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Abstract In this paper, we study the existence and nonexistence of multiple positive solutions for

the following problem involving Hardy—Sobolev—Maz’ya term:
pt—1
1 u2 _ ul t U
|yl ly|

where 2 is a bounded domain in RV (N >2),0€ Q, z = (y,2) e R" xRY *and p, = V2 (0<t <
2). For f(z) € C*(Q)\{0}, we show that there exists a constant p* > 0 such that the problem possesses

at least two positive solutions if 1 € (0, ") and at least one positive solution if 4 = p*. Furthermore,

—Au +uf(x), ze€Q,

there are no positive solutions if p € (u*, +00).
Keywords Hardy—Sobolev—Maz’ya inequality, Mountain Pass Lemma, positive solutions, subsolution

and supersolution
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1 Introduction and Main Results

Let py = NJJ\;Q__Q%, 0 <t < 2 and € be a bounded domain containing the origin in RV (N > 2)
with smooth boundary. We are concerned with the existence of multiple positive solutions for

the following Hardy—Sobolev—Maz’ya equation:

u o |ulPe=1u

—Au— A\ +uf(x), u>0,xz€Q,

/—C (1.1),,
u =0, x € 09,

where 2 = (y,2) € R¥ x RV "5 2 <k < N, 0 < A < ®2" when k > 2, A = 0 when k = 2,
p > 0 is a parameter and f(x) € C*(Q)\{0}. The main interest of this kind of problem, in
addition to the presence of the singular potential 1/|y|? related to Hardy’s inequality, is the
following well-known Hardy—Sobolev—Maz’ya inequality (see [6])

pe+1 pt2+l 2
(/ ful dw) < (S{\)_l/ <|Vu|2 — u|u2>dx, Yu € C°(RY), (1.1)
RN RN Y
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where A < (kgz)2 and S} is the best constant. Owing to this inequality, it is easy to see that
(Jo(IVul* - )\‘ZTQ )dx)? is equivalent to ([;, |Vul?dz)? in HA(Q).

-1
From the mathematical point of view, the Hardy—Sobolev—Maz’ya term |:\2 and "

lyl*
are critical: indeed they have the same homogeneity as the Laplacian and do not belong to the

Katos class, hence they can cause the non-compactness of the corresponding functional. We
also mention that the equation (1.1), was proposed as a model for describing the dynamics of
galaxies. Various equations similar to (1.1), have been proposed to model several phenomena
of interest in astrophysics. We recall here Eddington’s and Matukuma’s equations, which have
attracted much interest in recent years (see [2, 22-24]). In [5] various astrophysical models are
introduced and discussed, including some generalizations of Matukuma’s equation.

After the pioneer work of Brezis and Nirenberg [7], there are many results for the problem
(1.1), with A = 0 and ¢t = 0, which is called Brizis—Nirenberg type problem. See for example
[3, 11, 12, 26] and the references therein. Deng in [14] considered the problem (1.1), with
0 < f(z) € C(2) NCHH(Q) and proved the existence of multiple positive solutions when
A =0,t = 0. With similar argument, Deng and Peng in [15] obtained multiple positive
solutions for (1.1),, with Neumann boundary condition in the case A = 0, t = 0. For more other
results, we refer the readers to [18-20] and the reference therein.

For the case t > 0, if k = N, there are a lot of results for the existence of positive and
sign-changing solutions for (1.1),,, we refer the readers to [8-10, 21] and the references therein.
Chern and Lin in [13] studied the problem (1.1),, with ¢ = 0 and 0 € 0 and obtained the least
energy solutions. If 2 < k < N, u = 0, Bhakta and Sandeep in [6] investigated the existence
and non-existence of nontrivial solutions for (1.1), . If @ = RN XA =p =0, t=1, the positive
extremals of (1.1),, have been completely identified in [17]. And for more results, one can refer
to [25, 27] and the reference therein.

In this paper, we intend to use the arguments similar to [14-16] to prove the existence
of multiple positive solutions for (1.1),. We know that every nontrivial solution for (1.1), is
singular at {y = 0} if A # 0. So, unlike [14], we cannot apply directly the standard barrier
method to obtain the existence of the minimal solution for (1.1),. To overcome this obstacle,
we make a transformation of u by letting

v(x) = |y|"u(z) for x € Q, (1.2)
o= \/(k—2)2—4)\—(k—2).

2
A straightforward computation yields

2
|Vul>dz — A Y dr = ly[>*|Vv|*da.
2
Q o [yl Q

Letting H (€, [y|[**dx) be the completion of C§°(€2) with respect to the norm [[v]|2 := [, [y|>*

a
| Vv|?dx, then we can find

where

v € Hy(Q, |y[**dz) if and only if u € Hy(Q)

and from (1.1), we infer that

a(pt+1) plpetl Pt2+1
( / [yl*P dx) < (Spar)"! / /2| Vo[2de (1.3)
RN RN

lyl*
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for some constant Sg,,; > 0.
Also by (1.2), we know that u is a positive solution of (1.1), if and only if v is a positive
solution of

_ Iyl Doty

—diV(|y‘2aV1}) - + /”"ylaf(x)’ v>0, zell,

lylt (1.2),
v =0, x € 0f).

Applying the same argument with [14-16], to get the existence of multiple positive solutions
for the problem (1.2),, we will first obtain a minimal positive solution to (1.2), by the standard
barrier method. Then using the minimal positive solution, we can transfer the problem (1.2),
to another equivalent problem and the second positive solution can be obtained by a variant of
Mountain Pass Lemma (see [1]).

Notice that, unlike [14], in this paper, f(z) is allowed to change sign, which makes the
problem more interesting since we know that, in this case, the maximum principle fails. So it
is obvious that to obtain positive solutions to (1.1),, we should impose suitable conditions on

f(x). In what follows, we assume that the following linear problem is solvable

—div(|y|**Ve) = |y|“f(x), ¢ >0,z €,

(1.4)
¢ =0, x € 0N,
and assume that f(x) € U defined as
U={f(x) e C'(Q)\{0} : (1.4) has positive solutions}.
Finally, from [6], we find that if t = 2— N=2 the following form of the extremal

N—k+y/(k—2)2—4X’
function U (y, z) achieves the best constant S in (1.1):

V(k—2)2 —ap—(k—2)
2

[l
1 bl
(412 + )
where ¢(\, N, k) is a constant depending on p, N, k. Then it follows from (1.2) that

U(y,z) = c¢(\, N, k)

_ 1
V(y,2) =y~ "Uly,z) = c(A, N, k) Yt
(L Jy))? + [2]?) re
attains the best constant Sa, ¢ in (1.3) if t = 2— N=2 and p; = 1+ 2

N—k++/(k—2)2—4) N—kty/(k—2)2—4x"
Moreover, to guarantee t > 0, throughout this paper, we set N > 2k — 2 — 2\/(k —2)2 —4pu.

Our main results of this paper as follows.

Theorem 1.1 Forp, =1+ , there exists a constant pu* > 0 such that

N7k+\/(2kf2)274)\
(i) the problem (1.2),, possesses a minimal positive solution v, if u € (0, u*] and there are
no positive solutions for (1.2), if p > p*.
(ii) v, is increasing with respect to p if p € (0, u*) for all z € Q.
(iii) v, is bounded uniformly in Hg (8, y|**dx).
(iv) v, ts bounded uniformly in ).
Theorem 1.2 If N > max{k+1—+/(k —2)2 —4),2k—2—-2,/(k — 2)2 — 4\} and 1 € (0, u*),
then the problem (1.2), possesses at least two positive solutions v, and V,, satisfying v, < V.
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As we have mentioned, in the present paper, we encounter some new difficulties mainly
due to the singularity of solutions to (1.1),. To exclude the singularity, we need to estimate
the precise singularity of the solutions which helps us carry out an important transformation
(see (1.2)). Therefore, we can transform our problem (1.1),, into a new problem with divergent
form. Moreover, in order to use the comparison theorem and obtain some needed estimates
which are essential to verify a compactness condition in finding the second positive solution,
we also need to prove that the solutions to the transformed problem are in L ().

In this paper, H* denotes the dual space of H, LP((, |y|’dz) denotes the usual weighted
LP space with the norm [[ull, 5.0 = ([, |y|5|u|pdx); and we denote positive constants (possibly
different) by C.

Our paper is organized as follows. In Section 2, we discuss the existence and nonexistence of
the minimal solution for different y > 0 by means of the standard barrier method. In Section 3,
we show the existence of the second positive solution for problem (1.2),, by using the Mountain

Pass Lemma without (PS) condition.

2 The Existence of Minimal Solution

In order to obtain the positive minimal solution to (1.2),, we first establish the following strong

maximum principle, which is similar to Proposition 3.1 in [4], so we omit the proof here.
Lemma 2.1 Suppose that Q C RN, 9 is continuous, 0 € Q. If v € C1(Q\{y = 0}), v >0
and v Z 0 satisfying

—div(Jy|**Vv) >0, z€Q,
then v > 0 in Q.
Lemma 2.2 Suppose that v is a positive solution to (1.2),, then v is bounded in .

Proof Recall that if v is a positive solution of (1.2),, then u = |y|®v is a positive solution of
(1.1),,. Define v = v+ 1, and for m > 0, let

v, if v<m,
Uy, = (2.1)
1+m, if v>m.
Now for s > 1, take n(z) = pv2*™Y _ 1. Tt is easy to see that n € HY(Q, [y|**dz). Since v(x)

solves (1.2),, we have

/ ly|**VoVndr = / |y|2* (v%571)|V1}|2 +2(s — l)v%571)|va|2)dx
Q Q

|y‘a(pt+1)|v|pt_1 "
- [ M ende s [l o (22)
Q lyl Q

Setting w,, = v v, together with (2.2), we can obtain
[P iTwn e = [ P Vo + (s = 10 Vo) P
Q Q
<o [ Ran s (s - 12 [y 9, P
Q Q

‘y|a(Pt+1)|U|Pt—1
< Cs/ e vndm—i—Csu/ ly|* f(z)ndz. (2.3)
Q Y Q
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ips P —t 2(k—t) B
From [28, Proposition 2.2], u € LP(L, |y|~*dx), Vp < b9 =2y —ar So choosing
N —t (k—1t)(N-2)
<q<
2-t 2-t)(k—2—/(k—2)2—4)\)
such that 2k — 1) 5
- q
—1)g < and 2 < <p+1,
b= e,y 22—y g-1°"

we have, for any € > 0,

‘y|a(pt+1 |v|pf,71

e
[Py o2
e e

1
< ||UH£:+1¢ Q|Hy|awm”22q 4,0

2
< O(llyl*wmll?, 1 alllyl*wmlly ¢ q)

2

_az ]
< (<ol )™ + (@125 | (ol fa) ™)

0 L 1-6 _ q—1 1 1 _ _ 5 0. _ 1 1-6. _1
where T e = g e T o =1L, r=p+1 ry=2, 01 = L, e =,
L _ 2—t 2-t
implies that § = qé\gii), o = q](\lft)’ oy = q(zqu)f(])vit). Thus, one has

a(ps+1) v pe—1
[,
|
a(ps+1) ptt+1 ,2+1 _ 2a 2
< 052</ [yl Iivml dm) " e eI, / [yl Iutjml
0 ly| |yl

|a@etD) g, |2

§C€2/ ly|** | Vw,|?dz + Ce™ - Ha- (N~ ”/ I |yt
Y

For f(x) € C*(Q)\{0}, proceeding as we prove (2.4) and (2.5), we can deduce

" / | f(@)ndz < C / [yl 2w, dac
Q Q

sc(/ wqdz) (/||y|awm|q 1dz) "
Q |y|t

<C(/ |ly|* wnZIQ & ) .
|yl

N—t)
SC’&Q/ 112 [V, [P + Ce™ e—rla—N- 0/ v
Q

IN

|a®e+D) |qy,,, |2

lyl*
1
since —aq > —k and then ( [, [y|~*dz)* < +o0.
Then it follows from (2.3), (2.5) and (2.6) that
a(pe+1)
/\y|2a|vwm\2dx < CssQ/ ly|**|Vw,,|?de + Cse™ - Ha- - t’/ i Iyt o
Q Q Y

897

(2.4)

, and which

(2.6)

(2.7)
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Taking ¢ = \/2108 in (2.7), from (1.3), we infer that
a(pe+1),,pe+1 Pt a(pe+1),,
( |y| twm d.l?) S C's® ‘y| . mdl‘ (28)
Q | Q |yl
where o = , (2794

(2—t)a—(N—1)"
Using vy, < 0 and setting v = 2s and x = %, (2.8) becomes

a(pe+1) ’YX X a(pe+1) 57 5
( lyl vy > <(Csa);( lyl v dx) .
Q

lyl* lyl*
Passing to the limit as m — 400, we get
a(p:+1) vx Wlx a(pe+1) v ~
|y\ v < (Cso‘)i v Vdr) (2.9)
ly[* o

For i = 0,1,..., define 7y = 2 and v; = 2x;. Then x7v; = v;+1 and hence from (2.9), with

|y|a(pt+1 i+l ’Yi1+1 |y‘a pt"l‘l)/u'YL 'yl,b
t dz t ’
[yl [yl
which implies
1 1 1
(/ mi+1d:v> e C(/ et e dx) ook (/ fyle o dw)
Q Q ly|* Q lyl*

Letting ¢ — 400, we get

v =7, we have

=

[y * Pt g
supv<C’(/ iyt dm) < +o0. 0
Y

Now we give the following lemma which can be proved by using the standard variational
method and then we omit its proof here.
Lemma 2.3 The first eigenvalue 11 of the following eigenvalue problem
|y‘a(m+1)

—div(|y|?*V¢) = , T EQ,
([y[**Vp) =m W (2.10)

Y= Oa x € 0N
is positive and can be achieved by a function ¢1(x) > 0.

Lemma 2.4 Let ¢(x) be the nonnegative solution of (1.4), and v1(x) be the solution of the

problem
—div(|y[* Vo) = [y[*P D7 w e Q,

(2.11)
v =0, x € 0.

Then ¢1(x), ¢(x) and vi(x) are bounded uniformly in 2.

Proof  Similar to the proof of Lemma 2.2, it is clear that ¢1, ¢(x) are bounded uniformly in 2.
Then we just need to show that vy (z) is bounded in €. To see this, letting n(x) be mentioned

as in Lemma 2.2, we have

a(ps+1
/|y|a(17t+1 7’]d$<0/ |y| (p| | )’LU
yt
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q—1
c( [ylotwe—Da ) ( /IIy\awm\“ )
o |yl lyl*

aq

a q,l 7
C(/ lol“wnl dm) "

IN

<
: _ _ _ (k—t)(N—-2) oy .
since a(p;y — 1)g —t > a(p: )(24)(1@727\/(1@72)274)\) t = —k. Now proceeding as we done to
prove (2.6), we can check that v;(x) is bounded in Q. O

Lemma 2.5 There exists a positive constant pu, > 0 such that the problem (1.2), has at least
one positive solution for p € (0, ).
Proof Let ¢(z) be the nonnegative solution of (1.4) and set V = u¢(x). Then we have
—div(jyP*VV) = [y]* PV VTV — pfy| f(x) = -yl 1D T < 0,
Hence, V' is a subsolution of (1.2), for all 4 > 0. We want to find a supersolution Wy(x) of
(1.2), with Wy(z) > V in Q. To this end, letting v;(z) be the solution of the problem (2.11),
then by the strong maximum principle, v; > 0 in Q. Setting V = Mwv;(x), we have
—div(|y**VV) — [y[* PV — ply|® f(x)
= Mly|* @Dt — My o PeFD =P — iy f ()
= [yl* (M[y|"? ™" = MP[y|*P "0} — pf(x)).
Choose M = My > 0 satisfying
Mo 2 Mg ma s + Mg max ly*~ £(2)].
So if p < M{*, we have
—div(|y[**V Vo) — [y[*P DTV — plyl® f(2) = 0
where Vo = Mov; (). Notice that ¢(z) and v;(z) satisfy respectively
—div(|ly[**V¢) = [y|* f(z)
and
—div(Jy[**Vor) = [y|*[y|""".

Since ap; — t < 0, there exists a constant ¢ > 0 such that |y|*?*~* > ¢f(z) and then by the
strong maximum principle, we have vy (z) > c¢¢(x). Hence, we may choose po small enough
such that pog(z) < Myvi(x). By the iteration method, we can deduce that problem (1.2), has
a solution v(z) satisfying V' < v(z) < Vg for all u < . Moreover, v > 0 in . In fact, letting
W(z) =v(z) — V(x) £ 0, then

|yy|@(Pet)ype

—div(|y|** VW) = iyl =0,

Wlaq = 0.
Hence, the strong maximum principle implies that v > V(z) > 0 in Q. Now, define
s = sup{po > 0 : the problem (1.2), has at least one solution for each p € (0, o)}

As a result, we complete the proof. O

The following lemma shows that p, is bounded.
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Lemma 2.6 There exists a constant C > 0 such that (1.2),, has no positive solutions if n > C.

Proof Let 11, 1 be mentioned as in Lemma 2.3. Assume that v is a positive solution of
(1.2),, then we have

p / W1 (2)rd = / P (i — o7 .

From p; > 1, we can choose C7; > 0 such that Cy > njv — vPt for all v > 0. Thus,

o [ Wit f@ande < € [ et s < 4o,
Q Q

a(pt+1)—t
since a(pt + 1) —t> —k. So taking C = C1 fo ||yy“a;t(3:)<p1dildz < +00, we obtain that n < C.
Ja

This completes the proof. ]
Lemma 2.7 Problem (1.2), has a positive solution for all p € (0,A) if it has a positive
solution when p = A > 0.

Proof Let v(x) be a positive solution of (1.2), for p = A > 0. Set v = Aw;. Then w, satisfies

|y‘a(pt+1),w;0t

—div(yP Vi) = APTEE L (@), 2 €

w1|aQ:0, wy > 0 in Q.

Hence, for any 0 < p < A, w; is a supersolution of the problem
1 ‘yla(pt+1)|w‘pt_1

Y ylr@), weq

—div(|y[?*Vw) = Pt~
(ly] ) =p Wt (2.12)

wlogg =0, w>0in Q.

On the other hand, the problem (1.4) has a nonnegative solution ¢(x) satisfying
1 |y‘a(pt+1)¢pt

—div(|y[**Ve) = |y|* f(x) < pr* ly[*

dloa =0, ¢ >0 in Q.

+yl“f(z), e,

So we know that ¢(z) is a subsolution of (2.12). By the comparison principle, we have
0<¢p<w; forall xze

Thus, there exists a positive solution w,, of (2.12) for all € (0,A). Then v = pw, is a positive

solution of the problem (1.2), for all x € (0, A). O

Theorem 2.8 There exists a positive constant u* < +oo such that (1.2),, has at least one
positive solution if p € (0, 1*) and (1.2),, has no positive solutions if @ > p*.

Proof Lemma 2.5 implies that there exists a positive constant p, such that the problem (1.2),
has at least one positive solution for p € (0, u.). Let

" =sup{p > 0: (1.2), has a positive solution}.

It follows from Lemmas 2.6 and 2.7 that 0 < p* < 400 and for all p € (0, %), (1.2), has at
least one positive solution. Moreover, the definition of p* implies that (1.2), has no solution

when p > p*. O
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Proposition 2.9 Assume that ¢(x) is the nonnegative solution of (1.4), then the problem
(1.2),, has at least one minimal positive solution v, for u € (0, n*) satisfying

(i) vy > pe(z) for all x € Q,

(ii) vy is increasing with respect to p for all x € Q.
Proof Set v, (z) = pw,(x). Then w, satisfies

+1
iy — e PO 2
1V(|y‘ wu) =p |y‘t + ‘y| f(l'), T e ’

wyloo =0, w, >0in Q.

Setting ® = w,, — ¢, we have

1 ‘yla(Pt'l‘l)th

—div(|y|?*V®) = pr >0, zeq,

lyl*
®lon = 0.

Then by the strong maximum principle, ® = w, — ¢ > 0 in €.

Notice that p¢ is a subsolution of (1.2),, and all nonnegative supersolution of (1.2), must
be larger than or equal to ¢. Hence, we can find a minimal solution of (1.2), by a monotone
iteration starting with peg.

To prove the second statement, we first let py, pus € (0,u*) with u3 < pe and the corre-
sponding minimal solutions of (1.2), are v,, and v,,. Set v,, = prw,, and vy, = pow,,.
Then w,, must be a supersolution and ¢(z) be a subsolution of (2.12) when 4 = p1. By the
monotone iteration again, we have ¢ < w,, < w,,, that is, v,, < v,,. O

Let v, be the minimal positive solution of (1.2), given by Proposition 2.9. Now consider

the following eigenvalue problem

pt|y‘a(pt+1)vﬁt_1

—div(|y[?*V¥) =d U, in

ly[* (2.13)
Uoq = 0.

Then we have

Lemma 2.10 The first eigenvalue
d = inf {/ WPV W e HY(Q, [y de), / prly @D L2 1} (2.14)
Q Q

of (2.13) can be obtained by a function ¥1 >0 if p € (0, u*). Moreover, d > 1.

Proof We can prove that the minimal problem (2.14) can be achieved by a function ¥y if
u € (0, 1) by standard variational argument. So we only need to show that d > 1. Suppose
that p* > @ > p > 0, vz, v, are the minimal positive solution of (1.2);, (1.2), respectively.
Then we have vy > v, > 0 and

= div(|yP**V(va — vu)) = (= p)ly|* f (@)
a(pe t a(pe+1 +
[yl ke ye @t heh

lylt lylt

|y|e(PetD) <

_ 1 _
(Pt )+ Q= Dl 000 = P,
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|y|aPe D) 1
> ‘ |t ptvzt (vﬁ _Uﬂ)a

where 0 < 6 < 1. Note that from (1.4),

/IyI“f(x)\Ihd:v:/ —diV(IyI2“V¢)\If1dx=/ —div(|y[**V¥;)pda
Q Q Q

a pt+1)rl}pt 1
—/dpt|y |y‘t °w 1¢d:1720,
Q

which implies

(vl ) (g — e > [ P e, ywa
; y 1) (v — vy )de A e ot (vp — vy) Wad.
Hence,
a(pi+1)gpi—1 a(pi+1)
alpt‘y| . H (vp —vu)Vde > / Pelyl . vfj' 1(1} v,)Wide,
Q lyl Q lyl
which implies d > 1. d

Lemma 2.11 (1.2),,« possesses a minimal positive solution.

Proof For any p € (0, "), suppose that v, is the minimal positive solution of (1.2),. Since

2a 2 _ ‘y|a(pt+1)vl€t+1 a
ly[?*|Vo,[Pde = N dr o [yl f(@)vude (2.15)
Q Q |Z/| Q

It follows from Lemma 2.10 that

|y|“(pt+1)vﬁt+1 , ,
/ lyl" dwﬂt/ |yl“f<x)vudw=/ Y™ Vo, de
Q2 Q

|y|a(pt+1)vﬁt+1

> Dt dx.

Q lyl*
Thus, we have
|y|a(pt+1)vl€t+1

pr—1 dz
(P ) Q |y‘t

< u/ﬂ ly|* f (x)v,de

a(pp+1)—t pr+1
SM* 5/ ‘|y| retl oy, diL’+C§/ ’|y|pf+1f
Q

Pt+1 >
|y|@(PetD)ypetl
B dr + CyCsp*d, (2.16)

< Ciu*é '
Q |yl

where § is a small positive constant satisfying p; — 1 — Cyp*d > 0 and Cj is a positive constant
only dependent on §. So there exists a positive constant C3 independent of ;1 such that

‘y|0« pi+1) thJrl
/ ly|t o= Cs.

So (2.15) and (2.16) yield
/ ly[** |V, de < C (2.17)
Q

for some positive constant C' independent of p.
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Now, we will prove the existence of the minimal positive solution of (1.2),+. Suppose that
{1;};>1 is an increasing sequence in (0,p*) with lim;_, . p; = p* and the corresponding
sequence of solutions is {v,, };>1 C Hg (2, |y[**dz). From (2.17), we can choose a subsequence
still denoted by {v,,, } such that

— 7, in H}(Q,|y|**dz),

— 9, in LPTH(Q, \y|a(p"+1)7tdaj)

U

U
and
+1
bt =P, in (Lre (9, [y 0P "))

as j — 4oo. Thus, for any @ € C§°(Q),

) |y‘a(pt+1)'l1ﬁt.
0= [1Pevu, e [ e [ ulrwe
Q Q |y Q

275\, = |y‘a(pt+1),l_}pt - * a =
—>/ ly Vsto—/ . P—H /Iy\ f(@)e,
Q Q Y| Q
as j — +oo. Hence, v is a solution of (1.2),-. Note that u¢ is always a subsolution of (1.2),-.
Using the methods of monotone iteration and strong maximum principle, we conclude that

there exists a minimal positive solution v+ of (1.2),«. O

3 Existence of the Second Solution

Let v, be the minimal positive solution of (1.2), for p € (0,p*]. To find the second positive
solution of (1.2),, we study the following problem

w+v bt _ Pt
( 2 B w>0,2e0
[yl |

w =0, x € 0.

—div(|y[2 V) = -

Obviously, we can get another positive solution V,, = w + v, for the problem (1.2), if (3.1),
has a positive solution w. Now we prove that (3.1), has a positive solution for p € (0, u*) by
using a variant of the Mountain Pass Lemma. To this end, set
(w + v, )Pt — wPt — vt
h(z, w) = |y|t-aee+D)

and

pe—1
pLvy,

afz) = |y|t—atpet1)”
The values of h(x,w) for w < 0 are irrelevant and we may define
h(z,w) = a(z)w forw <0,z € Q.

We will prove that

wPt

—div(|y|**Vw) = h(z,w) + w >0,z € Q,

[y[t=aeet)? (3.2),,
w =0, x € 00

possesses a positive solution.

We first give a compact embedding result whose proof is standard and hence omitted.
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Lemma 3.1 The embedding
H(%(Q7 |y‘2adx) — Lq(Q7 ‘yla(pt"l‘l)—tdx)

is compact if 0 < ¢ < p; + 1.
Define the energy functional corresponding to (3.2),, by
TS

1 a
= 2/ |y|? |Vw|2d:c—pt+1 e (w+)p‘+1dx—/H(z,w)dz,

where H(z,w) = [, h(z,s)ds. By Lemma 3.1, this functional is well defined in H (£, |y|**dx)
and J € C'(H}(Q,|y[**dz), R). Hence, if w € H} (S, |y|**dz) is a critical point of J(w), then

/Q 2V 2z / (@) (w™)?dz = (J' (w),w™) = 0,

which combined with Lemma 2.10 implies that w™ = 0 and hence the strong maximum principle
yields that w is a positive solution of (3.1),. Thus in order to obtain a positive solution of (3.1),,
it suffices to find a nonzero critical point of J(w).

Set

* — f )
¢ = Inf, max J(r(¥))

where I' = {y € C([0,1], H3(Q, |y|**dx)),v(0) = 0, J(v(1)) < 0}. It is clear that there exists a
constant to large enough such that J(tyw) < 0 for any w € Hg (8, |y|**dz) and wT # 0. We
claim that ¢, is larger than zero. In fact,

L 2 2 1 a(ps+1)—t/,  +\pe+1
- t H_H d
o (Gwr = e e = ) Jao

1 |y|@PetD)
pet1Jo |yl

J(w)

1
[P vul ~ aaju?)do -
2 Ja

- /Q <H(x, w) — ;a(z)wQ) dz.

By Lemma 2.10,

el = o) = (1= ) [ nPvar = ool 1)
Q Q

for some positive constant 3;. Note that

lim h(zx,w)

w— 00 |y‘ a(ps+1)—tq,pt

(w+)p‘+1d:v

=0, uniformly for x € (3.2)

and B
lim (@, w)

=1
w—0 a(x)w

, uniformly for z € Q. (3.3)

Then for any ¢ > 0, we have
/ <H(:c,w) - 1oz(z)w2)dx < N / oz(x)de:c+ (C:+1) |y\a(pt+1) |w|pt+1d$7
“ 2 2 Ja pet+1l Jo o lyff
which implies
Iy\“(pt“)
P +1 ly[*

Cg |y‘a(pt+1)

(w+)pt+1dx _
2 Ja lyl*

wdx

1
J(w) > 251” wll? —
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C a(pe+1)
_ € |y| . |w|pt+1dz
pet+1lJo |yl
1 5 Ce 9 C.
> — — Pt+1'
R Y e

Setting € = 2%, we have

1
J(w) = Billwlg = Cllwlg .
So we can choose p > 0 small such that

|aB L0 =¢>0

Therefore, ¢, > 0 holds.
The following lemma shows that .J satisfies the Palais-Smale condition (PS), at level ¢

provided that c is in a suitable range.

Lemma 3.2 Suppose that i € (0,p*), cx < (5 — prrl)(Sga,g) 3. Then (3.1),, possesses a

positive solution.

Proof Using the Mountain Pass Lemma without (PS) condition (see [1]), there exists a
sequence of {wy}n>1 C HE(Q, |y[?*dx) with J(w,) — c. in HYH(Q,|y[**dz) and J'(w,) —
0 in (Hé(Q ly|??dz))*. Then we deduce

2a d |y‘a(pt+1) petlg H dr = 4
|y‘ |V’Ll)n| €T — e+ 1 |y‘t n) L= o (win) T = Cy + 0(1) (3 )

2 2 |y|o@e+D) 1
/ ly|“® |V w,,| dx—/ iyt (w)Pet dx—1—/Qh(:r,wn)wndx—1—0(1)Hwn||a. (3.5)

|y|@Pe+D) .
( m+1>/ e s

< /ﬂ (H(x, wp) — ;h(x, wn)wn> dz + o+ o(1)(1+ [wn]l).

Now we shall prove that {w,} is bounded. It follows from (3.2) that for any ¢ > 0, there

So we have

exists a constant C. > 0 such that
(2, wyw| < ely[@PFD=typetl 4 o |y[e@tD)—t

for all z € Q and w > 0. Then we have

/ h(z, wp,)w,dz
Q

a(pe+1)
< |yl

\ wﬁ’;“dw—l—C’s/ |yt gy
o |yl Q

|y|a(pt+1
= 6/ lylt whtdz + C;

and
|y|a(pt+1)

H(x,w,)dz
) o |yl

Q

<e wP Ty 4 C..

Taking e suitably, we can deduce

|y|a(pt+1 n 41
[ s < C o)l
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Combining the above estimates together, we see that {w,} is bounded in H} (€, |y|**dz). Up

to a subsequence, we may assume that as n — +oo,
wy, = w, in HY(Q,|y|**dx),
w, — w, in L3(Q,y[* P~ ),

w, — w, a.e. £,

pt+1

(w+)pt N (er)pt7 in (L Pt (Q’ |y|a(pt+1)7td‘r)>*

n

and
h(z,w,) = h(z,w), in (L”‘“(Q7 |y|“(”t+1)_tdw))*.

Therefore, we know that w solves

div(yPvwy = e w)
1V y w) = |y|t—(l(pt+1) l‘,w .

If w # 0, our result holds true. So now it suffices to prove that w # 0. Suppose that w = 0.
Using (3.2) and (3.3), for any € > 0, there exists a constant C, > 0 such that

|y|a(pt+1)
/ h(z, wy)wpdz| < e . wPt M de + CE/ ofx)w? d
a(pi+1) a(pi+1)
< 5/ Y] t w£t+1dx+cg/ [yl 2 de
EL SEL
and (pe+1) (pe+1)
a(pr+1 a(p:+1
H(z,wy)dz| <e v whtdr + C. v wdz.
Q Q Y Q Y
ly[* ly[*
Then using Lemma 3.1, we see that as n — 400,
/ h(z, wy, )wpdz — 0 (3.6)
Q
and
/ H(z, wy)dz — 0. (3.7)
Q
By extracting a subsequence of {w,}, we may assume that
IR
Q
for some constant [ > 0. Combining (3.5) and (3.6), we deduce
g
a(pt+1)
/ ! g (o= L
Q Y
Hence, by (3.4),
1 1 1 1 P+l
Cx = (2 - )l Z ( - )(SQ(L,t)ptla
pt+1 2 p+1
pt+1
which yields a contradiction to ¢, < (% — pt},’_l)(SQa)t)pt_l. O
Set
¢ = inf {supJ(sw);wz(),w%O}.
weHG (2 y|2edz) L s>0



Ezistence of Multiple Positive Solutions

Then ¢, < ¢*. So, next we will verify that there exists a function w > 0 such that

. < J(sw) (1 1 )(S )Pt‘*’i
c* <supJ(sw) < — at)Pt—l.
- S>I(; 2 pe+1 2t

Set

where V() is given in the introduction. Then V. (x) also achieves Sz, with

a(pt+1) prt1
/N |y|2a‘v‘/€‘2d$ = /N |y| |y\t foJrldCC = (SQ(L t)p‘ 1= Kj.
R R

907

(3.8)

For 6 > 0 and 6 < max,cqv,(x), suppose that A := {z € Q: v, > 0} # (. Choosing p >0
small enough such that B,,(0) C A C Q C Bg(0). Let v.(z) := ¢(x)V.(z), where ¥ € C§°(£2)
is a cut-off function satisfying ¢» = 1 on B,(0) and ¢ = 0 on Q\B,(0). Then we have the

following estimates.
Lemma 3.3 IfN>k+1-— \/(k —2)2 —4) := (3 and ¢ is sufficiently small, then

|y|@Pe D) [y |Pet1

K1(E) = dr = Kl 4 O(eN—k+\/(k,2)2,4)\+l)

Q |yt
and
Ks(e) := / [y Vv Pdx = Ky + O(N RV =220
Q

Moreover,

a(pet1) [ |2 Ce, N >j,
Ky(e) = [ IH Pl x<{ g

0 ly[* Cellne|, N =4
Proof Note that

/ yl“(”f“)valpf“dx_/ Iyla(““)VsI““dx_/ yle DVt
RN RN\ B, (0)

lylt lylt

a(pe+1) |1/ |pe+1
L
O\B,(0) lyl

lyl*

By direct computation, we can obtain

/ ‘y|0« (pe+1) thtJrldCC
RN\ B, (0) :
- / ¢, DV (Ot
RN\B (0)
< C/ |<y‘a(pt+1)7t
>~ pr+1
RNA\B (0) [(1 4 [Cy])% + |Co]?] e

+oo +oo a(pf+1 —t+k—1 N k—1
< C'/ / 41 dsdr
[(1+7)2+ s? b1

+oo a(pt—i-l) —t+k—1 +oo tN—k—l
< C/ d’r/ dt
e () W N o ()

400 1 400 tN—k—l
< C/ dr/ i dt
o pN—kby/(E-22-ar2 g (14 2)m

(3.9)

(3.10)

(3.11)
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_ —92)2__
< CeN ktv/(k—2) Dt
where z = (y, 2) = ¢ = €(¢y, ;). Similarly, we have

/ ‘y|a(pt+1)|va|pt+l¢pt+1dz < CeN—F+y/(k=2)2—ar+1
Q\B, (0) lyl* B
Hence, (3.9) holds.
Observe that V. satisfies
—div(|y|?*VV.) = |y[*PHD—tyPe g e RY, (3.12)

Multiplying (3.12) by %2V, we have

/ 2y POV TV, da = / [yl D=ty Pe L2 g / 202 YV, P
Q Q Q

and then
L|y‘2a|vvs|2dx:/Q‘y|2a|v,l/}‘2v—€2dx+/ﬂ|y|a(pt+1)ft,l/}2‘/€pt+1dx. (313)

Similar to the proof of (3.9), we deduce

t+1 t+1 +1 41

/y|a(p )Lva|p ¢2dx:/ |y|a(p )|tVa|p dx+O(5N_k+\/(k_2)2_4’\+l)
Q |yl Q |yl

d

aln

/ [y VPV Ede = O(N RV 27,
Q

Thus, from (3.13), (3.10) holds.

Now, it remains to prove (3.11). Applying the same argument with (3.9), we have

a(pe+1) 2
/ |y| ) ‘”a| dz < C |y‘a(pt+1)—t
0 |yl B3, (0)

2
dxr

a(pr+1)—t+k—1 N—-k—-1
< (Cg2—2ata(pe+1)—t r t

e too
< dr/
/0 (L) ™V o (1 a2yt

2p

dt

: 1
< C’a/ ) dr
o (1 _|_,r)N—k+\/(k—2) —4)

- Ce, N >0,

| C¢llng|l, N =23,
where B =k + 1 — /(k —2)2 — 4. O
Lemma 3.4 There exists a constant s, such that

sup J(sve) = J(s:v¢). (3.14)
s>0

Moreover, 0 < C < s. < Cy < 400 for some constants Cy and Cy independent of €.
Proof Denote

82 spt+1 B
O(s) := J(sve) = 5 /Q|y\2“|Vvs|2dx—pt+1/Q|y|a(pt+1) tv?“dm—/ﬂH(x,svs)d:p.
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It follows from (3.1) that
d'(s) = s/ |y\2a|Vv€|2dx—sp‘/ |y|a(p‘+1)7tv§‘+1dx—/ h(zx, sve)vedx
Q Q Q

—s /Q (9P Vol — a(z)e?)da

B / [(5ve + v,)P* — vbt — probr~svc]oe
Q

|y|t—a(Pt+1) *
2 Dt 0Pt +1
) (6502 + CssPropett)
Z ,618”’05”,1 - ‘/Q |y|t*a(pt+1) dx
,Ugﬁ-l

> Buslell2 = dsClleel = Cos [ o

for any § > 0. Take § be small enough such that 0 < § < 2[3& Then from Lemma 3.3, we have

_ B

P'(s) > ) sK; — CssP* Ky +o(e) >0

for s > 0 and € > 0 small.
On the other hand,

P'(s) = S/ ly|2*| Vv, |2dx — spt/ |y|a(1’t+1)—tv§t+1dx
Q Q

B / [(sve + v )Pt — vbt — sPtolt]o,
Q

|y|t—‘1(Pt+1) v

S N N R
Q Q

— —00, as s — +o0.

Thus ®'(s) < 0 for s large enough. Since ®(0) = 0, there exists a constant s. > 0 such that
®’(s.) =0 and s, > 0 satisfies (3.14).

Now we shall prove that there exist some positive constants C; < Cy such that C; < s, < Cs
for all € > 0.

In fact, since ®'(s.) = 0 and s, > 0, we have

[ luPeivepe - szt [ yeon-tsias
Q Q

1 [ [(8c0e 4 vp)Pr — vbr — sProPt o,
Se JQ ‘ylt_a(pt-i-l)

dx = 0. (3.15)
Since (sve + vy,)P* — vht — sPtut > 0 for all x € Q, we obtain

[ lwPervepde = et [ e tas,
Q Q
It follows from (3.9) and (3.10) that
gPi—1 < fQ |y|2a‘vvs‘2dx
ety
K, _|_O(5N7k+\/(k72)274)\)
- K1+O(5N7k+\/(k72)274)\+1)
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<1+ O(gN—k+\/(k—2)2—4>\)
<1+ o(e)

for all N > (.
On the other hand, using (3.2) and (3.3), there exists a constant Cs > 0 such that

h(z,w) < 8y w4 Cafy Dt

for any 6 > 0. Then from (3.15), we find
[ luPeivepde - szt [ o=ttt
Q Q

1
< / (6‘y|a(pt+1)_tsgtvgtdx+Cé|y|a(pt+1)_tsgv€)vgdx
Se Ja

Sésﬂsﬂt—l/ |y‘a(pt+1)_t’l)£t+ld.’17+05/ |y|a(pt+1)_t’l)gd$
Q Q

< 0(1+o0(e)) (K1 +o(e)) + O(e] Inel)
< 0K; + O(e|lngl).
Thus,

QaVEQd K 1
a5 Jalyl* Ve dr 0K +0CImel) 5y o/ me]).

T fo lylaer =t g [ fylaer)—ty g

Taking § = 1/2, we conclude the existence of positive constants C; < Co independent of e such

that Cq < s, < Cy for all € > 0 small. O
In order to prove our main results, we introduce the following result.

Lemma 3.5 ([14, Lemma 3.5]) Ifp > 1, then there exist a small constant € and a large B > 0
independent of x such that

(w+ )P —of —wP >w®  forallw> B,r € A (3.16)

Since
(w + )P —vh —wP >0 (3.17)

for any w > 0 and z € Q,p > 1. Then applying (3.16) and (3.17), we have for any z € A,
g(z,w) = (w +v,)P — vl —wP > B (w) >0,

where xs(s) denotes a characteristic function of I = (B, +00). Thus,

Gz,w) = /Ow g(z,8)ds > o >0 (3.18)

for some constant By > 0 if w > By > B and = € A.

Now we come to prove our main result.

Proof of Theorem 1.2 It follows from Lemma 3.2 that, to prove Theorem 1.2, we only need
to show that (3.8) holds. Using Lemmas 3.3 and 3.4, we find

2 pr+1
sup J(sve) = Se / ly[2| Ve |*dz — S / |y|a(p‘+1)7tv§‘+1dx—/ H(x,s.ve)dx
s>0 2 Ja pe+1 Jg Q

2
_ 525 (K1 + O(€N7k+\/(k72)274)\))
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3 Sigt+1

pr+1

52 Spt-i-l )

o Ki+0 EN_k"’\/(k_z) 4 —/H T, SV )dx
B (2 Pt+1) ' ( ) Q (=, scve)

1 1 2
< _ K 19) N—k+\/(/€—2) —4X _/H V- dx.
_<2 pt+1> 1+ 0l ) Q (7, 3¢ve )da

(K, +O(5N7k+\/(k72)274)\+1)) —/H(x,sgve)dx
Q

So if we can prove
i Jo H(x, scve)

:+OO,
e—0F N—kt/(k—2)2—4A

we have done. In fact, setting g(w,w) = (w+wv,)Pt —ovht —wPt, then H (v, w) = |y|e et D=t Gz,

w), where G(z,w) = [;" g(x, s)ds. So we have

[ HGscods = [ e Gla,so)ds
Q Q

— / |y|a(17t+1)—tc__'v($7 86527]\;72(1 wv(l‘))dm
B2p(0) €

= / (0) ¢, 4PV G (¢, Che” 2 V()N dC
Bp (0

2a 1

> / ecy“@t*”fe(ec,ae”@‘ )sNdc,
B (0) (L4 [Gy1)2 + ¢ [2] 7o

where z = e(, and ¢ = ({y, ().

Set
—2a 1

:{4635(0):015“3 ) >Bl}.
(14 ICyD? + ¢ [Pt

Note that [¢| < Ce* "= jf ¢ € F.
So from (3.18), we deduce

/H(m,sgvs)daczBoaa(p‘+1)_t+N/ |Cy\a(p‘+1)_tdc
Q F
(F=N=2a) (1)

Ce
> CEN—k+\/(k—2)2—4)\+1/ ro(Pe+)—t+N-1 4.
0

N—k++y/(k—2)2 —4x+1
= 2

As a result,

H(x, SEUE) C N7k+\/(k;2)274x+1
Q : €

> lim = +o00,
e—0+ €N7k+\/(k72)274)\ e—0t  _N—k+v/(k—2)2—4A

e

since N — k + /(k —2)2 — 4\ > 1.

Therefore, we complete the proof.
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