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Abstract The study of symmetric property in the L?-sense for the non-positive definite operator is
motivated by the theory of probability and analysis. This paper presents some sufficient conditions for
the existence of symmetric measure for Lévy type operator. Some new examples are illustrated. The
present study is an important step for considering various ergodic properties and functional inequalities
of Lévy type operator.
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1 Introduction and Main Results

In this paper, we consider a symmetric measure of Lévy type operator, which is given by

d d
Lf) = Y7 aig(@)0yf(2) + 3 bi#)0if (x)

d
+ /]Rd\{o} (f(SC + Z) - f(CC) - 1{|z\§1} ;%@f(w))u(x, dz), (1_1)

where for each z € R?, a(x) := (a;;(z)) is non-negative definite, a;;(z) € C?(R%) for 1 <1,j < d,
b(x) := (b;(x)) is a vector of measurable functions and v(x,dz) is a Lévy-jump measure kernel,
ie. v(z,-) is a o-finite measure on R?\ {0} and satisfies [(1 A |z|*)v(z,dz) < +oo for every
x € R? So far as we know, there is a very limited literature about symmetric measure for
Lévy type operator. One can see [1] for recent study on this topic. On the other hand, we
know that the ordinary Lévy process, whose infinitesimal generator is just (1.1) with constant
coefficients (that is, a(x), b(x) and v(x,dz) are independent of x), is symmetric with respect to
the Lebesgue measure dx if and only if the drift term in the characteristic exponent vanishes
and the Lévy measure is symmetric, see [2] for details. We are interested in those Lévy type
operators, which possess the symmetric probability measure. Then, we can consider various
ergodic properties and functional inequalities of such operators. This is actually a starting point
of this paper.

Denote Z(L) as the domain of operator L and C§°(R?) as the infinite times differentiable
functions on RY with compact support. It is clear that C§°(RY) C Z(L). Recall that the
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operator (L, C§°(R?)) is symmetric with respect to a measure y if
(f,Lg) = (Lf,g) forevery f,g € C5°(R?) NL>(n), (1.2)
where (, ) indicates the scalar product in L2 ().
Firstly, we need some assumptions on the symmetric measure p and the Lévy measure
v(z,dz).
Assumptions (H) (1) The functions a;;,b; and [(1 A |z|*)v(z,dz) all belong to LE ().
The function f.(x) := 1p, 0)() f{\z\>r} v(x,dz) belongs to L2(u) for large enough r.
(2) p(dz) is absolutely continuous with respect to the Lebesgue measure dx, i.e. there exists
a nonnegative function p(x) such that p(dx) = p(x)de.
(3) For each z € R%, v(x,dz) satisfies the following condition:
|2||v(x,dz) — v(z,d(—2))| < +oo, (1.3)
{lzl<1}
where |m(dz)| denotes the total variational measure of a signed measure m(dz).

Now, it is time to present our main results in this paper.

Theorem 1.1  If Assumptions (H) hold and the density function p € C*(R?) is positive

everywhere, furthermore, v(x,dz) and b;(z)(i = 1,2,...,d) have the following form
v(a,dz) = (@, 2+ 2)pla + 2)dz,
d
_ 1
@) = D (o) @) 4Dy [ vl de) vl ), (1)
i=1 2|<

where j(x,y) is a non-negative measurable function in R?? such that j(x,z) = 0 and j(z,y) =
j(y,x) for every x,y € R, then the Lévy type operator L defined by (1.1) is symmetric with

respect to the measure L.

Remark 1.1  First, condition (1) in Assumptions (H) assures that L maps C§°(R?) into
L2 (1), which will be proved in Lemma 2.1 in Section 2. Second, condition (1.3) in Assumptions
(H) ensures that the integral term of b;(z) in Theorem 1.1 is well defined. On the other hand,
by Theorem 1.1, (1.3) is equivalent to

|2/l @+ D)ol + 2) — (w2 — 2)p(x — 2)|dz < +oc. (L5)
{lz|<1}

Now, if v(z,dz) = 0 for each = € R?, the operator (1.1) becomes the diffusion operator

d d
LO = Z aijﬁij + sza“ (16)
ij=1 i=1
and the condition (1.4) in Theorem 1.1 becomes

d

bi(w) =Y (ay()p~ " (2)0;p(x) + 0;ai;(x)), 1<i<d (L.7)
j=1

This is a well-known fact for elliptic operators, see [3] for more examples. Therefore, what we
need to do is to consider a symmetric measure of the perturbation of drift type for pure Lévy

type jump operator:
L@ = [ ) = @)~ 1 VI ) +ew) V@, (18)

R4\ {0

where ¢(x) = (¢1(x), ca(x), ..., cn(x)) is a vector of measurable function. For this, we have the

following result.
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Theorem 1.2  If Assumptions (H) hold and v(z,dz) and c;(x)(i = 1,2,...,d) have the

following form:

v(z,dz) = j(z,z + 2)p(z + 2)dz,
1
ci(x) = zi(v(x,dz) — v(x, —dz)), 1.9
@ =) ) v ) (19)

where j(x,y) is defined as in Theorem 11, then the pure Lévy type operator Ly given by (1.8)

is symmetric with respect to the measure .

The paper is organized as follows. The proofs of Theorem 1.1 and Theorem 1.2 are presented
in Section 2. In Section 3, we study the regularity of the Dirichlet forms corresponding to the
pure Lévy jump operator Ly with the symmetric measure pu. To conclude this section, some
examples are presented to illustrate the power of Theorem 1.1 and Theorem 1.2. The first two

examples are used for Theorem 1.2.
Example 1.1  If the symmetric measure pu(dx) = dz, then p = 1. The condition (1.3) turns
to
/{ - 2|7 (z,z + 2) — j(z,z — 2)|dz < 400, x € R (1.10)
<1

There are many nonnegative symmetric functions j(z,y) satisfying (1.10). For example, it
suffices that for every x € R?, there exist c(x) € (0, +00) and a(x) > —d — 1 such that

(@@ + 2) = j(z, @ — 2)] < e(x)]2]*).
Example 1.2 This example is a pure Lévy type operator possessing a symmetric probability

measure. Set
clx,x+2) _latz?
2

1
Fofte) = (2m)"/? /Rd\{o}(f(w +2) = f(2) = 121y V(@) - 2) |z|nto dz,
o) — 1 B c(@,x+2) = c(x, @ —z) e’ > N
=) 2(2m)n/2 /{z|<1} ( |zfnte © |zt ¢ I
and
Lf(z) = Lof(x) +b(z) - V[(z), (1.11)

where a € (0,2) and c¢(z,y) is a nonnegative symmetric bounded function. Then the oper-
ator defined by (1.11) is symmetric with respect to the standard Gaussian measure p(dz) =
(2m)~ n/2e=" i dx. Furthermore, by Proposition 3.1 below, the operator L corresponds to a

conservative Dirichlet form D which has a snnple form as follows:

o | [ @) = e o (112)

The Dirichlet form (1 12) is compared with the classmal Dirichlet form
a2 ((n + «)/2) 5
D = dzd
l(f) n/QF a/2 // |CC |n+a ( ) f(y)) ray,

which is closely associated with symmetric a-stable process, see [4] for details. Note that the
symmetric measure for D (f) is Lebesgue measure dz, which is not finite.
Lastly, we present an example for Theorem 1.1.

Example 1.3  We begin with the classical Ornstein—Uhlenbeck operator on R with Lo =4

1
\/27r

I2

We know that Ly has a unique symmetric probability measure p(dx) := e 2 dz. Now,

dz’
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following Theorem 1.1 or Example 1.2 above, we can construct the general Ornsteln Uhlenbeck

type operator associated with Lévy type operator. Set v(z,dz) = , j(|z])e” dz and
1
@)= [ (@ +2) = @) = Laen £ @) 2) <| e

1 / ) _(@+2)? (e z)
+ zji(lz)(e” 2 —e” dz - f'
N A R )iz (o),

where j(z) is a nonnegative Borel measurable function on R, such that
(z+2)2
/j(|z\)(1/\|z|2)e* 2 dz < o0 for z € R.
Then the operator L := Ly + L is symmetric with respect with to pu.

2 Proofs of Theorems 1.1 and 1.2

Firstly, we prove the following lemma.

Lemma 2.1  Under the condition (1) in Assumptions (H), the operator L given in (1.1) maps
Cs°(R?) into 1L2(1).

Proof TFor any f € C5°(R?), we choose r > 0 so that supp(f) C B,(0). Then

L fllL2 ) < 1By 0) LS lILz(u) + 111Bg, (0) LfI|L2 (- (2.1)

First, we have
d

d
15,,(0)(@)Lf(z) =1p,,(0)(x Z )0 f(x) + 1p,,(0)(x) Y _ bi(2)0: f ()
=1

+ 15, (0)(2) /{ D) = @)t

+1p,, (f + 0i f(x ) d
Barn(0)(Z) ~/{z§1} (z+2) Zz v(z,dz)
< 3110 FllooL g 0 ( (S lagl@) + 3 l@)

la]<2 i,5=1 i=1

+ 2/ v(z,dz) + ! / zzu(:mdz)). (2.2)
{lz1>1} 2 Jy=1<n)
On the other hand,

155 0) (@)L (&) = 155, 0) (@) /{ L fEr )

< 1 fllool g, 0)(®) / 15,0y (@ + 2)v(x, dz).

{|z|>1
Note that if |z| > 2r and |z + z| < r, then |z| > |z| — |x + 2| > 2r — r = r. Therefore,
1B: (0 y(@)Lf(z) < ||f|‘oo]-B§T(O)(-T) /“ ‘ }V(a:,dz). (2.3)
z|>r

Thus, combining (2.1), (2.2), (2.3) with the condition ( ) in Assumptions (H), we have

Ll <2 3 0%l | [ (Z| +Z\b| +f 1Az|2u<:c,dz>>2u<dx>r/2

lal<2 Bar(0)\ 5 j=1

el | ;«n( [ V(%dZ))Zu(dx)} -

<00,
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which means that L maps C§°(R?) into L2(p).

Now, we present the proof of Theorem 1.2.

Proof of Theorem 1.2 Let f,g € C’O (Rd) We need to prove the following

(g ==, [ [t — 9@ YDy = ~D(f.g). (1)
We begin the proof from the right hand. First, set Jo(dz,dx) = j(x,x 4+ 2)p(x + 2)p(x)dzdz,
then, replacing y by x + 2z, we have

D=, | [w) = @)ow) - gle)ite,vntdn)n(y)

=3 [ [+ 2~ s+ 2~ g@ite s + ptalpta + 2)ded:
o [ [0+~ 1@t +2) — o) gz Vo)) o(az, )
1
//{Z|<1}(f(x +2) — f(2)[(Vg(x + 2) + Vg(x)) - 2]Jo(dz, dx)
//f 9(z + 2) — g(x) = 1q21<1y Vg(2) - 2)Jo(dz, dz)
2//‘”” Jg(@ + 2) = g(x) = Lz <y Vg (a + 2) - 2) Jo(dz, da)
+ 1 //f x + z sc—i—z —g(x) — 1{|z|51}Vg(33) . Z)Jo(dz7dx)
// (Vg(x + 2) — Vg(z)) - 2]Jo(dz, dx)
{I= |<1}
//{ |<1} flx+2)— f(x)[(Vg(z+ 2z) + Vg(x)) - 2| Jo(dz, dx)

=: 11+IQ+I3—|-I4—|—I5, (22)
where the third equality is obtained by inserting 1f.j<13Vg(z + 2) - z and 14;1<13 Vg(z) - 2 in

second term in second equality. Note that the expressions above are well defined, because of

/(1 AlzB)j(z, x + 2)p(x + 2)dz < +o0 for each z € R% (2.3)
For I, by changing variables and using the symmetry of j(z,y), we have
//f g(x —2) = 12<y Vg(x) - 2)j(2 — 2, 2)p(x — 2)p(x)dzdx
//f g(x +2) + 12<y Vg(x) - 2)j(x + 2, 2)p(x + 2)p(x)dzdx
//f 9(x +2) — g(x) — 1q21<13 V() - 2)Jo(dz, dz). (2.4)
And usmg the same method, we also get
-,/ [1@ (2= 2) — L{jaj<ny Vol — 2) - 2)j(z — 2, 0)ple — 2)p(2)dzde
/ [ H@) o) g+ 2) + Ly Vot +2)- 2o+ 2 a)po + 2)pla)dado

//f g(x +2) = g(x) = 121<13; Vy(@) - 2)Jo(dz, dx)
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// N(Vg(z+ z) — Vg(z)) - z]Jo(dz, dx). (2.5)
{\ \<1}
Therefore, from ( ) and (2.5), we have

= —2//f g(x+2) — g(x) — 1q21<1y V() - 2)Jo(dz, dx)
+f )(Vo(a + 2) — Vg(a)) - 2JJo(dz, dz)
{Iz \<1}

+, //[z|<1} flz+2) = f(2)[(Vg(z + 2) + Vg(x)) - 2]Jo(dz, dz)

Now, we turn to considering I,. Again, changing variables and using the symmetry of j(z,y),

we obtain

1

= x—2)[(Vg(r) = Vg(z —2)) - 2]j(x — z,2)p(x — 2)p(x)dzdx
2] fa = 2To(a) = Ve = 2) -l = gt =)o)
1 .

= 2//{ - flx+2)[(Vg(x + 2) — Vg(x)) - 2]j(x + z,2)p(x + 2)p(x)dzdx

1
=, //{zgl} flxz+2)[(Vg(x + 2) — Vg(x)) - 2]Jo(dz, dx), 2.7)

SO

1
o=y [ [ G+ STt ) Vo) ). (28)

Finally, we consider the last two terms in (2.6):

21+ 15 = [ /{ I+ 2Vl 2) = ) Vol) <Dz d)

= lim / /{e<|z<1}[(f(x +2)Vyg(zx + 2z) — f(x)Vg(z)) - z]Jo(dz, dx).

e—0

Since for € > 0,

[ [icentfe+ Vgl +2) - 2)dz.da)
// (f(2)Vg(z) - 2)j(z — z,2)p(x — 2)p(z)dzdx
{e<|z|<1}

__//{€<|Z|<1} r)Vg(x) - z)J (dz,d(~2)),

20, + Iy = — 1im//{€< \<1} f(@)Vg(z) - 2)(Jo(dz,dz) + Jo(dx, d(—z))).

e—0

we have

Now according to (1.3), we can change the order of limit and integrals and obtain

20, + Is = //{| - - 2)(Jo(dx,dz) + Jo(dz,d(—z)))

—(f.Vg- C) (2.9)
where ¢(x) is defined by (1.9).
Combining (2.6) and (2.9) together, we obtain (2.1), which proves our conclusion.
Next we come to the proof of Theorem 1.1.

Proof of Theorem 1.1 ~ From Theorem 1.2, we know that
(valg) = (Llfag) for every f,gE@(Ll)ﬁLz(u)
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On the other hand, the operator Ly := L — Ly is a diffusion operator, then, by (1.4) (1.9) and

(1.7), Lo is symmetric with respect to pu, i.e.
(f,Log) = (Lof,9) for every f,g € 2(Lo) NL* ().
Therefore, for every f,g € 2(L) N L*(i), we have
(Lf.9) = (Lof,9) + (L1,9) = (f, Log) + (f, L19) = (. Lg),

which is exactly our conclusion.

Remark 2.1 In the proof of Theorem 1.2, we use the approximation method to deal with
21, + I5, which is due to the fact that a Lévy measure only satisfies (2.3) in general. We must
point out that using the above method, if the Lévy measure v(z,dz) satisfies the following

stronger condition

/ |z|v(x,dz) < 400 for each € RY,
{lz1<1}

then under the condition in Theorem 1.2, the operator (1.8) turns to

Lif(x) = / (f(z +2) — F(2)i(@,z+ 2ol + 2)d
RI\{0}

_ / (F) — F(2))i (0 m)u(dy),
RI\{0}

which reduces to the classic situation for g-processes, see [2] for details.

3 Regularity of the Dirichlet Form
From Section 2, we know that Theorem 1.2 is the key to get Theorem 1.1. Our method is based

essentially on the general theory of Dirichlet form (cf. [4]). If we assume that the operator
L; (1.8) is non-positive definite self-adjoint operator in La(i), and corresponds to a regular
conservative Dirichlet form, then the connection between Dirichlet form (D, Z(D)) and the
operator L is given by

D(f.9) = —(f,Trg) for feP(D), geD(Ly). (3.1)
In terms of Beuring—Deny decomposition of a regular Dirichlet form, it is clear to see that under

our situation D(f) has the following form

()= [ [ (@) = 1)t putdonty). (32)

where j(z,y) is a nonnegative symmetric function such that j(z,2) = 0 for each x € R%

Therefore, putting (3.1) and (3.2) together, we get (2.1), which explains our main idea in the
proof of Theorem 1.2.

The following proposition gives some suitable conditions to make sure that the operator L

corresponds to a regular conservative Dirichlet form.

Proposition 3.1  Under the conditions in Theorem 1.2, if the following condition holds

JanlsPwe.d) € Lo (33
then the operator Ly determines a conservative Dirichlet form, which is defined as (3.2).
Therefore, without confusion, we still denote it as (D, 2(D)), then C°(R?) C 2(D). Fur-
thermore, let F be the closure of C§°(RY) under Di/2, where D%/Q denotes Dy-norm, i.e.
Di/Z(f) = /D(f) + ||f||? for each f € Z(D). Then (D, 2(D)) is a reqular Dirichlet form.
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Proof The idea of the proof comes from Example 1.2.4 in [4]. From the proof of Theorem 1.2
and (2.1), we know that L; corresponds to a symmetric form D, which is defined as (3.2).
Therefore, it suffices to prove that D is a Dirichlet forms (D, Z(D)), and C§°(RY) C 2(D).
From Example 1.2.4 in [4], we only need to prove the following two assertions:

(1) For any € > 0, set fe(x f]Rd\U @7 j(@,y)u(dy), then f.(x) € L (R'), where Uc(z) is
e-neighborhood of z.

2) [ [rewr lr = y%i(z, y)p(dz)p(dy) < +oo for any compact K C R%

For (1), assume ¢ € (0,1). Then for any compact set K C R%, by (3.3), we have

o= [ [ o)

= j(x, d dr iz, d e
/K/{1>yx>€}3( y)uldy)u( )+/K/{yz|>1}j( y)p(dy)p(dr)

6_2 T — 2~$7 d dx i(x, d da
B /K/{lzw_xlx} yl%i (@, y)u(dyu(de) + /K/{y_x|>l}3( y)u(dy)u(de)
<e? /K/(l A2 v(z, dz)p(de) < +oo.

Now, we turn to (2). For any compact set K C R, set d = sup{|z —y| : 2,y € K}. Then,

using ( , we have

T — T (dz)u(dy) o - d\uld
//KxK| yl*i (. y)u(de)u(dy) //{ly de}\ yl?i (@, y)p(da)p(dy)
<[] P+ [ ey )

<[ i <@t [ gt
<(dv1)? /K/ (1 A |z\2)u($c,dz),u(dx) < +o0.

Thus we have got the assertions (1) and (2). The other assertions are trivial.
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and suggestions.

Added in Proof The author acknowledges Prof. R. L. Schilling for pointing out a different
view for Theorem 1.2. That is, Theorem 2.2 in his paper [6] establishes the connection between
jump-type Dirichlet from and pure Lévy type operator under similar conditions like (1.9). Note

that this paper also indicates some properties about Lévy type operator.
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