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1 Introduction

In the past fifty years, researchers have given a lot of attentions to the study of existence of

periodic solutions for the following neutral functional differential equations:

D= pa,), (11)
where x4(0) = z(t +6),6 € [-7,0], 7 > 0 is a constant; D : C([—7,0],R") — R" is linear,
continuous and atomic at zero; f € C(R x C([—7,0],R™),R™) with f(t +w,p) = f(t,¢) for
all ¢ € C([—7,0],R™), and for any bounded set Q@ C C([—7,0],R"), f([0,w] x Q) is bounded
in R™. This equation arises in the study of two or more simple oscillatory systems with some
interconnections between them [10, 11], and in modeling physical problems such as the lossless
transmission line networks and, the vibration of masses attached to an elastic bar [4, 24].
Compared with retarded functional differential equations, the study of existence of periodic
solutions for (1.1) is more difficult. This due to the fact that for any w-periodic solution wu(t) of
(1.1), it is only required that D(u;) is continuously differentiable in ¢, but, generally, u(t) may
not be differentiable in ¢ [1, 10, 11]. Just for this reason, the compact property of some solution
operator associated to (1.1), which is crucial for solving periodic solutions, is far away from
clear. Under the condition that the linear difference operator D is stable, Jack Hale obtained
that any w-periodic solution to (1.1) has a continuous first derivative [10]. By using this result,
many researchers [2, 8, 13, 23] studied the existence of periodic solutions for (1.1) by means of
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some fixed point theorems. Recently, for the special case of the linear autonomous D-operator
defined by D : C([-7,0],R), D(¢) = ¢(0) — ko(—7), under the condition of |k| > 1, that is the
linear D-operator is un-stable [10], the authors in [16] obtained that any w-periodic solution to
the difference equation D(z;) = h(t) has a continuous first derivative, where h € C*(R,R) with
h(t+w) = h(t); and then, the existence of periodic solutions for some kinds of neutral function
differential equations is studied in [12, 17-19] by using Mawhin’s continuation theorem. For
neutral functional differential equation with nonlinear difference D-operator, Corduneanu [5, 6]
studied the existence of solution to an initial value problem, and Burton [3] investigated the
problem of Perron-type stability. But the works to study the existence of periodic solutions for
neutral functional differential equations with nonlinear difference D-operator rarely appeared
[7, 20]. For example, in [7], by using a new topological degree theorem associated to condensing
operator, Erbe et al. studied neutral functional differential equations with nonlinear difference
D-operator in the following form:

O )~ blt,2)) = (6, (12)
where z(t) = (z1(t), 22(t),...,2,(t)) " € R, 24(0) = x(t + 0),0 € [-7,0], f and b € C(R x
C([-7,0],R™),R") with f(t+w, ) = f(t,¢) and b(t+w, ) = b(t, p) for all ¢ € C([—7,0],R"),
and for any bounded set Q C C([—7,0],R™), f([0,w] x Q) is bounded in R™; 7 and w are
two positive constants. Under the crucial condition that B : P, — P, (Bx)(t) = b(t,z;) is
condensing, where P,, = {z € C(R,R") : z(t + w) = z(t)}, some results on the existence of
periodic solutions are obtained. In [20], the authors studied the problem of periodic solution

for a neutral functional differential equation with nonlinear difference D-operator defined by
D: C([iTv 0]7Rn) - an D(‘P) = B(p(_T) - h(@);

where B = [b;j]nxn is a real matrix and h : C([—7,0],R™) — R™ is continuous. Clearly, the
nonlinear difference D-operator in [20] is autonomous type. Through the discussion that the
operator F' : R® — R" F(a) = (I — B)a — h(a) has its inverse F~! : R® — R", and by

calculating the Brouwer’s degree
deg(Ala F_l(Bp)>O) 7é 07

the main result on the existence of periodic solutions was obtained. However, if the difference
D-operator is non-autonomous type, the degree deg(Aq, F~1(B,),0) is difficult to calculate.
This is due to the fact that F~!(B,) is in P, but not in R".

In present paper, we consider the existence of periodic solutions for the following neutral

functional differential equations with non-autonomous difference D-operator:

d2

di2 (‘T(t) - Cl‘(t - T) - b(ta It)) = f(tvxt)7 (13)
where z(t) = (1(t),z2(t),...,2,(t))T € R, C = [cijlnxn is a real matrix and, z; € C; =
C([~7,0],R™) and functions f and b is defined as same as f and b in (1.2), respectively. By
using the degree theory associated to condensing field, some new results on the existence of
w-periodic solutions to (1.3) are obtained.

The significance of our paper lies in the following two respects. Firstly, the crucial condition

in our paper is that BA™!: P, — P, is a condensing operator, while Erbe et al. in [7] require
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that B : P, — P, is condensing, where B : P, — PB,,(Bz)(t) = b(t,x;) and A : P, —
P,, (Az)(t) = 2(t) — Cz(t — 7). The second is that the main result of our paper is related to
the value of delay 7.

In [20], b(t, ¢), which is defined in (1.2), can be regarded as b(t,p) = C(—7) + b(t, ) for
all ¢ € C([~7,0],R"). Clearly, if C = O, then b(t,¢) = b(t, ) and the linear operator A = I.
This implies that the nonlinear difference operator B : P, — P,, in [7] is equal to the operator
BA~': P, — P,. So the crucial condition in present paper generalizes the corresponding ones
of [7].

2 Main Lemmas

Throughout this paper, unless otherwise specified, we use the following notation. Let E and
Y be two Banach spaces with Y C E. By © we denote the set of all bounded subsets of E
and, 4 : © — RT be a measure of non-compactness. Suppose that F': Y — E is a continuous
map with sending bounded sets into bounded sets. F' is called a p-Lipschitzian map with a
constant k > 0, if u(F(A)) < ku(A) for all bounded A C Y. A p-Lipschitzian map with a
constant k € [0, 1) is called a k-set contractive map or a Darbo map and, if u(F(A4)) < u(A) for
all bounded A C Y with u(A) > 0, then F is called a condensing map. Clearly, a completely
continuous map must be condensing. But, generally, the converse is not true.

Now, let us recall the definition of topological degree associated to condensing field [15, 22].
Let Q C FE be open bounded, F' be a k-set contractive map and 0 ¢ (I — F)(99Q). Set
Dy =co(F(Q)), D, =coF(D,—1NQ),n=2,3,....

(1) If there is an integer ng such that D,, N Q = ¢, define

deg(I — F,Q,0) = 0.

2)IfD,NQA#pforn=1,2,....let D= ﬂ:z D,,. Clearly, D is a bounded closed subset
of D, (n=1,2,...,n) and D # ¢. Furthermore, u(D,) < k"u(Q2) — 0 as n — oo, which
implies that DNQ =2, (D,, N Q) is compact in E. Since F(DNQ) C (.-, F(D,NQ) C D,
F:DnNQ — D is completely continuous. By using the continuation theorem of completely
continuous operator, we see that there is a completely continuous operator F; : @ — D such
that Fy(z) = F(z) for all x € DNQ and 0 ¢ (I — F)(09), and then the degree of k-set
contractive field I — F' : Q — FE is well defined in the following form:

deg(I — F,Q,0) := deg(I — F1,9Q,0).

Suppose that Q C F is open bounded and F : {2 — F is a a condensing map such that 0 €
E\(I-F)(09). Since (I—F)(09) is a closed bounded subset of E, 7 = dist(0, (I —F)(992)) > 0.
Taking an arbitrary k-set contractive map f : {2 — E such that

|Fz— fz||g < ;, Yz € Q,
then 5
I = H@)le = I = F)@)e = [1Fz - fele >

which implies that the degree deg(I — f,£2,0) is valid. Therefore, the degree of condensing field
I — F:Q — FE can be defined as follows:

deg(I — F,Q,0) = deg( — f,9Q,0).
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This degree has the following basic properties of k-set contractive field degree to which it reduces
when F' is a k-set contractive map [22]:
(1) Normalization Let F :Q — {*x} C Q be a constant map. Then

deg(I — F,,0) = 1.

(2) Existence If deg(I — F,Q,0) # 0, then 0 € (I — F)(£2).
(3) Additivity If Q; and Qy are disjoint open subsets of Q such that

0& (I —=F)Q\ (21U,

then
deg(I — F,Q,0) = deg(I — F,1,0) + deg(I — F,Qs,0).

(4) Homotopy Invariance  Suppose that H : [0,1] x Q@ — F is continuous. For each
t €10,1], H(t,-) : @ — E is a condensing operator and H (¢, ) is continuous with respect to ¢
uniformly for z € Q. Let Fy(z) =z — H(t,z). If 0 & F;(99) for all ¢ € [0,1], then

deg(I — F3,9,0)

is independent of ¢ € [0, 1].

Let L:D(L) C E — Y be a Fredholm operator with index zero. By [9], this means that L
is linear and ImL is closed in Y, dimker L = dim IIXL < +00, and there are continuous linear
projectors P: E — F and @ : Y — Y such that ImP = ker L, ker Q = ImL, E = ker L & ker P
and Y = ImL&Im@Q. Obviously, L : D(L)Nker P — ImL has its right inverse. Let Kp : ImL —
D(L) Nker P be the right inverse of L : D(L) Nker P — ImZL and let J : Im@Q — ker L be an
isomorphism, then L + J~ 1P : D(L) — Y is a bijection. Set T, = (L + J 'P)~':Y — D(L).
Then

TLQy=JQy, Ti(I-Q)y=Kp(I-Q)y forallyecyY (2.1)
and
TpJ 'Pr= Pz forallz€E. (2.2)

Definition 2.1 Let L:D(L) C E — Y be a Fredholm operator with index zero, Q2 be an open
bounded subset of E with D(L)NQ #0, G:Q C E —Y be a continuous map. If QG : Q - Y
and Kp(I — Q)G : Q — Y are all condensing, then the map G is called L-condensing in Q.

Lemma 2.2 Suppose that L : D(L) C E — Y is a Fredholm operator with index zero,
B:FE— FandG: E —Y are two maps and, I' : E — E is a continuous invertiable map with

I'"!': E — E being bounded. Then, the existence of solution to the equation
L(T(z) — AB(x)) = AG(z), A€ (0,1), (2.3)
is equivalent to the existence of solution to the following equation:

r=AB(T () + JQGT () + AKp(I — Q)G(I'!(x))
+ P(x — AB(T"*(2))), A€ (0,1). (2.4)
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Proof  Suppose that w € E is a solution of (2.3). Then for all A € (0,1), I'(u) — AB(u) € D(L)
and
L(T(u) = AB(u)) = AG(u),

which implies G(u) € ImL. So QG(u) = 0, and then
L(L(u) = AB(u)) = QG(u) + A(I — Q)G(uw),

i.e.,

(L+ J7'P)(D(u) — AB(u)) = QG(u) + MI — Q)G (u) + J ' P(I'(u) — AB(u)),
which implies
I'(u) = AB(u) + TrQG(u) + AT (I — Q)G(u) + T, J ' P(T'(u) — AB(u)).
It follows from (2.1) and (2.2) that
[(u) = AB(u) + JQG(u) + AKp(I — Q)G(u) + P(T'(u) — AB(u)).

Since I' : E — F is a bijective continuous linear operator, it follows from Banach—Schauder
theorem, we know that the linear map I'"! : E — E is also continuous. Let I'(u) = v. Then
v € F and

v=AB(' ' (v)) + JQGT '(v)) + \Kp(I — Q)G(I'(v)) + P(v — AB(T"*(v))).
This implies that v is a solution to (2.4).
On the other hand, suppose that v € E is a solution to (2.4), and let u = I'~!(v). Then
I'(u) — AB(u) = JQG(u) + A\Kp(I — Q)G(u) + P(T'(u) — AB(u)),
which leads to
L(T(u) — AB(u)) = AG(u), A€ (0,1).
So u is a solution to (2.3).
Lemma 2.3 Suppose that ' : E — E is continuous and has its inverse I'™! : E — E with
T zy) =T Ya2)|p < ki|lzy — 22|p  for all z1,25 € E, (2.5)
where k1 > 0 is a constant. Furthermore, there is a constant ko > 0 such that kiks < 1 and
|B(z1) — B(x2)|g < kalx1 — x2|p  for all z1,22 € E. (2.6)

Let L : D C E — Y be a Fredholm operator with index zero, Q C E is open bounded and
GT~1:Q — Y is L-condensing in Q such that the following conditions hold:

(1) for every A € (0,1), the equation

L(T(z) — AB(z)) = AG(x)

has no solution in 0%,

(2) QG(I'1(x)) # 0 for every x € ker L N 9Q;

(3) dp{JQGT 1, QNker L,0} #0,
where the last number denotes the Brouwer degree at 0 € ImQ. Then the equation

L(I(z) — B(x)) = G(x)

has a solution in 2.
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Proof By Lemma 2.2, we see that the existence of solution to the equation
L(T'(z) — AB(x)) = A\G(z), X€(0,1)
is equivalent to the existence of solution to the following equation:
z=U(x,)\) = ABIT z)) + JQGT (z)) + A\Kp(I — Q)G(T " (x))
+ Pz — AB(T (z)), Xe€(0,1). (2.7)
From (2.5)—(2.6), we see
|B(T™(z1)) — BT (x2))|p < kika|zy — x2|p for all 21,25 € E,

which together with k1ks < 1 implies that B! : E — F is condensing. Furthermore, since
GT~1:Q — Y is L-condensing in €, we see that QGT~! and Kp(I—Q)GT ! are all condensing
in . It follows from (2.7) that the operator ¥ : Q x [0,1] — F is continuous, and for each
A€ [0,1], ¥(A,-) : Q — E is a condensing operator; also, ¥(\, x) is continuous with respect to

A uniformly for z € Q. Bellow, we will show that for every A € [0, 1], the equation
x=U(x,\)

has no solution in 9. In fact, if there is a u € E such that v = ¥(u,0), then from (2.7), we
have

u=JQGIT(u)) + P(u),

which gives u € ker L. Therefore, by the assumption (2), u & 99.
If there is a u € OS2 such that

w=(u,1),

then the equation L(I'(x) — B(z)) = G(x) has a solution in Q. So, we may assume that the
equation
x=U(z,\)

has no solution v € 02 for A\ = 1.

For A € (0,1), it is easy to see from the assumption (1) that the equation
x=U(x,\)

has no solution u € 9Q. Thus, the operator ¥(z,A) is homotopy in Q and, by homotopy

invariance, we have

deg(I — ¥(-,1),9,0) = deg(I — ¥(-,0),9,0) = deg(I — JQGT ™ — P,Q,0)
= deg(JQGT ! ker LN Q,0).

From the assumption (3), we see that
deg(I —¥(+,1),9,0) # 0.

By using the normalization of topology degree associated to condensing field, we see that the

equation z = ¥(z, 1) has a solution in .
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In order to investigate the existence of periodic solutions to (1.3), we should give some
definitions. For a = (a1, as,...,a,)" € C" being a complex vector, |a| = (31, |a;|?)/?,
and for a complex matrix H = [hijlnxn, [H| = (i) Y0y [hij]*)V2 Let Py = {2 : z €
CR,R"),z(t +w) = x(t) for all t € R} with the norm |¢|p, = maxc(o) [@(t)]. Clearly, P, is
a Banach space.

In order to study the existence of periodic solutions for (1.3), we should study some prop-

erties of the following operator:
A:P,— P,, [Ax](t) :=x(t)— Cx(t—1), (2.8)
where C' and 7 are defined as same as the ones in (1.3).

Since C' is an n-order real matrix, it is easy to see that there must be a complex matrix U
such that

UCU ! = Ey = diag(Jy, Ja, ..., Jm), (2.9)

where

i 0 0 0

0 VI 0 0

Ji =

0 0 0o N

0 0 0 0 Ai i,
with Y27 n; =n, {\; 14 =1,2,...,m} is the set of eigenvalues of matrix C.

Lemma 2.4 ([18]) Suppose that the matriz U and the operator A is defined by (2.8) and (2.9),
respectively, and for alli = 1,2,...,m, |\;| # 1. Then A has its inverse A~' : P,, — P,, with
the following properties:

(1) [[A=H] < [UH|Uloo, where oo = 3770 3272, Y iy \1_|1,\i|\k?

(2) For alle € Cy,, [, |[A7 e](s)[Pds < oy [UTHP|UIP [ |e(s)[Pds,p € [1,+00), where

m  n; 7 1 2 1/2
) p=1,
2 (X ) ]
o m  n; 7 1 q fI)
nz , pe(1,2),
[ZZ(k_ |1—|Az-||k>] pel2)
g1 = - g ) )
) p:27
22 (0 )
m N, 7 1 q fI) 2
, € (4,
[;;(;u—wﬂ P € (2, +c0)

and q > 1 is a constant with 11] + (11 =1;
(3) A~Y(R"™) = R".
3 Main Results

In this section, we will apply Lemmas 2.3 and 2.4 to study the existence of periodic solutions
for (1.3).
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Theorem 3.1 Suppose that the operator A and the matriz U is defined by (2.8) and (2.9),
respectively, and for all i =1,2,...,m, |\;| # 1. Furthermore, b(t, ) is satisfied with

|b(t7 ©1) — b(t, 902)|

< lerr[laxo] |p1(0) — p2(8)|  for allt € [0,w] and 1,92 € C([—7,0],R"), (3.1)
el—,

where 1 € (0,400) is a constant with

J

Ll DI _1|>‘i||k <1 (3.2)

i=1 j=1k=1
If there is a constant p > 0 such that all the following conditions hold:
(D1) For each A € (0,1), the equation
a2
dit?
has no solution on 9S,, where Q, = {xz € P, : ||z|p, < p};
(D2) The equation

(x(t) = Cx(t — 1) — Ab(t,x¢)) = Nf(t, x4) (3.3)

Ala) = ! /w f(s,A " a)ds =0
w Jo

has no solution on 0B,, where B, = {x € R™ : |z| < p};
(D3) The Brouwer degree
deg{A, B,,0} # 0.

Then (1.3) has at least one w-periodic solution in §2,.
Proof 1In order to use Lemma 2.3, set £ =Y = P,
L:D(LyC P, — P,, (Lz)(t)=2"(1t),
where D(L) = P2,
B:P,— P,, (Bx)(t)=>bt, ),
I':P,— P,, [[z](t)=(Ax)(t) =z(t) — Cx(t — 1),
and
G:P,— P,, (Gz)(t)= f(t,x). (3.4)
Clearly, (3.1) is converted to
L[(Az)(t) = A(Bz)(t)] = A(Gz)(?). (3.5)

It is easy to see that ker L = R" and ImL = {y € P, : [, y(s)ds = 0}. Thus, dimker L =

dim Ii = mn < +o0, which implies that L is a Fredholm operator with index zero. Furthermore,
by using Lemma 2.4, we have that A has its inverse A~! : P,, — P, with

m n; J 1

R (D35 3) DI

i=1 j=1 k=1

ie.,

IA™ (1) = A7 (z2) ||,
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= A7 (21 — 22)llp,

m n;

<|U™ 1||U|ZZZ|1 |)\Hka1 xa|lp, for all my,x9 € P,;

i=1 j=1 k=1

and by using (3.1), we see
(x

1B(z) = B(y)llp, = [Ib(t; x1) = b(t, yo)l| p,

= max |b(t,z) — b(t, y)]
te[0,w]

=1 =1 t+6) —y(t+0
< tre%iii]eé?axﬁ z1(0) — y(0)] tfef%gi]aeﬂ[l_afﬁ z(t+6) —yt+06)|

= ||z — y||p, for all z,y € P,

which together with (3.2) yields that the conditions (2.5) and (2.6) in Lemma 2.3 hold. This
implies that BA~! : P, — P,, is condensing.

Define P : P,, — P, [Pz](t) = x(0) for all t ¢ R and Q : P, — P,,,[Qul(t) = | [ y(s)ds.
Obviously, P and @) are projections and

P,=kerP@®kerL, P,=ImL®ImQ.

Clearly, if set J : ImQ — ker L, J(z) = =, i.e., J : R* — R", J(z) = o, then L+ J'P: D(L) C
P, — P, has it’s inverse (L + J~'P)~1: P, — D(L). In view of J='Pz = 0 for all z € ker P,
we see Tr, = (L+ J'P)™! = Kp : ImL — ker PN D(L). By calculating, we have

Kp:ImL — ker PN D(L), [Kpy](t /Rts (3.6)
where
t_
(t.5) ( w)s, 0<s<t<w,
R(t,s) = w
) St
(=l i<
w

By (3.1), it is easy to see that Kp(I — Q)GA™':Q, C P, — ker PN D(L) and QGA™! :
Q, C P, — Im Q C P, are all completely continuous operators. So GA™! is L-condensing on

Q,.

In view of
JQGT': P, - R", (JQGT! /f (A '2),)ds

which together with conclusion (3) of Lemma 2.4 (A~1(R") = R") yields that

Ala) = ulj /Ow f(s,A " a)ds = (JQGT1)(a) for all a € R™

and
deg(A, B,,0} = deg(JQGT !, ker LN, 0).

It follows from the assumption (D3) that the assumptions (3) in Lemma 2.3 is satisfied. Fur-
thermore, from the fact that the assumptions (D1)-(D2) are satisfied, we can verify that the
assumptions (1)—(2) in Lemma 2.3 hold. Thus, by using Lemma 2.3, we see that (3.1) has at

least one w-periodic solution in 2.
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For illustrating the application of Theorem 3.1, now, we consider the following equation:

2
;tQ (x(t) = Ca(t —7) = s(2(t — p)) = g(z(t = 7)) +e(t), 3.7)

where 7, ¢ and «y are positive constants, C' = [¢;j]nxn is a real matrix, g,s € C(R",R"), and
e € O(R,R") with e(t + w) = e(t). Let py = max{\/p1,\/H2,-..,/tn}, Where {p; : i =
1,2,...,n} is the set of eigenvalues of matrix CCT. Clearly, (3.7) is a special type of (3.1) for
b(t, w¢) = s(wi(—p)) = s(z(t — p)) and f(t,2¢) = g(w(—)) + e(t) = g(z(t — 7)) + e(t).

For estimating a prior bounds of periodic solutions to (3.7), we give the following results.
Lemma 3.2 ([21]) Let 7 € C(R,R) with 7(t + w) = 7(t) and 7(t) € [0,w] or 7(t) € [~w, 0]
for all t € R. Suppose cvg = maxse(ou |7(t)| and u € C*(R,R™) with u(t + w) = u(t). Then

[ o e e < o [“lora pe 400
Lemma 3.3 ([20]) Let
I'y:P,— P, [[az](t):=xz(t)—Cx(t—7)—As(z(t —p), Me(0,1). (3.8)
Suppose that the following conditions are satisfied:
(A1) the nonlinear function s is satisfied with s(0) = 0 and |s(z1) — s(x2)| < l|x1 — x2| for

all x1,x9 € R™, where l € (0,400) is a constant;
(A2) for alli=1,2,...,m, |)\| #*1, where Aiyi=1,2,...,m is determined by (2.9);

(A3) U U] 32 12 k=1 - < 1
Then for each A € (0,1), opemtor I'yx has a unique inverse F;l : P, — P, with the following

properties:

- .
OIVISE 5 T 1

(1) T ellp, < Ul e, lellp, for allee P, and X € (0,1);

1 Xk - |A Ik
(2) for each A € (0,1), T! is continuous in P,.

Lemma 3.4 Suppose that the assumptions (A1)—(A3) in Lemma 3.3 hold, and Uyz € C1 for
all X € (0,1). If [U|UYloy/® < 1, then

w 1/p 1(-.1/p w 1/p
([ 1ot —ate—par) < MWW ymayopa) T e 0,
0 1 —uu-1etr \Jo

where constant o1 and matrix U are determined by Lemma 2.4, v,p are constants with |y| €
(0,w) and p € (1,+00).

Proof From (3.8), we see for each A € (0, 1),
w(t) = Calt - 7) = Ns(alt — ) = (Trz)(1)
and
w(t =7) = Ca(t =7 =7) = As(x(t = p = 7)) = (Daz)(t =),
which results in
w(t) —w(t =) = Cla(t —7) —a(t =7 - 7))
= Caz) (@) — (Taz)(t =) + Als(@(t — ) — s(z(t — p =)
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By using Lemma 2.4, we have

</0w |z(t) — x(t — 7)|pdt> 1/p

= U|U—1|0i/l’{ [/Ow |(Taz)(t) — (Taz)(t — 7)|pdt] e
| [ btete =) = steta - =y l/p}
< |U|U oy Uow (Taz)(t) — (Taz)(t — ”Y)Ipdt] 1/p

w 1/p
XU U ol/P (/ |(t) —x(t—'y)|pdt> .
0

([ 0 - ste-par) "

|U||U*1\gi/p w ) .
T 1o Uu-telr [/O |(Taz)(t) — (Caz)(t — )] dt]

So

1/p

Since I'yx € P!, by using Lemma 3.2, we see

w 1/p —1y.1/p w 1/p
(/ |x(t)—x(t—7)|pdt) < hivlv "’11/ (/ |(rm’(t)|z’dt> for all A € (0,1).
0 1= UU||JU- Yo" \Jo

Lemma 3.5 ([14]) Ifq: R — R™ is continuous differentiable on R and a > 0 is a constant,
then for every t € R the following inequality holds:

ot = et () (O ([ wra)”

Theorem 3.6 Suppose that |1 — 7| < w and the assumptions (Al)-(A3) in Lemma 3.3
hold. Furthermore, there are positive constants ly and i such that the following conditions
are satisfied:
(S1) 2TCTg(x) < —lo|z|? and |g(z)| < l1|x| for all z € R™;
(S2) lo > Iy + Uy, |U|UYloy"? < 1 and
B BIURIU Pofr - 2
(lo— i — ) (1 = U U-1]oy/?)2

where I > 0 is determined by the assumption (Al) in Lemma 3.3 and oy is determined in

)

Lemma 2.4 for the case of p = 2.

Then (3.7) has at least one w-periodic solution.

Proof Suppose that € P, is an arbitrary solution to the equation

d2[1:l;§/](t) = Ag(y(t =) + Aelt), A€ (0,1),
d?[Cz](t)

a2 = Ag(z(t — 7)) + Ae(t), A€ (0,1). (3.9)
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Multiplying both sides of (3.9) with [['yz]T (t) and integrating it on the interval [0,w], we have
/Ow [[Tax])’ (t)[2dt = A /Ow(xT(t —7)CT —2T () + As" (2(t — 7))g(x(t —7))dt

—A /Ow(xT(t) —z (t—7)CT = As" (x(t —7)))e(t)dt. (3.10)

From the assumption (Sz), we have
/Ow 2T (= 7)CT gt — )t
= [T =T gttt = e [T =)~ (= )T glale — )

< —lo/owlx(t—v)lzdwr (/;'CTQ( Al dt)w (/ ) et dt)l/z
<to [ et ity ([ erPa) ([T —aterr—pa)

It follows from Lemma 3.4

/Ow 2t — O ga(t — 7))dt

w l T — U U 1 0_1/2 w 1/2 w 1/2
< =t [(latopac 0N Papar) - ([lmayopa)
0 1 -0\ U Yoy 0 0

Moreover, by using the assumptions (A1) and (S;), we have

/ "l (gl —))ldt < / et Pt

A / 1T @t — ) gla(t — )t = A / " 18T @t — 1) — s(O)lg(a(t —7))ldt < L] / " a(t) .

Substituting the above three formulas into (3.10), we get
|

/w IIDaz) (B)|2dt + Ao — 11 — l1l) /Ow x(t)|?dt

A Il — UlU 10-1/2 w 1/2 w 1/
< Muarilr = |U] WI ( / |x<t)|2dt) ( / |(F,\a:)/(t)|2dt>
1—l|U||U Lo, 0 0
A [l =T = 7)CT = Al = 7))
_ Ml =AU o} (e V2 e 12
< A 1T —=~[U]| 1/2|0 (/ |x(t)|2dt) (/ |(F/\$)/(t)|2dt>
11U\ U~ o, 0 0

F A+ g +1) </0 |x(t)|2dt> v (/Ow |e(t)|2dt> v , (3.11)

which results in

(/Ow x(t)|2dt> v

/2 w 1/2
parl|T = A|UJU— 1|‘71 (/ 12
[(Taz)'(t)[*dt
T (A= UUNU Yoo — 11 — 1)

2

IN
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1 1 ([ 1/2
T / e(t)?dt) . (3.12)
lo—1i —ih \J,

It follows from (3.11) that

| sl par

0
o Al = APUPUT ey /“
T (A= YUU o2l — 1y — 11y) Jo

) ; _ U U_l 1/21 I w 1/2 w 1/2
L2 1T =AU 1/2‘01 I+ poar +1) </ |e(t)|2dt> (/ |[F>\~T]I(t)|2dt)
A =UU|U oy *) (o — 11 — Uly) 0 0

1 N2 v
(A par ) | ewpa,
lo—1i— 1L o

which together with the condition of
P 3T = AP UPIU oy
(1= UUYoy )2 (o — Iy — Uhy)
yields that there is a constant My > 0 (independent of A and z) such that

[[Daz](8)[dt

<1

w 1/2
(/ [F,\x]’(t)|2dt> < M, forall A € (0,1). (3.13)
0
Substituting (3.13) into (3.12), we have

([ |x<t>2dt)1/2 <,

where M; > 0 is a constant independent of A and z; and by(3.8), we have

([ imastopa) v

= ([ 1) = Cate = ) = stalt = ) (ale) = Ctt = 7) = (e~ 1)) )

< (1+py? +12)2M;  for all A € (0,1). (3.14)

1/2

From (3.13) and (3.14), and by using Lemma 3.5, we see that there is a constant My, >0
(independent of A and z) such that

ITaz|p, <w™ 2 (/Ow |[I‘,\x](t)2dt>% + (‘Z) </Ow |[F,\x}’(t)|2dt>é < M, forall A€ (0,1).

By using Lemma 3.3 again, we have
lzllp, = IT5 Tazllp,
- [ [ DD D B \17\&i||k
1= ”U71”U| Z:r;l Z;’Ll:1 i:l ‘1_|1/\LHk
= Mo, (3.15)

ITaz] p.

where M, is a constant independent of A and =x.
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Now, let a € R™ such that A(a) = | ["[9(A™ (a)) + e(t)]dt = 0. Then
g(A Y (a)) +e=0.

So
(A™Ya))'CTg(A(a)) = —(A"'(a)) " C e,

where & = | fow e(s)ds. By using the assumption (S;), we see
Lol AT (a) < —(A7Y(a) ' CTg(A™ (a)) = (A7 (a)) 'O < A7 (a) ],

which leads to

A7 @) < M el (3.16)
ol = A7) @) = (T = YA~ @)l < Y el

If set p = max{lJrl’;MuM\éLMg} + 1, then it follows from (3.15)—(3.16) that the assump-
tions (D1) and (D2) in Theorem 3.1 are satisfied. The reminder is to verify the assump-
tion (D3) of Theorem 3.1. From the assumption (S;), we see x'CTg(z) < —lo|z|?, ie.,
lolz|? < |2TCTg(x)| < 1|Cz||z|. So
l
Cal = fal,
L
which implies that matrix C' is nonsingular. Take
H:B,x[0,1] —=R" H(z,u)=—-pC A2+ (1 - p)g(A ™ (2)) +e.
Then
(A7) CH(z, )
= (A e)TCCTA e+ (1 — ) (A ) TCTg(A ) + (1 — ) (A7) T C e
<A-pA ') CTgA )+ (1 —p) (A7) CTe
< —(1 = wlo|A™ 2 + (1 = p)parlel| A ]
for all (z,p) € B, x [0,1]. Clearly, if z € 0B, then from (2.8), we have A~'z = (I — C) 'z,
ie., |[A7'z| +|CA~ 2| > |x| = p, which results in

p
+ pmr

A 2| >
1
In view of p = max{ 1‘%“‘” parlel, Mo} + 1, we see that
(A 12) T CH (. 1)

< —(1= oA~ + (1 = )y lel| A~al

<0
for all (z,pu) € B, x [0,1]. This together with the fact that C and (I — C') are nonsingular
implies that

deg{A, B,,0} = deg{H(-,0), B,,0} = deg{H(-,1), B,,0} = deg{—CA~ ', B,,0}
= deg{—CT(I - C)_l, pr O} 7é 0,
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which follows that the assumption (D3) holds. Thus, by using Theorem 3.1, we see that (3.7)
has a w-periodic solution wug(t).

For example, we consider the following equation
d2

g2 @) —da(t = 7) = s(a(t = 7)) = g(2(t — 7)) +e(t), (3.17)

where z(t) € R, 7, are positive constants, s(z) = lf‘lml, g(x) = —lf;z. e(t) = sint. Clearly,
we can chose Ay = 4 and [ = 1 such that the assumptions (A1)-(A3) in Lemma 3.3 hold.

Furthermore, we can chose o = 4 and [; = 1 such that 7 C T g(z) < —lp|z|? and |g(x)| < I1|z]

for all z € R. This implies that the assumption (S;) of Theorem 3.6 holds. Since o1 = é,

v =41l—0l —ll;=2>0and 1 — |U||U_1l0i/2 = 2 >0, we see that if |7 — 7| < ‘QQ, then
KA BIUPU 2o = of?
(lo — b — L) (1 = U U oy /?)?
Thus, by using Theorem 3.2, we obtain that (3.17) has a 2w-periodic solution wug(t).

Remark 3.7 Since s(z) = 1f‘|zl is nonlinear and may not be differentiable in ¢, the result of

above example cannot be obtained by [2, 8, 12, 16-19, 23].
Remark 3.8 From (3.17), we see that the operator B : Py — P, [Bz|(t) = 4a(t — 1) —

|z(t—7)]

4| (t—m)] is not condensing. So (3.17) cannot be dealt with by methods employed in [7].

Acknowledgements We thank the referees for their time and comments.
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