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Abstract Let k£ be an integer with £k > 2 and G a graph with order n > 4k. We prove that if the
minimum degree sum of any two nonadjacent vertices is at least n 4 k, then G contains a vertex cover
with exactly & components such that £ —1 of them are chorded 4-cycles. The degree condition is sharp
in general.
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1 Terminology and Introduction

In this paper, we consider only finite undirected graphs without loops or multiple edges and
we use Bondy and Murty [1] for terminology and notation not defined here. Let G = (V, E)
be a graph; the order of G be |G| = |V| and its size be e(G) = |E|. A set of subgraphs is said
to be vertex-disjoint or independent if no two of them have common vertex in G, and we use
disjoint or independent to stand for vertex-disjoint throughout this paper. Let G; and G5 be
two subgraphs of G or subsets of V(G). If G; and G2 have no common vertex in G, we define
E(G1, G>) to be the set of edges of G between G; and Go, and let e(G1, G2) = |E(G1, G2)|. Let
H be a subgraph of G and u € V(G) a vertex. N(u, H) is the set of neighbors of u contained
in H. We write d(u, H) = dg(u) = |[N(u, H)|. Clearly, d(u, G) is the degree of u in G, and we
write d(z) to replace d(z, G). If there is no fear of confusion, we often identify a subgraph H
of G with its vertex set V(H). For a subset U of V(G), we denote by G[U] the subgraph of G
induced by U and write dg(U) = ), .y du(z) for a subgraph H of G. Let C be a cycle, we
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use [(C') to denote the length of C. That is, I{(C) = |C|. A Hamiltonian cycle of G is a cycle
which contains all vertices of G, and a Hamiltonian path of GG is a path of G which contains
every vertex in G. A cycle of length 4 is called a quadrilateral. If S is a set of subgraphs of G,
we write G D S. For a noncomplete graph G, let 02(G) = min{d(z) + d(y)|zy ¢ E(G)}; if G
is a complete graph, let 09(G) := co. In this manuscript, we always write D to be the graph
obtained from K, by removing exactly one edge. For a cycle C of G, a chord of C is an edge
of G — E(C) which joins two vertices of C'. Throughout this paper, we call a cycle C in G a
chorded 4-cycle if C' is a quadrilateral with at least one chord.

In his very excellent paper [2], Enomoto proposed the following interesting conjecture.

Conjecture 1.1 ([2]) Let s and k be two positive integers with 1 < s < k and G be a graph
with order n > 3s +4(k — s) + 3. Suppose 02(G) > n+s. Then G can be partitioned into k + 1
disjoint cycles Hy, ..., Hyyq satisfying |H;| =3 for 1 <i<s and |H;| <4 for s <i<k.

It is probably the first step to specify the length of |H;| for s < i < k to solve Enomoto’s
conjecture. The following result obtained by Yan stated that the length of these cycles is four.

Theorem 1.2 ([3]) Let s and k be two positive integers with 1 < s < k and G be a graph
with order n > 3s + 4(k — s) + 3. Suppose 02(G) > n+ s. Then G contains k disjoint cycles
Hy, ..., Hy satisfying |H;| =3 for 1 <i<s for1<i<s, and |H;| =4 for s <i<k.

In fact, by a tedious proof, we can improve the condition n > 3s+4(k—s)+3 of Theorem 1.2
ton > 3s+4(k — s) + 1. With respect to Conjecture 1.1, Enomoto [2] verified the case when
s = k. To our knowledge, the general case for Conjecture 1.1 is still open. It is worthy to cite
the paper of Fujita [4], which solved the packing problem for disjoint D and verified a conjecture
proposed by Kawarabayashi [5].

Theorem 1.3 ([4]) Let k be an integer with k > 2, and G a graph of order n > 4k + 1. If
02(G) > n+k, then G contains k disjoint D.

In this article, we consider the following problem: Given a graph G, when does G have a
vertex cover with exactly k& components which satisfy the specified condition? Many studies
have been conducted regarding partitions of graphs into vertex-disjoint cycles, which contains
specified elements, see the survey paper [6]. In particular, as a basic result, we cite a classical
result of Brandt et al. [7].

Theorem 1.4 ([7]) Let k be a positive integer and let G be a graph of order n > 4k. If
02(G) > n, then G has a 2-factor with exactly k disjoint cycles.

The goal of this article is to prove a more specific version of Theorem 1.4. We specify the
structure of most components of a vertex cover with exactly k components in a given graph G.

The main purpose of this paper is to prove the following theorem.

Theorem 1.5 Let k be an integer with k > 2. Suppose G is a graph of order n > 4k with
02(G) > n+k. Then G contains a vertex cover with exactly k disjoint cycles such that k — 1
of them are chorded 4-cycles.

Remark 1.6 The condition on o2(G) is the best possible. Consider the graph G = Kj,_1 +
(Kn-t+1 + Kn-it+1). Then 02(G) = n+ k — 1, but we can not find a vertex cover with
2 2

exactly k components such that k& — 1 of them are chorded 4-cycles. Note also the conclusion
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of Theorem 1.5 does not hold when n = 4k; this can be shown by G = K; + (K32k + Ky 1)

Very recently, we obtain a result stating that except at most one cycle, the other k — 1
cycles are chorded 4-cycles.

Theorem 1.7 ([8]) Suppose G is a graph of order n > 4k + 3 with 02(G) > n+ k. Then
G contains a vertex cover with exactly k + 1 disjoint cycles Cy,...,Ck,Cry1 such that C; are
chorded quadrilateral for 1 <i < k — 1 and the length of C) is at most four.

2 Lemmas
In the following, G is a graph of order n > 3.

Lemma 2.1 ([9]) Let P = z1x2- - Xy be a path of G with m > 2 and y € V(G) — V(P). If
d(y, P)+d(zy,, P) > m+1, then G has a path P' from x1 to y such that V(P') = V(P)U{y}.
Furthermore, if yx1 ¢ E(G) and d(y, P) + d(z,, P) > m, then G has a path P’ with vertex set
V(P'") =V(P)U{y} whose end vertices are y and x1.

Lemma 2.2 Let P = z1---x, be a path with p > 2, M = yiz1 be an edge and S be a
subgraph in G such that all of them are disjoint, where S is isomorphic to D or K4. Suppose
e({z1, 2, } UM, S) > 11; then G[V(M UPUS)] contains two disjoint subgraphs S’ and P’ such
that P’ is a path of order p + 1, where S’ is isomorphic to D or Ky.

Proof For convenience, we write V(S) = {a, b, c,d} so that dg(a) > dg(b) > ds(c) > dg(d).
Note that dg(a) = dg(b) = 3 and dg(c) = ds(d) > 2. Therefore,

11 < 6({.131,.131,} UM?‘S) = e({xpayl}vs) +e({xlazl}7s)

and e({zp,y1},5) < 8, we may assume that e({zp,y1},S) > 6 and then e({z1,21},5) > 3.
Furthermore, we observe that e({zp,y1},S) < 6. Otherwise, it is easy to see that G[V (M U
S U P)] contains two required disjoint subgraphs. Then it follows that e({x,,41},5) = 6 and
e({z1,#1},5) > 5. If d(y1,S5) = 4, then we have nothing to prove as d(z,,S) > 2. So, we
assume 2 < d(y1,5) < 3 and then d(z,,S) > 3.

Case 1  d(y1,S) = 3. Then d(z,,S) = 3.

Suppose that N(y1,S) = {a,b,c}. If z,d € E(G), then G[V(M U S U P)] contains two
required subgraphs S = G[{y1,a,b,c}] and P = P 4+ d. Therefore, x,d ¢ E(G) and then
{a,b,¢} = N(xp,5). However, we observe N(z1,S) N N(z1,S) = 0, which contradicts the
fact that e({z1,21},S5) > 5. Hence, by symmetry, we may assume that N(y1,S5) = {d,b,c}.
As G{y1,d,b,c}] 2 D, z1a ¢ E(G) and zpa ¢ E(G). Then N(zp,S) = {d,b,c}. Note that
N(z1,S)NN(z1,S) C {b}, which follows from e({x1, z1 },S) > 5 that {z1b, 210} C F(G). Hence,
G[V (M USUP)] contains two required disjoint subgraphs S = G[{y1,21,b,d}] and P’ = P+ec.
Case 2 d(y1,S5) =2. Then d(z,,S) = 4.

Suppose N(y1,S5) = {¢,d}. If d(z,5) > 3, then we have nothing to prove. Hence, we
may assume that d(z1,S) < 2 and so d(z1,S) > 3. By symmetry, say cx; € E(G). Then
G[V(M U S U P)] contains two required subgraphs S’ = G[{z,,a,b,d} and P’ = x,_1 - - - z1cy1.
Hence, by symmetry, we may assume that N(y;,S5) = {a,b} or N(y1,S) = {c,a}. In both
cases, since G[{y1,a,c,b}] D D, then we can choose P’ = P + d. The proof is complete. O
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Lemma 2.3 ([10]) Let P = z1---xy be a path of G with k > 3. If d(z1, P) + d(zx, P) > k,
then GV (P)] contains a cycle C such that V(C) = V(P).

Lemma 2.4 Let S and P = xz122---x, be two disjoint subgraphs such that S is isomorphic
to D or K4 and P be a path with order at least 2. Suppose d(z1,S) + d(zp,S) > 6, then
G[V (S U P)] contains a spanning cycle.

Proof By contradiction. Label V(S) = {a, b, ¢, d} such that dg(a) > dg(b) > dg(c) > ds(d). If
d(z1,S) =4 ord(zp, S) = 4 holds, it is easy to check that G[V (SUP)] contains a spanning cycle.
A contradiction. Hence, by symmetry, we may assume that d(z:,S) = 3 and so d(zp, S) = 3.
Furthermore, by the symmetric role of ¢ and d, we divide the proof into two cases:

Suppose N(z1,S5) = {a,b,c}. In this case, x,d ¢ E(G), otherwise, G[V (S U P)] contains
a spanning cycle ¢! = zy ---xpdabez,. A contradiction. Hence, N(xz,,S) = {a,b,c}. Then
G[V(S U P)] contains a spanning cycle C’ = x1 - - - zpbdacz,. A contradiction again.

Suppose N(z1,5) = {a,d,c}. Then, x,b ¢ E(G), otherwise, G[V (S U P)] contains a span-
ning cycle C' = x1 - - - x,bdacxy, a contradiction. Hence, N(z,,S) = {a,d,c} and so G[V(SUP)]
contains a spanning cycle C' = z1---z,dbacxy, a final contradiction, which completes the
proof. O

Since it is easy to check that the following lemma holds, we omit the proof.

Lemma 2.5 Let S and P = z1x2-- -z, be two disjoint subgraphs such that S is isomorphic
to D or K4, and P be a path with order at least 2. Suppose d(z1,S) + d(zp, S) > 7, then for
each pair of distinct vertices wi,we € V(S), there is a hamiltonian path P’ of G[V(SUP)] with
two end-vertices wy and ws.

Lemma 2.6 Let S and P = x1x2- - xp be two disjoint subgraphs such that S is isomorphic to
D or K4, and P be a path with order at least 2. Suppose d(x1,S) + d(x,, S) > 5, then for each
Q C V(S) with |Q| = 3, there exist two pairs of w1, ws € Q such that GV (S U P)] contains a
hamiltonian path P’ with two end-vertices wy and ws.

Proof Label V(S) = {a,b,c,d} such that ds(a) > ds(b) > ds(c) > ds(d). As d(z1,S) +
d(zp,S) > 5, by symmetry, say d(z1,S) > 3 and so d(zp,S) > 1. Let us assume for the
moment, that d(z1,5) = 4. We conclude that z,c ¢ E(G). Otherwise, we define

adxy -+ xpeh, if Q € {{a,b,c},{a,b,d}},
cxp---xiabd, if Q € {{a,c,d},{b,c,d}}.

P =

Therefore, by symmetry, z,d ¢ E(G), Then we may assume that z,b € E(G), and we define

P’ as follows:
bxy - - xidac, if Q € {{a,b,c},{b,c,d}},

dxy - - xpbea, if Q € {{a,b,d},{a,c,d}}.

P =

Hence, d(z1,S5) = 3 and so d(zp,S) > 2. By the symmetric role of ¢ and d, we consider two

cases.
Case 1 N(z1,5) = {a,b,c}. In this cases, we claim z,d ¢ E(G), for otherwise, define
bdxpl"xla/cv lfQ S {{a‘7bvc}7{b7cad}}7
dzy - - xpcba, if Q € {{a,b,d},{a,c, d}}.

P =
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Consequently, we may assume z,b € E(G) as d(xp, S) > 2, then define

daczy ---xpb, i Q € {{a,b,d},{b,c,d}},
adbz, ---x1c, i Q € {{a,b,c},{a,c, d}}.

P =

Case 2 N(z1,5) = {a,d,c}. We claim that z,b ¢ E(G), for otherwise, define

bxy - wicad, if Q € {{a,b,d},{b,c,d}},
adbz, ---x1c, if Q € {{a,b,c},{a,c, d}}.

P =

Consequently, we may assume z,c € E(G) as d(x,,S) > 2. Then define

abdzy ---xzpe, i Q € {{a,b,c}, {a,c,d}},
baczy - --x1d, if Q € {{a,b,d},{b,c,d}}. O

Pl

3 Proof of Theorem 1.5

Let G be a graph of order n > 4k with 09(G) > n+ k and k > 2. Suppose that Theorem 1.5 is
false. According to Theorem 1.3, G contains k vertex-disjoint subgraphs Si,..., Sk such that
S; is isomorphic D or Ky for each i € {1,...,k}. We choose k disjoint Sy, ..., Sk in G so that

k
the length of a longest path in G — V< U Si) is maximum. (3.1)
i=1
Let P =z ---x, be a longest path of G — V(Uf:1 S;). Subject to (3.1), we choose k disjoint
subgraphs Sp,...,S; and P in G such that

k
size of the maximum matching in G — <V< U Si) U V(P)> is maximum. (3.2)
i=1

Let H = Ule Si;y F=G—V(H) and |F| = f. Furthermore, let M = {y121,...,y-2-} be a
maximum matching of F — V(P). Define H; = {5; : 1 < i < k}. By assumption, we suppose
that G[V(F U S;)] contains no Hamiltonian cycle for each S; € Hy and 1 < ¢ < k. Our proof
includes several claims.

For convenience, for ¢ = 1,...,k, we write V(S;) = {as,b;, ¢, d;} such that dg,(a;) >
ds,(bi) 2 ds,(c;) = ds,(d;). Note that dg,(a;) = ds,(b;) = 3 and ds, (¢;) = dg,(d;) = 2.

Claim 3.1 p+2r> f—1.

Proof To the contrary, suppose that p+2r < f—2. Let w; and ws be two nonadjacent vertices
in FF—V(P)UV(M) subject to (3.2). Then e({w1, w2}, yiz) < 2 for each i € {1,2,...,r} by
the maximality of M. We prove that e({wy,ws}, P) < p. If p = 1, then by (3.1), we see that
e({w1,ws}, P) = 0 < 1. Thus, there remains the case that p > 2, by the maximality of P and
Lemma 2.1, we see that e({wy, w2}, P) < p. Thus, e({wy,ws}, F) < p+2r < f — 2. It follows
that

e({wi,we}, HY >n+k—(f —2)=5k+2.

By pigeonhole principle, there exists S; € H; such that e({wy,ws},S;) > 6. Without loss of
generality, say d(w1,S;) > d(ws, S;). Then d(wy,S;) > 3 and d(ws, S;) > 2. We will show that
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G[V(S;) U {w1,wa}] contains a subgraph S, and an edge e such that they are disjoint, where
S; is isomorphic D or K.

If d(wy, S;) = 4, then it is obvious as d(ws,S;) > 2. So we may assume that N(ws,S;) =
N(ws,S;) and d(wq,S;) = d(ws,S) = 3. Without loss of generality, we may assume that
{d;i, bi,c;} = N(wy,S;) or {a;,bi,¢;} = N(wy,S;). In both cases, we choose S, = G[{w1, ¢;, wa,
b;}] and e = a;d;.

In both cases, replace S; with S] resulting in a contradiction to the maximality of M
while (3.1) still holds. Thus, p+2r > f — 1. O

Claim 3.2 p> f—1.

Proof By contradiction, suppose that p < f — 2. According to Claim 3.1, we see that M # ().
Since P is a longest path in F', let R = {x1, xp, y1, 21 }. By the maximality of P and Lemma 2.1,
we obtain e({z1,v1}, P) < p and e({zp, 21}, P) < p. Note that e({z1,z,}, F—V(P)) = 0. Thus,
e(R,F)<2p+2(f—p—1)=2f—2. Asz1y1 ¢ E(G) and z,21 ¢ E(G), we obtain

e(R,H)>2(n+k)—(2f —2) = 10k + 2.

This implies that there exists some S; € Hy such that e(R, S;) > 11. By Lemma 2.2, G[V(S; U
P)U{y1, z1}] contains a subgraph S/ DO D and a path P’ of order p+ 1 such that S/ and P’ are
disjoint. Replacing S; with S/, we obtain a contradiction to (3.1). Thus, p > f — 1. g

Claim 3.3 We can properly choose S, ..., Sk such that P is a Hamiltonian path of F.

Proof Otherwise, suppose p < f. By Claim 3.2, p = f—1. Takey € V(F—P). By Lemma 2.1,
d(z;, P)+d(y, P) < pforeachi € {1,p}. So, d(z;, F)+d(y, F) < p+d(y, F—P) < p+f—p—1=
f—1for each i € {1,p}. It follows that d(z1, H) + d(zp, H) +2d(y, H) > 2(n+k) —2(f —1) =
10k + 2. This implies that there exists S; € Hy such that d(x1,S;) + d(zp, Si) +2d(y, S;) > 11.

Now we will show that G[V(S; U F)] can be partitioned into a subgraph S; 2 D and
P’ of order f such that they are disjoint, a contradiction. Clearly, d(y,S;) > 2. If d(y,S;)
=4, as d(z1,5;) + d(xp,S;) > 3, we may assume that zz; € E(G) with z € V(S;). Then
GV (S; —z)U{y}] 2 S; D D, which disjoints the path P’ = P+ z. Hence, we have d(y, S;) < 3
and so d(z1,5;) + d(xp, S;) > 5. Without loss of generality, assume d(z1,S;) > d(xp,S;). Then
d(z1,S;) > 3 and d(xp,S;) > 1.

We claim that d(y,.S;) < 2. Otherwise, suppose d(y, S;) = 3. We observe that G[N(y, S;) U
{y}] 2 D, thus, it follows that N(y,S;) = N(z1,S5;) and so d(x,,S;) > 2. If N(y,S:) =
{a;,bi,c;}, then z,d; ¢ E(G). If a;z, € E(G), then we can choose S] = G[{y, b;, z1,¢;}] and
P" = P — 21 + a,d;. Hence, a,x, ¢ E(G) and so bz, ¢ E(G) by symmetry. It follows that
d(zp,S;) < 1. A contradiction. Therefore, by symmetry, we assume N(y,S;) = {di, bi, ¢}
Clearly, z,c; ¢ E(G) and z,d; ¢ E(G). Consequently, N(zp,S;) = {a;,b;}. Then we can
choose S; = G[{x1,b;,y,d;}] and P’ = P — x1 + ac; such that they are disjoint.

From the above arguments, we obtain d(y, S;) = 2 and so d(z1,S;) = 4 and d(z,, S;) > 3.
Furthermore, we observe that N(y,S;) = {¢;,d;}. As d(z,,S;) > 3, by symmetry, we may
assume that {a;, b;,¢;} C N(xp,S;) or {c;,b;,d;} C N(zp,S;). In both cases, we can choose
S! = G{zp,ai,b;,¢;}] and P’ = P — x, + d;y such that S, and P’ are disjoint. This completes
the proof of Claim 3.3. O
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Claim 3.4 p> 2.

Proof Otherwise, suppose p = 1. Label P = z. Then n = 4k + 1 by Claim 3.3. For each
S; € Hi, there exists at most one edge between z and {¢;,d;}, for otherwise, G[V(S;) U {z}]
induces a spanning cycle, a contradiction. By symmetry, say zc¢; ¢ E(G). Clearly, we may
assume that N(z,S;) = {a;,b;} and S; = D if d(z,5;) = 2. Recalling o2(G) > n + k, therefore,
there exists S; € Hi, say S1 without loss of generality, such that d(z,S1) > 2. This implies
d(z,81) = {a1,b1} and S; = D. Since {c1,d, z} is an independent set, we obtain

d(Cl,H — Sl) + d(dl,H — Sl) + 2d(Z,H — Sl) > 20’2(G) -8 > 10(k‘ - 1).

This implies that there exists S; € Hy — Si, say j = 2, such that d(c1,S2) + d(d1, S2) +
2d(z,82)) > 11. We claim d(cy,S2) < 2. Otherwise, we can insert ¢; into Sy and obtain a
spanning cycle S5. Note that G[{z} U S1 — ¢1] 2 D, denoted by S7, then G contains a vertex

cover with exactly k disjoint cycles S7, 55,53, ..., Sk, a contradiction. By the symmetry role of
c1, di and z, d(dy, S2) <2 and d(z, S2) < 2. This gives d(c1, S2) + d(dy, S2) + 2d(z,S2) < 8. A
contradiction. The claim is complete. O

Claim 3.5 If p > 3, then G[V(P)] is Hamiltonian.

Proof On the contrary, suppose that G[V(P)] is not Hamiltonian. Clearly, 2125 ¢ E(G) and
d(z1, P)+d(zf, P) < f—1 by applying Lemma 2.3 to P. Then d(z1, H)+d(x¢, H) > n+k—(f—
1) = 5k + 1. This implies that there exists S; € H, say S1, such that d(x1,S1) +d(z s, S1) > 6.
By Lemma 2.4, G[V(S; U P)] contains a spanning cycle, denoted by S7. Then G contains a
vertex cover with exactly & disjoint cycles S7,Ss, ..., Sk, a contradiction. This completes the
proof for Claim 3.5. O

From Claim 3.4 and Claim 3.5, we may assume that z12; € E(G) throughout the rest of
this paper.
Claim 3.6 There exist z; € V(P) and S; € H; such that d(z;, St) > 2.
Proof By contradiction. Suppose that Claim 3.6 is false. Since o2(G) > n + k, then by

Ore’s classical theorem [11], G contains a hamiltonian cycle. Hence, there exist z; € V(P) and
S; € Hy such that d(z;,S;) > 1,1 <i< fand 1 < j < k. By Claim 3.4 and Claim 3.5,
without loss of generality, say i = j = 1.

Suppose for the moment, z1¢; € E(G). As G[V(S1 U P)] does not contain a Hamiltonian
cycle, then e(zy, S1 —c1) = 0. By Lemma 2.1, if d(dy, P) +d(xy, P) > f+1, then there exists a
Hamiltonian path d; Pz on V(P)U{d;} such that two end-vertices are 1 and d;. Consequently,
G[V (S1 U P)] contains a Hamiltonian cycle C' = dy Pxzyc1bia1dy, and so G contains a vertex
cover with k cycles C',Ss,..., Sk, a contradiction. Hence, d(di, P) + d(z;,P) < f. Then
d(dy,S1) +d(zys, S1) =d(dr) +d(zxyp) — (d(dy, P)+d(xy¢, P)) —d(di, H— S1) —d(zy, H— S1) >
n+k—f— Zf:z |Si| — (k—1) =5. So, d(zf,S1) > 5—3=2as d(d1,51) < 3, a contradiction.
Thus, xz1¢1 ¢ E(G) and 21d; ¢ E(G) by symmetry. Then we can assume that z1a; € E(G) by
the symmetry role of a; and by, it follows that z;cq ¢ E(G) and zydy ¢ E(G), namely, d(z, S1)
< 2. By Lemma 2.1 and our assumption that Theorem 1.5 is false, d(z s, P) +d(c1, P) < f—1.
However, we have d(zs,S1) + d(c1,S1) > n+k— (f —1) = XF 1S — (k — 1) = 6, then
d(zy,S1) > 6 — 3 = 3, a contradiction. O
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Since G[V(P)] contains a Hamiltonian cycle by Claim 3.5, therefore, we may assume that
d(z1,51) > 2 by Claim 3.6. Next, we shall show that there exist some z; € V(P) and S; € Hi,
such that d(z;,S;) > 3,1 <i< fand 1 <j <k. Otherwise, d(z1,S51) = 2, d(z2,5;) < 2 and
d(zy,S;) <2 for each 1 < j < k. By symmetry, we must be in one of the following two cases:
Case 1 a; € N(x1,S57). In this case, by our assumption, Theorem 1.5 is false, neither ¢;
nor di belongs to N(z2,51) U N(xy,S1). By Lemma 2.1, d(c1, P) + d(x2,P) < f—1 and
d(di,P)+d(zys, P) < f —1. Let W = {c1,x2,d1,25}. Then

> d(x, H—=5)>2(n+k) —2(f-1)—6-4=10(k — 1) +2,
zeW
thus, we can assume that there exists So € Hy — 51, such that ) . d(z,S2) > 11. Since
d(x;,S2) < 2 for each i € {2, f}, we obtain 8 > d(cq,S52) + d(d1,S2) > 7. By symme-
try, say d(ci,S2) = 4, d(d1,S2) > 3 and d(zy,S2) = 2. Take y' € N(zy,S2) N N(di,S2),
clearly, G[V(S2 — y') U {c1}] 2 S} 2 D, consequently, we obtain a desired vertex cover of G:
St xpy'dibiarzy - -xy, Ss, ..., Sk, a contradiction.
Case 2 ¢; € N(x1,57). From the above case, we see that S; = D and N(z1,51) = {c1,d1}.
Furthermore, by our assumption, Theorem 1.5 is false, neither ¢; nor d; belongs to N(z2,S1)U
N(zs,S1). By Lemma 2.1, d(c1, P) + d(z2, P) < f and d(dy,P) + d(zy,P) < f. Let W' =
{c1,22,d1,z¢}. Then
> d(@,H—8)>2(n+k)—2f —4-4=10(k — 1) +2,
TEW’
thus, we can assume that there exists Sy € H1 — S, such that ZEGW/ d(z,S2) > 11. Since
d(z;,S2) < 2 for each i € {2, f}, we obtain 8 > d(c1,52) + d(d1,S2) > 7. By symme-
try, say d(c1,S2) = 4, d(d1,S2) > 3 and d(xy,S2) = 2. Take y' € N(xy,S2) N N(d1,S2),
we observe G[V(S2 — ¢') U {c1}] 2 S 2 D, then, we obtain a desired vertex cover of G:
Ly dibiaixy -2y, Ss,. .., Sk, a contradiction once again.

From the above arguments, we may assume that d(zq,S1) > 3. Without loss of generality,
we assume {ay,b1,c1} C N(x1,51) (otherwise, {c1,a1,d1} € N(x1,S57), then we choose by
to replace the role of d; in the following proof and the proof is similar). It is obvious that
d(z2,51) =0 and d(zf,S1) = 0 as G[V(S1 U P)] contains no spanning cycle. Furthermore, by
Lemma 2.1, d(z2, P) + d(d1,P) < f and d(zf, P) + d(dy,P) < f. Hence, 2d(d,,H — S1) +
d(ze,H— S1)+d(zp,H—S1) >2(n+k)—2f —6 > 10(k — 1). This implies that there exists
So € Hq — S1 such that 2d(dq, S2) + d(x2, S2) + d(xs, S2) > 11. Note d(x2, S2) + d(xf, S2) < 8,
thus, d(di, S2) > 2. Without loss of generality, say d(x2,S2) > d(zf,S2). Then d(z2,52) > 2
as a consequence. Let G; = G[V(S1 U Sq U P)] and define S| = S; — d; + «;. Clearly, S} 2 D.
Claim 3.7 d; has at most three neighbors in V(Ss).

Proof By contradiction, suppose d(di,S2) = 4. Then G[V(S2) U {d1} — {u}] contains D for
each u € V(S3). Define P’ = P — .

We first consider the case coxy € E(G). We observe f > 3. Otherwise, f = 2. Then
d(x2,S2) > 2 and we show that G; can be partitioned into S] and S5, and so G contains a
desired vertex cover S}, 5%, Ss, ..., Sk, where S} are defined as follows: If xoas € F(G), then

choose S§ = zocobadidaasxs. By symmetry, there remains the case zody € E(G), then choose
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Sh = wocgasdibadazy. Since S; D D and Theorem 1.5 is false by our assumption, thus, G[V (P'U
S9)U{d1}] does not contains a spanning cycle. If  ras € E(G), then G[V (P'US:)U{d,}] 2 S5 =
xpagdidebacozaP'xy, a contradiction. So, zyas ¢ E(G) and then z,by ¢ E(G) by symmetry.
If z;dy € E(G), then G[V(P'US2)U{d1}] 2 S5 = xpdabsasdiconaP'xy, a contradiction again.
Hence, zsdy ¢ E(G). Note that d(z2,S2) > 2, we can also prove that zyco ¢ E(G) and so
d(zys,S2) = 0. If d(xy, P') + d(c2, P') > f, then by Lemma 2.1, G[V(P') U {c2}] contains a
spanning path P” such that the end-vertices are co and z3. Recalling d(x2, S2) > 2, we may
assume that zeas € FE(G) or xods € E(G) by symmetry. If the former holds, then G; can be
partitioned into S} and S§ = coP”x9asddobacs, a contradiction. If the latter holds, then Gy
can be partitioned into 57 and S§ = co P”xodadyasbacs, a contradiction again. In both cases,
G contains a vertex cover with k disjoint cycles S7,S4,Ss,...,Sk, a contradiction. Hence,
d(xs, P') 4+ d(co, P') < f—1 and so d(co,G1) +d(zf,G1) < f—1+2+3+4=f+8. Then
d(cg, H—51—S2)+d(zs, H—S1—S52) > n+k—(f+8) = 5(k—2)+2, which implies that there
exists S5 € H1—S1— 52, such that d(cz, S3)+d(xf, S3) > 6. By Lemma 2.4, G[V (SsUP’")U{ca}]
contains a spanning cycle, denoted by S5. As S —cy+d; is a chorded 4-cycle, then G contains
a vertex cover with exactly k disjoint cycles S7, S2 — ¢a + dy, 5%, S4, ..., Sk, a contradiction.

Hence, we may assume that xoco ¢ E(G) and z2dy ¢ E(G) by symmetry. Then it follows
that {ag,b2} = N(x2, S2) and d(xs,S2) > 1. If xyco € E(G), then Gy can be partitioned into
S1 and SY = xyP'xobrasdad oy, a contradiction. Hence, z5co ¢ E(G) and so xydy ¢ E(G).
Therefore, by the symmetry role of as and be, we may assume that z;as € E(G), then G; can
be partitioned into S] and 5§ = xyP'zabacadideasz s, a contradiction once again. O

By Claim 3.7, we obtain d(z2, S2)+d(x s, S2) > 5. Note that d(dy, S2) > 2. If d(dq, S2) = 2,
take wq, wy € N(dy,S2) with wy # wy, then d(z2, S2)+d(x, S2) > 7. By Lemma 2.5, G[V (S2)U
P — z1] contains a hamiltonian path P’ connecting w; and ws, consequently, we can merge dy
into P’ and obtain a spanning cycle S5. Then G can be partitioned into S7,5%,S3,..., Sk,
a contradiction. Therefore, we may assume that d(dy, S2) = 3 by Claim 3.7. As d(z2,52) +
d(zs,S2) > 5, by Lemma 2.6, for each @ C V(S2) with |Q| = 3, there exist two pairs wy, w2 € Q
such that G[V(S2 U P) — {z1}] contains a hamiltonian path P’ with two end-vertices w; and
wa.

Now, we are in a position to complete the proof. By symmetry, we consider two cases:
Either {as,co,d2} = N(dy,S2) or {ag,bs,ca} = N(dy,S2). No matter how the neighbors of
dy in Sy are, by Lemma 2.6 and the symmetric role of asce and baca, or asce and asds, we
can always assume that there exists a Hamiltonian path P’ of G[V(S2 U P) — {x1}] with two
end-vertices ¢o and as. Then G can be partitioned into S7 and S} = djcaP’asdy, and so G
contains a desired vertex cover with exact components S1, 5%, Ss,..., Sk, a final contradiction
completes the proof.
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