

√
2λ−)

f+(0),

Ex[e−λ−
∫ τa∧τb
0 1(a,0)(Xs)ds−λ+

∫ τa∧τb
0 1(0,b)(Xs)ds]

=
sh(x

√
2λ−)

sh(a
√

2λ−)
− sh(

√
2λ−(x − a))

sh(a
√

2λ−)
(f−(0) + f+(0));

and for 0 ≤ x < b,

Ex[e−λ−
∫ τa∧τb
0 1(a,0)(Xs)ds−λ+

∫ τa∧τb
0 1(0,b)(Xs)ds; τa < τb]

=
sh(

√
2λ+(b − x))

sh(b
√

2λ+)
f−(0),

Ex[e−λ−
∫ τa∧τb
0 1(a,0)(Xs)ds−λ+

∫ τa∧τb
0 1(0,b)(Xs)ds; τb < τa]

=
sh(x

√
2λ+)

sh(b
√

2λ+)
+

sh(
√

2λ+(b − x))
sh(b

√
2λ+)

f+(0),

Ex[e−λ−
∫ τa∧τb
0 1(a,0)(Xs)ds−λ+

∫ τa∧τb
0 1(0,b)(Xs)ds]

=
sh(x

√
2λ+)

sh(b
√

2λ+)
+

sh(
√

2λ+(b − x))
sh(b

√
2λ+)

(f−(0) + f+(0)),
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where

f−(0) =

sh(b
√

2(λ−+λ+))

βfλ−+λ+ (a,b) + A∗
1

1 − A∗
2 − A∗

3

and

f+(0) =

sh(a
√

2(λ−+λ+))

(β−1)fλ−+λ+ (a,b) + A∗
4

1 − A∗
2 − A∗

3

.

Letting β = 1
2 , one can recover the well-known results for Brownian motion.

Acknowledgements We thank the referee for helpful suggestions and comments.

References
[1] Albercher, H., Ivanovs, J., Zhou, X.: Exit identities for Lévy processes observed at Poisson arrival times.
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