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Abstract In this paper, we first establish an abstract inequality for lower order eigenvalues of a
self-adjoint operator on a Hilbert space which generalizes and extends the recent results of Cheng et
al. (Calc. Var. Partial Differential Equations, 38, 409-416 (2010)). Then, making use of it, we
obtain some universal inequalities for lower order eigenvalues of the biharmonic operator on manifolds
admitting some special functions. Moreover, we derive a universal inequality for lower order eigenvalues
of the poly-Laplacian with any order on the Euclidean space.

Keywords Eigenvalue, self-adjoint operator, biharmonic operator, poly-Laplacian, Riemannian man-

ifold
MR(2010) Subject Classification 35P15, 58C40

1 Introduction

Let 2 be a bounded domain in an n-dimensional Euclidean space R™. The Dirichlet eigenvalue
problem of the poly-Laplacian with any order is described by

(=A)!u = u, inQ,

Ul = ou o 0ty —0 (1.1)

0= 5 89—"'— oui-1 89— )
where A is the Laplacian and v denotes the outward unit normal vector field of 0. Prob-
lem (1.1) is called the Dirichlet Laplacian problem when [ = 1 and the clamped plate problem
when [ = 2.
In this paper, we are concerned about inequalities for lower order eigenvalues of self-adjoint

operators and problem (1.1). To begin with, we give a brief review of related results. For the

Dirichlet Laplacian problem, Payne et al. [22] proved that its lower order eigenvalues satisfy

Az + A3 < 6y (1.2)
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for 0 € R2. This led to the famous PaynePdlya-Weinberger conjecture for  C R™. In 1993,
Ashbaugh and Benguria [2] established the following universal inequality

Z/\Z+1 < (1 + >/\1 (1.3)

for 2 C R™. For more references on the solution of this conjecture, we refer the readers to
[3, 4, 10, 15, 21, 24]. In 2008, Sun et al. [25] further derived some universal inequalities for
lower order eigenvalues of the Dirichlet Laplacian problem on bounded domains in a complex
projective space and a unit sphere. Chen and Cheng [6] proved (1.3) still holds when Q is a
bounded domain in a complete Riemannian manifold isometrically minimally immersed in R"™.

I'; is usually used to denote the i-th eigenvalue of the clamped plate problem. In 1998,

Ashbaugh [1] announced the following interesting inequalities without proofs

n

S O(0f, —Tf) <ary (1.4)
=1

and N
> (Tipr —Ty) < 24Ty, (1.5)

i=1
In 2010, for a bounded domain €2 in an n-dimensional complete Riemannian manifold M, Cheng
et al. [8] proved

S (Tisr —T1)% < [0+ 4T3 +n2HZ]? (472 +n2H3)?, (1.6)
i=1
where Hj, is a nonnegative constant which only depends on M and Q. When M is an n-

dimensional complete minimal submanifold in a Euclidean space, (1.6) implies

n

Z(F”l —Ty)2 < [8(n+2)I4]>. (1.7)

The proofs of (1.4) and (1.5) were given by Cheng et al. [9]. In fact, they considered
problem (1.1) and proved

n

1 -1
Z()‘zl—i-l AT @) TN (1.8)
i=1

for I > 2, and

n

D (i = A1) 4120 - 1)y (1.9)
i=1

It is easy to find that (1.8) and (1.9) respectively become (1.4) and (1.5) when I = 2. More-
over, (1.9) covers (1.3) when ! = 1. In 2011, Jost et al. [18] derived the inequality

n+1 n—1

Z Ai + Z 21 +i l)i (>‘n+1—i - )\1) < (TL —|—4l(2[ — 1)))\1, (1_10)

which covers (1.3) when [ = 1 and improves (1.5) when { = 2.
It is natural to consider whether these inequalities can be deduced to self-adjoint operators
on Hilbert spaces. Harrell and Davies [12] first realized that some results (e.g. the PPW

inequality) of Payne et al. [22] for higher order eigenvalues of the Laplcian rely on some
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facts involving auxiliary operators and their commutators. Some inequalities for higher order
eigenvalues of the Laplacian, biharmonic operator and the poly-Laplacian have been deduced
to self-adjoint operators on Hilbert spaces (see [5, 13, 14, 16, 17, 19, 23]). To the authors’
knowledge, fewer inequalities for lower order eigenvalues of self-adjoint operators on Hilbert
spaces have been obtained by using purely algebraic arguments.

The structure of this paper is as follows. In Section 2, we establish an abstract inequal-
ity (2.2) for lower order eigenvalues of self-adjoint operators on Hilbert spaces, which extends
the recent work of Cheng et al. [8]. The latter sections are devoted to deriving some explicit
inequalities for lower order eigenvalues of problem (1.1) on some Riemannian manifolds. In fact,
Cheng et al. [8] considered Riemannian manifolds isometrically immersed in a Euclidean space.
We study eignvalues of biharmonic operator on manifolds admitting some special functions in
Section 3. The first kind is Riemannian manifolds admitting spherical eigenmaps. As we know,
any compact homogeneous Riemannian manifold admits eigenmaps for the first eigenvalue of
the Laplacian (see [20]). And another kind is Riemannian manifolds admitting some functions
fr + M — R such that

<vf7"a vfs> = 5rsa

1.11
Af, =0. ( )

Product manifolds of Euclidean spaces with any complete manifolds satisfy this condition (see
[11, 26]). Utilizing Theorem 2.1, we derive some universal inequalities for lower order eigenvalues
of the biharmonic operator on these manifolds in Theorem 3.1. In Section 4, a universal
inequality for the poly-Laplacian with any order on a bounded domain in R™ is obtained, which

covers (1.7) when | = 2.

2 Self-Adjoint Operators on Hilbert Spaces

In this section, we establish an abstract inequality which relates lower order eigenvalues of
self-adjoint operators to two collections of auxiliary operators and their commutators.

Theorem 2.1 Let H be a complex Hilbert space with a given inner product {-,-) and cor-
responding norm || - ||. Let A : D C H — H be a self-adjoint operator defined on a dense
domain D which is semibounded beblow and has a discrete spectrum p; < pg < ---. Let
{T; : D — H}, be a collection of skew-symmetric operators and {B; : A(D) — H}, be
a collection of symmetric operators which leave D invariant. Denote by {u;}2, the normal-
ized eigenvectors corresponding to the i-th eigenvalues p; of A. This family of eigenvectors are

further assumed to be an orthonormal basis for H. If the operators {B;}_, satisfy
(Biu1,ujr1), forl<j<i<n, (2.1)

we have

n 1

Z(,ui_H ) <[T’Z,B]U17U1 <2{Z A B ul,Bul Z|TU1|2} (22)

i=1 i=1
where [A, B] = AB — BA is called the commutator of operators A and B.
Proof We consider the vectors ¢ given by

¢' = Biuy — a'uy, (2.3)
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where a’ = (B;u1,u1). Then, according to (2.1), it is easy to check that

(0" uji1) =0, for0<j<i<n. (2.4)
Moreover, (2.4) yields
(@', Biur) = [|¢"]*. (2.5)
Since (2.4) holds, we can take ¢ as a trial vector in the Rayleigh-Ritz ratio and get
(Ad",¢")
i1 < R 2.6
Hit+1 <¢Z7 ¢Z> ( )
It follows from (2.4) and (2.5) that
(A9, ¢") = ([A, Bilur, ¢") + (BiAu1, ¢') = ([A, Bilu, ¢") + ma[|¢°[|*. (2.7)
Substituting (2.7) into (2.6), we obtain
(i1 = p)llo"[* < {[A, Bilus, ¢"). (2.8)

As we know, (-, -) is taken to be linear in its first argument and conjugate linear in its second
argument. Since
([A, Bilu1,u1) = (Bjuy, Aur) — (B;Auy,up) = 0,

we have

([A, Bilu1,¢") = ([A, BjJu1, B;us). (2.9)

Hence, substituting (2.9) into (2.8), we get

(iv1 — m)[[6°1* < ([A, Bilu, Biuy). (2.10)
Since
a'(Tiur, ur) = —(Byuy, w)(Tiur, wa) = —a’ (Tiug, ug),
we obtain
Re a*(Tyuq,u1) = 0. (2.11)
Moreover, we have
2Re<TZ—BZ-u1, U1> = <TiBiU1,U1> + <U1,TZ‘BiU1> = <[TZ, Bi}ul,uﬁ. (212)

Hence, taking the real parts in both sides of the following equality
—2(Tyur, ¢') = 2{ur, T; Biuq) + 2a* (Tyuq, uq),
and utilizing (2.11) and (2.12), we obtain
([T3, BiJu,u1) = —2Re(¢", Tyuy). (2.13)
Multiplying both sides of (2.13) by (g1 — ul)é and using (2.10), we deduce
(is1 — ) > ([Ti, Bilur, un) = =2(pigs — p) ? Re(¢', Ty )
< 8(pas — )l + [T

1
< 0([A, BiJu1, Biuy) + 5||Tﬂt1||2, (2.14)
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where § is a positive constant. Taking sum on 4 from 1 to n in (2.14), we have

03 (A, Biluy, Biug) = 83 (pigr — ) * ([Th, Biluy, ua) + Y [T |2 > 0, (2.15)

i=1 i=1 i=1
The left-hand side of (2.15) is a quadratic polynomial of . From (2.8) and (2.9), we know
that ([A, B;Ju1, B;u1) > 0 for i = 1,...,n. Therefore, we know that its discriminant must be
nonpositive. This yields (2.2). O

3 The Biharmonic Operator on Riemannian Manifolds Admitting Some Special
Functions

In this section, we obtain some universal inequalities for lower order eigenvalues of the bihar-

monic operator on manifolds admitting some special functions.

Theorem 3.1 Let M be an n-dimensional complete Riemannian manifold. Denote by T'; the
i-th eigenvalue of the clamped plate problem on a bounded domain 2 of M.

(i) Suppose that M admits a spherical eigenmap ¢. Namely, the components o1, ..., Pm+1
of map ¢ : M — S™(1) are all eigenfuctions corresponding to the same eigenvalue \ of the

Laplacian on M, where S™(1) is an m-dimensional unite sphere. Then we have

n

S (i — ) <n[(A+607)(A+407)]? (3.1)
i=1
and .
S [(Tisr —T1)2 =502 ] <. (3.2)
=1

(ii) If there exist m functions fr : M — R such that (1.11) holds, then

m

1
S (Tr1 —Th)2 < 2(2m +4)iT}. (3.3)
r=1
Proof (i) Since 1, ..., pm+1 are the components of an eigenmap, it holds
_A@a = )\Qoau
m+1
Vool? = A,
2 Vel (3.4)
a=1
m+1
a=1

In order to make use of Theorem 2.1, we construct some functions satisfying (2.1) by using
{pa}™HL. We consider an (m+1) x (m41) matrix Q = ( Jo Paurussr)

il X (1) According

(m+1)
to the QR-factorization theorem, we know that there exists an orthogonal (m + 1) x (m + 1)

matrix P = (pag)( such that U = PQ is an upper triangle matrix. Namely, we have

m+1)x (m+1)

m—+1
Zpa,y/ pyuiuger =0, forl < <a<m+1.
7=1 @

Define functions v, by
m—+1

¢a = Z Pa~yP~-
y=1
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Thus we infer

/ Yourugrr =0, forl1<f<a<m+l. (3.5)
Q

Moreover, because P is an orthogonal matrix, it follows from (3.4) that

_A¢a = Nﬁa,
m—+1
2
O; |v"/}a| >\7 (36)
m+1
dwa=1
a=1

According to (3.5), taking A = A2, B, = 1, and T}, = [A, z/Ja] in Theorem 2.1, we derive

m—+1

> (ot = T1)2 ([[A, Yol Yalur, us)

a=1

m+1 m—+1 %
<2 S (8% balun o) 3 1A bl (3.7

a=1 a=1

Now we need to calculate and estimate both sides of (3.7). A straightforward calculation

gives
(A%, Yalur, haur)
_ /Q e[t A2y + 2800 Aty + 2(Vibe, VAW + 2(V Atba, Viir)
+2A(Va, Viuy)]
- /Q (42 (APa)? + 4ur Ao (Vb Vi) + 4(Viha, Vur)? — 2Vi0e PusAu]. (3.8)

Moreover, using the Cauchy—Schwarz inequality, one gets

/Q\Vuﬂz . —/QulAul < </Qu%>§ M(—Aul)f _ 1. (3.9)

Then it follows from (3.6), (3.8) and (3.9) that

m+1 m—+1
Z<[A2,wa]u1,wau1>:A2/u%+4/ Z<wa,w1>2—2A/u1Au1
a=1 Q Q a=1 Q2
m—+1
<\? +4/ > Vel Vs |* - 2)\/ ug Auy
Q. Q
< A% 4 6AT;. (3.10)

At the same time, it follows from (3.6) and (3.9) that

m+1 m—+1

Z ” [Aa wa] U1H2 = KZ Z [u%(A¢a)2 + 4<V1/)a, vul>2 + 4U1A'l/}oz <V¢a7 Vul>]
a=1 a=1

< A2 4 ANT:. (3.11)



Inequalities for Eigenvalues of Self-Adjoint Operators and the Poly-Laplacian 2215

On the other hand, according to the definition of the commutator, it holds

(1A, Yal, Yalua, ua)
= [ AW - 2000w + viAu]
= /Q {201 A(Y2u1) — 2u1tba [PaAuy + 2(Viha, Vur) + w1 Atha ] }
=2 /Q (U1 (Viba, Vur) + uitha Aths]
:Q/Quﬂw;aﬁ (3.12)

Moreover, since
m—41

DIV <Y IVeal = A,
7j=1 a=1

we observe that

A
V2 <™, forj=1,...,n. (3.13)
n
Therefore, making use of (3.13), we can deduce
m—+1
> (Tagr —T1)2 Vi |
a=1
n . m—+1
> (Copr =T0)2 Ve 4+ (Tps =Tz Y [Vl
i=1 k=n+1
< . L= (A
—Z(Fz-i-l [1)2 |V |* 4+ (Cpyr — T')2 Z <n Vb1 >
=1 j=1
" 1 2 n 1 )\ 2
> z;(riﬂ —T1)2[Vih|” + z;(rj-&-l —Tz{ = Vil
i= j=
)\ n
=" > (@ig —Th)2. (3.14)
i=1
Combining (3.12) and (3.14), we obtain
m+1 m—+1
1 1
> Cass = T} (1800l alun,un) =2 3 (Fara =T} [ V0
a=1 a=1 Q
2) .
> Fig1 —Tq)2. 3.15
= ;( +1—T1)> (3.15)

Substituting (3.10), (3.11) and (3.15) into (3.7), we can infer (3.1).

From [(A+ 61"1; YA+ 41"% )] 2 <A+ 51"%7 we know that (3.2) is true.

(ii) Similar to the proof of (i), using the QR~factorization theorem, we can construct func-
tions {h,}"; by using {f,}",, such that h, satisfy

hrujuirr =0, 1<t<r<m,
Q

(Vhy, Vhs) = 6ps, (3.16)
Ah, =0.
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Therefore, taking A = A%, B, = h, and T}, = [A, hr} in Theorem 2.1, we get

m

> (Trsr =T (1A, by hyJur, )
r=1
< 2{ DA%l heun) 3 (A, hr1u1||2}2. (3:17)

r=1 r=1
According to (3.16), {Vh,}7, is a set of orthonormal vector fields. Hence, we have

> (Vhe, Vu)® < |[Vuy|*. (3.18)

r=1

Using (3.9), (3.16) and (3.18), we obtain

f: A h ul,h ’U,1>

r=1

_ / Z [W2(Ah,)? + duy Ahy (Vhy, Vuy) + 4(Vhy, Vug)? — 2|V hy 2u; Au ]

:/Z[4<VhT,Vu1>2—2|Vhr|2u1Au1]

< (2m+4)/ |V, |?
Q
< (2m +4)r? (3.19)

and
S A by |w |* = / > [ui(Ahy)? + 4V hy, Vu)? + 4uy Ahy (Vhy, V)]
r=1 Q r=1

< 4T}, (3.20)

Moreover, according to (3.12) and (3.16), the term on the left-hand side of (3.17) is

(1A, o, b Jus, un) zz/ﬂuﬂvmﬁ _o. (3.21)

Substituting (3.19)—(3.21) into (3.17), we derive (3.3). O

4 The Poly-Laplacian with Any Order on the Euclidean Space

In this section, we obtain a universal inequality for problem (1.1). Moreover, it covers (1.7)
of [8] when | = 2.

Theorem 4.1 Let 2 be a bounded domain in R™. Denote by \; the i-th eigenvalue of prob-
lem (1.1). Then we have

n

S (st = A1)E < [l(n+ 20— 2)] 22, (4.1)
=1

Proof Similar to the proof of Theorem 3.1, by utilizing the QR-factorization theorem, one can

prove that there exists a set of Cartesian coordinate system (z1,...,2,) of R™ such that the
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following orthogonality conditions are satisfied:
/ ziuuj41 =0 for 1 <j<i<n. (4.2)
Q

Namely, B; = z; (i = 1,...,n) satisfy (2.1). Therefore, taking A = (—A)!, B; = x; and
T, = 8?% in Theorem 2.1, we have

i=1
n n 9 2y 3
< 2{ ;q(—A)l’xz]ul,xzuﬁ ; 3xiu1 } . (4.3)
Utilizing
/ [VFur [ < A (4.4)
Q
(cf. [7]) and
(—A) (miul) = x,(—A)lul — ZZV(—A)lul . Vl‘i,
we have
Z<[(‘A)l,$i]ul,$iu1>
i=1
= 72[2\/ xiu1V(—A)lu1 . sz
i=179
:zz/ up (=AY "y —21(1 - I)Z/(—A)l_2u1V:ci-V(Vu1~in)
=178 =17/
= ZZ/ |VZ_IU1|2 - 2l(l - ].) / (—A)l_zulAul
=179 Q
=1(n+20-2) / |V g |2
Q
-1
<ln+20—=2)A" . (4.5)

At the same time, it is not difficult to get

(12 o) =1 0o

and
n a 2 ) 1
Z oo, | = /Q Vug)? < AL (4.7)
=1
Substituting (4.5)—(4.7) into (4.3), we obtain (4.1). O
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