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Abstract In this paper, by using p-distances on uniform spaces, we establish a general vectorial
Ekeland variational principle (in short EVP), where the objective function is defined on a uniform
space and taking values in a pre-ordered real linear space and the perturbation involves a p-distance
and a monotone function of the objective function. Since p-distances are very extensive, such a form
of the perturbation in deed contains many different forms of perturbations appeared in the previous
versions of EVP. Besides, we only require the objective function has a very weak property, as a substitute
for lower semi-continuity, and only require the domain space (which is a uniform space) has a very weak
type of completeness, i.e., completeness with respect to a certain p-distance. Such very weak type of
completeness even includes local completeness when the uniform space is a locally convex topological
vector space. From the general vectorial EVP, we deduce a general vectorial Caristi’s fixed point
theorem and a general vectorial Takahashi’s nonconvex minimization theorem. Moreover, we show
that the above three theorems are equivalent to each other. We see that the above general vectorial
EVP includes many particular versions of EVP, which extend and complement the related known
results.
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1 Introduction

Since Ekeland (see [13]) obtained a nonconvex minimization theorem for a lower semi-continuous
function on a complete metric space in 1972, it has received a great deal of attention and has
been applied to numerous problems in various fields of nonlinear analysis; see, e.g. [3, 7, 14,
15, 19, 48]. Tt is well known that Ekeland’s variational principle (in short EVP) is equivalent
to Caristi’s fixed point theorem [6], to Takahashi’s nonconvex minimization theorem [48, 49],
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to the drop theorem [11, 12] and to the petal theorem [38]. A number of generalizations
in various different directions of these results have been investigated by several authors; see,
e.g. [2-5, 7-10, 16-23, 25-28, 32-38, 41-53] and references therein. In particular, Kada et
al. [28] introduced the notion of w-distances on metric spaces and improved EVP, Caristi’s
fixed point theorem and Takahashi’s nonconvex minimization theorem. Moreover, Lin and
Du [32] introduced the notion of 7-functions, which generalizes the notion of w-distances, and
established a more general version of EVP, where the perturbation involves a 7-function and
a nondecreasing function of the objective function value. Inspired by the above results, we
introduced [46] the notions of p-distances and g-distances on uniform spaces and obtained a
generalized EVP in uniform spaces, which not only extends the above mentioned versions of
EVP but also includes almost all known extensions of EVP in uniform spaces and in topological
vector spaces (for example, the results in [16, 21, 26, 35, 42-44]). All the above generalizations
of EVP are concerned with scalar-valued functions. Recently, generalizing EVP to vector-valued
functions (which is called a vectorial EVP) has aroused one’s interest; see, e.g. [2,4,7,9, 17, 19,
20, 22, 23, 25, 27, 36, 45, 50] and the references therein. In this paper, by using p-distances (or
g-distances) on uniform spaces, we shall establish a general vectorial EVP, where the objective
function is defined on a uniform space and taking values in a pre-ordered real linear space and
the perturbation involves a p-distance (or a g-distance) and a nondecreasing function of the
objective function. Since p-distances (or g-distances) are very extensive (see [46]), such a form of
the perturbation indeed contains many different forms of perturbations appeared in the previous
versions of EVP. Besides, we only require the objective function has a very weak property, as
a substitute for lower semi-continuity, and only require the domain space (which is a uniform
space) has a very weak type of completeness (i.e., completeness with respect to a p-distance or a
g-distance). For example, when the uniform space is a locally convex space, the very weak type
of completeness includes local completeness. As we know, local completeness is strictly weaker
than sequential completeness and it seems to be the weakest type of completeness in the extent
of locally convex spaces (for details, see [39, 40]). From the general vectorial EVP, we deduce
a general vectorial Caristi’s fixed point theorem and a general vectorial Takahashi’s nonconvex
minimization theorem. Moreover, we show that the above three theorems are equivalent to
each other. We shall see that our general vectorial EVP includes many particular versions of
EVP, which extend and complement the related known results. And it has many applications
in vector optimization. Since a scalar-valued function can be regarded as a particular type of
vector-valued function, our vectorial EVP is also an extension of the corresponding scalar-valued
version of EVP in [46].

2 Convex Cones in a Real Linear Space and Gerstewitz’s Function

A useful approach for solving a vector problem is to reduce it to a scalar problem. Gerstewitz’s
function is often used as the basis of the scalarization. In the framework of topological vector
spaces, Gerstewitz’s function generated by a closed convex (solid) cone and its properties have
been investigated thoroughly, for example, see [7, 19, 20, 31] and the references therein. In
order to obtain a more general version of vectorial Ekeland’s variational principle, we need to
consider Gerstewitz’s function generated by a general convex cone in a real linear space and

re-examine its properties in the more general setting. The main ideas of the section originate
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from [7, 19, 20, 22, 23, 31] and the results exhibited here also have their independent interest.
In the following, we always assume that Y is a real linear space. Let A C Y be nonempty.

The vector closure of A is defined as follows (refer to [1]):
vel(A)={yeY :JveY, I\, >0,\, — 0such that y + \,v € A,Vn € N}.
Moreover, for any given vy € Y, we define the vp-vector closure of A as follows:
vely, (A) ={y € Y : 3\, >0, A, — 0 such that y + A\,vg € A,Vn € N}.

Obviously,

A C vely, (A) © | vely(4) = vel(A).

vEY

All the above inclusions are proper. Moreover, if Y is a topological vector space and cl(A)
denotes the closure of A, then vcl(A) C cl(A4) and the inclusion is also proper. A nonempty set
K C Y is called a convex cone if K + K C K and A\K C K for any A > 0. We shall see that
there exists a convex cone K containing the zero element 0 in Y and ko, k1 € K\ — K such that
K # velg, (K) and velg, (K) # vel(K).
Example 2.1 Let Y = R3 and let

K ={(&,6,8) €R®: £ > 0,8 > 0,6 > 0} U{(0,&,0) € R? : & > 0}

Obviously, K is a convex cone containing 0. Let ky = (0,1,0) and k; = (0,1,1). Then
ko, k1 € K\ — K. Put y = (1,1,0). Then y ¢ K. For any sequence (\,) with A, > 0 and
An — 0, we have

y + )‘nkl = (17 1a O) + (Oa )\n; ATL) = (13 1 + ATL? An) e K7
and
y+ ko =(1,1,0) 4+ (0, A, 0) = (1,1 4+ A,,,0) € K.
Thus, we conclude that
y € velg, (K) C vel(K) and  y ¢ vely, (K).
Hence
K C (#)vely, (K) and  velg, (K) C (#)vel(K).

A subset A of Y is called vectorially closed if A = vel(A); and called vg-vectorially closed
(briefly, vo-closed) if A = vcly,(A). In general, a set A C Y need not be vp-closed; and a
vp-closed set need not be vectorially closed. We shall see that there exists a convex cone K
containing 0 and ko, k1 € K\ — K such that K is kg-closed but it is not kj-closed and hence it
is not vectorially closed.

Example 2.2 Let Y = R? and let

K = {(£I7§2a§3) €R3 : §1 Z 0a§2 2 07§3 > O}U{(07§270) . 52 2 0}

Then K is a convex cone containing 0. Let kg = (0,1,0) and k& = (0,0,1). Then ko, k1 €
K\ — K. Let y = (&1,&2,&3) € vel, (K). Then there exists a sequence (A,,) with A\, > 0 and
An — 0 such that

Y+ ko € K, e, (£1,€2,83) 4+ (0,An,0) = (1,82 + My €3) € K.
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From this,
20,6 +X0>0,8>0 or & =0,&+XN,>0,&=0.

This implies that
§120)§2207€3>0 or 51:07§220a§3:0-

Clearly, y = (£1,&2,&3) € K. Thus, K = vel, (K) and K is kg-closed. However, we shall see
that K is not ki-closed. In fact, put y = (1,1,0). Then y ¢ K. For any given sequence (\,)
with A, > 0 and A\, — 0,

y+ Ak = (1,1,0) + (0,0, A\,) = (1,1, \p) € K
Thus, y € velg, (K) C vel(K). From this, we know that K is not kj-closed. Certainly, it is not
vectorially closed.

As shown in Example 2.1, in general vcly, (K) C vel(K) and velg, (K) # vel(K). However,
if ko € cor(K), where cor(K) denotes the algebraic interior of K (see [24, p.7]), then we have
the following.

Proposition 2.3 Let K be a convexr cone and ko € cor(K). Then vcl, (K) = vcl(K).

Proof  Obviously, velg, (K) C vel(K). We only need to prove that vel(K) C velg, (K). Let
y € vcl(K). Then there exist v € Y and a sequence (Ay,) with A, > 0 and A,, — 0 such that

Y+ Ao € K. (2.1)

Since kg € cor(K), there exists o > 0 such that kg — av € K. Put ¥’ = kg — av. Then £’ € K.
From this,

ko — K

v="" o (2.2)

Combining (2.1) and (2.2), we have
ko — K
T € K.
a
Thus,
Y+ A"ko € A"k/ + K C K, where An — 0.
a « a

Hence, y € velg, (K) and vel(K) C velg, (K). O

Proposition 2.4 Let K CY be a convex cone and ko € K\ — K. Then
(i) velg, (K) is a convex cone containing K U {0}, but not containing —ko;

(i) for any sequence (e,) with €, > 0 and ¢, — 0,

velg, (K) = n —¢ekp) = ﬂ — enko);
e>0 n=1

(i) vely, (vely, (K)) = velg, (K).

Proof (i) Obviously, K C vclg, (K). For any sequence (A,) with A,, > 0and A,, — 0, 0+\, ko =
Anko € K. Thus 0 € vcly, (K) and hence K U {0} C vely, (K). Let y,y" € velg, (K). Then there
exist sequences (\,,) and (A,) with A\, > 0, A}, >0, A\, — 0and X\, — 0 such that y+ A\, ko € K
and y'+ A ko € K. Thus, y+y' + (M +X,)ko € K+ K C K, where A,,+ X}, > 0and \,+\,, — 0.
Hence y + ¢ € velg, (K). Also, for any A > 0, Ay + A\, ko € AK C K, where A\, > 0 and
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A, — 0. Thus, Ay € vclg, (K). Hence vcly, (K) is a convex cone. Assume that —kg € vcly, (K).
Then there exists (\,) with A, > 0 and A, — 0 such that (=1 + \,)ko = —ko + ko € K.
Obviously, there exists no € N such that A,, < 1. Thus —1 4+ A,, < 0, which leads to that
ko € —K, contradicting the assumption that kg € K\ — K.

(ii) First we remark that, for any A > XA > 0, K — Akg C K — XNkg. Let y € vcly, (K). Then
there exists (\,,) with A, > 0 and A, — 0 such that y + A\, ko € K. For any given € > 0, there
exists ng € N such that \,, < e. Thus, y + M\, ko € K implies that y € K — A\, ko C K — €ko.
This shows that y € (o o(K — ko). Also, (.oo(K —e€ko) C (o, (K —enko) is obvious. Hence

we have
o0

velg, (K) C ﬂ(K —¢eko) C ﬂ (K — enko).

e>0 n=1
On the other hand, for any y € N2, (K — €,ko), we have y + e kg € K, where €, > 0 and

€, — 0. Hence, y € vclg, (K) and we have

ﬂ — enko) C vely, (K).

n=1
(iii) By (i), we know that vcly, (K) is a convex cone containing K U {0} and ko € velg, (K)\
—vclg, (K). We only need to prove that velg, (velg, (K)) C velg, (K). In fact, by (ii), we have
velg, (velg, (K)) = (1) (vely, (K) — €'ko)

€’>0

N ( (K — eko) — e’ko)

e’>0 “e>0

ﬂﬂ (€ + € )ko)

e’>0€e>0
() (K = €"ko)
€’’>0

= VClko (K) [l

Proposition 2.5 Let K C Y be a conver cone and kg € K\ — K. Put vintg, (K) = K +
(0,00)ko. Then we have the following:

(i) vintg, (K) is a convex cone contained in K;

(ii) vintg, (vintg, (K)) = vintg, (K);

(i) velg, (vintg, (K)) = velg, (K);

(iv) if ko € cor(K), then vinty, (K) = cor(K).
Proof Tt is easy to see that (i) and (ii) hold.

(iii) Obviously, vely, (vintg, (K)) C velg, (K). So we only need to show that velg, (vintg, (X))
D velg, (K). In fact,

velg, (vintg, (K)) = () [(K + (0,00)ko) — €ko]

€
D) ﬂ (K+2]€0—6k0>

>0

N (K— ;/m) = velg, (K).

e>0
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(iv) Let ky € cor(K). Then there exists o« > 0 such that k; — aky € K. Thus, k; €
aky+ K C (0,00)kg + K = vintg, (K). Hence cor(K) C vintg, (K).

Conversely, let k; € vinty, (K) = (0,00)ko + K. Then there exist &’ € K and « > 0 such
that k1 = akg + k’. Since kg € cor(K), for any v € Y, there exists € > 0 such that

ko + ¢ v € K.
o
Thus,
k1+ev:ak0+k’+ev:k'+a<ko+ Ev) €eK+aKCK.
o
This means that k; € cor(K) and vintg, (K) C cor(K). O

Let K C Y be a convex cone containing 0 and kg € K\ — K. Here, we need not assume
that cor(K) # 0. Let y € Y and t € R be such that y € tkg — K. Then for any ¢ > t, we have

(VS t’k;o _ (t/ —t)kio _KcC t/ko K
Thus, we may define a function &, : Y — R U {£o00} as follows
Ero(y) = inf{t e R:y € thy — K}.

Such a function &, is called Gerstewitz’s function generated by K and ky. When Y is a
topological vector space and K is a closed convex (solid) cone, the function £, and its properties
have been studied in [7, 19, 20, 31] and the references therein. Now, in the setting of real linear

spaces, we investigate properties of the function &, .
Lemma 2.6 There exists u € Y such that &, (u) = —oo if and only if ko € —vcl(K).
Proof Assume that there exists u € Y such that &, (u) = —oo. Then for any n € N,
u € —nko — K. Thus, —ko —u/n € K for all n. Hence kg € —vcl(K).

Conversely, assume that kg € —vcl(K), i.e., —ko € vcl(K). Then there exist v € Y and a
sequence (A,) with A,, > 0 and A\, — 0 such that —kg + A,v € K. Since —ko € K, we have
An > 0 for every n. Thus,

1 1
—ve—)\nko—K, where — A, — —00.

Put u = —v. Then &, (u) = —o0. O

Remark 2.7 From Lemma 2.6, we know that if ky € K\ — vel(K), then &, (y) > —oo for
every y € Y. If we only assume that kg € K\ — K, then it may occur that &, (y) = —oo for
some y € Y.

The following lemma says that £y, is sub-additive and positively homogeneous. Its proof is
routine and omitted.
Lemma 2.8 (i) For anyy1,y2 € Y, &y (y1 +y2) < ko (Y1) + &k, (y2) except that the right side
becomes oo — co.

(ii) For anyy €Y and oo > 0, &k, (o) = o, (y)-
Lemma 2.9 (Compare it with [7, Proposition 1.43]) Lety € Y and r € R. Then we have

(i) &k (y) <7 < y € rko — vinty, (K).

(i) €ko(y) <7 & y € rho — vely, (K).

(iil) &k (y) =71 & y € rko — (velg, (K)\vinty, (K)).
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(iv) &k (y) > 17 < y & rko — vinty, (K).
(V) & (y) >7r & y & rky — velg, (K).
Here, vinty, (K) = (0,00)ko + K and vely, (K) = ()50 (K — €ko).

Proof (i) Let —oo < &, (y) < r. Then there exists € > 0 such that &, (y) + € < r. From this,

y € (Ero(y) + ko — K
=rko — (r — &y (y) — €)ko — K
C rko — (0,00)ko — K
= rko — vintg, (K).

Let &k, (y) = —oo. Then for any A > 0,
(TS Ak — K =rko — ()\"i‘?")k‘o—K.
Take A > 0 such that A\ 4+ 7 > 0. Then

y€rko— (AN+r)ko— K
C rkg — (0, OO)k‘o - K
= rko — vintg, (K).

Conversely, let y € rko — vintg, (K) = rko — ((0,00)ko + K). Then there exists ¢ € (0,00) such
that y € rkg — dko — K = (r — §)ko — K. From this, we conclude that &, (y) <r—4d <r.

(ii) Let &k, (y) < r. Take a sequence (e,) such that ¢ > €3 > --- > 0 and €, — 0. Then
y € (r+e€p)ko— K. From this, rkg —y+e€,ko € K for all n. This means that rkg—y € vely, (K)
and y — rko € —vcly, (K). That is, y € rko — vcly, (K).

Conversely, let y € rkg — vclg, (K). Then there exists a sequence (e,) with €, > 0 and
€, — 0 such that rkg — y + e, ko € K, ie., y € (r + €,)ko — K. From this, &, (y) < r + €, for
every n. Letting n — oo, we have &, (y) < 7.

(iii) It follows from (i) and (ii).

Obviously, (i) is equivalent to (iv); (ii) is equivalent to (v). O

Lemma 2.10 Foranyy €Y and any A € R, &, (y + ko) = &k, (v) + A
Proof We show the result according to the following three different cases.

Case 1 Let &, (y) = co. Theny & (—o0,00)ko— K. Thus, y+ kg & (—00,00)ko+Ako — K =
(—00, 0)ko — K. This means that &, (y + Ako) = oo and hence &, (y + Ako) = &k, (y) + A holds.

Case 2 Let &, (y) = —oo. Then
y € rkg — K for every r € R. (2.3)

Assume that &, (y + Akg) > —oo. Then there exists t € R such that y + kg & tho — K, i.e.,
y & (t — A)ko — K, which contradicts (2.3). Thus, &, (y+ Ako) = —oo and hence &, (y+ Mkg) =
ko (y) + A holds too.

Case 3 Let &, (y) satisfy —oo < &, (y) < co. For any € > 0, y € (&, (y) + €)ko — K. Thus,
y+ Ao € (& (y) + A+ €)ko — K. Hence

Eko (Y + Mko) < &ko(y) + X+ € and &gy (y + Mko) < &k (y) + A (2.4)
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On the other hand, by the assumption that —oco < &, (y) < oo, we can conclude that —oo <
ko (y + Ako) < 0o. Thus, for any € > 0, y + Mo € (g, (y + Ako) + €)ko — K. From this,
Y € (€ (y + Ako) — A+ €)ko — K. Hence

ko (Y) < &ky(y+Ako) — A +€ and &, (y) + A < &, (y + Mko).
That is,

Combining (2.4) and (2.5), we have &, (y + ko) = &k, (v) + A O

According to the cases that &, takes —oo, co and finite real-values, we can easily verify the

monotony of the function &g, .

Lemma 2.11 Ify; —y2 € — K, then &y (y1) < &ko (Y2)-

3 P-distances and Q-distances in Uniform Spaces

In this section, we always assume that (X,U) is a separated uniform space and the uniformity
U defines the topology on X (see [29, 30]). The following p-distances and g-distances are
generalizations of w-distances (see [28]) and 7-functions (see [32]).

Definition 3.1 ([46, Definition 2.3]) Let X be a separated uniform space. An extended real-
valued function p: X x X — [0, +00] is called a p-distance on X if the following conditions are
satisfied:

(p1) for any z,y,2 € X, p(x,2) < p(z,y) + p(y, 2);

(p2) every sequence {y,} C X with p(yn,ym) — 0 (m >n — o0) is a Cauchy sequence and
in the case p(yn,y) — 0 is equivalent to y, — y in X;

(p3) for x,y,z € X,p(z,2) =0 and p(z,y) =0 imply = = y.

If the condition (p2) is replaced by the following weaker condition:

(q2) every sequence {yn,} C X with p(yn,Ym) — 0 (m >n — o) is a Cauchy sequence and
in the case p(yn,y) — 0 implies that y,, — y in X,
then p is called a q-distance on X.

Here, p(yn,ym) — 0 (m >n — oo) means that for any € > 0, there exists ng € N such that
P(Yns Ym) < € for all m >mn > ny.

In the following, for brevity, we always denote “with respect to” by “w.r.t.”.

Definition 3.2 ([46, Definition 3.1]) A uniform space (X,U) is said to be sequentially complete
w.r.t. a p-distance (resp. a g-distance) p, if for any sequence {x,} in X with p(Tn, Tm) — 0
(m >n — 00), there exists T € X such that ,, — T in X (resp. p(xn,T) — 0). A nonempty
subset S of X is said to be sequentially closed w.r.t. a p-distance (resp. a g-distance) p if for
any sequence {x,} C S and T € X satisfying p(zy,Tm) — 0 (M >n — o0) and x, — T (resp.
p(zn,T) — 0) in X, we have T € S.

Let Y be a real linear space and K C Y be a convex cone containing 0 (in general, we
always assume that K # {0} and K #Y"). The convex cone K can specify a pre-order ¢ <y ”
as follows:

for any y1,y2 € Y, define y; <g yo if and only if yo — y; € K.
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We extend Y by an additional element co such that y <y oo, y + co = oo and toco = oo for
any y € Y and any ¢ > 0. Denote Y U{oo} by Y*. A function f : X — Y is said to be proper
ifdomf:={z e X: f(x)eY}#0.

Definition 3.3 A proper function f : X — Y® is said to be sequentially lower K-monotone
(if no confusion, “K” can be omitted) if for a sequence {x,} C X satisfying x, — T in X and
f(@ns1) <k f(zn) for each n € N, we have f(z) <g f(x,) for every n € N (see [20, 22, 36];
in [20] it is said that f satisfies the condition (H4)). A proper function f : X — Y* is said
to be sequentially lower K-monotone w.r.t. a p-distance (resp. a q-distance) p if for a sequence
{z,} C X satisfying p(xn,xm) — 0 (m >n — o0), z, — T in X (resp. p(x,,Z) — 0) and
f(zny1) <k f(zn), we have f(T) <k f(x,) for every n € N.

Definition 3.4 ([46, Definition 3.3]) Let (X,U) be a uniform space, p be a p-distance (resp.
a g-distance) on X and f : X — Y*® be a proper function. (X,U) is said to be sequentially
complete w.r.t. (p,f |) if for a sequence {x,} in X satisfying p(x,,z,m) — 0 (M > n — 00)
and f(xnt+1) <k f(zn) for each n € N, there exists T € X such that x, — T in X (resp.
p(xn, T) — 0). A nonempty subset S of X is said to be sequentially closed w.r.t. (p, f |) if for a
sequence {x,} C S satisfying p(zpn, Tm) — 0 (M >n — 00), 2, — T in X (resp. p(xy,T) — 0)
and f(xnt+1) <k f(zn), we have T € S.

Obviously, we have the following implications:

sequential completeness = sequential completeness w.r.t. p

= sequential completeness w.r.t. (p, f |),

where p is a p-distance or a g-distance on X and f is any proper function. However, none of
the converses is true (see [46]). For sequential closedness, sequential closedness w.r.t. p and
sequential closedness w.r.t. (p,f |), we also have similar implications. We shall establish a

general vectorial EVP under the weakest type of completeness assumption.

4 A General Vectorial Ekeland’s Variational Principle and its Equivalents

In this section, we give a general vectorial Ekeland’s variational principle, Caristi’s fixed point
theorem and Takahashi’s nonconvex minimization theorem. Moreover, we show that the three
theorems are equivalent to each other. For the definiteness, we only consider the case that the
perturbation contains a p-distance and exhibit a number of results; the correspondent versions
on a g-distance can be deduced similarly.

Theorem 4.1 (Vectorial Ekeland’s variational principle) Let (X,U) be a separated uniform
space and p be a p-distance on X. Let Y be a real linear space pre-ordered by a convex cone K
containing 0 and kg € K\ — K. Let ¢ : (Y,<g) — (0,+00) be a nondecreasing function (i.e.,
y1 <k y2 = o(y1) < o(y2)) and let p(oo) :=sup{p(y) :y € Y}. Let f: X — Y* be a proper
function such that for any x € X, the set
!
S(a) = {o' € X5 1) 4 PO b < flo) )

is sequentially closed w.r.t. (p,f |) and (X,U) is sequentially complete w.r.t. (p,f |). Let
xo € X,yg €Y and € > 0 such that

f(zo0) € yo + (=00, +o0)ko — K, (4.1)
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and
F(X)N (yo — €kg — K) = 0. (4.2)

Then either

f(:v) + 55}1.;&;:3) ko £k f(l‘o), Vx € X\{xo},

or there exists T € X such that
(i) F(2) + Ze5my ko <xc f(wo);
(i) F(a)+ P58 ko 2 f(2), Vo € X\{a}.

Proof For any u € domf and v € S(u), clearly,

f) <k f(u). (4.3)

Moreover, we claim that

S(v) € S(u). (4.4)

In fact, for any z € S(v), we have

p(u, ) p(u,v) + p(v, )
O o pu = IO+ py o
p(u,v) p(v,z)
SO o pw™ T o ™
p(u,v)
Sx fl)+ @ o f(u) o
<Kk f(u).

That is, z € S(u) and (4.4) holds.

Now we begin to prove the conclusion. Assume that the statement that
p(x()a {E)
k Ve e X
flx) + o Flag) 0 Zx f(xzo), Vo e X\{zo}
does not hold. That is, there exists z’ € X\{zo} such that
p(x(hx/)
f@) +
@* oo fan)
Then S(zo) D S(xo)\{zo} # 0. For any z € X, define g(z) := &, (f(z) — yo). By (4.2),
f(z) —yo & —€ko — K, Vz € X. By Lemma 2.9 (iv), g(z) = &, (f(x) —yo) > —€,50 g : X —
(—00, +00] is bounded from below. For any x € S(zo),

ko <k f(zo).

@)=+ P07 ko <ic 1o = o

By Lemmas 2.10 and 2.11, we have

p(l'(),x) p(l’o,x)
= — ko | < — = .
gty + P g, (1) =+ P o) < 67 Go0) = o) = o)
Here, by (4.1), we know that g(zg) < +o0o. Thus, g is bounded from below and takes finite
real-value on S(zg). Choose 21 € S(x) such that

1
< inf ,
g(x1) Sl(go)g+2
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where infg(,,) g denotes inf{g(x) : x € S(xo)}. If z1 satisfies

p(.f(:hl‘)
f(x) + <p0f(1:1)k0 £x f(z1), Yo e X\{z1},

then we may take Z := x1 and the conclusion holds. If not, then S(z1) D S(z1)\{z1} # 0. As
above, choose x5 € S(z1) such that

1
< inf .
g(z2) EANGLS

We may repeat the above process. If for some step n, we have

p(Tn, )
fz)+ <p0f(xn)k0 Lr f(xn), Voe X\{z,}. (4.5)

By (4.4), we have z, € S(z,—1) C -+ C S(xg). Combining this with (4.5), we know that
T := x, satisfies (i) and (ii), so the conclusion holds. If not, we obtain a sequence {z,} in X
such that x,+1 € S(x,) and

. 1
g(Tnt1) < Sl(r;i)g+ o417 forn=0,1,2,.... (4.6)
Since x,+1 € S(x,), by (4.3) and (4.4), we have

f(@ns1) <k f(2n), (4.7)

and

S(xnt1) C S(xn). (4.8)
By (4.7) and Lemma 2.11, we have

9(@nt1) = ko (f(Tn+1) = ¥0) < &ko (f (n) — v0) = g(@n).

Thus, {g(2,)}nen is a nonincreasing sequence, bounded from below. Hence there exists o € R
such that

lim g(z,) = a. (4.9)
n—oo
Clearly,
g(xm) > a, VmeN. (4.10)

When m > n, &, € S(xm-1) C S(zn), Le.,

p(xTM xm)

flem) + oo Flan) ko <k f(xn). (4.11)
Hence
) = o+ 20 Pk <o f(o) =
and so
olam) + T < (o),

From this and using (4.10) and (4.9), we have

P(Tn, Tm) < @o f(wn)(9(Tn) — g(m))
<o f(xo)(g(zn) —a) =0, m>n— oo. (4.12)
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Since (X,U) is sequentially complete w.r.t. (p, f|), by (4.7) and (4.12), we know that there
exists £ € X such that
T, — T inX. (4.13)

By the assumption, S(x,) is sequentially closed w.r.t. (p,f |) for any n. Remarking that
{Zm}m>n C S(z,) and combining (4.7), (4.12) and (4.13), we have

z € S(zy). (4.14)

Particularly, € S(zo), i.e., T satisfies (i). We assert that Z also satisfies (ii), i.e.,

flx)+ 5?}8) ko £x f(2), Vo€ X\{z).
If not, there exists ' € X, 2’ # T such that
p(z,z")
o f(z)
Combining (4.15) and (4.14), we have

f@)+ ko <k f(z), ie., 2’ €S(z). (4.15)

2’ € S(x,) for every n. (4.16)
That is,
iy M) o < Sl

From this, we have

p(xn, 2")

@) —yo+ oo f(xn)ko <k f(zn) — Yo,

and so

a4 P < ). (@.17)

By (4.6), (4.16) and (4.17), we have

p(an,2') < o flzn)(g(zn) — g(a"))
< @0 f(xo) (9(xa) = inf g)

S(mn—l)
1
<o flzn)- gy =0, n—oo.
By (p2) in Definition 3.1,
r, — 2 in X. (4.18)

Comparing (4.18) with (4.13), we have T = 2, which contradicts the assumption that =’ # z. O

Remark 4.2 In Theorem 4.1, if the condition that for any x € X, S(x) is sequentially closed
w.r.t. (p, f |) is replaced by a stronger condition that S(x) is sequentially closed (or sequentially
closed w.r.t. p) or/and the condition that (X,U) is sequentially complete w.r.t. (p, f |) is
replaced by a stronger condition that (X, i) is sequentially complete (or sequentially complete
w.r.t. p), then the result certainly holds. Obviously, Theorem 4.1 generalizes [2, Theorem 3.2],
[20, Corollary 2], [33, Theorems 2.4-2.5 and Corollaries 2.7-2.9], and [34, Theorem 4.2].
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Remark 4.3 Moreover, if we assume that p(zg, z9) = 0, then

xTo € S(.TO) = {l‘ e X: f(x) + ;i‘rfoiz{z) ko <k f(.’l?o)}

Thus, the result of Theorem 4.1 can be unilaterally rewritten as follows: there exists z € X
such that

(i) £(2)+ 20D kg <k f(x0);

(i) f(2) + 250 ko £k £(7), Y2 € X\{z}.
Remark 4.4 (1) If kg € cor(K), then for any z¢ € domf and any yo € Y, the condition (4.1),
ie., f(zo) € yo + (—o00,+00)ko — K, is automatically satisfied. Thus, Theorem 4.1 also gener-
alizes and improves [2, Theorem 3.1].

(2) If we put yo = f(xg) in Theorem 4.1, then conditions (4.1) and (4.2) can be replaced
by one condition that f(X) N (f(xg) —eko — K) = 0.

(3) In fact, the condition (4.1) can be replaced by the following condition: S(xo) N (yo +
(—00, +0)ko — K) # 0.

(4) In general, the condition that there exist yo € ¥ and ¢ > 0 such that f(X) N (yo — eko —
K) = ( is strictly weaker than one that f is <x-bounded from below, i.e., there exists wy € Y’
such that f(z) >k wo, V2 € X.

Theorem 4.5 (Vectorial Caristi’s fixed point theorem) Let (X,U),p,Y, K, ko, p and f be as
in Theorem 4.1. Also, let xg € X,yo € Y and ¢ > 0 be as in Theorem 4.1. Assume that a
set-valued map T : X — 2X\{0} satisfies the following condition:

(C1) f(y) + ggfc’&)) ko <k f(z),Vz € domf,Vy € Tz.
Then either Txg = {xo} with p(xg,z9) = 0, or there exists T € X such that

(i) £(@)+ 209" ko <k f(w0);

(ii) Tz = {z} with p(Z,z) = 0.
Assume that T : X — 2X\{0} satisfies the following condition:

(C2) Va € domf, 3y € Tx such that f(y) + P& ko <x f(z).

wof(x)
Then either xg € Txo with p(zo, o) =0, or there exists T € X such that

(i) £(®) + 2097 ko <k f(0);
(ii) z € TZ with p(Z,Z) = 0.

Proof We first prove the conclusion concerning set-valued maps satisfying (C1). By Theo-

rem 4.1, either

f(z) + jix;(;fz) ko £ f(zo), ¥ € X\{zo}, (4.19)
or there exists £ € X such that
_ p(l’o,j)
f(@) + o f(z0) ko <k f(zo) (4.20)
and .2)
p(Z,x _ _
f(@)+ oo () ko #x f(2), Vo e X\{z}. (4.21)

According to the above two cases, we state the proof.
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Case 1 Assume that z( satisfies (4.19). By (C1),
p(‘x()v y)
ko < v Txy. 4.22

f(y)+¢of(x0) 0 <k f(x0), Yy € Txo (4.22)
By (4.19) and (4.22), we have y = Txo and Tag = {zo} with p(zg,zq) = 0.
Case 2 Assume that 2y does not satisfy (4.19). Then there exists T € X satisfying (4.20)
and (4.21). By (C1),

fly) + ;ijj;z) ko <k f(z), Wy e Tz (4.23)

By (4.21) and (4.23), we have TZ = {z} and p(Z, Z) = 0. Obviously, Z satisfies (i) and (ii). Thus,
we complete the proof under the condition (C1). Similarly, we can prove the corresponding

conclusion under the condition (C2). O

Theorem 4.6 (Vectorial Takahashi’s nonconvex minimization theorem) Let (X,U), p, Y, K,
ko, @ and f be as in Theorem 4.1. Also, let xg € X,yg € Y and € > 0 be as in Theorem 4.1.
Assume that f satisfies the following condition :

(C3) for each u € X such that f(X)N(f(u) — K) # {f(uw)}, there exists v € X, v # u such
that

p(u,v)
f(U) + QDO f(u)ko SK f(u)

Then either f(X) N (f(zo) — K) = {f(x0)} or there exists T € X such that

(i) £(®) + 2090 ko <k f(0);

(i) F(X) N (f(Z) - K) = {f(2)}.
Proof  Assume that f(X) N (f(zo) — K) # {f(x0)}. By (C3), we know that

Stan) 1= {r e X )+ P00 b <y st} 5 S0\ () £0.
Take any fixed «, € S(20)\{zo}. Then by (4.1), we have
f(xh) € fzo) — K C yo + (—00, +o0)ko — K. (4.24)
By (4.2), f(X) N (yo — €ko — K) = 0. Certainly,
f(S(w0)) N (yo — eko — K) = 0. (4.25)

Let {x,} C S(zo) such that p(x,,zmy) — 0 (m >n — o0) and f(xni1) <k f(x,) for every n.
Since (X,U) is sequentially complete w.r.t. (p, f]), there exists T € X such that z,, — T in X.
Since S(zg) is sequentially closed w.r.t. (p, f]), we have T € S(xg). Thus, we have shown that
the uniform subspace

(S(zo),U|S(xg)) is sequentially complete w.r.t. (p, f|). (4.26)
Moreover, for any x € S(x¢), S(x) C S(xo). Also, it is easy to show that
S(z), as a subset of (S(zo),U|S(z0)), is sequentially closed w.r.t. (p, f|). (4.27)

Assume that the conclusion is not true. That is, for any = € S(xp),

FX)N(fz) = K) # {f (@)}
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Then by (C3), there exists v € X, v # x such that

Fo)+ P80 < ), den S()\fa) £0.

po f(x)
We define a set-valued map T : S(zg) — 25@)\ {0} as follows:
T(z) = S(x)\{z}, Vax e S(zo). (4.28)

Obviously, T satisfies the condition (C1):

fly)+ P(z;9) ko <k f(z), Vx e S(zo), Vy € T(x).

po f(z)
By (4.24)-(4.27), we may substitute X by S(z¢) in Theorem 4.5. Thus, there exists Z € S(x¢)
such that TZ = {Z}, which contradicts (4.28). O

Theorem 4.7 Theorems 4.1, 4.5 and 4.6 are equivalent to each other.

Proof 1t is sufficient to prove that Theorem 4.6 implies Theorem 4.1. Assume that there exists
' € X, 2’ # xo such that

/ P(T/O,fl)
f(@') + oo f(xo)ko <k [f(zo).

Then S(z9) D S(xo)\{zo} # 0. As shown in the proof of Theorem 4.6, take any fixed =z €
S(z9)\{zo}. Then, by (4.1), we have

f(x5) € yo + (=00, +00)kg — K. (4.29)
By (4.2),
f(S(20)) N (yo — ko — K) = 0. (4.30)

As done in the proof of Theorem 4.6, we can deduce that (S(xo),U|S(x0)) is sequentially
complete w.r.t. (p,f |) and for any « € S(zp), S(z) C S(xo) is sequentially closed w.r.t.
(p, f1). Combining this with (4.29) and (4.30), we may substitute X by S(z¢) in Theorem 4.6.
Thus, there exists z* € S(xp) such that

f(S(zo)) N (f(2") — K) = {f(z")}. (4.31)
Now we claim that there exists € S(xg) such that

p(7, )
o f(z)
i.e., T satisfies (i) and (ii) in Theorem 4.1. Assume the contrary. There exists ' € X, 2’ # x
such that

flz) + ko £k f(Z), Yz € X\{z},

*

N plxt, )
FEF oo pa)

From this, 2’ € S(z*). Combining this with z* € S(z¢), we have

ko <k f(z"). (4.32)

2’ € S(x). (4.33)
By (4.31)—(4.33), we have
1) = "), (434)
By (4.32), (4.34) and ko ¢ —K, we have
p(z*,z") = 0. (4.35)
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Since z’ € S(xq), by the assumption on the contrary, there exists z”/ € X, z” # z’ such that

p(x/’ .,L,//)
)+ PO o < 1100
Thus, 2" € S(z') € S(z*) C S(xp). Hence
p(z*, =" .
flay+ P < ),
Combining this with 2" € S(xo) and (4.31), we have f(2”) = f(z*) and hence
p(x*,2") = 0. (4.36)
By (4.35), (4.36) and (p3) in Definition 3.1, we have ' = 2", contradicting " # z’. O

Remark 4.8 Concerning Theorems 4.5 and 4.6, we also have the corresponding remarks like
Remarks 4.2-4.4.

5 Some Particular Versions of Vectorial EVP

By Theorems 4.1, 4.5 and 4.6, we can deduce a number of particular versions of EVP, Caristi’s
fixed point theorem and Takahashi’s nonconvex minimization theorem. Here we only give some
particular versions of Theorem 4.1 (i.e., vectorial EVP).

In particular, if Y = R, K = [0,400) and ko = 1 in Theorem 4.1, then we have the following
scalar-valued version of EVP.

Theorem 5.1 Let (X,U) be a separated uniform space, p be a p-distance on X and ¢ :
(—00,4+00) — (0,400) be a nondecreasing function. Let f : X — (—o0,00] be a bounded from
below, proper function such that for any r € X,

S(x) == {x’ €X:f(e)+ z(f}a(vic)) < f(ac)}

is sequentially closed w.r.t. (p, fl) and (X,U) is sequentially complete w.r.t. (p, fl). Then for
any xg € domf, either

flz) + jgx;(;ﬁ) > f(z0), Vo € X\{zo},

or there exists T € X such that

(i) £@) + Ly < Fo);

(ii) f(2) + 250 > £(2), Ve € X\{7}.

If we assume that f is sequentially lower monotone w.r.t. p, then for a sequence {z,} C
S(z) satistying p(x,,zm) — 0 (m > n — ), z, — T in X and f(2,41) < f(z,), we have
f(z) < f(zn),¥n € N. Since z,, € S(z), we have

p(z; Tn)
flapn) + < f(z).
(#n) oo F(x) (z)
Thus, for any n € N,
., pla,T) . p@an) | plan, @)
fl@)+ < f(z)+ +
D o) =T gt * o i)
p(z,zn)  p(Tn,T)
< flzn) +

@ o @) po @)
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< fla) + D0, (5.1)

Since p is a p-distance, p(z,,Zm,) — 0 (m > n — oo0) and x,, — Z imply that p(x,,z) — 0.
Letting n — oo in (5.1), we have

p(z,7)
po fz)
Thus, S(x) is sequentially closed w.r.t. (p,f |). Hence in Theorem 5.1, the condition that

f@ + < f(z), ie., =€ S(x).

for any z € X, S(x) is sequentially closed w.r.t. (p,f |) can be replaced by one that f is
sequentially lower monotone w.r.t. p (see [46, Theorem 4.2]).

Corollary 5.2 Let (X,U),p and ¢ be the same as in Theorem 5.1. Let f : X — (—o00, 4]
be a bounded from below, proper function which is sequentially lower monotone w.r.t. p. Then
the result of Theorem 5.1 holds.

In Theorem 4.1, if we assume that kg € K\ — vcl(K) and f is <g-bounded from below, i.e.,
there exists wo € Y such that f(x) >k wo for any x € X, then the conditions (4.1) and (4.2)
in Theorem 4.1 can be removed and the result remains true.

Theorem 5.3 Let (X,U),p,Y, K, ko, and f be the same as in Theorem 4.1. Moreover, let
ko € K\ — vel(K) and f be <g-bounded from below. Then for any xo € domf, either
p(.%‘o, :L‘)
k Ve e X
flx) + oo Flao) 0 £k f(wo), Vo e X\{zo},
or there exists T € X such that

() F(2) + LS5 o <xc F(wo);

(i) F(2)+ P50 ko i £(2), Vo € X\{a},

Proof Since f is <g-bounded from below, we may assume that there exists wy € Y such that
f(z) >k wo for any x € X, ie., f(X) C (wo + K) U {oo}. We assert that for any z¢ € domf,
there exists € > 0 such that

F(X)N (f(zo) — €ko — K) = 0. (5.2)
If not, assume that there exists g € domf such that
FX)N(f(zg) —nko— K) £ 0, VneN.

Since f(X) C (wo + K) U {oo}, we have

(wo + K)N (f(zo) —nko — K) # 0, VneN.
Hence there exists ky, k), € K such that

wo + kn = f(xo) — nko — kI, Vn € N.

From this,

hot W0 S0 Tha ke

n n
This leads to that kg € —vcl(K), contradicting the assumption that kg € K\ — vcl(X).
Thus, (5.2) holds. Now, by Theorem 4.1 and Remark 4.4 (2), we obtain the result imme-
diately. O
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Let (X,U) be a separated uniform space with the topology generated by a family {gx}rea
of pseudo-metrics (see [35]) and {ax}rea be a family of positive real numbers. Define p(z,y) =
supyep oaqa(z,y) for any z,y € X. Then it is easy to verify that p is a p-distance on X with
p(z,z) = 0 for any € X (see [46, Example 2.4]). Thus, from Theorem 5.3, we can deduce a
vectorial version of [35, Theorem 2] as follows.

Corollary 5.4 Let (X,U) be a separated uniform space with the topology generated by a
family {qx}rea of pseudo-metrics, {ax}rea be a family of positive real numbers and (X,U) be
sequentially complete w.r.t. p := supycp arxgxn. Let Y be a real linear space pre-ordered by a
convex cone K containing 0, kg € K\ — vcl(K) and ¢ : (Y, <g) — (0,400) be a nondecreasing
function. Let f : X — Y*® be a <g-bounded from below, proper function such that for any
reX,

S(x) = {z/ eX:f(a)+ sup angx (2, 2')ko <k f(x)}

¢ o f(x) xea

is sequentially closed w.r.t. p. Then for any xo € domf, there exists T € X such that
(1) F(Z) + Lo fay) SWPAer XA (0, D)k <K f(20);
(i) f(z) + w}(j) Supxcp AN (T, 2)ko £ f(T), Vo € X\{Z}.

Moreover, if K is ko-closed, then (i) and (ii) can be rewritten as follows:

1) f(z)+ Soofl(wo)aAQA(xva)kO <k f(zo),VA € A;

(i) Ve € X\{z},3Ip € A such that f(x)+ (po}(i) g, (T, x)ko £r [(Z).

Obviously, Corollary 5.4 extends [20, Corollary 2], [21, Theorem 3|, [26, Theorem 3], [43,
Corollary 3.1] and [44, Theorem 3.2]. In 1996, using families of quasi-metrics, Fang [16] intro-
duced F-type topological spaces and established an EVP on F-type topological spaces, where
the perturbation involves the family of quasi-metrics. Later Hamel and Lohne (see [23]) proved
that a family of quasi-metrics is also another possibility to generate a uniform structure and
that the class of F-type topological spaces coincides with the class of separated uniform spaces.
Moreover, they obtained some interesting extensions of Fang’s result. Using p-distances, we
can also obtain some new results in the direction. As in [16, 22, 23], let (X,U) be a sep-
arated uniform space (i.e., an F-type topological space) with the topology generated by a
family {gx}rea of quasi-metrics and A : A — (0,+00) be a nonincreasing function. Define
p(x,y) := supyep h(N)gr(z,y), Yo,y € X. Then it is easy to verify that p is a p-distance on
X with p(z,z) = 0 for any € X (see [46, Example 2.3]). By Theorem 5.3, we obtain the
following invariant of [23, Corollary 11].

Corollary 5.5 Let (X,U) be a separated uniform space (equivalently, an F-type topological
space) with the topology generated by a family {qx}rea of quasi-metrics, h : A — (0,400) be
a nondecreasing function and (X,U) be sequentially complete w.r.t. p := supyep h(N)gx. Let
Y, K, ko and ¢ be the same as in Corollary 5.4. Let f: X — Y*® be a <g-bounded from below,
proper function such that for any x € X,

S(x) := {x/ f(2) sup h(A) g (z, 2" ) ko <g f(x)}

1
+
¢ o f(z) rer
is sequentially closed w.r.t. p. Then for any x¢ € domf, there exists T € X such that
(1) F(Z) + o) SWPren R(N)ar (0, ko <K f(w0);
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(i) £(2) + oLy 5Prer HNar (3, 2)ho Zic £(2), Vo € X\ [z,
Moreover, if K is ko-closed, then (i) and (ii) can be rewritten as follows:

D) F(@)F o f(we) PN ar (o, Z)ko <x f(20), VA € A;

(i) Vo € X\{z},3p € A such that f(z) + <po}(i)fL(u)qu(f,x)ko £k f(Z).
Remark 5.6 In Theorem 5.3 and in Corollaries 5.4 and 5.5, if the condition that ky €
K\ — vcl(K) is replaced by one that ko € cor(K), then the condition that f is <g-bounded
from below can be replaced by a weaker condition (4.2), i.e., there exist yg € Y and € > 0 such
that f(X) N (yo — eko — K) = (. Thus, the above results also extend [2, Theorem 3.1].

Remark 5.7 Here the condition that (X,) is sequentially complete w.r.t. p := supye, @xga
(or p := supycp h(A)gxn) may be strictly weaker than one that (X, 1) is sequentially complete.
Similarly, the condition that S(z) is sequentially closed with w.r.t. p may be strictly weaker
than one that S(x) is sequentially closed. For example, let X be a complete convex space
which is not sequentially complete (on the existence of such a space, see [39, Example 5.1.12],
[40, Example 1], [41, Example 3.1]), {|| - |[x}rea be a family of semi-norms generating the
topology on X and {a)}xea be a family of positive real numbers. Define a p-distance p on
X as follows: p(z,y) :=supyca anllz — yllx, Vz,y € X. Then a sequence {z,} in X satisfying
P(Tn, Tm) — 0 (M > n — o0) is a locally Cauchy sequence (see [43]). Since X is locally
complete, there exists # € X such that z,, — z. That is, X is sequentially complete w.r.t.
p, but it is not sequentially complete. Besides, S(z) being locally closed implies that S(z) is
sequentially closed w.r.t. p. And there exists a locally closed set which is not sequentially
closed (see, for example, [41, Example 3.1]). Hence, a set which is sequentially closed w.r.t. p,
may be not sequentially closed. In fact, for any locally convex space X (even the space is not
locally complete), provided that S C X is a locally complete convex set containing 0, then X
is sequentially complete w.r.t. p, where p(z,y) := ps(z — y),Vz,y € X. Here, ps denotes the
Minkowski functional of S and clearly p = pg is a p-distance on X.

Corollary 5.8 (Vectorial versions of [43, Corollary 3.1] and [44, Theorem 3.2]) Let X be a
locally complete locally convex (resp. p-convex) space with the topology generated by a family
{l - Ix}rea of semi-norms (resp. p-homogeneous F-pseudonorms) and {ax}rcn be a family of
positive real numbers. Let' Y, K, ko and ¢ be the same as in Corollary 5.4. Let f : X — Y* be

a <g-bounded from below, proper function such that for any x € X,

S(x) = {f €X:f(x)+ sup |z — o'[|xko <x f <"”)}

@ o f(x) xea
is locally closed. Then for any xo € domf, there exists an T € X such that

(1) F(Z) + o) SWPren O ll0 — Z[|rko <k f(@0);

(i) £(2) + popia) SWPren rll(F = zllako Zx f(2), Vo € X\{z}.
Corollary 5.9 (Vectorial versions of [43, Theorem 3.2] and [44, Theorem 3.1’']) Let X be a
locally convex: (resp. p-convex) space, S C X be a locally complete bounded convexr (resp. p-
convex) set containing 0 and pg be the Minkowski functional of S. Let Y, K, ko and ¢ be the
same as in Corollary 5.4. Let f : X — Y*® be a <g-bounded from below, proper function such
that for any x € X,

S(a) = {a' € X s fa) + ps(o— /)b <xc 1(o)}

1
po f(z)
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is locally closed. Then for any xo € domf, there exists T € X such that

() F(Z) + o) Ps (@0 = Dko <k f(z0);

(i) F(2)+ o ps(@ — 2)ho Zic £(2),¥e € X\{a).
Remark 5.10 As pointed out by Hamel (see [22, Theorem 9]), in Theorem 5.3 and in Corollar-
ies 5.4, 5.5, 5.8 and 5.9, if Y is a topological vector space and kg € K\ —cl(K), then the condition
that f: z — Y* is <g-bounded from below can be replaced by a weaker condition: there exists
a bounded set M C Y such that {f(z) :x € domf} C M+ K:={m+k:me M,k e K}. We
shall see that the above weaker condition can be further weakened. Since ko ¢ —cl(K), by the
Hahn-Banach separation theorem, there exists [ € KT such that (k) > 0. We denote the set
consisting of such linear functionals I by K (see [31]). A subset M of Y is said to be l-lower
bounded if I(M) = {I(m) : m € M} is a lower bounded scalar set, i.e., there exists a € R such
that {((M) > «. In fact, the requirement that M C Y is bounded can be replaced by one that
M CY is [-lower bounded for some [ € Kljo.

Theorem 5.11  Let (X,U) be a separated uniform space and p be a p-distance such that (X, U)
is sequentially complete w.r.t. p. Let'Y be a topological vector space pre-ordered by a convex
cone K containing 0, kg € K\ —cl(K) and ¢ : (Y, <) — (0,+00) be a nondecreasing function.
Let f: X — Y be a proper function satisfying the following conditions:
(a) for any x € X,
!/
S(a) = {o' € X s 1)+ PO b < £}
is sequentially closed w.r.t. p;
(b) there exists an l-lower bounded set M, where | € K,j;, such that {f(x) : € domf} C
M+ K.
Then for any xo € domf, either
flz) + ;Sﬁ;iz)ko £k f(z0), Vo € X\{zo},
or there exists * € X such that

(i) f(z) + gc(,q}%fo)) ko <k f(xo);
(i) f(2) + 252 ko £k f(7), Y2 € X\{z}.

Proof By Theorem 4.1 and Remark 4.4 (2), we only need to prove that for any xzg € domf,

there exists € > 0 such that f(X) N (f(z) — eko — K) = 0. Assume the contrary. There exists

xg € domf such that

F(X)N(f(zg) —nko— K)#0, ¥YneN.

Thus,
(M+K)N(f(zo) —nko — K)#0, VneN.

Hence there exist m,, € M, k,, k!, € K such that
mp + kn = f(z0) — nko — k], Vn eN.

From this, we have

My f(IO)

_ +kO:
n n

“hn = € K.
n
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As M is l-lower bounded, there exists a € R such that [(M) > «. Thus,
o @) |y < 1) _ 1)

1(kg) < 0. .
n n n n +(O)_O (53)

Letting n — oo in (5.3), we have l(kg) < 0. However, by [ € K,:;, we also have [(kg) > 0, which
is a contradiction. O

Remark 5.12 From Theorem 5.11, we know that in Corollaries 5.4, 5.5, 5.8 and 5.9, if Y
is a topological vector space and kg € K\ — cl(K), then the condition that f : X — Y* is
<k-bounded from below can be replaced by the following weaker condition: there exists an
I-bounded set M C Y, where [ € K,jo, such that {f(z) : « € domf} C M + K. In particular,
we can obtain the following variant of [9, Theorem 5].

Corollary 5.13 Let (X,U),{gr}ren and h : A — (0,400) be the same as in Corollary 5.5. Let
Y be a locally convex topological vector space, K C'Y be a convex cone with a base, kg € K\{0}
and ¢ : (Y, <g) — (0,400) be a nondecreasing function. Let f : X — Y* satisfy the following
conditions:

(a) for any x € X,

S(z):= {w’ €X: f(a)+ sup h(A)gx(z, 2" )ky <k f(z)

1
¢ o f(x) ren }
is sequentially closed w.r.t. p;

(b) there exists an l-lower bounded set M C 'Y, where | € K,j;, such that {f(x) : z €
domf} C M+ K.

Then for any xo € domf, there exists T € X such that

(i) f(@)+ q,ofl(%) supxen (A)ar(@o, Z)ko <k f(z0);

(1) £2) + by SWPreA POV (F, 20 L 1(2), Vo € X\ (7).
Proof Since K has a base, K™ :={l € Y* : (k) > 0, Vk € K\{0}} # 0. First we assert that
ko ¢ —cl(K). If not, assume that —kqg € cl(K). Then there exists a net {ks} C K such that
ks — —ko in Y. Take any fixed | € K¢ Then I(—ko) = limI(ks) > 0, which leads to that
I(ko) < 0. However, by [ € K+ and ko € K\{0}, we have I(ko) > 0, which is a contradiction.
Thus, we have shown that kg € K\ —cl(KX). Now by Theorem 5.11 and Remark 5.12, we obtain
the result. t

In [8, 20, 22, 32, 34, 36], sequentially lower monotone functions have been considered. Such
a function class is more extensive than lower semi-continuous function class (see [8, 36]). In
the following, we study vectorial EVP for sequentially lower K-monotone w.r.t. p functions.
We observe that in Theorems 4.1 and 5.3, the condition that S(x) is sequentially closed w.r.t.
(p, f |) can be replaced by one that f is sequentially lower K-monotone w.r.t. p.

Theorem 5.14 Let (X,U) be a separated uniform space and p be a p-distance on X. LetY
be a real linear space pre-ordered by a conver cone K containing 0, kg € K\ — K such that
K is ko-closed and ¢ : (Y,<k) — (0,+00) be a nondecreasing function. Let f : X — Y* be
sequentially lower K-monotone w.r.t. p and (X,U) be sequentially complete w.r.t. (p, f ]). Let
20 € X,yo €Y and € > 0 such that (4.1) and (4.2) in Theorem 4.1 hold. Then the result of
Theorem 4.1 holds.
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Proof It is sufficient to show that for any « € X, S(z) is sequentially closed w.r.t. (p, f |).
Let {x,} C S(z) satisty p(zpn,xm) — 0 (m >n — 00), 2, — Z in X and f(xnt1) <k f(zn)
for every n. We will show that Z € S(x). Since f is sequentially lower K-monotone w.r.t. p,

we have
f(#) <k f(z,), VYneN. (5.4)
By z, € S(z), we have
Flan) + f;(f’”i’;)) ko <x f(x). (5.5)
Combining (5.4) and (5.5), we have
f(@) + Z(f’;z;)) ko <x f(z), VYneN. (5.6)
By (5.6), we have
@+ P00 gy < play+ PO gy P D
po f(z) po f(z) po f(z)
<w fla) + Z(:Y}’(i)) ko, Vn€N. (5.7)

By (p2) in Definition 3.1, the assumption that p(zn,2m,) — 0 (m > n — o) and z, — T
implies that p(x,,Z) — 0 (n — 00). And since K is ko-closed, letting n — oo in (5.7), we have
p(z,7)
po f(x)

We see that under the assumption that K is kg-closed, in Theorems 5.3, 5.11 and Corol-
laries 5.4, 5.5, 5.13, the condition that S(x) is sequentially closed w.r.t. p can be replaced by

f(Z) + ko <k f(z), ie., T € S(x). O

the condition that f is sequentially lower K-monotone w.r.t. p. And in Corollaries 5.8 and 5.9,
the condition that S(z) is locally closed can be replaced by the condition that f is locally
sequentially lower K-monotone, i.e., for a sequence {z,} C X which is locally convergent to
Z and satisfies f(xn+1) <k f(z,), we have f(Z) <p f(x,) for every n. Particularly, inspired
by [22], we have the following corollary.

Corollary 5.15 ([22, Theorem 9]) Let (X,U),{gr}ren and h be the same as in Corollary 5.5.
LetY be a topological vector space, K C'Y be a convex cone containing 0, kg € K\ —cl(K) such
that K is ko-closed and ¢ : (Y,<g) — (0,400) be a nondecreasing function. Let f : X — Y
be a proper function satisfying the following conditions:

(a) f is sequentially lower K-monotone w.r.t. p:=supycp h(A)gr;

(b) there exists an l-lower bounded set M, where | € K,jo, such that {f(x) : € domf} C
M+ K.
Then for any x¢ € domf, there exists T € X such that

(i) f(z)+ wofl(wo)h(A)qA(xo,:E)ko <k f(zo), YA€ A;

(i) Vo € X\{Z},3 pn € A such that f(z) + S(Jofl(i)h(,u)qu(aft,ac)ko £x f(Z).
Corollary 5.16 ([22, Theorem 10]) Let (X,U),{gxr}ren and h be the same as in Corollary 5.5.
Let Y be a real linear space pre-ordered by a convex cone K containing 0, ko € K\ — K such
that K is ko-closed and ¢ : (Y,<g) — (0,400) be a nondecreasing function. Let f : X — Y*®

be a proper function satisfying the following conditions:
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(a) f is sequentially K-monotone w.r.t. p:=supycp h(A)gr;
(b) there exists yo € Y and € > 0 such that f(X) N (yo — eko — K) = 0.

Then for any x¢ € X with f(xo) € yo + (—o0, +o0)ko — K, there exists T € X such that

() F2) + o frony BV 0,200 i Flao), VA€ A
(i) Vo € X\{Z},3p € A such that f(z) + wo}(i)h(u)qu(i,x)ko £ f(Z).

Problem The authors don’t know whether it is necessary to assume that K is kg-closed in
Theorem 5.14 and in Corollaries 5.15 and 5.16.
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