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1 Introduction

Let D be a nonempty closed convex subset of a Banach space E := (E, || - ||) and let K(D)
and KC(D) denote the family of nonempty compact subsets and nonempty compact convex
subsets of D, respectively. Let T : D — K(FE). Then T is said to be a contraction if there
exists 0 < k < 1 such that H(Tx,Ty) < k|jlz —y|| for z,y € D, where H is the Hausdor{f metric
induced by || - ||. If £ = 1, then T is called nonexpansive. A point x* is a fized point of T if
x* € Tx*. The set of fixed points of T is denoted by F(T).

Let T : D — K(D) be nonexpansive. Given a u € D and a t € (0,1), let G, : D — K (D)
be defined by

Gy :=tTx+ (1 —t)u, x € D.

Then G, is a contraction and, by the Nadler contraction principle [1], has a fixed point z; € D,

that is,
xp € Tz, + (1 — t)u. (1.1)

Let

Pr(z) ={u, € Tx: ||x — u|| = d(z, Tx)},
where d(z,A) := inf{|jlz —a| : @ € A C E}. Then Pr : D — K(FE) is a multimap having
nonempty compact values.
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Instead of
Gz :=tTe+ (1—t)u, weD, (1.2)
we consider, for ¢t € (0, 1),
Six :=tPp(x)+ (1 —t)u, wueD. (1.3)

It is clear that Sixz C Gix for all z € D, and if Pr is nonexpansive and T is weakly inward,
then S; is a weakly inward contraction. Now Theorem 1 of Lim [2] guarantees that S; has a

fixed point, say x¢, that is,
xt € tPr(z) + (1 —t)u CtTay + (1 — t)u. (1.4)
If T is single-valued, then (1.1) and hence (1.4) reduces to
xp =Tz, + (1 —t)u. (1.5)

The strong convergence of the net {z;} for a self or non-self nonexpansive single-valued
map T has been studied by a number of authors, see, for instance, the work of Browder [3],
Halpern [4], Jung and Kim [5], Kim and Takahashi [6], Reich [7], Singh and Watson [8], Taka-
hashi and Kim [9], Xu [10], Xu and Yin [11] etc. Details on various iterative methods can be
found in [12].

In 1967, Browder [3] proved the following strong convergence result.

Theorem B [3] Let D be a closed bounded convex subset of a Hilbert space E, and T a
nonexpansive self-mapping of D. Let {t,} be a sequence in (0,1) converging to 1. Fix u € D

and define a sequence {x,} in D by
Ty =ty Txy + (1 —t,)u, neN.

Then {x,} converges strongly to the element of F(T) nearest to u.

Reich [7] extended Browder’s result to uniformly smooth Banach spaces.

Pietramala [13] gave an example of multivalued selfmap defined on a closed convex bounded
subset of a finite-dimensional Hilbert space, which illustrates that Browder’s theorem cannot
be extended to genuine multivalued case without assuming extra conditions. Lépez and Xu [14]
established the strong convergence of {x;} in a Hilbert space for nonexpansive multimaps T
satisfying Tz = {z}. Later on, Kim and Jung [15] extended Lépez and Xu’s result to a
Banach space having a sequentially continuous duality map. Sahu [16] studied this problem in
a uniformly convex Banach space having a uniformly Gateaux differentiable norm. Recently,
Jung [17] noted that the condition Tz = {2} should be added in the main results of Sahu [16] and
he further established the strong convergence of {z;} defined by x; € tTx;+ (1 —t)u, u € D for
a nonexpansive nonself multimap 7" with Tz = {z} in a uniformly convex and reflexive Banach
space having a uniformly Gateaux differentiable norm. More recently, Shahzad and Zegeye [18]
extended the results of Jung [17] to a class of multimaps under mild conditions. More precisely,

they obtained the following extension of Browder’s theorem.



Approzimation Methods for Nonexpansive Multimaps 1167

Theorem SZ [18, Theorem 1]  Let E be a uniformly convex Banach space having a uniformly
Gateauz differentiable norm, D a nonempty closed conver subset of E, and T : D — K(FE) be
such that Pr is nonexpansive. Suppose that D is a nonexpansive retract of E and that for each
u € D andt e (0,1), the contraction Sy defined by Six = tPr(x) + (1 — t)u has a fized point
x¢ € D. Then T has a fized point if and only if {x:} remains bounded as t — 1~ and in this

case, {x¢} converges strongly as t — 17 to a fized point of T.

Let T : D — D be a nonexpansive selfmap on closed convex subset K of a Banach space
E. For a given contraction f : K — K with a suitable contraction constant and for a given

t € (0,1), define a contraction T; : D — D by
Tix =tTx+ (1 —t)fz, =x€D.

By the Banach contraction principle it yields a fixed point z; € D of T}, that is, z; is the unique

solution of the equation

If f =u, for u € D, then (1.6) reduces to (1.5)

Concerning convergence {z:} of (1.6), in 2000, Moudafi [19] introduced as viscosity ap-
proximation method and proved that if F is a real Hilbert space, the sequence {z;} converges
strongly to a fixed point of T in K. It should be pointed out that Moudafi’s result general-
izes Browder’s and Halpern’s theorems in the direction of viscosity approximations. Viscosity
approximations are very important becuase they are applied to convex optimization, linear
programming, monotone inclusions and elliptic differential equations.

In 2004, Xu [20] studied further the viscosity approximation method for a nonexpansive

map and proved the following result:

Theorem 1.1 [20, Theorem 4.1]  Let D be a nonempty closed convex and bounded subset of a
real uniformly smooth Banach space E. Let T : D — D be a nonexpansive map with F(T) # ()
and f: D — D be a contraction. Then for t € (0,1), the viscosity approximation process {y;}
defined by (1.6) converges strongly to a fized point of T.

The above theorem of Xu [20] improves Theorem 2.1 of Moudafi [19]. Moreover, Xu [20]

has proved the convergence of the viscosity iterative process
Tnt1 = A1 fon + (1 — A1) Tz, n>1, (1.7)

where A, € (0,1) satisfies certain conditions, to the fixed point of 7" and to a solution of a
certain variational inequality. This result of Xu [20] extends Theorem 2.2 of Moudafi [19] to a
Banach space setting.

It is our purpose in this paper to prove the convergence of the viscosity approximation
process for nonexpansive nonself multimaps. Furthermore, an explicit iteration process which
converges strongly to a fixed point of multimap 7" is constructed. It is worth mentioning that,

unlike other authors, we do not impose the condition “T'z = {z}” on the map 7. Our result
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(Theorem 3.1) extends Theorem 1 and Corollary 1 of Jung and Kim [5], Corollary 2 of Jung
and Kim [5] and Theorem 1 and Corollary 2 of Xu and Yu [11] to multimaps. Theorem SZ,
Theorem 1 of Jung [17], Theorem 4.1 of Kim and Jung [15] and Theorem 1 of Sahu [16] are

special cases of Theorem 3.1 under which f = w or T is selfmap.

2 Preliminaries

Let F be a real Banach space with dual E*. We denote by J the normalized duality mapping
from E to 28" defined by

Jr = {f" € E*: {x, f*) = ||lz> = If*|I*},

where (-, -) denotes the generalized duality pairing. It is well known that if E* is strictly convex,
then J is single-valued. In the sequel, we shall denote the single-valued normalized duality map
by j.

The norm is said to be uniformly Gateauz differentiable if for each y € S1(0) :={z € E :
lz|]| = 1} the limit lim;_.q ”thl‘f”m” exists uniformly for z € S1(0). It is well known that L,
spaces, 1 < p < 0o, have uniformly Gateaux differentiable norm (see, e.g., [22]). Furthermore, if
E has a uniformly Gateaux differentiable norm, then the duality map is norm-to-w™* uniformly
continuous on bounded subsets of E.

The inward set of D at x is defined by

Ip(z)={z€E:z=a2+ XNy—2x):y € D,\>0}

It is known that if D is convex, then the closure of Ip(x), is Ip(x) = x4+ Tp(z) for any € D,
where
A

Tp(z) = {y €E: lim/\inf+ d@ + Ay, D) _ o}.
—0

A multimap T : D — CB(FE) is said to satisfy (i) weak inwardness condition if Tx C Ip(z) for
all x € D; (ii) inwardness condition if Tx C Ip(x) for all x € D.

Let K C FE be closed convex and Q a map of F onto K. Then @ is said to be sunny if
QQz+t(r —Qzx)) = Qz for all x € F and t > 0. A mapping @ of F into E is said to be
a retraction if Q% = Q. If a mapping @ is a retraction, then Qz = z for every z € R(Q), the
range of Q. A subset K of E is said to be a sunny nonexpansive retract of E if there exists a
sunny nonexpansive retraction of F onto K and it is said to be a nonexpansive retract of E if
there exists a nonexpansive retraction of E onto K. If E = H, the metric projection Pk is a
sunny nonexpansive retraction from H to any closed conver subset of H.

We shall let LIM be a Banach limit. Recall that LIM € (¢°°)* such that ||[LIM| = 1,
liminf, . a, < LIM,a, < limsup,,_,., an, and LIM,a,, = LIM,,a,, 41 for all {a,}, € £>°.

In what follows, we shall make use of the following lemmas.

Lemma 2.1 (See, e.g., [23]) Let E be a Banach space having a uniformly Gateauz differen-

tiable norm and D a nonempty closed convex subset of E. Let {x,} be a bounded sequence in

E, LIM a Banach limit, and uw € D. Then the following are equivalent:
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(i) LIM,, ||z, — ul]* = minyep LIM, ||z, — yll?;

(if) LIM,, (x — u, J(zy, — w)) <0 for all z € D.
Lemma 2.2 (See, e.g., [24]) Let E be a uniformly convex Banach space, D a nonempty closed
convex subset of E, and {x,} a bounded sequence in E. Then the set

C = {u € D : LIM,,||zn — u]|? = min LIM, ||z, — y||2}
yeD

consists of one point.

Lemma 2.3 Let {a,} be a sequence of nonnegative real numbers satisfying the following

relation :
anJrl é (]- - ’771)0477. + On, n 2 07
where (1) 0 <y, <1; (i) Y07 Yn = 0.
Suppose, either
(a) op = 0(yn), or (b) limsup,, o, < 0.

Then a, — 0 as n — oo.

The proof of the above lemma is standard and is therefore omitted.

3 Main Results
Theorem 3.1 Let E be a uniformly convex Banach space having a uniformly Gateauz differ-

entiable norm, D a nonempty closed convex subset of E, and T : D — K(FE) be such that Pr is
nonexpansive. Suppose that D is a nonexpansive retract of E and that for each t € (0,1), the
contraction Sy defined by Syx = tPrx + (1 —t)f(x) has a fized point xy € D, where f : D — D
is a contraction with constant 3. Then T has a fized point if and only if {x;} remains bounded

as t — 17 in this case, {x+} converges strongly ast — 17 to a fized point of T.

Proof Given any z; € D, we can find some y; € Pr(z;) such that

Let pe F(T)# 0 . Then p € Pr(p) and then we obtain for all ¢ € (0,1) that

lye = pll = d(ye, Pr(p)) < H(Pr(z:), Pr(p)) < [z — pl|- (3:2)
Thus,
¢ —pll = lltye + (1 =) fz; — p||
< tllye —pll + (L =) fze — foll + (1 = O)[lfp — pll
< tloy —pll + (1 = )Bllee — pll + (1= )|Lfp = pll,
and so

1
lze = pll < _ﬁllfp—pl\

for t € (0,1). Hence {x;} is uniformly bounded.
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Suppose that {z;} remains bounded as ¢ — 17. Now we show that F(T) # 0 and =z,
converges to a fixed point of T"as ¢ — 17. Let ¢,, — 1 and set z,, := x,. Define the mapping
¢: E— R by

#(z) := LIM,, ||z, — z||*, Vz€E.
Since F is reflexive, ¢(z) — oo as ||z|| — oo, ¢ is continuous and convex, it follows that ¢
attains its infimum over D at z (say) (see [25, p.79]) and so the set C' := {z € D : ¢(z) =
infaep @(x)} # 0 is also a closed, bounded and convex subset of D. Let @ be a nonexpansive

retraction of E onto D. Then

#(y) = LIMy|lzy -yl
> LIM,[|Qz, — Qy|?
= LIM,||z, — Qy]?
> LIM, ||z, — 2% = ¢(2)
for any y € E. This implies that z is the global minimum point over all of E. Furthermore, z
is unique by Lemma 2.2. Notice that =, = t,y, + (1 — t,,) f2,, for some y,, € Pr(z,) gives that

€, — ynll — 0 as n — oo. Since T' and hence Pr is compact-valued we have for each n > 1,

some w, € Pr(z) such that
[yn — wnll = d(yn, Pr(2)) < H(Pr(zn), Pr(z)) < [lzn, — 2]
Without loss of generality, let w, — w € Pr(z). Then
LIM,, ||z, — w[* < LIMy|lyn — wn||* < LIMy[|2, — 2[|*.

But z is the unique global minimum. Therefore z = w € Pr(z) C Tz. Furthermore, for any
p € F(T) we have from (3.1) and (3.2) that

(Tn = Yn,j(Tn — D)) = (Tn =P+ D~ Yn,j(Tn — D))

Y

20 = plI* = llyn = pllll2n = p]| >0,
and so
0 < (Zn = yn,j(@n —p)) = (1= tn)(f(@n) = Yn, J(@n — D).
This together with ||z, — y,|| — 0 implies that
LIM,(zy, — f2n,j(xn —p)) <O. (3.3)
In particular,
LIM,,(xy, — fon,j(zn — 2)) <O0. (3.4)

Also, by Lemma 2.1, we have

LIM,,(x — z,j(xn, — 2)) <0
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for all x € D. In particular,
LIM,,(fz — z,j(zn — 2)) < 0. (3.5)

Thus using (3.4) and (3.5) we find LIM,, ||z, — z|| = 0. Therefore, there exists a subsequence
{zp,} of {z,} such that z,, — z as k — oo. Assume that there is another subsequence {z,, }

of {,} such that x,, — ¢ as | — oco. Since
d(@n,, Pr(zn,)) < @0, = yn, | < (1= to) [ f2n, — yn, |l =0 asl— oo,

it follows that d(q, Pr(¢)) = 0, and so ¢ € Pr(q) C Tq. Moreover, x,, — z, implies from (3.3)
that

(z—=f2(z—4q) <0. (3.6)

Also, with x,, — ¢, we have that

(¢—fa,i(q—2)) <0. (3.7)
Inequalities (3.6) and (3.7) yield that

Iz —all* < Bllz — all,
which implies that z = ¢q. Thus z,, — z as n — oo. This completes the proof. g

Under the hypothesis of Theorem 3.1 if T is weakly inward then by Theorem 1 of Lim [2],
the contraction S; defined by Six = tPr(x) + (1 — ) fa has a fixed point x; € D. Thus, we

have the following corollary.

Corollary 3.2 Let E be a uniformly convex Banach space having a uniformly Gateauz differ-
entiable norm, D a nonempty closed convex subset of E, and T : D — K(F) a weakly inward
multimap such that Pr is nonexpansive. Suppose that D is nonexpansive retract of E. Then T
has a fized point if and only if the fixed point {x;} of {S:} remains bounded as t — 17; in this

case, {x} converges strongly ast — 1~ to a fized point of T.

If, in Corollary 3.2, T is a self map, then the method of proving Theorem 3.1 gives the
required result without the requirement that D is a nonexpansive retraction. Thus, we have

the following corollary.

Corollary 3.3 Let E be a uniformly convex Banach space having a uniformly Gateauz differ-
entiable norm, D a nonempty closed convez subset of E, and T : D — K (D) be such that Pr
is nonexpansive. Then T has a fized point if and only if the fixed point {x:} of {S:} remains

bounded as t — 17; in this case, {x} converges strongly ast — 1~ to a fized point of T.

It is known that a closed convex subset of a Hilbert space is a nonexpansive retraction
with the proximity map as a nonexpansive retraction. Thus, the requirement that D is a

nonexpansive retraction of F is not needed. In fact, we have the following corollary.

Corollary 3.4 Let E be a Hilbert space, D a nonempty closed conver subset of E, and T :
D — K(FE) be such that Pr is nonexpansive. Suppose that for eacht € (0,1), the contraction Sy
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defined by Syx = tPp(z)+ (1—1t) fx has a fized point x; € D, where f : K — K is a contraction.
Then T has a fized point if and only if {x:} remains bounded ast — 1~ and in this case {x:}

converges strongly as t — 17 to a fized point of T.

We know that if D is a closed bounded convex subset of a uniformly convex Banach space
E and T: D — KC(F) is an nonexpansive mapping satisfying the weak inwardness condition,

then T has a fixed point. So we get the following corollaries.

Corollary 3.5 Let E be a uniformly conver Banach space having a uniformly Gateaux dif-
ferentiable norm, D a nonempty closed bounded convex subset of E, and T : D — KC(FE) a
multimap satisfying the weak inwardness condition such that Pr is nonexpansive. Suppose that
D is a nonexpansive retraction of E. Then, fort € (0,1), the fized point {x:} of {S¢} converges
strongly ast — 17~ to a fixed point of T.

Corollary 3.6 Let E be a Hilbert space, D a nonempty closed bounded conver subset of E,
and T : D — KC(FE) a multimap satisfying the weak inwardness condition such that Pr is
nonexpansive. Then, fort € (0,1), the fized point {x;} of {S;} converges strongly ast — 1~ to
a fixed point of T.

Essentially the same arguments as above and as in Theorem 2 of Jung [17] yield the following

result.

Theorem 3.7 Let E be a reflexive Banach space having a uniformly Gateaux differentiable
norm, D a nonempty closed convex subset of E, and T : D — KC(E) a multimap satisfying the
inwardness condition such that Pr is nonexpansive. Suppose that every closed bounded convez
subset of D is compact and T has a fized point. Then, for t € (0,1), the fized point {x:} of
{S:} converges strongly as t — 17 to a fized point of T.

Remark 3.8 (1) In the above theorem and corollaries, we observe that, if we assume that T
is *-nonexpansive (for the definition, see [26]) then Pr is nonexpansive and hence the results
are valid. We now give an example of a multimap 7" which is not nonexpansive but Pr is
nonexpansive. Let D = [0,00) and T be defined by Tz = [z,3z] for € D. Then Pr(z) = {z}
for z € D. On the other hand one easily checks that T is not nonexpansive. Note that T is
k-nonexpansive (see [27]).

(2) Theorem 3.1 extends Theorem SZ and hence Theorem 1 and Corollary 1 of Jung and
Kim [21], Corollary 2 of Jung and Kim [5] and Theorem 1 and Corollary 2 of Xu and Yu [11]
either to viscosity approximation or to multimaps. Theorem 1 of Jung [17], Theorem 4.1 of
Kim and Jung [15] and Theorem 1 of Sahu [16] are special cases of Theorem 3.1 under which

f=wor T is selfmap.

(3) Our results apply to LP and [P spaces for 1 < p < 0.

4 Applications

Theorem 4.1 Let E be a uniformly convexr Banach space having a uniformly Gateauz differ-
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entiable norm, D a nonempty closed convexr subset of E, and T : D — K(D) a multimap such

that Pr is nonexpansive. For given xo € D,y € Pr(xo), let {z,} be generated by the algorithm
(see, e.g., [28])

Tn+1 = anf(xn) + (]- - an)yna

{ (%)

Yn € Pr(xy,) such that ||yn—1 — yYnll = d(Yn-1, Pr(zs)), n > 1,

where f : D — D is a contraction with constant B and {a,} is a real sequence which satisfies
the following conditions:

(i) limp— 00 iy = 0;

(i) > oy = 00 and

(iii) limy oo 1“1 =0

If F(T) # 0, then {z,} converges strongly to a fized point of T
Proof Since T is compact-valued, for any y,—1 € Pr(x,—1), we can find some y,, € Pr(z,)
such that ||yn—1—ynll = d(Yn—1, Pr(z,)) = inf{||yn—1—2|| : 2 € Pr(z,)}, and hence scheme (x)
is well defined. Let p € F(T') and y,, € Pr(x,). Then we have that

1yn = pll = d(yn, Pr(p)) < H(Pr(zn), Pr(p)) < ||lzn —pl|. (4.1)

Thus, for y,, € Pr(x,) and y,—1 € Pr(x,_1) satisfying () we get that

s —pll = loa(fan —p)+ (1~ an) v — )|
< anlfza — Foll+ 12— pl) + (1 = ) s —
< (Bl — ol + 1fp —pl) + (1~ ), — p]
< (1= (1~ Bl + ol i o
1
< max{ o =l L sl .

and hence ||z,+1 — p|| < max{||zo — p|, 1iﬁpr — p||} which gives that {z,}, {fz.} and {y.}

are bounded. But this implies
|Znt1 — ynll = anllfon —yn|| = 0 as n — co.
Moreover, from (x) we get

|Tnt1 — xnl = (0 — @n—1)(fZn—1 — Yn-1) + (1 — @) (Yn — Yn-1)
+an(frn — frn_1)l
(1= an)d(Yn—1, Pr(zn)) + o — an_1|M

IN

+Ban”xn — Tpn-1 ||

(1 - Oén)H(PT(SCn), PT(xn—l)) + |an - an—1|M

IN

+ﬁan”1’n — Tn—1 ||

(1= = Ban)llen = 2ol +[on = an1|M,

A
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where M := sup||fzn-1 — Yn—1]| < o0 as n — oco. Therefore, by assumption and Lemma 2.3

we conclude that lim, o ||Zn+1 — 2] = 0 and hence
zn = ynll < lzn — zpsa |l + (|01 —ynll = 0 asn — oo.

Let g(x) := LIM,||z, — ||,V € D. Then g is continuous and convex on D. Define a set
Dy = {z € D : g(z) = infyep g(y)}. Then using the fact that lim, . d(x,, Pr(z,)) = 0,
lim,, o0 ||Zn — Zny1]] = 0 and the method of proof of Theorem 3.1 there exists z € Dy such

that z € Prz C F(T). Now, using Lemma 2.1 and the definition of Dy, we get
LIMy(f(2) = 2, j(xn — 2)) < 0.

On the other hand, lim, . ||Zn — Zn41]|| = 0 together with the norm to w* uniform continuity
of j imply
lim ((f(2) = 2z, j(zn41 — 2)) = (f(2) = 2, (20 — 2))) = 0.

n—oo

Hence, by Proposition 2 of [29] we obtain

limsup(f(2) — 2, j(ns1 — 2)) < 0.

n—oo

Finally we show that x,, — z. Now for y,, € Pr(z,) from (x) and (4.1) we obtain

Hanrl - Z||2 = an(fxn - Zaj(anrl - Z)> + (1 - O‘n)<yn - Z7j($n+1 - Z)>

IA

an(fz - Zaj(anrl - z)> + O‘n<fxn - fzvj(anrl - Z)>
+(L = an)|lyn — 2l X [lj(zns1 — 2)||

IA

an(fz = 2,j(&nt1 = 2)) + anll frn = f2] X [l7(2nt1 = 2)||

+(1 = an)llzn — 2| X (@41 = 2)||
BPlan — z|? + lzns1 — 212
" 2

IN

O‘n<fz - Zaj(xn+1 - Z)> +a

lzn = 2[1* + l2nts — 2]

+(1— an) 9

Thus we obtain

zns1 = 2l < (1= an(l = 82))llon = 21 + 20m(f2 = 2,j (@41 — 2))
= (1= )llzn = 2l* + on,
where 7, = a,,(1 — 3?) and limsup,, o, < 0, for o, := 20, (f(2) — 2, j(zpn+1 — 2)). Thus, by
Lemma 2.3, {z,,} converges strongly to a fixed point z of T. O
The following corollary follows from Theorem 4.1 with the use of Corollaries 3.3 and 3.4.

Corollary 4.2 Let E be a Hilbert space, D a nonempty closed convex subset of E, and T :
D — K (D) a multimap such that Pr is nonexpansive. Then if F(T) # 0 then {x,} defined by
() converges strongly to a fized point of T'.

If E is Chebyshev and T maps from D to KC(D), then Pr is a singleton and hence the

second condition of equation (k) is not needed. In fact, we have the following corollary.
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Corollary 4.3 Let E be uniformly convex Banach space having a uniformly Gateaux differen-
tiable norm, D a nonempty closed convex subset of E, and T : D — KC(D) a multimap such

that Pr is nonexpansive. For given xg € D,y € T(xg), let {x,} be generated by the algorithm

Tpt1 = anf(2n) + (1 — an)Pr(z,) n > 1, (xx)

where f and {a,} are as in Theorem 4.1. Then {x,} converges strongly to a fized point of T
provided that F(T) # 0.

Remark 4.4 If in Theorem 4.1 we have that T is single-valued, then the iteration scheme ()

reduces to the scheme studied by Halpern [4], Moudafi [19], Xu [20] and the references therein.
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