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Abstract In this paper, we study affine spheres which are isotropic and we obtain a complete clas-
sification. In particular, we show that all such affine spheres are hyperbolic affine spheres, isometric
with SL(3,R)/SO(3), SL(3,C)/SU(3), SU*(6)/Sp(3) or Es(—26)/Fy.
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1 Introduction

The notion of isotropic submanifolds of an arbitrary Riemannian manifold was first introduced
by O’Neill [1], who studied the general properties of such class of submanifolds. These subman-
ifolds, which can be considered as a generalization of the totally geodesic submanifolds, have
been nearly always studied under the additional hypothesis of parallelism of the second funda-
mental form. When the ambient space is a sphere, this study was made by Sakamoto [2] and
in the case of the complex projective space by Naitoh [3]. Montiel and Urbano [4] have stud-
ied n-dimensional, complete, totally real, isotropic submanifolds of a complex projective space
without assumption about the parallelism of the second fundamental form and Vrancken [5]
proved some local classification theorems for totally real isotropic submanifolds of a complex
projective space.

In this paper, we study n-dimensional affine spheres in R"*!. Namely, let M™ — R"*! be an
immersion. Then it is well known, since the publication of Blaschke’s book in the early twenties,
that on a non-degenerate affine hypersurface M there exists a canonical transversal vector field,
called the affine normal. The second fundamental form h associated to the affine normal is called
the affine metric. In the special case that M is locally strongly convex, this affine metric is a
Riemannian metric. Also, using the affine normal, by the Gauss formula, one can introduce an
affine connection on M, called the induced connection V. Therefore, on M we can consider
two connections, namely the induced affine connection V and the Levi-Civita connection V of
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the affine metric h. The difference tensor K is defined by K(X,Y) = VxY — VxY. Using
the Weingarten formula, we can define the shape operator S and M is called an affine sphere
if §=cld.

Moreover, we say that M is a A-isotropic submanifold if at each point p of M, h(K (v,v),
K (v,v)) is independent of the unit vector v, namely,

Alp) = [|K (v, v)]], (L.1)

where A is a function on M and h(v,v) = 1. If X is a constant, we say that M is constant
isotropic.

In this paper, we study n-dimensional affine spheres in R**! which are A-isotropic and we
obtain their complete classification.
Remark 1.1 Since M is strongly convex, if M is A-isotropic, the case A = 0 implies K = 0
and consequently, from (2.12) it follows C' = 0. Furthermore, we remark that the theorem of
Berwald states that C vanishes identically if and only if M is an open part of a non-degenerate
locally convex quadric. Therefore, we assume A # 0.

Remark 1.2 In Lemma 3.1 we prove that every surface in R? is A-isotropic.
For higher dimensions we prove the following

Main Theorem Letn > 3 and M be an n-dimensional affine sphere in R™1 which is \-
isotropic. Then M is a constant isotropic hyperbolic affine sphere and M 1is affine equivalent
with a canonical immersion of one of the following symmetric spaces:

e SL(3,R)/SO(3);

e SL(3,C)/SU(3);

* SU™(6)/Sp(3);

o Fg(—26)/Fy.

In [6] the authors gave a complete classification of locally strongly convex affine hypersur-
faces of R™*! with parallel cubic form with respect to the Levi-Civita connection of the affine
Berwald—Blaschke metric. It turns out that all such affine hypersurfaces can be obtained by
applying repeatedly the Calabi product construction of hyperbolic affine hyperspheres, using
as building blocks either the hyperboloid, or the standard immersion of one of the symmetric
spaces SL(m,R)/SO(m), SL(m,C)/SU(m), SU*(2m)/Sp(m) or Eg(—26)/F}.

2 Preliminaries

Let f : M™ — R"™t! be an immersion of a connected differentiable n-dimensional manifold
into the affine space R™*! equipped with its usual flat connection D and a parallel volume
element w and let £ be an arbitrary local transversal vector field to f(M™). For any vector
fields X,Y, X4,..., X, we write

DXf*(Y) = f*(vXY) + h(Xv Y)£7 (21)
0(X1, . X)) = (X1, f X E), (2.2)

thus define an affine connection V, a symmetric (0, 2)-type tensor h, as the second fundamental
form and a volume element . We say that f is non-degenerate if h is non-degenerate (and
this condition is independent of the choice of transversal vector field £). In this case, it is
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known (see [7]) that there is a unique choice (up to sign) of transversal vector field such that
the induced connection V, the induced second fundamental form h and the induced volume
element @ satisfy the following conditions:

V6 =0, (2.3)
0= Wh, (24)

where wy, is the metric volume element induced by h. We call V the induced affine connection, £
the affine normal and h the affine metric. By combining (2.3) and (2.4), we obtain the apolarity
condition which states that Vw;, = 0. A non-degenerate immersion equipped with this special
transversal vector field is called a Blaschke immersion. Throughout this paper, we will always
assume that f is a Blaschke immersion. If h is positive (or negative) definite, the immersion is
called locally strongly convex. Notice that if h is negative definite, we can always replace £ by
—£, thus making the new affine metric positive definite. Therefore, if we say that M is locally
strongly convex, we will always assume that £ is chosen so that h is positive definite.

Condition (2.3) implies that Dx¢ is tangent to f(M™) for any tangent vector X to M.
Hence, we can define a (1, 1)-tensor field S, called the affine shape operator by

Dx¢ = —f.(SX). (2.5)
The following fundamental equations of Gauss, Codazzi and Ricci are given by
R(X,Y)Z =n(Y,Z)SX —h(X,Z)SY (Equation of Gauss),
(Vh)(X,Y,Z) = (Vh)(Y,X,Z) (Equation of Codazzi for h),
(VxS)Y = (VyS)X (Equation of Codazzi for ),
h(X,SY)=h(SX,Y) (Equation of Ricci).
If dim M > 2 and M is an affine sphere, it follows from (2.8) that ¢ is a constant. We call
f a proper affine sphere if ¢ # 0: if ¢ > 0, the proper affine sphere is called elliptic, if ¢ < 0,
it is called hyperbolic. If ¢ = 0, the affine sphere is called improper or parabolic. Hence, by

applying a suitable homothetic transformation, we may assume that ¢ = —1, ¢ =0 or ¢ = 1.
From (2.7), it follows that the cubic form

C(X,Y,Z) = (Vh)(X,Y, Z) (2.10)

is symmetric in X,Y, Z.
Let V denote the Levi-Civita connection of the affine metric h. The difference tensor K is
defined by
K(X,Y)=VxY —VxY

for vector fields X and Y on M. We also write KxY = K(X,Y) and Kx = Vx — Vx. Thus,
for each X, it follows that Kx is a tensor of type (1,1) that maps Y to K(X,Y). Since both
V and V have zero torsion, K is symmetric in X and Y,

K(X,Y) = K(V, X). (2.11)

We also have
C(X,Y,Z)=-2h(K(X,Y),Z) (2.12)
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and consequently
MEK(X,Y),Z) = NK(X, Z),Y), (2.13)

which says that the operator K x is symmetric relative to h. Notice that the apolarity condition
(Vwy, = 0) together with (2.4) (see [7, p.51]) implies

traceKxy =0 for all vector fields X. (2.14)
Since

R(X,Y)Z = ;(h(Y, Z)SX — h(X,Z)SY + h(SY, Z)X — h(SX,Z)Y) — [Kx, Ky|Z, (2.15)

where R denotes the curvature tensor of V, in the special case that M is an affine sphere,
equation (2.15) becomes

R(X,Y)Z =c¢(h(Y,2)X — (X, 2)Y) - [Kx, Ky]Z. (2.16)
Moreover, if M is an affine sphere, we have
(VyK)(X,2) = (Vx K)(Y, 2), (2.17)
where (Vy K)(X,Z) = Vy(K(X,2)) — K(VyX,Z) — K(X,VyZ).

3 The Construction of an Orthonormal Basis

In this section we consider an n-dimensional, locally strongly convex affine sphere M in R**!
which is isotropic, namely, at each point p of M, ||K(v,v)| is independent of the unit vector v.
Hence, there exists a function A on M such that

)\2(1)) = h(K(U7 U), K(U7 U))

for v € UM, where UyM = {v € T,M|h(v,v) = 1}. We first investigate the algebraic proper-
ties of the difference tensor K at a point p where A(p) # 0. In that case it is a straightforward
computation to check the following conditions for orthonormal vectors z,y, z and w:

( (z,y), K(z,2)) = 0, (3.1)

*h(w,x)h(y,y) — h(K(z,2), K(y,y)) = 2h(K(z,y), K (z,y)) = 0, (3.2)
WK (y, z), K (2, 2)) + 2h(K (2, y), K(z,2)) = 0, (3-3)
WK (2,y), K(z,w)) + h(K (2, 2), K(w,y)) + h(K(z,w), K(y, z)) = 0. (3-4)

We now construct an orthonormal basis with respect to the affine metric i at the point
p € M, following the idea of Ejiri [8].

Since M is locally strongly convex and therefore U, M is compact, we define a function f
on UpM by f(v) = h(K(v,v),v). Let e; be an element of U, M at which the function f attains
an absolute maximum. After Remark 1.1, we conclude that f(e;) > 0, since f(e;) = 0 implies
that f is identically 0 and consequently K = 0. Let v € U,M such that h(v,e;) = 0 and y(t) =
costey +sintv. Since f(v(t)) attains an absolute maximum for ¢ = 0, we have $ (f(v(t))|o = 0.
So h(v, K(e1,e1)) + 2h(e1, K(e1,v)) = 0, and using (2.13), we obtain h(v, K(e1,e1)) = 0.
Therefore, e; is an eigenvector of K., for the real eigenvalue Ay = f(ey).

Lemma 3.1 Ewvery surface in R3 is A-isotropic.
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Proof Since K., is a symmetric operator, there exists an orthonormal basis ei, ez of UpM
composed of eigenvectors of K., , with respective eigenvalues A1, A2, namely, satisfying

Kelel = )\161, Keleg = )\262.

Since traceK,, = 0, we conclude A2 = —\;. Using (2.13), it follows K (eg, e3) = —Ajey.

It is clear that (1.1) holds for e; and e; and A = A\;. Moreover, for any unit vector
v = aej + Beq, using (2.11), we compute that (1.1) is satisfied, since a? + 3% = 1 and K is
bilinear. O
From now on we suppose n > 3. Since K., is a symmetric operator, there exists an
orthonormal basis ey, ea, ..., e, of U,M composed of the eigenvectors of K., , with respective
eigenvalues A1, Ao, ..., Ay
This basis verifies the following relation, for all 4,5 =1,...,n,
hiei, K(e;,e5)) = h(K(e1,ei),e;)) = 0ijAi. (3.5)

Lemma 3.2 Letn > 3 and M be an n-dimensional affine sphere in R™"! which is A-isotropic.
Then

h el,K(elael)) = >\a
e1, K(e1,x)) = O7 zeT,MnN {el}l;

>

( (3.6)
( (3.7)
h(er, K(z,y)) = ( y), x,y€ Ly (3.8)
h(e1, K(z,y)) = —/\h(w y), Y€ Lo; (3.9)
h(er, K(z,y)) =0, x € L,y € Lo. (3.10)

Proof Using (3.5) and (1.1), it follows A\; = A, namely, we prove (3.6).

Furthermore, since h and K are bilinear, we get (3.7).

Now, applying (3.2) for x = e; and y = ¢;,4 = 2,...,n, we obtain
A+X)(A=2))=0

Let us first suppose that Ao =--- =\, = ;‘ Since traceK,., = 0, we compute A + (n — 1);‘
= 0, which is a contradiction.

Let us now suppose that Ay = --- = A, = —A. Since traceK., = 0, it follows A(n —2) =0,
which is again a contradiction.

Without loss of generality, we may assume Ao = +-- = A\ = ;)\ and Ay = = Ay = —A
with 2 < k < n. Let us denote by Ly and Lo the linear subspaces of T}, M spanned by e, ..., ey
and egy1,...,e,, respectively. Since h and K are bilinear, using (2.13) and the definition of L;,
we obtain (3.8)—(3.10). O

Lemma 3.3 Letn > 3 and M be an n-dimensional affine sphere in R™" ! which is A-isotropic.
Then

hz,K(z,z))=0, x€lL;i=12; (3.11)
0, =z,y,z€ L;,i=1,2; (3.12)
hz,K(y,z)) =0, x€Li,y,z€ Ls. (3.13)
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Proof Using the definition of L;, ¢ = 1,2 and relation (3.1) with y = e;, we get
A
0= h(2 x,K(w,x)), x € L,

0=h(-Az,K(z,x)), x€ Ly,

which proves (3.11).

Let z,y,z € Ly and «, 3,7 € R. Replacing « by ax + By + vz in (3.11), we obtain a
polynomial in «, 8 and 7. Using (2.11) and (2.13), we compute that the coefficient of oSy is
6h(z, K(y, z)). Since all the coefficients of this polynomial vanish, we obtain (3.12). We have
the same conclusion for x,y,z € Lo.

Now, put z € Ly, y € Ly and z = ey in (3.3). Using Lemma 3.2, we get (5 —2\)h(z, K(y,y))

= 0. Replacing y by y + z, with z € L, we obtain (3.13). O
The next two lemmas will improve further our choice of orthonormal basis.
Lemma 3.4 For linear subspaces Ly and Lo of T,M spanned by es, ... e, and exq1,...,€q,
respectively, it follows
dimL; =21, dimLy;=171+1. (3.14)
Proof  Since traceK,, = 0, using Ao = -+ = Ay = JA and A\jpq = -+ = A, = —A, we compute

A (k=15 4+ (n—k—1+1)(—=A) =0, namely, 1 + *;* —n+k =0.
Therefore, we conclude that k — 1 = 2[, dimLy = k — 1 = 2l. Moreover, from the last
relation we compute n = 3l 4+ 2. Then, dimLs =n—k =1+ 1. O

Remark 3.5 Asn >3 and n = 3l + 2, we obtain n > 5.

Since dimLs > 1, let ¢ € Ly be a fixed unit vector and let x € Ly, y € Ls. Then

e using Lemma 3.2, it follows h(K (¢, x),e1) = 0;

e using (2.13) and (3.13), it follows h(K (¢, z),y) = h(K(¢,y),z) = 0.

Consequently, K maps L; into Ly and therefore there exists an orthonormal basis fa, ..., fi
of Ly such that

Weput e =¢, y=fi,i=2,...,k in (3.2) and compute
N = h(K(C,Q), K (fi, 1)) = 2h(K (¢, £2), K (C, f:)) = 0. (3.16)

Using (3.8) and (3.15), we get h(ei, K(fi, fi)) = 3 and h(K(f;, fi),¢() = p;. Using (3.9)
and (3.12), we find that there exist functions s, . .., ay such that K((,() = —Aey +Z§:2 a; fj.
By (3.12), we have h(K(fi, fi),f;) = 0,5 = 2,...,k, and therefore h(K((,(),K(fi, fi)) =
h(—Xe1, ye1). Then it follows from (3.16) and (3.15) that p? = 3%

Let Ly1; and L,5 denote the subspaces of L; corresponding to the eigenvalues ‘éB)\ and
— ‘é‘3 A, respectively.
Lemma 3.6 Under the above notations, there holds

Proof Let us suppose that dimL;; = a and dimL;» = b. Since traceK; = 0, we compute
0= ‘ég Aa + (— ‘é3)/\b. Moreover, since a + b = 2l, we conclude a = b = [, namely, dimLq; =
dimLi5 = [. Then the orthogonal complement of ¢ in Lo also has dimension . O

Combining the results from this section, we have the following proposition.
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Proposition 3.7 Let n > 3 and M be an n-dimensional affine sphere in R"t! which is \-
isotropic. Then there exists an orthonormal basis {€1,91,--., 91,9141, --- G20, §21+1, - - -, 931, C}
of TyM" satisfying g; € L1y fori =1,...,l, ¢ € Lia fori =1+1,...,2l, gi € Ly fori =
20+1,...,3l, € Ly and

K(C.g) = (<11 %)

K(C i) =0, for gi€Lan¢h; K((Q) =—Xe;; K((e1)=—AG
K(ep,e1) = Xer; K(er,g:) = /2\
K(e1,9:) = —Agi, for gi€ Lan¢h;
V3

2

Agis for gi € Lqy;

9i, for g; € L11 U Lyg;

=

A
261 + (—1)

9i:gi) = —Xex, for g; € Lyn{C}H;

( AG,  for gi € Luj;

(

(g5,96) =0, if gj,gx € L1i or if gj,gx € LaN{C};
(

(

91‘791‘) =

xR

K(gj,gk) € Lan{C}*, for gj € L11 and gy, € Lia;

Gks9m) € Lai,  for gi € Ly; with j # i and g, € Lo N {g}l.

=

Proof Using (3.8), (3.9) and (3.11), we find

)\22 h(z,z)h(y,y) (3.18)

for x € L and y € Ly. We put (3.18) in (3.2) and obtain

h(K(x7$)7 K(yvy)) =

322

h(K (z,y), K(z,y)) = f (3.19)
for orthonormal vectors.
Replacing y by y + z with z € Ly orthogonal to y, we get
hK(x,y), K(z,2)) =0. (3.20)
Applying (3.20) to x € Ly;, y € Ly N {¢}* and z = ¢, we have h(y, K(z,x)) = 0.
Replacing = by x + w with w € Lq;, we get
h(y, K(z,w)) =0, ye&Lyn{C}*, zwée Ly. (3.21)

Combining (3.21) with Lemma 3.2 and Lemma 3.3, we conclude the proof of this proposi-
tion. O

4 Some Results on Isotropic Affine Spheres

Proposition 4.1 Let n > 3 and M be an n-dimensional affine sphere in R which is
A-isotropic. Then M is constant isotropic.

Proof Under the previous notation, we set ¢] = e1, e/, = Cand e}, =g;,_1 foralli =2,...,n—1

and we denote by f{Ejk the Ricci tensor, namely, f{Ejk =>r, h(ﬁ(e;, el )€, €;).
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Using (2.13), (2.16) and (2.14), we get

Ricj, = (n— 1)cbjp + Zh e, eh), K(e)ep))

i=1
1 n
(TL - 1 C(S]k? + Zh _]7 z) K(e;’e?c)) + 2 Zh(K(ewez) K(egﬁei’c))
i=1 i=1

Then, from (3.1) and (3.3), we obtain
1
RIC]k =(n—1)cd;, + {Zh e, ;) K(el,e])) + N Zh(K(el,ez) K(e],e]))] ik
=1 =1
Now we use (3.2) and compute

— n-+2
Rlcjk:(n—l)céjk+< >\2+§¢: > ik = {n—l)o—i— 9 )\2}5]%.
i#j

Since n > 3, by Schur’s lemma, it follows that A is a constant. O

Proposition 4.2 Let n > 3 and M be an n-dimensional affine sphere in R™! which is \-
isotropic. Then the difference tensor K is parallel with respect to the Levi—Civita connection of
the affine metric h.

Proof The isotropy condition (1.1) implies
h(K(z,z), K(x,2)) = A2 h?(x, z) (4.1)

for each vector x € T, M. From Proposition 4.1, it follows that A is a constant. Then, since \Y
is a Levi-Civita connection, covariant differentiation of (4.1) gives

h(VyK)(z,z), K (x,2)) = 0. (4.2)

Let £ = av+pw, where v, w are unit orthogonal tangent vectors to M and a, 8 € R. Using (2.11)
and (2.17), the linearization argument implies

h(VoK) (v, ), K(v,w)) = 0. (4.3)
From (2.13), we get
N = h(K(v,v), K(v,v)) = (K (v, K(v,v)),v) (4.4)
and using (3.1), it follows
0 = h(K(v,v), K (v,w)) = h(K (v, K (v,v)), w), (4.5)

for all w orthogonal to v. Then (4.4) and (4.5) imply
K (v, K(v,v)) = \o. (4.6)
Putting K (v, v) instead of w in (4.3), we obtain
= h((VoK)(v,0), K (v, K(v,0))) = A2 h((VoK)(v,v),0). (4.7)

Since A # 0, we conclude

h(VoK)(v,v),v) = 0. (4.8)
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Let v = ax + By + vz + dw, where x, y, z, w are tangent vectors to M, for o, 3,7, € R.
Using (2.13), (2.17) and (4.8), the linearization argument implies

h(V2K)(y, 2),w) = 0 (4.9)

for all z,y,z,w € T,M. O

Proposition 4.3 Let n > 3 and M be an n-dimensional A-isotropic affine sphere in R™ 1.
Then M is a hyperbolic affine sphere and \ = \}2.
Proof From Proposition 4.2, we conclude VK = 0. Hence we get R-K =0 and we obtain for
z,y,2,w € T, M that

R(z,y)K (2,w) = K(R(z,y)z,w) + K(z, R(z, y)w). (4.10)
Applying this formula for 2 = w = e1, x = ey, y = ¢;, we obtain

Rle1,e)K(e1,e1) = K(R(er,e;)er, e1) + K(ey, R(eq, e;)er). (4.11)
Using (2.16), it follows

R(ey,ei)er = c(h(e;,e1) — hler,er)e;) — [Ke,, Ke,lex (4.12)
and from Lemma 3.2 and (4.12), for e; € Lo, we obtain
R(el, ei)er = (—c—2X\?)e;. (4.13)
Since, for e; € Lo, using (4.13) and (3.9), we compute
K(e1,R(er,e)er) = K((—c — 2)\)es, e1) = (¢ + 202) de;. (4.14)
Using (4.11) and (3.6) and (4.14), for e; € Ly, we conclude
A2A\% +¢) = 0. (4.15)
Since A # 0, it follows ¢ = —2\2, i.e., M is a hyperbolic affine sphere. Consequently, we

have A2 = J. O

Lemma 4.4 Let n >3 and M be an n-dimensional A-isotropic affine sphere in R™"t1. Then
M is a symmetric space.

Proof Since V is a Levi-Civita connection with respect to h, using Proposition 4.2 and the
Gauss equation (2.16), we conclude VR =0. O
Proposition 4.5 Let n > 3 and M be an n-dimensional \-isotropic affine sphere in R™t1.

Then n =5,8,14 or 26.

Proof In order to prove Proposition 4.5, we are going to define a map

a: Ly x Lo — Lo\ {(},

which is bilinear and satisfies the following condition of multiplicativity

h(a(z,y), ez, y)) = h(z, x) - h(y,y) (4.16)

for any = € L1; and y € L15. We remember that Lemma 3.4 and Lemma 3.6 imply dimZL,; =

Then, using the Hurwitz’s theorem it follows [ = 1,2,4 or 8, and therefore n = 5,8,14 or
26, which completes the proof of Proposition 4.5.
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Since K is bilinear, let us define o as
2
alx,y) = K(x,
@)= . K@)
and prove that the condition (4.16) is satisfied.
For x € Ly1, using Lemma 3.2 and the basis of Proposition 3.7, we compute

K(xz,xz) = h(K(z,x),e1)er + h(K(z,x),{)¢ + Z hK (z,x),g:)9i
gi€L1
+ Y W(K(x,7),95)9
g;€L2\¢
A V3
= h(K., z,z)e1 + h(Kcx, )¢ = 2h(x,:c)61 + ) Mh(z,x)C
since for g; € Ly, using (3.12), we have h(K(z,z),¢;) = 0 and for g; € Ly N {{}*, using (3.21),
we have h(K(z,x),g;) = 0.
Similarly, for y € L1, we compute

A
K(y.9) = S bl )er — ) Ml )C:

Using (3.2) and the previous formulas, we compute

h(K (x,y), K(2,y))

= ; )\Qh(x,x)h(y,y) — h<>\

) h(z,x)e; + \23 Ah(z, 2)C,

N >

h(y,y)er — \23%(1/,@/)(”

= th(x,x)h(y,y)

for any € L1; and y € L15 and therefore, the condition (4.16) is satisfied. O

5 Four Examples and Proof of Main Theorem

In order to finish the proof of our Main Theorem (in Subsection 5.5), we first consider separately
each of the four dimensions determined in Proposition 4.3. Namely, in Subsections 5.1-5.4,
we construct the natural imbeddings, as hypersurfaces, of SL(3,R)/SO(3), SL(3,C)/SU(3),
SU*(6)/Sp(3) and Eg(—26)/F}, into the affine spaces RS, RY R R27 respectively and we
prove that they are \}2 -isotropic.

Note that these examples already appear in the study of homogeneous hyperbolic affine
hyperspheres by Sasaki [9], who has shown that these immersions are indeed homogeneous
hyperbolic affine hyperspheres.

5.1 For n =5, we will construct an imbedding M® = SL(3,R)/SO(3) — s(3) ~ RS, where
we denote by s(3) the vector space of all real symmetric matrices of degree 3. The mapping

f:SL(3,R) — s(3) given by f(a) ="aa
induces an imbedding
f: SL(3,R)/SO(3) — s(3),

which is a Blaschke imbedding as a centro-affine hypersurface. We consider the decomposition
of the Lie algebra sl(3,R) : sl(3,R) = so @ o3 where s = {M € s(3)/trace(M) = 0} and
03 = {M €5sl(3,R)/trace(M) = 0 and 'M = M1},



Isotropic Affine Spheres 1965
Proposition 5.1 ([7, p.112]) The Blaschke structure of the imbedding
[ M? =SL(3,R)/SO(3) — 5(3) ~ R

can be expressed algebraically in terms of the Lie algebra, as follows:

VxY =XY +YX - ;trace(XY)I, (5.1)
hX,Y) = gtrace(XY), (5.2)
S =-1 (5.3)

for X,Y € 5o~ TrM°.

Then it follows h(X, X) = 3trace(X?), which shows that & is positive-definite.

The Levi-Civita connection V for h coincides with the canonical invariant connection V°
on the symmetric homogeneous space given by V%Y = 0, for X,Y € sq. Therefore, VxY = 0,
and using (5.1), we obtain

2
K(X,X)=2X%— 3trace(X2)I
and consequently it follows
16 16
h(K(X,X),K(X,X))= 3 trace(X?) — 9 (trace(X?))?. (5.4)

Using the Cayley-Hamilton theorem, for each X in the Lie algebra of M®°, we get X* —
5 (trace(X?)) X2 — det(X)X = 0 and therefore

trace(X?) = ;(trace(Xz))z. (5.5)
Now, using (5.4) and (5.5), we compute
W (X, X), K (X, X)) = | (X, X),

i.e., SL(3,R)/SO(3) is \/12—isotr0pic.
5.2 n=28
Denoting by s'(3) the vector space of all Hermitian matrices of degree 3 on C, we conclude

that the mapping
f:SL(3,C) — s'(3) given by f(a) ="aa

induces an imbedding
f: SL(3,C)/SU(3) — s'(3) ~ R®.

We consider the decomposition of the Lie algebra sl(3,C) : sl(3,C) = s @ ug where s, =
{M € §'(3)/ trace(M) = 0} and uz = {M € sl(3,C)/ trace(M) = 0 and ‘M = M_l}.
Proposition 5.2 The Blaschke structure of the imbedding f : M® = SL(3,C)/SU(3) —

s'(3) ~ RY can be expressed algebraically in terms of the Lie algebra, as follows:
2
VxY =XY+YX - 3trace(XY)I, (5.6)
4
hX,Y)= 3trace(XY) (5.7)

for XY € s) ~TM® and S = —1.
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Proof Let X € sp, as = exp(sX), w(as) = x5 € SL(3,C)/SU(3), where = : SL(3,C) —
SL(3,C)/SU(3) is the natural projection. We have f(xs) = ‘a5 as and hence
d
fu(X) = <d8> (‘exp(sX) exp(sX)) = 2 X. (5.8)
s=0

Let ¢ be the representation ¢ : SL(3,C) — SA(9), where SA(9) is the group of unimodular
affine transformations of RY, such that

f(My Mz) = ¢(Mz) f(My).
It gives a representation ¢ of SL(3,C) on s; by
(M) X = "My X My,
for each X € s, and that (f, ¢) is an equivariant immersion of (SL(3,C)/SU(3),SL(3,C)) into
(R?,SA(9)). For more details we refer to [7].
Then for the tangent vector &5 € Ty M ~ s to the curve z, using (5.8), we have
Ful@s) = fu(asX) = ¢las) f(X) = (exp(sX)) (2X) exp(sX). (5.9)
Since (dds)szo fo(@s) = fo(VxX) + (X, X)I, using (5.9) and (5.8), we obtain
4X° = 2(Vx X) + h(X, X)I. (5.10)
Taking the trace of (5.10), it follows 4trace(X2) = 3h(X, X). Since trace(X)? = trace(X?) for
X € s{,, we compute
VxX =2X%— ;trace(X2)I, (5.11)
hX,X)= ;ltrace(XQ). (5.12)

Polarization of (5.11) and (5.12) gives (5.6) and (5.7). Then we compute the curvature
tensor and therefore, using the Gauss equation (2.6), we get S = —1. O

Using the same argument as for n = 5, we obtain
1
trace(X*) = 5 (trace(XQ))z. (5.13)

We note that h coincides, up to a scalar, with the Killing form B of the Lie algebra sl(3, C).
It is a natural Riemannian metric on the symmetric space M?® and therefore its Levi-Civita
connection V is given by VxV = ;[X, Y].

Consequently K (X, X) =2X? — 2trace(X?)I and using (5.13), we compute

1
MK(X, X), K (X, X)) = | h*(X, X).

Therefore, SL(3,C)/SU(3) is \}Q—isotropic.
53 n=14

The mapping f : SU*(6) — a given by f(N) = ‘N N, where

E F

a= J'E=E,'F=-F
~F E

induces an imbedding f : SU*(6)/Sp(3) — a ~ R1%.
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We consider the decomposition su*(6) = sp(3) @ po of the Lie algebra su*(6) where py =
{N € a/trace(N) = 0} in order to represent any invariant structure on the space M4 =
SU*(6)/Sp(3) (see [10, Chapter XI]). In particular, py represents Ty M4,

Proposition 5.3 The Blaschke structure of the imbedding f : M'* = SU*(6)/Sp(3) — a ~

R can be expressed algebraically in terms of the Lie algebra, as follows:

1
VxY =XY+YX - 3trace(XY)I7 (5.14)
2
MX,Y) = 3(XY) (5.15)

for X,Y € pg ~TyM™ and S = —1I.

Proof Let X € pg, as = exp(sX), w(as) = x5 € SU*(6)/Sp(3) where = : SU*(6) —
SU*(6)/Sp(3) is the natural projection. Since after a straightforward computation, we get
X = X for X € pg, we compute f,(X)=2X.

Let ¢ be the representation ¢ : SU*(6) — SA(15), where SA(15) is the group of unimod-
ular affine transformations of R, such that f(M; Ms) = ¢(Ms) f(M;). A representation ¢
of SU*(6) on py is given by ¢(M2)X ='Ms X My and (f,¢) is an equivariant immersion of
(SU*(6)/Sp(3),SU*(6)) into (R'®, SA(15)).

Then for the tangent vector &s € TyM'™ ~ pgy to the curve x, we obtain the same relation
as (5.9). Consequently, the relation (5.10) follows and therefore we compute 4trace(X 2) =
6h(X, X).

Since in a fairly straightforward way, we obtain trace(X)? = trace(X?) for X € py. We get

1 2
VxX =2X%— 3trace(X2)I, h(X,X)= 3trace(X2).

Hence, by polarization, (5.15) and (5.14) follow. Like in the previous case, S = —1I. O

After a long but straightforward computation, we obtain
1
trace(X?) = 4(trace(X2))2. (5.16)

As it is easy to verify that B(X,Y) = trace(XY) is a Killing form on su*(6), the metric h
is a natural Riemannian metric on the symmetric space SU*(6)/Sp(3). Therefore the difference
tensor is given by

1
K(X,X)=2X?— 3trace(X2)I,

and using (5.16), we conclude that SU*(6)/Sp(3) is \}Q—isotropic since

WE(X, X), K(X, X)) = trace<<(2X2) - ;trace(X2)I> 2)

trace(4X*) — S(traee(XQ))Q +

227 (trace(X?))? - 6

R (X, X).

N~ W N W N

5.4 n=26
M?% = E¢(—26)/F,;. We denote by M3(0) the vector space of all 3 x 3 matrices with entries
in the space of octonions Q. Let h3(Q) be the set of Hermitian matrices with entries in O, i.e.,
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h3(0) = {N € M3(Q) /!N = N}. Any element N € h3(0) is of the form

§1 w3
NZN(&,I): 3 & 1 ;& €eRand z; € O

z2 11 &3

In the 27-dimensional real vector space h3(0), the multiplication X oY, called the Jordan
multiplication, is defined by

XoY = ;(XY—i—YX).

h3(0), equipped with the product o, is a real Jordan algebra.
Despite noncommutativity and nonassociativity, the determinant of a matrix N in h3(0),
defined by

1 1 1
det N = 3trace(No NoN)— 2trace(N)trace(N oN)+ 6(trace(N))3, (5.17)

where trace(IN) = & + & + &3, N = N(€, x) is a well-defined and useful concept. The group of
determinant-preserving linear transformations of §3(Q) is a noncompact real form of Eg which
is sometimes called Eg(—26), because its Killing form has signature —26. For more explanation
we refer to [11].

We consider the decomposition eg = f4 @ sh3(0) of the Lie algebra eg of Eg(—26) where
fa = der(0) ® {N € M3(0)/'N = —N, tr(N) =0}, where the derivations of the octonions
der(0) is the Lie algebra of G2 = Aut(Q), the automorphism group of the octonion algebra.
So we have

T M* ~ {N € M3(0)/'N =N, tr(N) =0} .
Using Lemma 2.2.4 of [12], we conclude

Fy = {isor(h3(0))/ det(aN) =det N,al = I},

Eg(—26) = {isor(h3(0))/det(aN) = det N},
where I denotes the identity matrix and isog (h3(Q)) denotes all R-linear isomorphisms of h3(Q).
We deduce that the stabilizer of I in h3(Q) is Fy. Then M?% is locally isomorphic to A which
is the connected component of I in {N € M3(0)/'N = N, det(N) =1}. Therefore, A is the
homogeneous space and we have a natural immersion of this space in h3(Q).

Since we are interested to construct local coordinates around the identity matrix, we choose
local coordinate system such that & = 1.

1 z3 =
For N = (:ca & 95) € h3(0), there exist 26 real numbers yi, ..., y2¢ such that
T2 T1 S3
=7 =7 =7
=y, &=y, T1=) Y3y, Ta= Y Yni€i, T3 = Y Yioti€i, (5.18)
i=0 =0 =0
where (eg,...,e7) is a basis of the real vector space Q.

Since for N € h3(Q), the matrix of the form det™ s (N)N has a determinant equal to 1, we
1

r3 T2
put g(p) =det | =3 & =1 | at p= (y1,-..,Y26)-

T2 o1 &3

Using (5.17) we compute
det(N(§,2)) = £1£283 + 2Re(x12223) — 12101 — §22200 — {32373, (5.19)
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Now, using the octonion multiplication table, notation (5.18) and (5.19), we compute

9(p) = y1y2 + 2{y19(y3y11 — Yay12 — Ysy13 — YeY14 — Y7Y15 — YsYi6 — YoY17 — Y10Y1s)
— Y20(Y3y12 + Yay11 + YsY14 — Y613 + YrYie — YsY1s + Yoy1s — Y10Y17
— Y21(Y3Y13 — Ya¥Y14 + YsY11 + YeY12 — Y7Y17 + YsY18 + YoY15 — Y10Y16
— Y22(Y3Y14 + Yay13 — YsY12 + YeY11 + Y7yY18 + YsY17 — YoYi6 — Y10Y15

)
( )
( )
— Y23(Y3y15 — YaY16 + YsY17 — Yey18 + Yryi1 + YsY12 — Yo¥13 + Y10Y14)
— y24(Y3Y16 + Ya¥15 — Ys5Y18 — YeY17 — Yr¥12 + YsyY11 + YoY14 + Y10¥13)
— y25(Y3Y17 — Yay18 — YsY15 + YeY16 + Yr¥13 — YsY14 + Yoy11 + Y10¥12)
— Y26(Y3Y1s + Yay17 + YsY16 + YeY15 — YrY14 — YsY13 — YoY12 + Y10Y11)}
— (Y5 + i+ Y5 +vg + 7+ Y+ s +yio)

—y1(yi1 + Ytz +Yis +Yis +Yis +Yie +yir +yis)

— y2(Yio + Ya0 + Yz + Yaz + Y3z + Y3a + Y35 + Yio)-

With these notations we obtain local coordinates which define the hypersurface by

F:R* —R¥  ps g s(p) (1,p). (5.20)
We set the notation: gf_ = F;, %q_ = g; and let f; be a point where only the i-th coordinate

is 1 and the others are 0.
Now, let us choose the local transversal vector field to be the position vector field. Follow-
ing (2.1), we decompose D, F; as

Fji(p) = Vi, Fi (p) + h(Fy, F;)(p) F(p), (5.21)

where V is the induced connection and h is the affine metric.
We compute

Filp) = = y0s(g ™3 0)(1,) + 97 () (5-22)
and
Fyi(p) = ;1 9i(0) 9;(p) 975 (p) (1,p) — ;) 9;(0) 975 (0) (1, p) + 973 (p) fi. (5.23)
Expressing (1,p) from (5.20) and f; from (5.22), in terms of g and F', and using (5.23), we
obtain
Fji(p) = (; 92(p) 9:(p) gj(p) — ;gfl(p) gji(p)> F(p)
- ;g’l(p) 9i(p) Fi(p) — ; 97 (p) 9:(p) Fj(p)-
From (5.21), it follows
h(F;, F;)(p) = 59_2(19) 9:(p) g;(p) — ;g‘l(p) 9;5:(p), (5.24)
Vr, F; (p) = —; 9 ' (p) g;(p) Fi(p) — ; 9" (») 9:(p) F(p). (5.25)
Using (5.24) and (5.25), we get

0

(V) (Fe i Fy)o) =

(h(F3, Fy))(p) — MV i F, Fy)(p) — hM(Fi, Vi F})(p)
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4

==, 9 () 5i(p) 9;(P) 9(p)
+ 3 972 0)(50) 90i(p) + 950) 913 () + 94(0) 95 0)
~ 07 ) gunl). (5.26)
We compute
KU B)9) = =, SO(VR)F B ) 9 () Fip) (5.27)

since (Vh)(Fy, F;, Fj)(p) = —2h(K(F;, F}), F)(p) follows from (2.10) and (2.12). Here we
denote by (h;;)(p) the matrix h(F;, F})(p), namely the matrix of the metric at p and we denote
by (h;jl)(p) its inverse matrix. Using (5.24), we obtain, at po = (1,1,0,...,0),

1

2 =5 0 0
-5 20 0
h(Fy Fy)po)=| 0 0 3 0 (5.28)
0
0 3
and
6 3 0 0
36 0 0
h (F, Fy)(po) = |0 0 0. (5.29)
0
0 >

Using (5.27), (5.29) and (5.26), we compute, at po,

1
54 (—249:9; — 549145 + 189i91; + 18g;91: + 18g;;
— 12¢;9; — 27g2i; + 99i92; + 99;92: + 99i5) Fi

+ (—24g:9; — 54g2:; + 18¢:92; + 18¢,92; + 18g;;

K(F;, Fj)(po) =

— 129595 — 279145 + 99i915 + 995915 + 99i5) F2

26
27 9 9
+ kz_;) <— o Jiik + o 9igik + 29jgik> Fy. (5.30)
For example,
1 1
K1 = _F Koo = F.
11 3 1, 22 3 25

Ky=F+F, i=3,...,10,
Ki=—-F, i=13,...,18,
Ky =—F,, i=19,...,26,
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1 1
Kio=—_F— _F>.
12 gt 7 gt

The proof of trace, K = 0 at po (i.e., >, p hij;k = 0 for all ¢) is a matter of straightforward
computation. Consequently, F(pg) is the affine normal at po and we conclude that M is an
affine hypersphere. Since h and K are bilinear, for V = ZZ 1 viFy, we have

K (V,V), K Z vivjupv h(K (Fi, Fy), K (Fi, F)), (5.31)
i,5,k,l=1
26
RV, V)= > wvwjoev hijh. (5.32)
i,7,k,l=1

Using (5.30), (5.28), (5.31) and (5.31), we compute h(K (v,v), K(v,v)) and h?(v,v), where v is
a tangent vector at pg. These are polynomial functions of fourth order on 26 variables. After
a long but straightforward computation, we conclude h(K (v,v), K (v,v)) = 3h?(v,v).

5.5 We can now conclude the proof of the main theorem.

Lemma 5.4 Let n > 3 and M be an n-dimensional A-isotropic affine sphere in R™F1
There exists an orthonormal basis {e},... e, } of T,M", defined by Proposition 3.7, such that
K (e}, ep,) = iy o pei where o ;. are constants which depend on .
Proof Let {e},...,el,} = {e1, 91, 91,9141, - - - 921, 92141, - - - » §31, ¢} be an orthonormal basis
of T,M™ defined by Proposition 3.7. We recall that L1 = Vect{g1,..., g}, L12 = Vect{gi11,
<yg2u} and Ly N {¢} = Vect{ga+1,...,93}. It is clear from the results of Section 4 that
these normed vectors spaces are isomorphic. We denote by m; and s the isomorphisms between
L1 and Lo, and Lq; and Lo N {(}J-, respectively. Following the proof of Proposition 4.5, the
mapping 3 : L1 X L1y — Ly defined by

2
Bv,w) = a(v,m(w)) = /32 K(v,m1(w))

satisfies h(8(v,w), B(v,w)) = h(v,v) - h(w,w). So by using the Hurwitz’s theorem, we can
choose an orthonormal basis of Li; such that, with respect to this basis, 8 is given by the
traditional multiplication table for the real (resp. complex, quaternionic, Cayley) numbers.
Using Proposition 3.7, we conclude the proof. O

We have shown that our examples are \/12 -isotropic. Since K is parallel, parallel transports
along geodesics preserve all components of K. Using Lemma 5.4 and Theorem 5.5, which is
known as a theorem of Cartan on determination of the metric, we conclude that there exist
local isometries between each example and a \}Q—isotropic affine sphere with the same dimension,

respectively.
Theorem 5.5 ([13, p. 157, Theorem 2.1]) Let M and M be two Riemannian manifolds of

dimension n. Chosen a linear isometry i between the two tangent spaces and f a mapping from
a normal neighborhood V' of a point of M to M, we define ¢y : T,M — Tf(q)ﬂ, v ¢p(v) =
Poio Pt_l, where Py, P, are parallel transports along good geodesics. If for all q in V' and all
z,y,u,v € TyM we have

<R($, y)“? ’U> = <§(¢t (l‘), ¢t(y))¢t(u)a ¢t (’U)>,

then f:V — f(V) C M is a local isometry.
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Finally, using the following fundamental uniqueness theorem of affine geometry, we prove
that the A-isotropic affine spheres, namely hyperbolic affine spheres M™ for n = 5,8, 14,28,
and the imbeddings of of SL(3,R)/SO(3), SL(3,C)/SU(3), SU*(6)/Sp(3) and Es(—26)/F}, into
the affine spaces RS, RY, R'5, R?", respectively, constructed in Subsections 5.1-5.4 are affine
equivalent, which completes the proof of Main Theorem.

Theorem 5.6 ([7, p.73, Theorem 8.1]) Let M be a simply connected differentiable manifold
with a torsion-free affine connection V, a symmetric (0,2)-tensor filed h, and a (1,1)-tensor
field S that satisfy the equation of Gauss (2.6), the equations of Codazzi, (2.7), (2.8), and the
equation of Ricci (2.9). Then there exists a V-parallel volume element 6 on M and a global
equiaffine immersion f : (M,V,0) — R" 1 with h and S as affine fundamental form and shape
operator. Such an immersion is uniquely determined up to affine transformation of R™+1. If,
moreover, h is non-degenerate and the given V and h satisfy the apolarity condition, then there
is a parallel volume element w in R™" 1 such that f is a Blaschke immersion.
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