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Abstract Let M be a full Hilbert C*-module over a C*-algebra A4, and let End’; (M) be the algebra
of adjointable operators on M. We show that if A is unital and commutative, then every derivation
of End’% (M) is an inner derivation, and that if A4 is o-unital and commutative, then innerness of
derivations on “compact” operators completely decides innerness of derivations on End% (M). If A is
unital (no commutativity is assumed) such that every derivation of A is inner, then it is proved that
every derivation of End% (L, (A)) is also inner, where L, (A) denotes the direct sum of n copies of A.
In addition, in case A is unital, commutative and there exist xo,yo € M such that (zo,yo) = 1, we
characterize the linear A-module homomorphisms on End’ (M) which behave like derivations when
acting on zero products.
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1 Introduction and Preliminaries

Throughout this paper, we only consider derivations from an algebra into itself. Recall that
a derivation of an algebra A is a linear mapping A from A into itself, such that A(ab) =
A(a)b+ aA(b) holds for all a,b € A. For a fixed b € A, the mapping a — ba — ab is clearly a
derivation, which is usually called an inner derivation (implemented by b).

One of the interesting problems in the theory of derivations is to identify those algebras on
which all the derivations are inner, i.e., the first cohomology group is trivial. The first result
of this kind is probably due to Kaplansky who proved in [1] that every derivation of a type I
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W*-algebra is inner. The complete solution for the W*-algebra case was settled by Sakai in [2]
who proved that every derivation of a W*-algebra is inner. Kadison showed in [3] that every
derivation of a C*-algebra A on a Hilbert space H is spatial (i.e., it has the form a — ta — at
for some bounded linear operator ¢ on H, where ¢ need not be in A), and more importantly
every derivation of a von Neumann algebra is inner. Similar problems have been investigated
for non-self-adjoint operator algebras, and we refer to [4-11] for more information about this
topic. We particularly point out that Christensen in [4] proved that every derivation of a nest
algebra is inner, and later this result was generalized by the second named author of this paper
to nest algebras on Banach spaces (see [6]). More general cases were also studied, for example,
Gilfeather and Moore in [5, 9] investigated the spatiality and quasi-spatiality of derivations of
certain CSL algebras which is a generalization of nest algebras.

This note is devoted to the study for innerness of derivations on the algebra of operators
in Hilbert C*-modules. Hilbert C*-modules first appeared in the work of Kaplansky (see [1]),
which play a significant role in theory of operator algebras, operator K-theory, group represen-
tation theory (via strong Morita equivalence), theory of operator spaces and so on (see [12]).

For the convenience of the reader, let us review some basics of Hilbert C*-modules. Let
A be a C*-algebra. A pre-Hilbert A-module is a complex linear space M which is a left A-
module (with compatible scalar multiplication: A(az) = (Aa)z = a(Az) for A € C where C
denotes the complex field, a € A and x € M), and equipped with an A-valued inner product
() : M x M — A satistying: for A€ C, a € A, x,y,z € M,

M

2) Az +y,2) =Nz, 2) + (¥, 2);

(3) (az,y) = alz,y);

(4) (z,y) = (y,2)".

A pre-Hilbert A-module M is called a Hilbert C*-module over the C*-algebra A, or briefly, a
Hilbert A-module, if it is complete with respect to the norm: ||z|| = ||(z, z)|| 2z e M.

Let M be a Hilbert C*-module over a C*-algebra 4. Denote by (M, M) the closure of
the linear span of all (z,y),z,y € M. We call M full if (M, M) = A. Since the set (M, M)
is obviously a closed two-sided involutive ideal in the C*-algebra A, one can always consider
any Hilbert C*-module as a full Hilbert C*-module over the C*-algebra (M, M). A bounded
linear A-module homomorphism from M into itself is called an operator of M. Following [12],
denote by End 4(M) the Banach algebra of all operators of M. It is well known that there is
no natural involution on this algebra. For T' € End 4 (M), we say that T is adjointable, if there
exists an operator T* € End 4 (M) such that (Tz,y) = (x, T*y) for all z,y € M; usually, call T*
the adjoint of T. Denote by End’ (M) the set of all adjointable operator in End 4(M). Then
it becomes a C*-algebra. For x,y € M, define the operator 0, , of M by 6, ,(§) = (£, y)z,

& € M. Note that 0, , is quite different from rank one operators, in the usual sense, on a

x,x2) > 0, and (z,z) = 0 if and only if 2 = 0;

Hilbert space. For instance, we cannot infer that + = 0 or y = 0 from 6, , = 0. Denote by
K(M) the closed linear span of {6, : z,y € M}. Then K(M) is a closed two-side ideal in
End’ (M). Elements of K(M) are often referred to as “compact” operators. But considered
as operators on the Banach space M they need not be compact. We collect some properties of

0,y in the following lemma.
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Lemma 1.1 Let M be a Hilbert C*-module over a C*-algebra A, x,y € M. Then
(1) 0ry € Endy (M) and 0}, = 0y 4
(2) TOy, =01y, for T € Endg(M), and 0, ,S = 0, g+, for S € End’y(M);
(3) if in addition, A is commutative then alyy = Oazy = 0z.0+y for a € A.
A C*-algebra A is said to be o-unital if it possesses a countable approximate unit. The

following lemma is essentially due to Brown [13]. For a more direct proof, see [12, Lemma 2.4.3].

Lemma 1.2 Let A be a o-unital C*-algebra, and let M be a full Hilbert A-module. Then there
exists a sequence {x;} in M, such that the sequence of partial sums of the series Y (x;, ;) is
a countable approximate unit of the algebra A. In particular, if A is unital with unit 1, then

there exist a positive integer k and elements x1, T, ...,z € M such that Zi;l(xi, x;) = 1.

To prove our results, we also need the following three lemmas. The latter two are famous,

which were established by Kadison and Sakai, respectively; see also [14].

Lemma 1.3 ([12, Lemma 2.1.1])  Let M be a Hilbert C*-module over a C*-algebra A, and T, S
be two mappings from M into itself such that (Tz,y) = {(x,Sy). Then T,S are both bounded
linear A-module homomorphism of M and so, belong to End’y (M).

Lemma 1.4 ([3]) FEvery derivation of a C*-algebra annihilates its center.

Lemma 1.5 ([15]) Every derivation of a C*-algebra is bounded.

2 Main Results
Our first main result reads as follows.

Theorem 2.1 Let A be a unital commutative C*-algebra and let M be a full Hilbert A-module.

Then every derivation of End’y (M) is an inner derivation.

Proof Let A be an arbitrary derivation of End’ (M). By Lemma 1.2, there exist a positive
integer k£ and elements x1,xo,...,xr € M such that Zfd(xi,xi) = 1. Define two mappings
T.5: M — M by
k k
To = Abrs)vi z€M, Sy=— Al,) 'z yeM.
i=1 1=1
Clearly, T" and S are both linear. For any A € End’ (M) and any € M, we have A(A0, ,,) =
A(A)0y 5, + AA(8, 4,), and then A(AO, 5, )z = (@, ) A(A)z + AA(0 2, )z, 1 < i < k. Hence

k k k
TAx =Y A(Abyo)vi = (i, 2:)A(A)z+ A A0y 2,)7: = A(A)z + AT,
i=1 i=1 i=1
Consequently, A(A) = TA — AT holds for every A € End’(M). Thus, it suffices to show that
T € Endy(M).

Denote by Z the center of End’(M). Since A is commutative, for every a € A, we can
define an operator T, on M by T,z = ax,x € M. It is worthwhile to notice that if A is
not commutative then 7T, will not be an A-module homomorphism. We then have T, € Z
and (T,)* = Ty+». We claim that 2 = {T, : a € A}. In fact, let A € Z. Then for each
x € M, we have A0, ;. x; = 0,4, Az;, 1 < i < k. It follows that Az = Ef:1<Axi,xi)x and
$0 A = Ts-k (ag,q,)s s desired. By Lemma 1.4, for every a € A, A € End} (M), we have
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A(T,) = 0 and A(ad) = A(T,A) = A(To)A + ToA(A) = aA(A). This implies that A is an
A-module homomorphism.

Suppose z,y € M are arbitrary elements. Then

k
A(lzy) = Z A(bs,2:02:.y)
=1
k k
=Y Aaw)0z,y+ > s, Aba,y)
=1 =1

k k
= Z O, . osy T Z Oz,A(6.,.) 21
=1 =1

=0rsy — 02,5y
Let z,y,u,v € M. On the one hand,
A(Ouybe0) = (2, ) A(Ouw) = (2,9)07u0 — (2,9)bu,50-
On the other hand,
A(buy0z,0) = A(uy)bz,0 + Ouy A0 )

= (O7u,y — Ou,59)02,0 + Ouy (0720 — O, 50)

= (&, ¥)01u0 — (2, 5Y)0up + (T2, Y)0u — (2,4)0us0-
Consequently, we obtain (T'x, y)8,, ., = (x, Sy)0y,». Then

(T, y) (v, 0) (u, ) = (T, y) (Ou v, u) = (2, 5y) (Ou,v0,u) = (z, Sy) (v, v)(u, u).

In particular, taking v = z;,v = x;, we obtain

(T, y) (@i, wi) (x, 25) = (@, Sy) (@i, w) (25, 25)
where 1 < ¢, < k. Since Zfﬂ(xi,xi) = 1, it follows that (T'z,y) = (z,Sy) holds for all
z,y € M. By Lemma 1.3, we get T' € End’y(M). So A is an inner derivation. The proof is
complete. O

Remark 2.2 In Theorem 2.1, suppose that the condition “A is unital” is substituted with “A
is o-unital”. Then by Lemma 1.2, there exists a sequence {x;} in M, such that the sequence of
partial sums of the series ), (x;, ;) is a countable approximate unit of the algebra A. Similar to
the proof of Theorem 2.1, for every positive integer k, we define two mappings T}, S : M — M
by

k k
Thw =Y Allrz)zi, 2€M, Spy=—3 A0r,) i, yeM.

i=1 i=1
Then we can similarly obtain Zf;l(xi,xi)A(A) = TpA — ATy, for all A € Endy(M), and
(Tpx,y) = (x, Sgy) for all z,y € M which means that T, € End’(M). If we define Ay =
Zle (@i, z;)A, then Ay is an inner derivation of End’y(M). For every A € End’% (M) and
x € M, recalling that {Ef:1<a:i, x;)}52, is an approximate unit of the algebra A, it is easily
seen that limg_,oo Ag(A)z = A(A)z. Similar to [16], in this case, A is called an (weakly)

approzimately inner derivation of End’y(M).
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The following result states that innerness of derivations on X(M) completely decide inner-
ness of derivations on End% (M).
Theorem 2.3 Let A be a o-unital commutative C*-algebra and let M be a full Hilbert A-
module. If every derivation of K(M) is inner, then any derivation of End’ (M) is also inner.
Proof Let A be a derivation of End’y(M) and let {z;} in M such that the sequence of
partial sums of the series ), (x;,x;) is a countable approximate unit of the algebra A. For any
x,y € M, we have

k k

k
A(ezjf:l(x,;,m,;)z,y) = ZA(ew,wiewi,y) = Z A(ew@i)ewi,y + Ze$7wiA(9$i;y) € K(M).
=1

i=1 i=1
Noticing that ”‘92,’;1(9:1-,@)1,1/ —05 4] < Zi;l(xi, xiyx—z|||y||, we get O (w0 2,2,y CONVETgES
to 6., in norm topology, as k tends to co. It follows from Lemma 1.5 that A maps (M)
into itself. By the assumption that every derivation of (M) is inner, there exists an operator
T € K(M) such that A(K) = KT — TK for all K € K(M). Suppose that A € End’(M).
Then for every x € M and every 1,
Aby o, T —TAO, o, = A(Aby 4,) = A(A)0y 2, + AN(04.0,)
=A(A)0y 5, + A0y, T — ATO,, -,

This implies that A(A)8,,,, = (AT — TA)0, ,,. Moreover, one has

k k

Z<1’i; ) A(A)x = Z(mz, i) (AT — TA)x

i=1 i=1
for any positive integer k. Hence A(A) = AT — T'A for all A € End’;(M), i.e., A is an inner
derivation. This completes the proof. O

The proof of Theorem 2.1 depends heavily on the commutativity of the C*-algebra A. In
the next theorem, this commutativity condition will be removed. However, in this case we
only infer that innerness of derivations for a concrete class of Hilbert C*-module. Let A be a
C*-algebra. With the inner product of elements z,y € A defined by (z,y) = xy*, the algebra
A becomes a Hilbert .A-module. Denote by L, (A) the direct sum of n copies of the Hilbert
module A. Then L,(A) is a Hilbert A-module, whose inner product is given by the formula
() = 0y @i i), Where & = 21 ® -+ @ Ty = 11 © -+ @ g € Ly (A).

Theorem 2.4 Let A be a unital C*-algebra. Suppose that every derivation of A is inner.

Then for any positive integer n, every derivation of End’y (L, (A)) is an inner derivation.

Proof Since A is unital, 6y is the identity operator on the Hilbert A-module A. Thus
End%(A) = K(A). For a positive integer n, we can identify End’ (L, (A)) with the set of
n x n matrices over End% (A). Hence End;(Ly(A)) = K(Ln(A)). We write M, (A) for the
C*-algebra of n x n matrices over A. From [12, Proposition 2.2.2], we know that there exists

an isometric algebra *-isomorphism ¢,, from (L, (A)) into M,,(A) such that
albf tee alb;;
¢n : 0&1@"'@an7b1@"'@bn I

anbt o anb’
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So it suffices to prove that every derivation of M, (A) is inner. To do this, we will proceed by
induction. It should be mentioned that the techniques used here are similar to those in the
proof of [17, Theorem 2], which characterizes the derivations of matrix algebras.

The conclusion holds clearly for n = 1, since every derivation of A is inner. Suppose that
the conclusion is true for n — 1 and that A is a derivation of M, (A). Let E;; (1 <4,j <n) be
the n x n matrix units and E be the n x n identity matrix. We write P = F11, Po = E — F1;
and B;; = P,M,(A)P;, where 1 <4,j < 2. Then P; and P, are idempotents with P, P, = 0,
and B1; = a1 E11, B = Z?:z ai;E1j, Bor = > s ainEn, B = Z” 5 ij E;j, where all
a;; (1 <i,j <n) are in A. Obviously,

Mn(.A) =B11 P Bis D Bor P Bos.

Since A( ) = (Pl)Pl + PlA(Pl) we see that PlA(Pl)Pl = PQA(Pl)Pg = 0. Put SO =
PyA(Py) — A(Py)P;. Define a mapping A; : M, (A) — M, (A) by
Ay (A) = A(A) — (ASp — Sp4), A€ M,(A).
Then clearly, A; is a derivation such that A;(P;) = 0. Because of A;(E) = 0, we have
A1 (Py) = 0. Moreover, for any A € M,,(A), we have
Al (PQAPQ) = Al(PQ)APQ + PQAl (A)PQ + PQAA:[ (Pg) = PgAl(A)PQ
Accordingly, A1|sm,,, the restriction of Aj to Bag, is a derivation of Boy. Since By is isomorphic
with M,,_1(A), by the induction hypothesis, there exists an operator Ty € B9y such that
Al(AQQ) = A22T0 — TQA22 for all Ags € Boy. Define a new derivation Aj : Mn(A) — Mn(A)
by
AQ(A) = A1(A) — (ATO — T()A), Ae Mn(.A)
Then clearly, Ay(E11) = 0 and Ay(Agz) = 0 for every Aoy € Boo, and in particular, Ag(Fag)
= 0. Thus AQ(ElQ) = AQ(E11E12E22) = EllAQ(ElQ)EQQ = a0E12 for some element ag € .A
Define another new derivation Ag : M, (A) — M, (A) by
Ag(A) = AQ(A) + A(aoEn) — (aoEu)A, Ae Mn(A)
It is easily seen that Az(F11) = A3(E12) = 0, and A3z(Aaz) = 0 for all Ags € Bas. Noting that
aFEs; € By for 2 < j <n and a € A, we obtain
Ag(aElj) = Ag(Em(aEgj)) = Ag(Elg)(aEQj) + E12A3((IE2]‘) =0.
Hence As(Aj2) = 0 for all A1 € Bio. Thus for 2 < i < n and b € A, it follows that from
Ag(Ell) = Ag(E1i> = Ag(bEm) = 0 that
A3(bEi) = As((bEi1)Err) = Az(bEi) B = Asz(bEn ) Evi By
= (A3(bEn)E1; + bEi1 As(Ev))Ea
= A3(bE;;)Ein =0,
which implies that Az(Agz1) = 0 for all Ay € Boy. Also, for every ¢ € A, from cEj5 € B2 and

FE5 € By we see that Ag(CEll) = Ag((cElg)Egl) =0, i.e., Ag(All) = 0 for all Ay; € B11.
Consequently, for any A € M,,(A), we have

Ag(A) = Ag(PlApl) + Ag(PlAPQ) + A3(P2AP1) + A3(P2AP2) =0
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We now can conclude that A is an inner derivation, which is implemented by Ty — agF11 +
E11A(E11) — A(E11)E11. The proof is complete. O

In [18], Jing et al. proved that an additive mapping on a standard operator algebra is almost
a derivation if it satisfies the expansion formula of derivations on pairs of elements with zero
product. The authors in [19, 20] continued the investigation in this direction, who extended
the result in [18] to prime rings, and obtained a similar result for generalized skew derivations
of prime rings.

We will conclude by characterizing the linear A-module homomorphisms on End’ (M)
which behave like derivations when acting on zero products. It should be mentioned that a
C*-algebra (in particular, End’ (M)) is semiprime, but not prime.

Theorem 2.5 Let A be a unital commutative C*-algebra and let M be a Hilbert A-module with
the property that there exist xg,yo € M such that (xo,y0) = 1. Suppose that A : End’ (M) —
End% (M) is a linear A-module homomorphism, such that A(AB) = A(A)B + AA(B) for
every pair A, B € End’y (M) with AB = 0. Then A(AB) = A(A)B+ AA(B) — AA(I)B for all
A, B € End’y(M). Particularly, if in addition A(I) =0, then A is a derivation. Here, 1 and
I denote the unit of A and the identity operator on M, respectively.

Proof Let P € End’(M) be an arbitrary idempotent. For every A € End’y (M), it follows
from AP(I — P) = A(I — P)P = 0 that

A(AP)(I - P)+ APA(I-P)=A(AP(I-P))=0
and
A(A— AP)P+ (A— AP)A(P) = A(A(I — P)P) =0.

Comparing these equalities, we obtain A(AP) = A(A)P+ AA(P)— APA(I). If we take A =1,
then PA(I) = A(I)P. Hence

A(AP) = A(A)P 4+ AA(P) — AA(I)P. (2.1)
Let A € End% (M) and z € M. We claim that
A(Alzy,) = A(A)0z,y, + AA(0zy,) — AA(T)0z - (2.2)

In fact, we can take a positive number A small enough, such that (Ax + ¢, yo) is invertible in A.
Denote 2/ = Az + z9 and a = (2/,yo) "' Then 0,4 4, is an idempotent. By the equality (2.1),
it follows that A(Abue y,) = A(A)Oas yo + AA(Oazr yy) — AA(I)Ogz 4, Since A is assumed to

be an A-module homomorphism, we get

A(AOy ) = A(A)0yr o + AA (O o) — AA(D) O 4.
This equality minus the following one

A(Aeﬂﬁmyo) = A(A)Q%myo + AA(awmyo) - AA(I)G%(MJO

will imply that (2.2) holds.
Let A, B € End’(M). For any x € M, by the equality (2.2), we have

A(ABO, ) = A(AB)0, 4, + ABA(0,,,) — ABA(I)0,.,.
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On the other hand,

A(ABOyy,) = A(A)0Bay, + AA(0Ba,y,) — AAI)0Bae,y,
= A(A)BO; y, + AA(B)0y .y, + ABA(0, )
— ABA(I)8,,, — AA(I)BO, .

Hence

A(AB)8, , = A(A)BOy yy, + AA(B)0, . — AAN(I) B0y 4, -

By letting the two sides of this equation act on z, we obtain

A(AB)z = (A(A)B + AA(B) — AA(I)B)

for all x € M, which implies A(AB) = A(A)B + AA(B) — AA(I)B. Obviously, if A(J) =0

then A is a derivation. We are done. O
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