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1 Introduction

Wave propagation in nonlinear periodic lattices is associated with a host of exciting phenomena
that have no counterpart whatsoever in bulk media. Perhaps, the most intriguing entities that
can exist in such systems are discrete self-localized state — better known as discrete solitions.
By their very nature, these intrinsically localized models represent collective excitations of the
chain as a whole, and are the outcome of the balance between nonlinear and linear coupling
effects [8]. Ome of the simplest lattice models, which deserves special attention, is represented
by Discrete Nonlinear Schrodinger (DNLS for short) equations [9]. In the past decade, the
existence of discrete solitons of the DNLS equations has drawn a great deal of interest. To
mention a few, see [1-3, 7, 14, 16]. Among the methods used are the principle of anticontinuity
[2, 16], variational methods [1, 3], centre manifold reduction [14], and Nehari manifold approach
[18]. However, most of the existing literature is devoted to the DNLS equations with constant
coefficients. Results on such DNLS equations have been summarized in the reviews [4, 9, 10].
And the experimental observations of two-dimensional discrete solitons have been reported in
[6, 11, 12, 15].

Received December 31, 2010, revised June 7, 2012, accepted December 18, 2012
Supported by Program for Changjiang Scholars and Innovative Research Team in University (Grant No.

IRT1226), National Natural Science Foundation of China (Grant Nos. 11171078 and 11031002) and the Spe-
cialized Fund for the Doctoral Program of Higher Education of China (Grant No. 20114410110002)



1810 Zhou Z. and Yu J. S.

Recently, the DNLS equations with periodic coefficients have been considered in the physics
literature, for example, [22]. Moreover, Gorbach and Johansson [13] reported results on nu-
merical simulation of discrete gap solitons (a special discrete soliton which is defined later) in
a particular periodic DNLS equation. Nonlinearity has a crucial impact on the properties of
DNLS equations, and the most popular nonlinearity is the so-called Kerr, or cubic, nonlinearity.
In recent years, one can see a growing interest to the wide class of superlinear nonlinearities
[7,9].

Assume that T is a positive integer. In this paper, we will consider the following periodic
nonlinear difference equation

Luy, —wuy, = fo(uy), ne€Z, (1.1)

where f,(u) depends T-periodically on n, i.e., fri7r(u) = fn(u) for n € Z, and is continuous in

u with superlinear nonlinearity, L is a Jacobi operator (see [23]) given by
Lu, = Aplntl + Ap—1Up—1 + bnun;

where {a,}, {b,} are real valued T-periodic sequences.
Since f,,(0) =0, u, =0 is a solution of (1.1), which is called the trivial solution. As usual,
we say that a solution u = {u,} of (1.1) is homoclinic (to 0) if
‘ l‘im Uy = 0. (1.2)
In addition, if u, # 0, then u is called a nontrivial homoclinic solution. We are interested in
the existence of the nontrivial homoclinic solutions for (1.1). This problem appears when we
look for the discrete solitons of the periodic DNLS equation

i, = —Avy, +epthy — fn(¢n)v n € Z, (1~3)

where Ay, = ¥p41 + PYn—1 — 21, is the discrete Laplacian in one spatial dimension, the given
sequence {e, } of real numbers and the sequence { f,, ()} of functions from C into C, are assumed
to be T-periodic in n, i.e., e, 47 = &, and f, 17 = f,. Moreover, the nonlinearity f, is supposed
to be gauge invariant, i.e.,

falei®u) = 6 fo(u), 0 €R,

and in addition, f,(u) > 0 for v > 0. Since solitons are spatially localized time-periodic

solutions and decay to zero at infinity. Thus 1, has the form

and
lim ¢, =0,

[n|—o0
where {u, } is a real valued sequence and w € R is the temporal frequency. Then (1.3) becomes
—Auy, + eqtly, — Wiy, = fr(u,), MeEZ (1.4)

and (1.2) holds. Therefore, the problem on the existence of solitons of the DNLS equation (1.3)
has been reduced to that on the existence of homoclinic solutions of (1.4), which is a special
case of (1.1) with a,, = -1 and b,, =2+ ¢,.
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Since the operator L is a bounded and self-adjoint operator in the space [ of two-sided
infinite sequences, we consider (1.1) as a nonlinear equation in [? with (1.2) being satisfied
automatically. The spectrum o(L) of L has a band structure, i.e., o(L) is a union of a finite
number of closed intervals [23]. Thus the complement R\o (L) consists of a finite number of
open intervals called spectral gaps and two of them are semi-infinite. The solitons of (1.3)
with the temporal frequency w belonging to a spectral gap, in particular to a finite gap, are of
considerable importance. Such solitons are called gap solitons.

We fix a spectral gap and denote it by (a,3). When f,(u) = x,u® where {x,} is a
positive T-periodic sequence, (1.1) was considered in [18, 19]. It was shown that, if w € («, )
and 3 # +o0o, then (1.1) has a nontrivial solution in /2. As an extension of the cubic form
nonlinearity, Pankov also considered (1.1) in [19] when the nonlinearity f,, satisfies the following
superlinear conditions.

(i) There exist p > 2 and ¢ > 0 such that

0 < fa(u) < cluf™

near u = 0.
(ii) There exists v > 2 such that

0 <vF,(u) < fo(uw)u, u#0,

where F,,(u) is the primitive function of f, (u) given by

0= [t

As we know, the condition (ii) is often called as Ambrosetti-Rabinowitz superlinear condi-
tion [25], which played an important role in the existence of homoclinic solutions of (1.1). The
aim of this paper is to establish the existence of nontrivial solutions of (1.1) in [? under the
assumptions that f,, satisfies more general superlinear conditions than (i) and (ii). In fact, we
have the following theorem.

Theorem 1.1 Assume that w € (o, 8), fn(u) is continuous in u, fpir(u) = fn(u) for any
neZ andu R, fr(u) =o0(u) as u— 0. And for each n € Z, the following conditions hold.
(H1) fo(u)u >0 for u# 0 and lim|y| o frn(u)/u = 4o00.
(H2) fo(w)u —2F,(u) >0 foru #0, fo(u)u —2F,(u) — o0 as |u] — +o0, and
. fR(u)
lim su "

If B # +o0, then equation (1.1) has at least a nontrivial solution u in I2. Moreover, the solution

= pp < OQ.

decays exponentially at infinity. That is, there exist two positive constants C and T such that
lup| < Ce™™IM ez (1.5)

Theorem 1.1 gives a sufficient condition on the existence of nontrivial solutions of (1.1) in 2.
We notice that, with part of these conditions being violated, (1.1) has no nontrivial solutions

in {2. In fact, we have the following proposition.

Proposition 1.2 Assume that w € («, ), fn satisfies the conditions in Theorem 1.1. If

B = 400, then equation (1.1) has no nontrivial solutions in 2.
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Remark 1.3 It is easy to see that the condition (i) implies f,(u) = o(u) as u — 0, and
Ambrosetti-Rabinowitz superlinear condition (ii) implies F(u) > clu|” for |u| > 1 where ¢ is a
positive constant, so lim,|— 4o fn(u)/u = +00. Moreover,

I N 7 I A A )
T fa(w)u—2F,(u) T fo(u)u — 3fn(u)u vr—2 u
Thus conditions (i) and (ii) imply that (H1), (H2) hold with p,, = 0, and Theorem 1.1 improved
Theorems 5.1 and 7.1 in [19].

—0 asu—0.

Example 1.4 Let {c,} be a positive T-periodic sequence, and

0, u=0,

Cnll
- , 0<|ul <1,
Fn(u) 1—1Inlul ful <

cpu(l+1Injul),  Ju| > 1.

Then f,, satisfies all conditions of Theorem 1.1 with

o fii(u) _ o 2 fp(u) L 20 (2 = Inful)
po= iy 2B ) T A o) T T 2
Clearly, f,, does not satisfy (i) and (ii).

For the case when f,, is saturable, i.e., asymptotically linear, we refer to [20, 27, 28] for the
existence of solutions of (1.1) in /2.

The main idea in this paper is an application of linking theorem combined with an ap-
proximation technique. This idea has been employed in [19]. We mention that critical point
theory is a powerful tool to deal with the periodic solutions and the boundary value problems
of differential equations [17, 21, 24] and is used to study periodic solutions and boundary value
problems of discrete systems in recent years [26, 29, 30].

The remaining of this paper is organized as follows. First, in Section 2, we establish the vari-
ational framework associated with (1.1) and transfer the problem of the existence of homoclinic
solutions of (1.1) into that of the existence of critical points of the corresponding functional.
We also recall some basic results from critical point theory. Then, in Section 3, by establishing

some technical lemmas, we give the proofs of the main results.

2 Preliminaries

In this section, we first establish the variational framework associated with (1.1).
On the Hilbert space E = 2, we consider the functional

1

+oo
2(Lu—wu,u)— Z Fn(u)v

n=—oo

J(u) =
where (-, -) is the inner product in /2 defined by

+oo
(u,v) = Z UpVp, U,V E E,

n—=—oo

and the norm || - || is given by

1

o0 >
|u||—( > ug) , uckE.

n—=—oo
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Then J € C}(E,R) and

+o00
(J'(w),v) = (Lu = wu,v) = > foltin)vn, u,v€ E. (2.1)

n=—oo
Equation (2.1) implies that (1.1) is the corresponding Euler—Lagrange equation for J. Therefore,
we have reduced the problem of finding a nontrivial solution of (1.1) in [? to that of seeking a
nonzero critical point of the functional J on E.

Let S be the set of all two-sided sequences, that is,

S ={u={un}|u, €R, ne€Z}.

Then S is a vector space with au + bv = {au,, + bv,} for u, v € S, a, b € R.

For any fixed positive integer k, we define the subspace Ej of S as

Er ={u={un} € S|untarr = tn,n € Z}.

Obviously, E is isomorphic to R?*T and hence Ej can be equipped with the inner product

(-, )k and norm || - || as
kT—1
(u,v) = Z UnUn, U,V E By
n=—kT
and
kT—1 1
llullx = < Z ui) , u€ By,
n=—kT
respectively. We also define a norm || - ||xeo in Ex by

lullkoo = max{|u,|: —kT <n < kT —1}, wu € Ej.

Consider the functional Ji on Ej defined by

1 kT—1
Ji(u) = 2(Lu —wu, u); — ;TFn(un) (2.2)
Then
kT—1
(Jo(w),v) = (Lu = wu,v)p = Y falun)vn, v € Ex. (2.3)
n=—kT

Since the coefficients of the operator L are T-periodic, it is easy to see that the critical points
of Ji in Ej are exactly 2kT-periodic solutions of equation (1.1).

Let Ly be the operator L acting in Ej. It follows from the spectral theory of Jacobi
operators [23] that o(Ly) C (L) and hence || Lg| < ||L]|.

Let E,j and E,  be the positive and negative spectral subspaces of the operator Lj — w
in Ej, respectively. Similarly, we denote ET and E~ as the positive and negative spectral
subspaces of L —w in F, respectively. Let ¢ be the distance from w to the spectrum o (L), that
is,

§ = min{w — o, f — w}.
Then, we have
+(Lu — wu,u) > 0l|ul)?, we E* (2.4)
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and
+(Lyu — wu,uw)y > S|ull?, ue€ EE. (2.5)

In order to obtain the existence of critical points of J; on Ej, for the convenience of the
readers, we cite some basic notations and some known results from critical point theory.

Let H be a Hilbert space and C'(H,R) denote the set of functionals that are Fréchet
differentiable and their Fréchet derivatives are continuous on H.

Definition 2.1 Let J € C'(H,R). A sequence {z;} C H is called a Palais-Smale sequence
(P.S. sequence for short) for J if {J(z;)} is bounded and J'(x;) — 0 as j — oco. We say
that J satisfies the Palais—Smale condition (P.S. condition for short) if any P.S. sequence for J
possesses a convergent subsequence.

Let B, be the open ball in H with radius r and center 0 and let 0B, denote its boundary.
The following lemma is taken from [21] and will play an important role in the proofs of our
main results.

Lemma 2.2 (Linking theorem) Let H be a real Hilbert space and H = Hy & Ha, where Hy is
a finite-dimensional subspace of H. Assume that J € C*(H,R) satisfies the P.S. condition and
the following two conditions.

(J1) There exist constants a > 0 and p > 0 such that J|sp,nm, > a.

(J2) There exist an e € 0B1 N Hy and a constant Ry > p such that J|sg < 0, where
Q = (Br, N Hy) @ {rel0 < r < Ry}.
Then J possesses a critical value ¢ > a. Moreover, ¢ can be characterized as

c= }Lrelfﬂ I;leag J(h(z)),

where I' = {h € C(Q, H) : hlog = idag} and idaq is the identity operator on 0Q.

3 Proofs of Main Results

In this section, we will give proofs of Theorem 1.1 and Proposition 1.2. In order to complete
the proof of Theorem 1.1, we need to establish some lemmas.

Lemma 3.1 Under the assumptions of Theorem 1.1, the functional Jy, satisfies the P.S. con-
dition.

Proof Let {u)} C Ej be a P.S. sequence for J;,. We need to show that {u{/)} has a convergent
subsequence. Since Fj, is finite dimensional, it suffices to show that {|[u)|} is bounded.

Choose M > 0 such that |Jj,(u)| < M for j € N. By (H1), there exists a constant R such
that

Faw) 2 ML= wll+ 1002, neN, ju> R (3.1
Let
QY ={neZ:|ud| >R, ~kT <n <kl -1},
Rl(cj) ={neZ:|uP| <R, ~kT <n<kT —1}.
Then by (2.2), we have
kT—1

) 1 ) ) ) ) 1 ;
> Fld) = (b — o w0~ Ju) < Lk~ D4 M. (32)
n=—kT
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Since
KT—1 _ _ _
Z Fn(ug)): Z Fn(ug))*' Z Fn(ug))
n=—kT neQ neRr®
1 . .
> MLl ) Y @+ Y Ful)
neQy’ neRrY
1 KT-1
=5 (IL — ] +1) > ()
n=—kT
. 1 _
+ X [md) - Joz -+ ey
nER,(Cj)
1 .
2 (L =wll + D[ + 2kTm, (3.3)
where

1
m = min {Fn(u) - 2(||L —wl|+Du?:n €7, |ul < R} .

By the fact that f,(u) = o(u) as u — 0, and the periodic behavior of f,(u) in n, we see that
m < 0. Noticing that ||Ly — w|| < ||L — w]|, (3.2) and (3.3) imply

w92 < 2(M — 2kTm).
This implies that {||u?)||;} is bounded and the proof is completed. O

Lemma 3.2 Under the assumptions of Theorem 1.1, there exists ky € N such that Jy has at
least a nonzero critical point u'®) in Ej for each k > ko. Moreover, 0 < Jk(u(k)) < My for
some constant My independent of k.

Proof Let PT be the spectral projector in E corresponding to o (L) N[3, +0o0) and P,j be the
spectral projector in E} corresponding to o(Lg) N [3,+00). Then PT and P]j have the same

form (see Bruno et al. [5] or Pankov [19])

+oo oo
Pru, = > K(m,n)u, and Plu,= Y K(m,n)um, (3.4)

where K (m,n) satisfies
|K(m,n)| < Ce #m=nl mnez

for some positive constants C' and pu.
Let e = {e,} € ET be an arbitrary unit vector and ¢ = min{1/8,§(64||L — w||)~'}. Then

there exists a large positive integer N such that
8CV2TNe M <c(l—e) and Y &> (1 - 5)2. (3.5)
Let kg = 2N. For k > kg, set
e®) = | PFSkel P Ske € B,

where Sy is the “periodization” operator, that is, Si : E — Ej such that

Sgen =€y, —kT <n<kT-1.
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In the following, we will use Lemma 2.2 to finish the proof.

Let H = Ey, Hy = E;, and Hy = E;. Since 3 # +oo, Hy # {0}. By Lemma 3.1, Jj
satisfies the P.S. condition.

First, we show that Jj satisfies the condition (J;) in Lemma 2.2. In fact, since f,(u) = o(u)

as u — 0, there exists a positive constant p such that
1
0< Fy(u) < 46u2, n ez, lu <p. (3.6)

Then, for u € Hy with ||uljx < p,

1 kT—1
Ju(w) =, (Lr = w)u, u)r — > Fulun)
n=—kT
kT—1
1 2 1 2
Sl = > o

n=—kT

v

1
(Ol

Take a = i&pQ. Then J|aBpmH2 > a and hence Jj, satisfies the condition (J;) of Lemma 2.2.
Next we prove that J satisfies the condition (J3) of Lemma 2.2. It follows from (3.4) that

+oo +oo
en = Z K(m,n)e,, and P,:'Sken: Z K(m,n)Skem.

Then from (3.5), for —NT <n < NT — 1, we have

|P,:'Sken —ey| = ‘ Z K(m,n)(Skem — em)’
{m>kT}u{m<—-kT—-1}

<2 Z |K (m,n)|

|m|>kT

SQO Z e—u|m—n\

|m|>kT

+00
<4C Z e K
m=NT
4CeNT
1—e#
< €
2V2NT'

Let
Wn={neZ,—-NT <n<NT-1}, Wy={neZ —kT <n<kT -1}

Then

( > (P,;“Skem); z( > ei)é —( > <P,;*Sken—en>2)é

neWn neWny neWny
13 13
>1— _ —V2NT-
- 2 2V2NT

=1-—e¢.
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Since || P Skelli < [|Skellx < 1, we see that

7\° 3
k)y2 + 2 RY
S 2> Y (P Sea)? > (1-) ><8) > (3.7)
neWy neWny
and 5
SoEr=1- Y )P i--er<es 0 (3:8)
neEW\Wx neWny [ w”

For any z € H; and r > 0, let u = z 4 re(®). Noticing that (z,e®)); = 0, we have

Sow= 3 (2 4 2rze® 12 (e)?)

neWn neWn
> Z 27"2716%’“) +r2 Z (egc))2
neWn neWn
= - Z 2rznelR) 4 12 Z (elR))2
nEWk\WN neWnyn
] 16]| L — wl|r? 3
> 2 _ k) 2
> 16]|L — w|| " D PG L
neW\Wx neW,\Wx
) 5 16||L — w||r? 0 3 5
> _ _
= 16\|L—w||Hsz 5 3L—w| 4"
)
= — 3.9

By (H1), there exists a positive constant Ry such that
Fo(u) > 4|L - wllu®, n €N, |ul > Ri.

Let
Qn ={n€Z:|uy| > R,—NT <n < NT -1},
Ry ={n€Z:|uy| < Ri,~NT <n<NT -1},
and
my = min{F,,(u) — 4||L —w|u®:n € Z, |u| < R;}.

Notice the fact that f,(u) = o(u) as v — 0, and f,(u) is T-periodic in n, we see that
my < 0. By (3.9), we have

NT—1
n=—NT neEQN n€ERN
> N 4L -wlu+ Y Fu(u)
neEQRN neRN
=4|L-w| Y u+ > (F — 4| L — wlju?)
neWn neERN
>4||L—-w| |- 0 ||Z||2+17‘2 +2NTm
= 16]|L — w| "M T 4 !

0
= — el + 1L — wllr? + 2N Tmy.
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This implies that

1
Jk:(Z-f-’l’e(k)): 2((L—w)u,u)k— Z Fn(un)
neWy
1 1
< 2((L—w)z,z)k+2r2((L_w)6<k>,e<k>)k_ S Fu(un)
neWn
<= Loaz+ p - v
9 2|k 9 wl|r
5
— (=0l + 12 - we? 2 m,
1. o 1 )
:_46“Z||k¢_ 2||L—w||r —2NTm,. (3.10)

Since Ji(z) < 0 for z € Hy, it follows from (3.10) that there exists some positive constant
Ry > p such that, for any u € 9Q, J(u) <0, where Q = (Br, N H;) @ {re® : 0 < r < Ry}. So
we have verified the condition (J3) of Lemma 2.2.

Now that we have verified all assumptions of Lemma 2.2, we know that J; possesses a

critical value o > a, where

oy = irelt;rgleagJ(h(u)) and I'={heC(Q,H):hlyg =idyg}.

A critical point u*®) of Jj, corresponding to ay, is nonzero as aj; > a > 0. It is also clear
from (3.10) that
Ji(u®) < My 2 —2NTm,. (3.11)

Obviously, My > 0 is independent of k. O
Lemma 3.3 There exist positive constants & and n such that

€ < u® oo < (3.12)
holds for every critical point u™®) obtained by Lemma 3.2, of Ji, in Ej, with k > ko, where ko is
defined in Lemma 3.2.
Proof Let k > kq. Since u*) is a critical point of Ji, by (2.2), (2.3) and (3.11), we have

kT—1

) = 37 (Gl — ) ) < M (3.13)

n=—kT
From (H2), there exists a positive constant 7 such that

1
2

fa(wu — Fy(u) > My, n€Z, |ul>mn,
then (3.13) implies that |u£1k)| < for n € Z, that is
[ koo < 1. (3.14)
On the other hand, let u*) = v+ 4+ 4® = where u®* € E} and u¥)~ € E, . Then

kT—1

Sll™ )7 < (L —w)u® aPF) = 37 fu(ul)ulf (3.15)

n=—kT
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and
kT—1

B2 < —(L = wpu®,u®=) = = 3 f, @)yl (3.16)

n=—kT

Since lim, ¢ fn(u)/u = 0, then there exists a positive constant £ such that
)
Fal) < oJul, mEZ, ful <€ (317)

We claim that
[u® koo > €. (3.18)

In fact, if (3.18) is not true, then by (3.17), | £, (ul)] < (5/2)|u'?|. By adding (3.15) with (3.16),

we get

kT—1
SuIE < 3 Fu) P — )
n=—kT
kT—1 k:T 1 1
(5 o) (5 )
n=—kT n——kT
5 kT 1
_ 1
(X ) (e + - 2)}
n—fkT
)
= 2 I
This is a contradiction and (3.18) holds. The proof is completed. O

Now, we are ready to prove Theorem 1.1.
Proof of Theorem 1.1  Let kg be the integer obtained in Lemma 3.2. For every k > kg, assume
that u(®) = {u } € EY is a critical point obtained by Lemma 3.2. By Lemma 3.3, there exists
an ny € Z such that
|u )| > €. (3.19)

Notice that
anul®) |+ an 0™+ (b —w)u® = f,wP), nez (3.20)

By the periodicity of the coefficients in (3.20), we see that {ugﬁT} is also a solution of (3.20).
Making some shifts if necessary, without loss of generality, we can assume that 0 < n, <7 —1
n (3.19). Moreover, passing to a subsequence of {u(*)} if necessary, we can also assume that
ng = n* for k > ko and some integer n* such that 0 < n* < T — 1. Tt follows from (3.12)
and (3.19) that we can choose a subsequence, still denoted by {u(®)}, such that

ul® — v, ask — oo for n € Z.

Then v = {v, } is a nonzero sequence as (3.19) implies |v;,~
n (3.20) gives us
ApUn+1 + ap-1Vn—1 + (b — W) fn(vn)

that is, v = {v,,} is a solution of (1.1). It remains to show that v = {v,} € [*>. By using (3.15)

and (3.16), we have
KT—1

5lu<’“>|i§< Y P SP) 1u®].

n=—kT
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This implies that
kET—1

@7 <672 Y SR, (3.21)

n=—kT
From (H2), there exists a positive constant ¢ such that

fa(w) < ((falwu = 2Fa(w), n€Z, |ul <n. (3.22)

Therefore, from (3.21),
KT—1 9 9
[u®F <672 Y C(fa(ul)uld — 28, (ulf))) = 5 Jr(u®) < 52 Mo- (3.23)
n=—kT
For each s € N, let k > max{s, ko}. Then it follows from (3.23) that

S

S () < I < 5 Mo,

Letting £k — oo gives us Zi:—s v2 < 2¢672My. By the arbitrariness of s, we know that
v={v,} €

Finally, similar to the proof of [19, Theorem 6.1], we show that v satisfies that (1.5).

In fact, for n € Z, let

) e 2,
Wy = Un
0, ifv, =0.
Then
Lv, = woy, (3.24)
where

f/vn = Lv, + w,v,.
Clearly, lim,,| o w, = 0. Thus, the multiplication by w,, is a compact operator in 12, which
implies that

Tess (L) = Oess(L),
where oo stands for the essential spectrum. (3.24) means that v = {v,} is an eigenfunction
that corresponds to the eigenvalue of finite multiplicity w ¢ oess(L) of the operator L. (1.5)
follows from the standard theorem on exponential decay for such eigenfunctions (see [23]).

Now the proof of Theorem 1.1 is complete. d

Proof of Proposition 1.2 By way of contradiction, we assume that (1.1) has a nontrivial

solution u = {u,} € {?. Then u is a nonzero critical point of .J, and

(J'(w),u) = (L — w)u,u) Z Fo(up)u, = 0.

Since 8 = 400, then F = F~ and § = w — a. By (2.4) and (H1), the above equality implies
that

(J'(w),u) < (L = w)u,u) < —(w = a)||ul* <0.
This is a contradiction and the proof is complete. O
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