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Abstract In practical survey sampling, nonresponse phenomenon is unavoidable. How to impute

missing data is an important problem. There are several imputation methods in the literature. In

this paper, the imputation method of the mean of ratios for missing data under uniform response is

applied to the estimation of a finite population mean when the PPSWR sampling is used. The imputed

estimator is valid under the corresponding response mechanism regardless of the model as well as under

the ratio model regardless of the response mechanism. The approximately unbiased jackknife variance

estimator is also presented. All of these results are extended to the case of non-uniform response.

Simulation studies show the good performance of the proposed estimators.

Keywords imputation, item nonresponse, jackknife variance estimator, non-uniform response, PP-

SWR sampling
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1 Introduction

Item nonresponse occurs frequently in sample surveys. For example, in sample survey on

transportation, some vehicles may not be found, but their tonnage or seat capacity is known
to us. The method for dealing with this problem is usually to impute the missing values of the
sampled units. The imputed values are treated as true values and then the standard formulas

applicable to complete samples are used.
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Commonly used imputation methods include ratio imputation, regression imputation and
random imputation. Using these methods, Rao and Sitter [1–2] consider the imputation problem
of missing data when the simple random sampling is used and auxiliary information is available,

and give the jackknife variance estimator and its linearized version based on the adjusted
imputed values; Rao [3] studies the cases of the stratified random sampling and stratified

multistage sampling; and Sitter and Rao [4] extend the analysis of [1–2] to the general case
where the responses on either the variable of interest or the auxiliary variable or both may
be missing; Zou, et al. [5] investigate how the sample rotation method is applied to the case

where item nonresponse occurs. In their paper, Zou, et al. [6] suggest an imputation method
of the mean of ratios for missing data under uniform response. By utilizing this imputation

method, the estimator of the population mean is provided for the case where item nonresponse
occurs when the simple random sampling is used. The estimator is shown to be valid under
uniform response regardless of the model as well as under the ratio model regardless of the

response mechanism. Interestingly, their method can naturally lead to the version of Hartley–
Ross’ estimator (see [7]) for estimating the population mean under two-phase sampling (see

also [8] or [9]). Furthermore, the jackknife variance estimators are given and their approximate
design-unbiasedness under uniform response is proved. We should note that the (approximate)
design-unbiasedness is the main requirement for a good estimator in survey sampling. A similar

property on the approximate design-unbiasedness of variance estimators under uniform response
has been observed first in Zou and Feng [10], and then in [5] and [11]. Noting that what Zou, Li
and Feng [6] considered is the case where the auxiliary information is complete, Liu et al. [12]

extend Zou, Li and Feng’s method to the situation of incomplete auxiliary information. On the
other hand, Liang, Su and Zou [13] make use of Zou, Li and Feng’s estimators to construct the

confidence interval for a common mean, which, together with the empirical likelihood method,
shows a good performance. In this paper, we apply the imputation method of the mean of ratios
for missing data under uniform response to an unequal probability sampling— the probability

proportional to size sampling with replacement (PPSWR sampling), and find that it may be
the most natural imputation for this sampling. A modification for the imputation approach is

made to adapt to the case of non-uniform response.

This paper is organized as follows: Section 2 presents the mean-of-ratios imputation method

and its application to the PPSWR sampling under uniform response. The jackknife variance
estimator is derived and its approximate design-unbiasedness is proved. Section 3 generalizes
these results to the case of non-uniform response. Section 4 provides some simulation results.

Some concluding remarks are given in Section 5.

2 Mean-of-Ratios Imputation with Application to PPSWR Sampling

2.1 Imputation Method and Its Application

Let a survey population U consist of N distinct units identified through the labels i = 1, . . . , N .

A sample sn with size n is drawn from U by certain sampling design. Suppose that the auxiliary
variable, X , is available for each unit of the population, but the variable of interest, Y , is missing
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for some of the sampled units. Let sr be the respondent set of size r (≥ 1) and sn−r be the
nonrespondent set of size n − r. In this section, we consider a uniform response mechanism,
i.e., independent response across sample units and equal response probability, p.

For the missing Y-values, we consider the following imputation method of the mean of ratios

(see [6] or [12]):

y∗
i =

(
1
r

∑
j∈sr

yj

xj

)
xi, i ∈ sn−r. (2.1)

It can be seen that under the superpopulation model⎧⎨
⎩

yi = βxi + ei,

ε(ei) = 0, ε(e2
i ) = σ2x2

i , ε(eiej) = 0 (i �= j),
(2.2)

where ε denotes expectation with respect to the model (correspondingly, the following Ed

denotes expectation with respect to the design, and ER denotes expectation with respect to

the response mechanism), y∗
i is the best linear predictor of unobserved yi.

Applying the above imputation method to the PPSWR sampling, the corresponding
Hansen–Hurwitz estimator of the population mean Ȳ is given by

ˆ̄Y I
PPS =

X̄

n

( ∑
i∈sr

yi

xi
+

∑
i∈sn−r

y∗
i

xi

)
=

X̄

r

∑
i∈sr

yi

xi
, (2.3)

where X̄ = X/N = 1
N

∑N
i=1 Xi is the population mean of X -values.

Note that if we use ratio imputation: y∗
i = ȳr

x̄r
xi for i ∈ sn−r, then the estimator corre-

sponding to Hansen–Hurwitz estimator is

ˆ̄Y ′
I =

X̄

n

[ ∑
i∈sr

yi

xi
+ (n − r)

ȳr

x̄r

]
.

From this and the jackknife variance estimator of ˆ̄Y I
PPS given in the following (2.4), we see that

the imputation approach of the mean of ratios is the most natural for the PPSWR sampling.

Applying the mean-of-ratios imputation method to the simple random sampling can nat-
urally lead to the version of Hartley–Ross estimator for estimating the population mean un-
der two-phase sampling. This estimator is design-unbiased (see [6] or [12]). Note that if we

use the ratio imputation, then under uniform response, the corresponding imputed estimator
ˆ̄Y R
SRS = ȳr

x̄r
x̄n will have the bias of order O( 1

n ).

Noting that conditionally given r, sr can be regarded as a simple random sub-sample of size
r drawn from sn under uniform response, we can easily obtain the following properties for the

imputed estimator ˆ̄Y I
PPS :

Theorem 2.1 (i) Under the superpopulation model (2.2) (where the assumptions on the
second moment are unnecessary), the estimator ˆ̄Y I

PPS is the model-unbiased estimator of Ȳ ,

regardless of the response mechanism.

(ii) The estimator ˆ̄Y I
PPS is design-unbiased under uniform response, regardless of the un-

derlying model.
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Remark 2.1 From Theorem 2.1, we see that the estimator ˆ̄Y I
PPS is valid under uniform

response regardless of the model as well as under the model (2.2) regardless of the response

mechanism.

2.2 Variance of ˆ̄Y I
PPS and Its Jackknife Estimator

We first give the expression of the variance of ˆ̄Y I
PPS under uniform response. It can be seen

that under uniform response,

V ( ˆ̄Y I
PPS) = E( ˆ̄Y I

PPS − Ȳ )2

= EdErER

{[(
X̄

r

∑
i∈sr

yi

xi
− X̄

n

∑
i∈sn

yi

xi

)
+

(
X̄

n

∑
i∈sn

yi

xi
− Ȳ

)]2∣∣∣∣r
}

= EdEr

{
X̄2 · ER

[(
1
r

∑
i∈sr

yi

xi
− 1

n

∑
i∈sn

yi

xi

)2∣∣∣∣r
]

+
(

X̄

n

∑
i∈sn

yi

xi
− Ȳ

)2}

= Ed

{
X̄2 ·

[
Er

(
1
r

)
− 1

n

]
· 1
n − 1

∑
i∈sn

(
yi

xi
− 1

n

∑
i∈sn

yi

xi

)2

+
(

X̄

n

∑
i∈sn

yi

xi
− Ȳ

)2}

=
1

N2
· Er

(
1
r

)
·

N∑
i=1

Zi

(
Yi

Zi
− Y

)2

=
1
np

· 1
N2

N∑
i=1

Zi

(
Yi

Zi
− Y

)2

+ O

(
1
n2

)
,

where Zi = Xi/X. Thus, we obtain

Theorem 2.2 Let n > 1. Then the variance of ˆ̄Y I
PPS under uniform response is given by

V ( ˆ̄Y I
PPS) =

1
np

· 1
N2

N∑
i=1

Zi

(
Yi

Zi
− Y

)2

+ O

(
1
n2

)
.

Motivated by [1–4], [14] and [15], we consider the following adjusted imputed values to
obtain a simple jackknife variance estimator of ˆ̄Y I

PPS : For i ∈ sn−r,

ya
i (j) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(
1

r − 1

∑
k∈sr−{j}

yk

xk

)
xi, j ∈ sr,

(
1
r

∑
k∈sr

yk

xk

)
xi, j ∈ sn−r,

when the j-th sample unit is deleted.

Based on these adjusted imputed values, the estimator of Ȳ can be obtained as

ˆ̄Y a
PPS(j) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

X̄

r − 1

∑
i∈sr−{j}

yi

xi
, j ∈ sr,

X̄

r

∑
i∈sr

yi

xi
, j ∈ sn−r,

when the j-th sample unit is deleted.
Define the j-th pseudovalue as follows:

ˆ̄Yj = n ˆ̄Y I
PPS − (n − 1) ˆ̄Y a

PPS(j).
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A jackknife variance estimator of ˆ̄Y I
PPS is then given by

vJ ( ˆ̄Y I
PPS) =

n − 1
n

∑
j∈sn

[ ˆ̄Y I
PPS − ˆ̄Y a

PPS(j)]2

=
n − 1

n(r − 1)
· X̄2

r − 1

∑
j∈sr

(
yj

xj
− 1

r

∑
i∈sr

yi

xi

)2

. (2.4)

It can be seen that this estimator is very similar to the standard formula of the variance

estimator of Hansen–Hurwitz estimator.

Noting that under uniform response,

E[vJ( ˆ̄Y I
PPS)] = E

[
n(r − 1)
(n − 1)r

· vJ ( ˆ̄Y I
PPS)

]
+ O

(
1
n2

)

= EdErER

[
1
r
· X̄2

r − 1

∑
j∈sr

(
yj

xj
− 1

r

∑
i∈sr

yi

xi

)2∣∣∣∣r
]

+ O

(
1
n2

)

= Ed

[
Er

(
1
r

)
· X̄2

n − 1

∑
j∈sn

(
yj

xj
− 1

n

∑
i∈sn

yi

xi

)2]
+ O

(
1
n2

)

=
1

N2
· Er

(
1
r

)
·

N∑
i=1

Zi

(
Yi

Zi
− Y

)2

+ O

(
1
n2

)

= V ( ˆ̄Y I
PPS) + O

(
1
n2

)
,

we obtain the following theorem:

Theorem 2.3 Let r ≥ 2. Then under uniform response, we have

E[vJ( ˆ̄Y I
PPS)] = V ( ˆ̄Y I

PPS) + O

(
1
n2

)
.

Theorem 2.3 shows that the jackknife variance estimator vJ ( ˆ̄Y I
PPS) is approximately design-

unbiased for large n under uniform response. Its modification

v′J ( ˆ̄Y I
PPS) =

n(r − 1)
(n − 1)r

· vJ ( ˆ̄Y I
PPS) =

X̄2

r(r − 1)

∑
j∈sr

(
yj

xj
− 1

r

∑
i∈sr

yi

xi

)2

(2.5)

is exactly design-unbiased under uniform response. Furthermore, it can be seen that

E[vJ ( ˆ̄Y I
PPS)] ≥ V ( ˆ̄Y I

PPS).

This shows that vJ ( ˆ̄Y I
PPS) slightly overestimates the variance of ˆ̄Y I

PPS. In other words, the
jackknife variance estimator vJ ( ˆ̄Y I

PPS) is a somewhat conservative variance estimator under

uniform response.

3 Extension to Case of Non-uniform Response

3.1 Modified Imputation Method and Its Application

In this section, we consider non-uniform response mechanism, i.e., independent response across
sample units and unequal response probability, pi for the unit i. We first let pi be known and
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denote qi = 1 − pi. Define the response indicator on yi as

Ii =

{
1, if the unit i responds to yi,

0, otherwise.

For the missing Y-values, we adjust the above imputation method of the mean of ratios as
follows:

y∗
i =

(
1

n − r

∑
j∈sr

qjyj

pjxj

)
xi, i ∈ sn−r. (3.1)

It is interesting to note that y∗
i is an approximation of the weighted least squares predictor

under the superpopulation model (2.2): In fact, it can be seen that under the superpopulation
model (2.2), the weighted least squares estimator of β with the weights wi ∝ qi/(pix

2
i ) is given

by

β̂ =

∑
sr

qiyi

pixi∑
sr

1
pi

− r
;

furthermore, the expectation with respect to the response mechanism of
∑

sr

1
pi

is n. On the

other hand, the modified imputation can also be regarded as a generalization of the imputation
of the mean of ratios under uniform response given in (2.1), as in the case of uniform response,

qj/pj = (1 − p)/p ≈ (n − r)/r.

Applying the above imputation method to the PPSWR sampling, the corresponding

Hansen–Hurwitz estimator of the population mean Ȳ is

ˆ̄Y ∗
PPS =

X̄

n

∑
i∈sr

yi

pixi
=

X̄

n

∑
i∈sn

yi

pixi
Ii. (3.2)

It is not difficult to show that

Theorem 3.1 The estimator ˆ̄Y ∗
PPS is design-unbiased under non-uniform response mecha-

nism.

Remark 3.1 Theorem 3.1 corresponds to Theorem 2.1 (ii). Under the superpopulation
model (2.2), we can use the estimator ˆ̄Y I

PPS, as Theorem 2.1 (i) shows that it is model-unbiased,
regardless of the response mechanism.

3.2 Variance of ˆ̄Y ∗
PPS and Its Jackknife Estimator

We first give the expression of the variance of ˆ̄Y ∗
PPS. It can be seen that under non-uniform

response,

V ( ˆ̄Y ∗
PPS) = VdER

(
X̄

n

∑
i∈sn

yi

pixi
Ii

)
+ EdVR

(
X̄

n

∑
i∈sn

yi

pixi
Ii

)

= Vd

(
X̄

n

∑
i∈sn

yi

xi

)
+ Ed

(
X̄2

n2

∑
i∈sn

qiy
2
i

pix2
i

)

=
1

N2
·
{

1
n

N∑
i=1

Zi

(
Yi

Zi
− Y

)2

+
1
n

N∑
i=1

qiY
2
i

piZi

}
.

So we have
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Theorem 3.2 Under non-uniform response, the variance of ˆ̄Y ∗
PPS is given by

V ( ˆ̄Y ∗
PPS) =

1
N2

·
{

1
n

N∑
i=1

Zi

(
Yi

Zi
− Y

)2

+
1
n

N∑
i=1

qiY
2
i

piZi

}
.

We now give the jackknife variance estimator of ˆ̄Y ∗
PPS. Define the adjusted imputed values

as follows: For i ∈ sn−r,

y∗a
i (j) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(
1

n − r

∑
k∈sr−{j}

qkyk

pkxk

)
xi, j ∈ sr,

(
1

n − r − 1

∑
k∈sr

qkyk

pkxk

)
xi, j ∈ sn−r,

(3.3)

when the j-th sample unit is deleted.

Based on these adjusted imputed values, the estimator of Ȳ can be obtained as

ˆ̄Y ∗a
PPS(j) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

X̄

n − 1

∑
i∈sr−{j}

yi

pixi
, j ∈ sr,

X̄

n − 1

∑
i∈sr

yi

pixi
, j ∈ sn−r,

when the j-th sample unit is deleted.

Define the j-th pseudovalue as follows:

ˆ̄Y ∗
j = n ˆ̄Y ∗

PPS − (n − 1) ˆ̄Y ∗a
PPS(j).

A jackknife variance estimator of ˆ̄Y ∗
PPS is then given by

vJ ( ˆ̄Y ∗
PPS) =

n − 1
n

∑
j∈sn

[ ˆ̄Y ∗
PPS − ˆ̄Y ∗a

PPS(j)]2

=
n − 1

n

{ ∑
j∈sr

(
X̄

n

∑
i∈sr

yi

pixi
− X̄

n − 1

∑
i∈sr−{j}

yi

pixi

)2

+
∑

j∈sn−r

(
X̄

n

∑
i∈sr

yi

pixi
− X̄

n − 1

∑
i∈sr

yi

pixi

)2}

=
X̄2

n(n − 1)

{ ∑
j∈sr

(
yj

pjxj
− 1

n

∑
i∈sr

yi

pixi

)2

+ (n − r)
(

1
n

∑
i∈sr

yi

pixi

)2}

=
X̄2

n(n − 1)

{ ∑
i∈sr

y2
i

p2
i x

2
i

− 1
n

( ∑
i∈sr

yi

pixi

)2}
. (3.4)

It can be seen that this estimator is also similar to the standard formula of the variance estimator

of Hansen–Hurwitz estimator. Furthermore, it can be shown that under non-uniform response,

E[vJ ( ˆ̄Y ∗
PPS)] =

X̄2

n(n − 1)

{
EdER

( ∑
j∈sn

y2
j

p2
jx

2
j

Ij

)
− n · E

(
1
n

∑
i∈sr

yi

pixi

)2}

=
X̄2

n(n − 1)

{
Ed

( ∑
j∈sn

y2
j

pjx2
j

)
− n ·

[
V

(
1
n

∑
i∈sr

yi

pixi

)
+

(
E(

1
n

∑
i∈sr

yi

pixi
)
)2]}
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=
X̄2

n − 1

{
1

X2

N∑
i=1

Y 2
i

piZi
− V

(
1
n

∑
i∈sr

yi

pixi

)
− Y 2

X2

}

=
X̄2

n − 1
· (n − 1)V

(
1
n

∑
i∈sr

yi

pixi

)

= V

(
X̄

n

∑
i∈sr

yi

pixi

)
.

That is, we obtain

Theorem 3.3 Let n > 1. Then under non-uniform response, we have

E[vJ ( ˆ̄Y ∗
PPS)] = V ( ˆ̄Y ∗

PPS).

Theorem 3.3 shows that the jackknife variance estimator vJ ( ˆ̄Y ∗
PPS) is design-unbiased under

non-uniform response.

3.3 Case of Unknown Response Probability

In practice, the response probability pi is rare to be known. Like Kim and Park [16], we model

the response probability pi by a parametric model pi = g(xi; θ), where g is a known smooth
function and θ is an unknown finite-dimensional parameter. An example of such a model is the

logistic regression model. The estimator θ̂ of the parameter θ can be obtained by the maximum
likelihood approach and we assume it satisfies

√
n(θ̂ − θ) =

1√
n

∑
i∈sn

H(Ii; θ) + op(1),

where H(Ii; θ) has the mean zero and the positive definite variance-covariance matrix (see
also [16]).

Let p̂i = g(xi; θ̂) be the estimated response probability. Then the corresponding estimator
of the population mean Ȳ and its jackknife variance estimator are given by

ˆ̄Y e
PPS =

X̄

n

∑
i∈sr

yi

p̂ixi
, (3.5)

and

vJ ( ˆ̄Y e
PPS) =

X̄2

n(n − 1)

{ ∑
i∈sr

y2
i

p̂2
i x

2
i

− 1
n

( ∑
i∈sr

yi

p̂ixi

)2}
, (3.6)

respectively.

For the relationship between the estimators with known and unknown pi, the Taylor ex-
pansion leads to

p̂−1
i = p−1

i + (θ̂ − θ)′
∂p−1

i (θ∗)
∂θ

, (3.7)

where θ∗ is between θ and θ̂. So

ˆ̄Y e
PPS = ˆ̄Y ∗

PPS + (θ̂ − θ)′ · X̄

n

∑
i∈sr

∂p−1
i (θ∗)
∂θ

yi

xi
.
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From this, we see that if ∂p−1
i

∂θ is uniformly bounded, then

ˆ̄Y e
PPS = ˆ̄Y ∗

PPS + Op

(
1√
n

)
.

Furthermore, assume that the response probability is bounded below, then (3.7) leads to

X̄2

n(n − 1)

∑
i∈sr

y2
i

p̂2
i x

2
i

=
X̄2

n(n − 1)

∑
i∈sr

y2
i

x2
i

[
p−1

i + (θ̂ − θ)′
∂p−1

i (θ∗)
∂θ

]2

=
X̄2

n(n − 1)

∑
i∈sr

y2
i

p2
i x

2
i

+ Op

(
1

n3/2

)
.

Thus,

vJ ( ˆ̄Y e
PPS) =

X̄2

n(n − 1)

∑
i∈sr

y2
i

p̂2
i x

2
i

− 1
n − 1

( ˆ̄Y e
PPS)2

=
X̄2

n(n − 1)

∑
i∈sr

y2
i

p2
i x

2
i

− 1
n − 1

( ˆ̄Y ∗
PPS)2 + Op

(
1

n3/2

)

= vJ ( ˆ̄Y ∗
PPS) + Op

(
1

n3/2

)
.

4 Simulation Studies

In this section, we conduct some simulations to evaluate the performances of the proposed esti-

mators of the population mean and their jackknife variance estimators. The data are generated
from the three ratio models which are different only in the auxiliary variables:

yi = 3.9xi + xiεi (4.1)

with xi ∼ U(0.1, 2.1), N(1, 1), and N(20, 16), respectively, εi ∼ N(0, 1), and xi and εi are
assumed to be independent.

In the case of uniform response, we set p = 0.76; in the case of non-uniform response, the
unequal response probability pi for the unit i follows the logistic model

pi =
exp(−1 + 2.3xi)

1 + exp(−1 + 2.3xi)
. (4.2)

These settings are similar to those in [16].

We first generate a finite population with the size of N = 10, 000 from the model (4.1).
Then the samples with n = 100 and n = 500 are drawn from the finite population by the
PPSWR sampling, respectively. We repeat the process B = 5, 000 times. For the b-th run,

denote the estimators of the population mean under the uniform and non-uniform responses as
ˆ̄Y I(b)
PPS and ˆ̄Y ∗(b)

PPS, respectively. We calculate the simulated means and variances as follows:

E∗( ˆ̄Y I
PPS) =

1
B

B∑
b=1

ˆ̄Y I(b)
PPS, E∗( ˆ̄Y ∗

PPS) =
1
B

B∑
b=1

ˆ̄Y ∗(b)
PPS ;

and

V∗( ˆ̄Y I
PPS) =

1
B

B∑
b=1

( ˆ̄Y I(b)
PPS − Ȳ )2, V∗( ˆ̄Y ∗

PPS) =
1
B

B∑
b=1

( ˆ̄Y ∗(b)
PPS − Ȳ )2.
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Similarly, the corresponding jackknife variance estimators are calculated as

E∗[vJ ( ˆ̄Y I
PPS)] =

1
B

B∑
b=1

v
(b)
J ( ˆ̄Y I

PPS), and E∗[vJ ( ˆ̄Y ∗
PPS)] =

1
B

B∑
b=1

v
(b)
J ( ˆ̄Y ∗

PPS).

Table 1 summarizes the results on the simulated mean, variance and jackknife variance
estimate. It can be seen from the table that both of the estimators ˆ̄Y I

PPS and ˆ̄Y ∗
PPS are very

close to the true population means for the three distributions of auxiliary variable. Also, the
jackknife variance estimators perform very well.

Model n Estimator Mean Variance Jackknife variance estimator

(population mean)

M1 100 ˆ̄Y I
PPS 4.305 0.01648 0.01610

(4.305) ˆ̄Y ∗
PPS 4.306 0.05491 0.05488

500 ˆ̄Y I
PPS 4.305 0.003133 0.003210

ˆ̄Y ∗
PPS 4.304 0.01079 0.01098

M2 100 ˆ̄Y I
PPS 3.961 0.01359 0.01361

(3.961) ˆ̄Y ∗
PPS 3.961 0.03485 0.03578

500 ˆ̄Y I
PPS 3.962 0.002729 0.002717

ˆ̄Y ∗
PPS 3.962 0.007372 0.007154

M3 100 ˆ̄Y I
PPS 77.82 5.187 5.259

(77.82) ˆ̄Y ∗
PPS 77.83 3.865 3.980

500 ˆ̄Y I
PPS 77.82 1.029 1.048

ˆ̄Y ∗
PPS 77.82 0.7839 0.7969

Table 1 Simulated mean, variance, and jackknife variance estimate based on the samples of the sizes

n = 100 and n = 500 when p = 0.76 and pi follows the model (4.2). M1: xi ∼ U(0.1, 2.1); M2:

xi ∼ N(1, 1); M3: xi ∼ N(20, 16).

To study the effect of the response probability, we set various response probabilities: p = 0.5
for uniform response, and pi follows

pi =
exp{0.3(xi − X̄)}

1 + exp{0.3(xi − X̄)} (4.3)

for non-uniform response. The results are presented in Table 2. It is observed that the approx-
imate design-unbiasedness of the proposed estimators still holds. On the other hand, it is also
clear that the variances become larger for low response probability. For some other settings of

response probability, we obtain similar results but omit them here for saving space.

5 Concluding Remarks

In this paper, we have applied the imputation approach of the mean of ratios for missing data
under uniform response to the PPSWR sampling. A modification of the method has been

made to adapt to the non-uniform response case. Note that for the estimation of response
probability, we have used a parametric model. Clearly, the use of non-parametric approach
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is also interesting. On the other hand, the auxiliary information considered in this article is
complete. Like Liu et al. [12], it is worth extending the results in this paper to the situation of
incomplete auxiliary information and this warrants our future research.

Model n Estimator Mean Variance Jackknife variance estimator

(population mean)

M1 100 ˆ̄Y I
PPS 4.309 0.02481 0.02410

(4.305) ˆ̄Y ∗
PPS 4.311 0.2007 0.1939

500 ˆ̄Y I
PPS 4.305 0.004787 0.004876

ˆ̄Y ∗
PPS 4.305 0.03875 0.03855

M2 100 ˆ̄Y I
PPS 3.961 0.02059 0.02078

(3.961) ˆ̄Y ∗
PPS 3.965 0.1451 0.1419

500 ˆ̄Y I
PPS 3.962 0.004256 0.004134

ˆ̄Y ∗
PPS 3.962 0.02734 0.02779

M3 100 ˆ̄Y I
PPS 77.82 8.281 8.198

(77.82) ˆ̄Y ∗
PPS 76.97 106.9 105.8

500 ˆ̄Y I
PPS 77.84 1.596 1.598

ˆ̄Y ∗
PPS 77.70 19.77 20.85

Table 2 Simulated mean, variance, and jackknife variance estimate based on the samples of the sizes

n = 100 and n = 500 when p = 0.5 and pi follows the model (4.3). M1: xi ∼ U(0.1, 2.1); M2:

xi ∼ N(1, 1); M3: xi ∼ N(20, 16).
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