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Abstract Let (M, g) be a complete noncompact Riemannian manifold. In this note, we derive a local

Hamilton-type gradient estimate for positive solution to a simple nonlinear parabolic equation

∂tu = Δu + au log u + qu

on M × (0,∞), where a is a constant and q is a C2 function. This result can be compared with the

ones of Ma (JFA, 241, 374–382 (2006)) and Yang (PAMS, 136, 4095–4102 (2008)). Also, we obtain

Hamilton’s gradient estimate for the Schödinger equation. This can be compared with the result of

Ruan (JGP, 58, 962–966 (2008)).
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1 Introduction

Let (M, g) be a complete noncompact Riemannian manifold. Let us consider the nonlinear
parabolic equation

∂tu = Δu+ au log u+ qu, (1.1)

where a is a constant, and q is a C2 function on M . The motivation to study equation (1.1)
is to understand the Ricci flow introduced by Hamilton (cf. [1, 2] and references therein). It
is pointed out by Ma that it would be interesting to consider the local gradient estimate for
positive solutions to the nonlinear evolution equation (1.1). For this purpose, Ma proved the
following result (cf. Theorem 1 in [1]):

Theorem 1.1 (Ma [1]) Let (M, g) be a complete noncompact Riemannian manifold of dimen-
sion n with Ricci curvature bounded below by the constant −K := −K(2R), where R > 0 and
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K(2R) ≥ 0, in the geodesic ball Bp(2R) for some fixed point p ∈M . Let u be a positive smooth
solution to the elliptic equation

Δu+ au log u = 0, in M,

where a < 0 is a real constant. Let f = log u and (f, 2f) be the maximum among f and 2f .
Then there are two uniform positive constants c1 and c2 such that

|∇f |2 + a(f, 2f) ≤ n((n+ 2)c21 + (n− 1)c21(1 +R
√
K) + c2)

R2
+ 2n(K − a)

on Bp(2R).

More recently, Yang has obtained the following result:

Theorem 1.2 (Yang [2]) Let M be a complete noncompact Riemannian manifold of dimension
n without boundary. Suppose the Ricci curvature of M is bounded below by the constant −K :=
−K(2R), where R > 0 and K(2R) ≥ 0, in the geodesic ball Bp(2R) with radius 2R around
p ∈M . If u(x, t) is a positive smooth solution to the equation (1.1) with q ≡ b on M × [0,∞),
where a, b are constants, letting f(x, t) = log u(x, t), then

(i) If a < 0, we have for any α > 1 and 0 < δ < 1,

|∇f |2(x, t) + aαf(x, t) + αb− αft(x, t)

≤ nα2

2δt
+
nα2

2δ

[
2ε2

R2
+

ν

R2
− a

2
+
ε2

R2
(n− 1)(1 +R

√
K)

+
K

α− 1
+

nα2ε2

8(1 − δ)(α− 1)R2

]

on Bp(R) × (0,∞), where ε > 0 and ν > 0 are constants ;
(ii) If a > 0, we have for any α > 1 and 0 < δ < 1,

|∇f |2(x, t) + αaf(x, t) + αb− αft(x, t)

≤ nα2

2δt
+
nα2

2δ

[
2ε2

R2
+

ν

R2
+ a+

ε2

R2
(n− 1)(1 +R

√
K)

+
K

α− 1
+

nα2ε2

8(1 − δ)(α− 1)R2

]

on Bp(R) × (0,∞), where ε > 0 and ν > 0 are constants.

In [3], Hamilton proved a new gradient estimate for the heat equation, see also [4] for the
heat equation with potential, see also some further references [5, 6].

Theorem 1.3 (Hamilton [3]) Let u be a positive solution of the heat equation ut = Δu on
compact manifold M without boundary, Ricci ≥ −K,K ≥ 0. Then

e−2Kt|∇ log u| − (log u)t − e2Kt n

2t
≤ 0. (1.2)

Stimulating by the Hamilton’s idea, in [4], Ruan considered the parameter α as a function of
the time t for proving the Hamilton type gradient estimate for Schrödinger equation, while in [7],
Li and Yau introduced a constant parameter α in the proof of the well-known Li–Yau differential
Harnack inequality. Note that in [8], Bakry and Ledoux initially proved a logarithmic Sobolev
form of the Li–Yau parabolic inequality, in which hints the above idea, say “parameter function
method”, see also [9] for a bit further development of this method in the Hypoelliptic model.
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Now it is natural to ask whether this idea is still valid for the nonlinear equation. Here we give
an affirmative answer. The main result is

Theorem 1.4 Let M be a complete noncompact Riemannian manifold of dimension n without
boundary. Suppose that the Ricci curvature of M is bounded below by the constant −K :=
−K(2R), where R > 0 and K(2R) ≥ 0, in the geodesic ball Bp(2R) for some fixed point p ∈M .
Also assume the potential function q satisfies, for all x ∈ Bp(2R),

|∇q|(x) ≤ γ(2R), Δq(x) ≥ −θ(2R). (1.3)

If u(x, t) is a positive smooth solution to the equation (1.1) on M × [0,∞), let f(x, t) =
log u(x, t). Then

(i) If a ≤ 0, we have for any 0 < δ < 1, λ > 0,

sup
x∈Bp(R)

(
α(t)|∇f |2 − (ft − af − q)

)

≤ n

2α(t)δ

[
2C2 + nC

R2
+
C

√
(n− 1)K
R

− a− 1/λ
4

+
nC2

8α(t)(1 − δ)R2(1 − α)

]

+
n

2α(t)δt
+

(
n

2α(t)δ

) 1
2 (

(1 − α)λγ2(2R) + θ(2R)
) 1

2 , (1.4)

on Bp(R) × (0,∞), where α = e−2Kt and C is a positive constant.
(ii) If a ≥ 0, we have for all 0 < δ < 1,

sup
x∈Bp(R)

(
α(t)|∇f |2 − (ft − af − q)

)

≤ n

2αδ

[
2C2 + nC

R2
+
C

√
(n− 1)K
R

+ a+
1
4λ

+
nC2

8α(1 − δ)R2(1 − α)

]

+
n

2αδt
+

(
n

2αδ

) 1
2 (

(1 − α)λγ2(2R) + θ(2R)
) 1

2 ,

on Bp(R) × (0,∞), where α = e−2Kt and C is a positive constant.

Remark 1.5 If a = 0, we get the Hamilton type gradient estimates for Schrödinger equation
∂tu = Δu − qu. If we assume further that q = 0, the result of Theorem 1.4 is exactly local
version of (1.2). Note that a similar estimate has been obtained by Ruan in [4]. He proved
this by using the Li–Yau gradient estimate method, while here we use a bit modified method
introduced by Negrin (cf. [10]).

Now we give an interesting application of the above theorem, see Corollary 1.2 in [2].

Corollary 1.6 Let M be a complete noncompact Riemannian manifold of dimension n without
boundary. Suppose that the Ricci curvature of M is nonnegative. If u(x) is a positive smooth
solution to the equation

Δu+ au log u = 0, on M,

then if a < 0, we have u(x) ≥ e−n/8; and if a > 0, we have u(x) ≤ en/2 for all x ∈M .

Note that if a < 0, the above estimate of u in [2] is u(x) ≥ e−n/4. In fact, it can be improved
to u(x) ≥ e−n/8.
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2 Proofs

Proof of Theorem 1.4 Let u(x, t) be a positive smooth solution of the heat equation (1.1) on
M × [0,∞). Define f = log u and

F = t{α(t)|∇f |2 − (ft − af − q)}

where α = e−2Kt. Thus we have

Δf = ft − af − q − |∇f |2

=
(α(t) − 1)

α
(ft − af − q) − F

tα

= (α− 1)|∇f |2 − F

t
. (2.1)

We will use the following notations (cf. [11]):

Γ(f, f) =
1
2
(Δf2 − 2fΔf) = |∇f |2, Γ2(f, f) =

1
2
(ΔΓ(f, f) − 2Γ(f,Δf)).

Under the assumption Ricci ≥ −K(2R), we have, by Bochner formula (cf. [11])

Γ2(f, f) ≥ −K(2R)|∇f |2 +
1
n
|Δf |2, (2.2)

on Bp(2R). Through a direct computation,

ΔF = t (α(t)ΔΓ(f, f) − (Δft − aΔf − Δq))

= t (2α(t)Γ2(f, f) + 2α(t)Γ(f,Δf) − (Δft − aΔf − Δq))

= t

(
2α(t)Γ2(f, f) − 2

∇f∇F
t

+ 2α(t)∇f∇ft − 2a(α(t) − 1)|∇f |2 − 2(α(t) − 1)∇f∇q
)

− a

α(t)
F + t

(
− a2(α(t) − 1)

α(t)
f +

a(2α− 1)
α(t)

ft − ftt − a(α(t) − 1)
α(t)

q + qt + Δq
)
,

∂tF =
F

t
+ t(α′(t)|∇f |2 + 2α(t)∇f∇ft − ftt + aft + qt),

thus, combining the conditions (2.2), (1.3) and the equation (2.1),

(Δ − ∂t)F = t

(
2α(t)Γ2(f, f) − 2

∇f∇F
t

+ (a(1 − α(t)) − α′(t)) |∇f |2

+ 2(1 − α(t))∇f∇q + Δq
)
− F

t
− aF

≥t
[
2α(t)
n

(
(1 − α(t))|∇f |2 +

F

t

)2

− 2
∇f∇F

t
+ a(1 − α(t))|∇f |2

+ 2(1 − α(t))γ(2R)|∇f | − θ(2R)
]
− F

t
− aF. (2.3)

Here we use the fact α(t) = e−2Kt. Let η be a C2 function on [0,∞) satisfying (cf. [7])

η(t) = 1, for 0 ≤ t ≤ 1, η(t) = 0, for t ≥ 2,

and

0 ≤ η(t) ≤ 1, −Cη 1
2 ≤ η′(t) ≤ 0, η′′(t) ≥ −C, for all t ≥ 0.
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Let d(p, x) be the geodesic distance between p and x, and put ψ(x) = η(d(p,x)
R ), for x ∈ Bp(R).

Then we have

|∇ψ|2 ≤ C2ψ

R2
, (2.4)

and

Δψ(x) =
η′′|∇d(p, x)|2

R2
+
η′Δd(p, x)

R
≥ −nC

R2
− C

√
(n− 1)K
R

, x /∈ cut(p), (2.5)

where we have used the classic Laplacian comparison Δd ≤ n−1
d +

√
(n− 1)K. For fixed T > 0,

suppose that ψF attains its maximum at the point (x0, t0) ∈ Bp(2R)× [0, T ]. According to the
well known argument of Calabi [12], we can assume that x0 is not in the cut locus of p. Then
at (x0, t0), by the maximum principle, we have

∇(ψF ) = 0, Δ(ψF ) ≤ 0, ∂t(ψF ) ≥ 0. (2.6)

It follows that

FΔψ + ψ(Δ − ∂t)F − 2F |∇ψ|2
ψ

≤ 0,

at (x0, t0). Combining the estimates (2.4) and (2.5), we have

ψ(Δ − ∂t)F ≤
(

2C2 + nC

R2
+
C

√
(n− 1)K
R

)
F. (2.7)

Multiplying both sides of (2.3) by ψ, we have by (2.6),

ψ(Δ − ∂t)F ≥ tψ

[
2α(t)
n

(
(1 − α(t))|∇f |2 +

F

t

)2

+ a(1 − α(t))|∇f |2

− 2(1 − α(t))γ(2R)|∇f | − θ(2R)
]
− 2C|∇f |F√ψ

R

− ψF

t
− aψF, at (x0, t0). (2.8)

Following Negrin [10], we denote

μ = |∇f |2(x0, t0)/F (x0, t0) and B :=
(

2C2 + nC

R2
+
C

√
(n− 1)K
R

)
.

Combining (2.7) and (2.8), we have at (x0, t0),

BF +
2CF

3
2μ

1
2ψ

1
2

R
+
ψF

t
+ aψF

≥ tψ

{
2α(t)((1 − α(t))μt+ 1)2F 2

nt2
+ a(1 − α(t))μF

− 2(1 − α(t))γ(2R)μ
1
2F

1
2 − θ(2R)

}
. (2.9)

In the following, let us divide into two cases.

Case (i) a ≤ 0. Multiplying both sides of the above inequality (2.9) by sψ and using the
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fact that ψ ∈ [0, 1] and a ≤ 0, we obtain at (x0, t0),

BtψF +
2C(Fψ)

3
2μ

1
2 t

R
+ ψF ≥ 2α(t)((1 − α)μt+ 1)2(ψF )2

n
+ a(1 − α)μ(ψF )t2

− 2(1 − α)γ(2R)t2μ
1
2 (Fψ)

1
2 − t2θ(2R)

≥ 2α(t)((1 − α)μt+ 1)2(ψF )2

n
+ (a− 1/λ)(1 − α)μ(ψF )t2

− (1 − α)λt2γ2(2R) − t2θ(2R), (2.10)

where λ is a positive constant. For any fixed δ ∈ (0, 1), at the point (x0, t0), we have

2C(Fψ)
3
2μ

1
2 t

R
≤ (1 − δ)

2α(t)(ψF )2((1 − α)μt+ 1)2

n
+

nψFμt2C2/R2

2α(t)(1 − δ)((1 − α)μt+ 1)2
.

Denoting ω = ψ(x0)F (x0, t0), equation (2.10) becomes, at (x0, t0),

A1ω
2 − 2A2ω −A3 ≤ 0,

where

A1 =
2α(t)δ((1 − α)μt+ 1)2

n
,

A2 =
1
2

(
Bt+ 1 +

nμt2C2

2α(t)(1 − δ)R2((1 − α)μt+ 1)2
− (a− 1/λ)(1 − α)μt2

)
,

A3 = (1 − α)λt2γ2(2R) + t2θ(2R).

We deduce that, at (x0, t0),

ω ≤ 2A2

A1
+

(
A3

A1

) 1
2

. (2.11)

Note that
2A2

A1
≤ n

2α(t)δ

(
1 +Bt− a− 1/λ

4
t+

nC2t

8α(t)(1 − δ)R2(1 − α)

)
,

and (
A3

A1

) 1
2

≤
(

n

2α(t)δ

) 1
2 (

(1 − α)λγ2(2R) + θ(2R)
) 1

2 t.

Substituting the above two inequalities into (2.11), we have

ω = ψ(x0)F (x0, t0)

≤ n

2α(t0)δ

(
1 +Bt0 − a− 1/λ

4
t0 +

nC2t0
8α(t0)(1 − δ)R2(1 − α(t0))

)

+
(

n

2α(t0)δ

) 1
2 (

(1 − α(t0))λγ2(2R) + θ(2R)
) 1

2 t0

≤ n

2α(T )δ

(
1 +BT − a− 1/λ

4
T +

nC2T

8α(T )(1 − δ)R2(1 − α(T ))

)

+
(

n

2α(T )δ

) 1
2 (

(1 − α(T ))λγ2(2R) + θ(2R)
) 1

2 T,

where the last inequality follows from the fact that t
α(t)(1−α(t)) with α(t) = e−2Kt is increasing

in t ∈ [0, T ].
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Since ψF reaches the maximum at (x0, t0), T is arbitrary and moreover ψ|Bp(R) = 1, we
have for all t > 0 and λ > 0,

sup
x∈Bp(R)

(
α(t)|∇f |2 − (ft − af − q)

) ≤ n

2α(t)δ

[
2C2 + nC

R2
+
C

√
(n− 1)K
R

− a− 1/λ
4

+
nC2

8α(t)(1 − δ)R2(1 − α)

]
+

n

2α(t)δt

+
(

n

2α(t)δ

) 1
2 (

(1 − α)λγ2(2R) + θ(2R)
) 1

2 .

Case (ii) a ≥ 0. Multiplying both sides of the inequality (2.9) by tψ and using the fact that
ψ ∈ [0, 1] and a ≥ 0, we obtain at (x0, t0),

BtψF +
2C(Fψ)

3
2μ

1
2 t

R
+ ψF + at(ψF )

≥ 2α((α− 1)μt+ 1)2(ψF )2

n
− 2(1 − α)γ(2R)t2μ

1
2 (Fψ)

1
2 − t2θ(2R).

Doing as in Case (i), we can obtain, for α = e−2Kt, λ > 0,

sup
x∈Bp(R)

(
α(t)|∇f |2 − (ft − af − q)

) ≤ n

2αδ

[
2C2 + nC

R2
+
C

√
(n− 1)K
R

+ a

+
1
4λ

+
nC2

8α(1 − δ)R2(1 − α(t)α)

]

+
n

2αδt
+

( n

2αδ

) 1
2 (

(1 − α)λγ2(2R) + θ(2R)
) 1

2 . �

Proof of Corollary 1.6 The proof follows easily from Theorem 1.4. �
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