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Abstract By employing the generalized Riccati transformation technique, we will establish some new

oscillation criteria and study the asymptotic behavior of the nonoscillatory solutions of the second-order

nonlinear neutral delay dynamic equation

[r(t)[y(t) + p(t)y(τ(t))]Δ]Δ + q(t)f(y(δ(t))) = 0,

on a time scale T. The results improve some oscillation results for neutral delay dynamic equations

and in the special case when T = R our results cover and improve the oscillation results for second-

order neutral delay differential equations established by Li and Liu [Canad. J. Math., 48 (1996),

871–886]. When T = N, our results cover and improve the oscillation results for second order neutral

delay difference equations established by Li and Yeh [Comp. Math. Appl., 36 (1998), 123–132]. When

T =hN, T = {t : t = qk, k ∈ N, q > 1}, T = N
2 = {t2 : t ∈ N}, T = Tn = {tn =

∑n
k=1

1
k
, n ∈ N0},

T ={t2 : t ∈ N}, T = {√n : n ∈ N0} and T ={ 3
√

n : n ∈ N0} our results are essentially new. Some

examples illustrating our main results are given.
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1 Introduction

The study of dynamic equations on time scales, which goes back to Stefan Hilger [1], is an area
of mathematics that has recently received a lot of attention. It has been created to unify the
study of differential and difference equations. Many results concerning differential equations
carry over quite easily to corresponding results for difference equations, while other results seem
to be completely different from their continuous counterparts. The study of dynamic equations
on time scales reveals such discrepancies, and helps avoid proving results twice — once for
differential equations and once again for difference equations. The general idea is to prove a
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result for a dynamic equation where the domain of the unknown function is a nonempty closed
subset of the reals R which is called a time scale T. In this way results not only related to
the set of real numbers or set of integers but those pertaining to more general time scales are
obtained. Several authors have expounded on various aspects of this new theory, see the survey
paper by Agarwal, Bohner, O’Regan, and Peterson [2] and the references cited therein.

The three most popular examples of calculus on time scales are differential calculus, differ-
ence calculus and quantum calculus (see Kac and Cheung [3]), i.e, when T = R, T = N and
T = qN0 = {qt : t ∈ N0}, where q > 1. Dynamic equations on a time scale have an enormous
potential for applications such as in population dynamics. For example, it can model insect
populations that are continuous while in season, die out in say winter, while their eggs are incu-
bating or dormant, and then hatch in a new season, giving rise to a nonoverlapping population
(see [4]). There are applications of dynamic equations on time scales to quantum mechanics,
electrical engineering, neural networks, heat transfer, and combinatorics. A recent cover story
article in New Scientist [5] discusses several possible applications. The books on the subject of
time scales by Bohner and Peterson [4] summarizes and organizes much of time scale calculus
and some applications.

In recent years there has been much research activity concerning the oscillation and nonoscil-
lation of solutions of neutral delay dynamic equations on time scales, see for example [6–14].
Following this trend, in this paper we are concerned with the oscillation of the second-order
nonlinear neutral delay dynamic equation

[r(t)[y(t) + p(t)y(τ (t))]Δ]Δ + q(t)f(y(δ(t))) = 0, (1.1)

on a time scale T. Throughout this paper we assume that the delay functions τ (t) ≤ t and
δ(t) ≤ t satisfy τ (t) : T → T and δ(t) : T → T for all t ∈ T and limt→∞ δ(t) = limt→∞ τ (t) = ∞,
r(t), p(t) and q(t) are real-valued rd-continuous positive functions defined on T, and

(h1) 0 ≤ p(t) < 1, f(u) : R → R is a continuous function such that uf(u) > 0 and
f(u)/u ≥ K > 0 for all u �= 0.

Since we are interested in the oscillatory and asymptotic behavior of solutions near infinity,
we assume that sup T = ∞, and define the time scale interval [t0,∞)T by [t0,∞)T := [t0,∞)∩T.

Throughout this paper these assumptions will be supposed to hold. Let τ∗(t) = min{τ (t), δ(t)}
and let T0 = min{τ∗(t) : t ≥ 0} and τ∗−1(t) = sup{s ≥ 0 : τ∗(s) ≤ t} for t ≥ T0. Clearly
τ∗−1(t) ≥ t for t ≥ T0, τ

∗
−1(t) is nondecreasing and coincides with the inverse of τ∗(t) when the

latter exists.
By a solution of (1.1) we mean a nontrivial real-valued function y(t) which has the proper-

ties [y(t) + p(t)y(τ (t))] ∈ C1
rd[τ

∗
−1(t0),∞), and r(t) [y(t) + p(t)y(τ (t))]Δ ∈ C1

rd[τ
∗
−1(t0),∞). Our

attention is restricted to those solutions of (1.1) which exist on some half line [ty,∞) and satisfy
sup{|y(t)| : t > t1} > 0 for any t1 ≥ ty. A solution y(t) of (1.1) is said to be oscillatory if it is
neither eventually positive nor eventually negative. Otherwise it is called nonoscillatory. The
equation itself is called oscillatory if all its solutions are oscillatory.

In studying the oscillation of higher order differential or difference equations, there are
two techniques used to reduce the higher order equation to a first order Riccati equation or
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inequality. The first one is called the Riccati transformation technique. This technique has
been already extended and employed to different types of neutral delay dynamic equations, and
several sufficient conditions for oscillation have been obtained in [6–14].

In 2004 Agarwal et al. [6] considered the second-order nonlinear neutral delay dynamic
equation

[r(t)([y(t) + p(t)y(t− τ )]Δ)γ ]Δ + f(t, y(t− δ)) = 0, (1.2)

on a time scale T; here γ > 0 is a quotient of odd positive integers, τ and δ are positive constants
such that the delay functions τ (t) := t − τ < t and δ(t) := t − δ < t satisfy τ (t) : T → T and
δ(t) : T → T for all t ∈ T, r(t) and p(t) are real-valued rd-continuous positive functions defined
on T, and the following conditions are satisfied:

(A1)
∫ ∞

t0
( 1

r(t))
1
γ Δt = ∞, 0 ≤ p(t) < 1,

(A2) f(t, u) : T × R → R is a continuous function such that uf(t, u) > 0 for all u �= 0, and
there exists a positive rd-continuous function q(t) defined on T such that |f(t, u)| ≥ q(t) |uγ | .

In [6] the authors considered the case when γ > 0 is an odd positive integer and proved that
the oscillation of (1.2) is equivalent to the oscillation of a first order delay dynamic inequality and
established some sufficient conditions for oscillation. Also they considered the case when γ ≥ 1
and established some sufficient conditions for oscillation by employing the Riccati technique.
The results were applied only in discrete time scales, i.e., when the graininess function μ(t) �= 0.

In 2006 Saker [7] considered (1.2) where γ ≥ 1 is an odd positive integer, (A1)–(A2) hold
and established some new sufficient conditions for oscillation of (1.2) by employing the Riccati
transformation technique. However the results established in [6–7] can be applied only on the
time scales T = R, T = N, T = hN and T =qN = {t : t = qk, k ∈ N, q > 1}, and cannot be
applied on the time scales T = N

2 = {t2 : t ∈ N}, T2={√n : n ∈ N0}, T3={ 3
√
n : n ∈ N0}, and

T = Tn = {tn : n ∈ N0} where {tn} is the set of harmonic numbers. This follows from the fact
that when t ∈ T, the functions t − τ and t − δ may be not belong to the time scales T = N

2,

T = T2, T = T3 and T = Tn.
In 2006 Şahiner [7] considered the general equation

[r(t)([y(t) + p(t)y(τ (t))]Δ)γ ]Δ + f(t, y(δ(t))) = 0, (1.3)

on a time scale T and followed the argument in [6–7] by reducing the oscillation of (1.3) to the
oscillation of a first order delay dynamic inequality and established some sufficient conditions
for oscillation, when the following conditions are satisfied:

(B1) δ, τ are positive rd-continuous functions, δ, τ : T → T,
(B2)

∫ ∞
t0

( 1
r(t))

1
γ Δt = ∞, γ ≥ 1, and 0 ≤ p(t) < 1;

(B3) f(t, u) : T × R → R is a continuous function with uf(t, u) > 0 for all u �= 0 and there
exists a positive rd-continuous function q(t) defined on T such that |f(t, u)| ≥ q(t) |uγ | .

However one can easily see that the two examples that are given in [8] to illustrate the main
results are valid only when T = R and cannot be applied when T = N since the delay functions
that are considered in this paper are given by t/2,

√
t and t/64 which are not in Crd(T, T) for

a general time scale T. Also the results cannot give a sharp sufficient condition for oscillation
of (1.3) when q(t) = γ/t2.
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In 2006 Wu et al. [9] considered also (1.3) on a time scale T. They followed the argument in

[7] by using the Riccati transformation technique and the Chain rule (ω ◦ ν)Δ(t) = (w
∼
Δ ◦ ν)νΔ,

where
∼
Δ is the delta derivative defined on

∼
T and ν(t) is strictly increasing, and established

some sufficient conditions for oscillation of (1.3), when the following conditions are satisfied:

(C1) δ : R → R is continuous δ : T → R is strictly increasing and
∼
T = δ(T) ⊂ T is a time

scale;
(C2) (δ ◦ σ)(t) = (σ ◦ δ)(t);
(C3)

∫ ∞
t0

( 1
r(t) )

1
γ Δt = ∞, γ ≥ 1, and 0 ≤ p(t) < 1;

(C4) f(t, u) : T × R → R is a continuous function with uf(t, u) > 0 for all u �= 0 and there
exists a positive rd-continuous function q(t) defined on T such that |f(t, u)| ≥ q(t) |uγ | .

We note that the results in [9], which are based on the Chain rule, can only be applied if
∼
T

is a time scale and if τ (t) ≤ t and δ(t) ≥ τ (δ(t)). The condition (C2) also can be a restrictive
condition, since on the time scale T=qN by choosing δ(t) = t − qn0 one can easily see that
δ(σ(t)) = δ(qt) = qt − qn0 �= σ(δ(t)) = q(t − qn0) = qt − qn0+1, so the results in [9] cannot
be applied on the time scale T=qN when δ(t) = t − qn0 . Also in the proof of the main results
in ([9], Lemma 2.5) the authors used the Chain rule (f(g(t)))Δ = fΔ(g(t))gΔ(t) which is not
true on general time scales. Of course trivially (x ◦ τ )Δ = (xΔ ◦ τ )τΔ if δ is a constant with
τ (t) = t− δ ∈ T for t ∈ T.

Agarwal, O’Regan and Saker [10] considered the general nonlinear neutral delay dynamic
equation (1.3) where γ ≥ 1 is an odd positive integer,

(D1) τ (t) : T → T, δ(t) : T → T, τ (t) ≤ t, δ(t) ≤ t for all t ∈ T and limt→∞ δ(t) =
limt→∞ τ (t) = ∞;

(D2)
∫ ∞

t0
( 1

r(t))
1
γ Δt = ∞, rΔ(t) ≥ 0, 0 ≤ p(t) < 1;

(D3) f(t, u) : T × R → R is a continuous function such that uf(t, u) > 0 for all u �= 0 and
there exists a positive rd-continuous function q(t) defined on T such that |f(t, u)| ≥ q(t) |uγ | ,
and employed the Riccati technique and established some new oscillation criteria which can be
applied on any time scale T and improved the results established in [6–9].

Recently Saker in [11–12] considered the linear version of (1.1) when r(t) = 1 and employed
the Riccati transformation technique and established some new oscillation criteria of Hille and
Nehari types and also established some alternative oscillation criteria when the Hille and Nehari
types criteria fail to apply.

The other technique used in studying the oscillation of differential and difference equations
is called the generalized Riccati technique. This technique can introduce some new sufficient
conditions for oscillation and can be applied to different equations which cannot be covered by
the results established by the Riccati technique.

In 1995 Li [15] employed this technique on the second order linear differential equation

(r(t)x′)′ + p(t)x(t) = 0, (1.4)

and established some new sufficient conditions for oscillation and applied the results when
r(t) = 1/t and q(t) = 1/t3 and showed that the results that had been established by the Riccati
technique cannot be applied in this case.
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In 1996 Li and Liu [16] considered the nonlinear neutral delay differential equation

[r(t)[y(t) + p(t)y(t− τ )]′]′ + q(t)f(y(t− δ)) = 0, t ≥ t0, (1.5)

where
(E1) τ and δ are nonnegative constants;
(E2)

∫ ∞
t0

1
r(t)dt = ∞, 0 ≤ p(t) < 1;

(E3) f(u) : R → R is a continuous function such that uf(u) > 0 and f(u)/u ≥ K > 0 for
all u �= 0,
and employed the generalized Riccati technique and established some new sufficient conditions
for the oscillation of (1.5). Li and Liu utilized the class of functions as follows: Suppose there
exist continuous functions H, h : D ≡ {(t, s) : t ≥ s ≥ t0} → R such that H(t, t) = 0, t ≥ t0,

H(t, s) > 0, t > s ≥ t0, and H has a continuous and nonpositive partial derivative on D with
respect to the second variable. Moreover, let h : D → R be a continuous function with

−∂H(t, s)
∂s

= h(t, s)
√
H(t, s) t, s ∈ D. (1.6)

They then proved that if there exists a positive function g ∈ C1[t0,∞),R+) such that

lim
t→∞ sup

1
H(t, t0)

∫ t

t0

[

H(t, s)ψ(s) − r(s− δ)a(s)
4

h2(t, s)
]

ds = ∞, (1.7)

where a(s) = exp{−2
∫ s

0
g(u)du} and ψ(t) = a(t)[Kq(t)(1−p(t−δ))+r(t−δ)g2(t)−[r(t−δ)g(t)]′],

then every solution of (1.5) oscillates. Using the same approach they established alternative
oscillation criteria when (1.7) fails.

In 1998 Li and Yeh [17] considered the nonlinear neutral delay difference equation

Δ [r(n)Δ [y(n) + p(n)y(n− τ )]] + q(n)f(y(n− δ)) = 0, n ≥ n0, (1.8)

where
(F1) τ and δ are nonnegative integers;
(F2)

∑∞
n=n0

1
r(n) = ∞, 0 ≤ p(n) < 1;

(F3) f(u) : R → R is a continuous function such that uf(u) > 0 and f(u)/u ≥ K > 0 for
all u �= 0,
and obtained the discrete analogue of the results established by Li and Liu [16]. Li and Yeh [17]
utilized the class of double sequences as follows. Suppose that there exist two double sequences
Hm,n and hm,n for m ≥ n ≥ 0 such that Hm,m = 0 for m ≥ 0, Hm,n > 0 for m > n > 0,
Δ2Hm,n = Hm,n+1 −Hm,n and h(m,n) = − Δ2Hm,n√

H(m,n)
.

They then proved that if there exist two positive sequence a(n) and g(n) such that g(n) =
−Δa(n)

2a(n) and

lim
m→∞ sup

1
H(m,n0)

m−1∑

n=n0

[

H(m,n)ψ(n) − a2(n+ 1)r(n− δ)
4a(n)

h2(m,n)
]

= ∞, (1.9)

where ψ(n) = a(n)[Kq(n)(1− p(n− δ)) + r(n− δ)g2(n)− Δ[r(n− 1 − δ)g(n− 1)]], then every
solution of the difference equation (1.8) oscillates. Also they established alternative oscillation
criteria when (1.9) fails.
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We note that the results established by Li and Liu [16] and Li and Yeh [17] can be applied
only when the delays are finite.

The following question arises. Can we obtain oscillation criteria on time scales which can
be applied in the case of finite delays as well as in infinite delays and from which we are able
to deduce the corresponding results for neutral delay differential and difference equations and
in the special case, cover the criteria established by Li [15] and Li and Liu [16] Li and Yeh [17]
and others?

The main aim of this paper is to give a positive answer to this question by extending the
generalized Riccati transformation technique in the time scales setting to obtain some new
oscillation criteria of Li-type for (1.1) when

∫ ∞

t0

Δt
r(t)

= ∞.

The paper is organized as follows: In Section 2, we will employ the generalized Riccati
technique to establish the main oscillation criteria and study the asymptotic behavior of the
nonoscillatory solutions. In Section 3, we will apply the results in different types of time
scales and establish some sufficient conditions for oscillation of different types of differential
and difference equations. Section 4 contains some examples to illustrate the main results. Our
results in the special case when T = R extend and improve the results established by Li and
Liu [16] for neutral delay differential equations when

∫ ∞
t0

dt
r(t) = ∞. In the case when T = N

our results extend and improve the results established by Li and Yeh [17] for neutral delay
difference equations when

∑∞
t0

1
r(t) = ∞. When p(t) = 0, and δ(t) = t the results include

the results established by Li [15] for differential equations. The results improve the oscillation
results established for neutral delay dynamic equations established in [2, 6–10] when γ = 1.

2 Main Results

In this Section, by using the generalized Riccati transformation technique, we will establish
some new oscillation criteria for (1.1) and establish the upper bounds of the nonoscillatory
solutions. In what follows and later, we assume that

rΔ(t) ≥ 0 and
∫ ∞

t0

δ(s)q(s)[1 − p(δ(s))]Δs = ∞. (2.1)

We start with the following Lemma which will play an important role in the proof of the main
results.

Lemma 2.1 Suppose that (h1) (2.1), (h2) hold and
∫ ∞

t0
Δt
r(t) = ∞.

Assume that (1.1) has a positive solution y(t) on [t0, ∞)T and define

x(t) := y(t) + p(t)y(τ (t)). (2.2)

Then there exists a T ∈ [t0,∞)T, sufficiently large, so that
(i) xΔ(t) > 0, x(t) > txΔ(t) for t ∈ [T,∞)T,

(ii) (x(t)/t) is strictly decreasing on [T,∞)T.

Proof Assume that y(t) is a positive solution of (1.1) on [t0, ∞)T. Pick t1 ∈ [t0, ∞)T such
that y(t) > 0, y(τ (t)) > 0 and y(δ(t)) > 0 on [t1, ∞)T. Since y(t) is a positive solution of (1.1),
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then x(t) is also positive and satisfies

(r(t)xΔ(t))Δ = −q(t)f(y(δ(t))) < 0, for t ∈ [t1, ∞)T. (2.3)

Thus r(t)xΔ(t) is strictly decreasing on [t1, ∞)T. We claim that r(t)xΔ(t) > 0 on [t1, ∞)T.
Assume not. Then there is a t2 ∈ [t1, ∞)T such that r(t2)xΔ(t2) =: c < 0. Then from (2.3), we
have r(t)xΔ(t) ≤ r(t2)xΔ(t2) = c, for t ∈ [t2, ∞)T, and therefore

xΔ(t) ≤ c

r(t)
, for t ∈ [t2, ∞)T. (2.4)

Integrating the last inequality from t2 to t, we find by (h2) that

x(t) = x(t2) +
∫ t

t2

xΔ(s)Δs ≤ x(t2) + c

∫ t

t2

Δs
r(s)

→ −∞ as t→ ∞, (2.5)

which implies that x(t) is eventually negative. This is a contradiction. Hence r(t)xΔ(t) > 0 on
[t1, ∞)T and so xΔ(t) > 0 on [t1,∞)T. Therefore,

x(t) > 0, xΔ(t) > 0, (r(t)xΔ(t))Δ < 0, for t ≥ t1. (2.6)

This implies that

y(t) = x(t) − p(t)y(τ (t)) = x(t) − p(t)[x(τ (t))− p(τ (t))y(τ (τ (t)))]

≥ x(t) − p(t)x(τ (t)) ≥ (1 − p(t))x(t). (2.7)

Thus for t ≥ t2 = δ−1(t1), we have

y(δ(t)) ≥ (1 − p(δ(t)))x(δ(t)). (2.8)

From (h1), (2.3), and (2.8), we have

(r(t)xΔ(t))Δ +Kq(t)(1 − p(δ(t)))x(δ(t)) ≤ 0, for t ≥ t2. (2.9)

Since (r(t)xΔ(t))Δ < 0 on [t2,∞)T, we have

xΔΔ(t) < −r
Δ(t)xΔ(t)
rσ(t)

≤ 0, t ∈ [t2,∞)T. (2.10)

Next let U(t) := x(t)− txΔ(t). From (2.10), we have UΔ(t) = −σ(t)xΔΔ(t) > 0 for t ∈ [t2,∞)T,

and this implies that U(t) is strictly increasing on [t2,∞)T. We claim that there is a t3 ∈ [t2,∞)T

such that U(t) > 0 on [t3,∞)T. Assume not. Then U(t) < 0 on [t2,∞)T. Therefore,
(
x(t)
t

)Δ

=
txΔ(t) − x(t)

tσ(t)
= − U(t)

tσ(t)
> 0, t ∈ [t2,∞)T,

which implies that x(t)/t is strictly increasing on [t2,∞)T. Pick t3 ∈ [t2,∞)T so that δ(t)≥ δ(t2),
for t ≥ t3. Then, since x(t)/t is strictly increasing, we have x(δ(t))/δ(t) ≥ x(δ(t2))/δ(t2) =: d >
0, so that x(δ(t)) ≥ dδ(t) for t ≥ t3. Now by integrating both sides of (2.9) from t3 to t, we have

r(t)xΔ(t) − r(t3)xΔ(t3) +K

∫ t

t3

q(s)[1 − p(δ(s))]x(δ(s))Δs ≤ 0, (2.11)

where Q1(s) = Kq(s)[1 − p(δ(s))]. From (2.11), since r(t)xΔ(t) > 0, we have

r(t3)
(
xΔ(t3)

) ≥ K

∫ t

t3

q(s)[1 − p(δ(s))]x(δ(s))Δs ≥ dK

∫ t

t3

q(s)δ(s)[1 − p(δ(s))]Δs,
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which contradicts (2.1). Hence there is a t3 ∈ [t2,∞)T such that U(t) > 0 on [t3,∞)T. Conse-
quently,

(
x(t)
t

)Δ

=
txΔ(t) − x(t)

tσ(t)
= − U(t)

tσ(t)
< 0, t ∈ [t3,∞)T. (2.12)

Then we have x(t) > txΔ(t), and (x(t)
t ) is strictly decreasing on [t3,∞)T. The proof is complete.

Now, we state and prove the main oscillation results for equation (1.1). We say H ∈ 

provided H : [t0,∞)T × [t0,∞)T → R and satisfies:

(i) H(σ(t), t) = 0, t ≥ t0, H(t, s) > 0, σ(t) > s ≥ t0,

(ii) HΔs(t, s) ≤ 0 for t ≥ s ≥ t0, and for each fixed t, H(t, s) is an rd-continuous function
with respect to s.

Important examples of H when T = R are H(t, s) = (t − s)m for m ≥ 1. When T = Z,
H(t, s) = (t− s)k, k ∈ N, where tk = t(t− 1) · · · (t− k + 1).

Theorem 2.1 Assume that (h1), (h2), (2.1) hold and H ∈ 
. Suppose that there are a function
a(t) and a positive, differentiable function α(t), such that for sufficiently large t1

lim sup
t→∞

1
H(σ(t), t1)

∫ t

t1

H̄(t, s)ασ(s) [ψ(s) − φ(t, s)]Δs = ∞, (2.13)

where H̄(t, s) := H(σ(t), σ(s)),

φ(t, s) :=
1
4

(
α(s)
ασ(s)

)2
r(s)A2(t, s)

C(s)
, C(s) :=

s

σ(s)
, C1(s) :=

αΔ(s)
ασ(s)

+ 2
sa(s)
σ(s)

,

A(t, s) :=
ασ(s)C1(s)

α(s)
+
HΔs(σ(t), s)
H̄(t, s)

, ψ(s) :=
KQ(s)δ(s)

σ(s)
− (a(s)r(s))Δ +

sr(s)a2(s)
σ(s)

.

Then every solution of (1.1) is oscillatory on [t0,∞)T.

Proof Suppose to the contrary that y(t) is a nonoscillatory solution of (1.1) and let t1 ≥ t0

be such that y(t) �= 0 for all t ≥ t1. Without loss of generality, we may assume that y(t) is an
eventually positive solution of (1.1) with y(t) > 0, y(τ (t)) > 0 and y(δ(t)) > 0 for all t ≥ t1 > t0

sufficiently large. Let x(t) be as defined by (2.2). Then from Lemma 2.1, we see that x(t) is
positive and there exists t2 ≥ t1 such that (2.6) holds for t ≥ t2. Define the function w(t) by
the generalized Riccati substitution

w(t) := α(t)
[
r(t)xΔ(t)
x(t)

+ r(t)a(t)
]

, for t ≥ t2. (2.14)

Hence

wΔ(t) = αΔ(t)
[
r(t)xΔ(t)
x(t)

+ r(t)a(t)
]

+ ασ

[
r(t)xΔ(t)
x(t)

+ r(t)a(t)
]Δ

=
αΔ(t)
α(t)

w(t) + ασ(r(t)a(t))Δ + ασ

[
r(t)xΔ(t)
x(t)

]Δ

=
αΔ(t)
α(t)

w(t) + ασ (r(t)a(t))Δ + ασ

[
x(t)(r(t)xΔ(t))Δ − r(t)

(
xΔ(t)

)2

x(t)xσ

]

=
αΔ(t)
α(t)

w(t) + ασ (r(t)a(t))Δ + ασ (r(t)xΔ(t))Δ

xσ
− ασ r(t)

(
xΔ(t)

)2

x(t)xσ
. (2.15)
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Then from (2.9), (2.14) and (2.15), we have

wΔ ≤ −ασQ(t)
f ◦ x ◦ δ
xσ

(t) +
αΔ(t)
α(t)

w(t) + ασ (r(t)a(t))Δ − ασr(t)
(xΔ(t))2

x(t)xσ

≤ −ασKQ(t)x(δ(t))
xσ

+
αΔ(t)
α(t)

w(t) + ασ (r(t)a(t))Δ − ασ r(t)x(t)
xσ

(
xΔ(t)
x(t)

)2

. (2.16)

From the definition of w(t), we have
(
xΔ(t)
x(t)

)2

=
[

w(t)
r(t)α(t)

− a(t)
]2

=
[

w(t)
r(t)α(t)

]2

+ a2(t) − 2
w(t)a(t)
r(t)α(t)

. (2.17)

Also from Lemma 2.1, since x(t)/t is strictly decreasing, we have

x(δ(t))/xσ(t) ≥ δ(t)/σ(t) and x(t)/xσ(t) ≥ C(t). (2.18)

Substituting (2.17) and (2.18) into (2.16), we obtain

wΔ(t) ≤ −ασKQ(t)δ(t)
σ(t)

+
αΔ(t)
α(t)

w(t) + ασ(ra)Δ(t)

− ασr(t)C(t)
[[

w(t)
r(t)α(t)

]2

+ a2(t) − 2
a(t)w(t)
r(t)α(t)

]

= −ασKQ(t)δ(t)
σ(t)

+
αΔ

α(t)
w(t) + ασ(r(t)a(t))Δ − Cασw2(t)

r(t)α2(t)

− ασr(t)C(t)a2(t) + 2
ασC(t)a(t)

α(t)
w(t)

= −ασψ(t) +
ασ

α(t)

[
αΔ(t)
ασ

+ 2a(t)C(t)
]

w(t) − C(t)ασ

r(t)α2(t)
w2(t).

Thus
wΔ(t) ≤ −ασ(t)ψ(t) +

ασC1(t)
α(t)

w(t) − ασC(t)
r(t)α2(t)

w2(t). (2.19)

Evaluating both sides of (2.19) at s, multiplying by H(σ(t), σ(s)) and integrating, we get
∫ t

t2

H(σ(t), σ(s))ασ(s)ψ(s)Δs ≤ −
∫ t

t2

H(σ(t), σ(s))wΔ(s)Δs

+
∫ t

t2

ασ(s)H(σ(t), σ(s))C1(s)
α(s)

w(s)Δs

−
∫ t

t2

C(s)H(σ(t), σ(s))ασ(s)
r(s)α2(s)

w2(s)Δs. (2.20)

Integrating by parts and using the fact that H(σ(t), t) = 0, we have
∫ t

t2

H(σ(t), σ(s))wΔ(s)Δs = −H(σ(t), t2)w(t2) −
∫ t

t2

HΔs(σ(t), s)w(s)Δs.

Substituting this into (2.20), we obtain
∫ t

t2

H(σ(t), σ(s))ασ(s)ψ(s)Δs

≤ H(σ(t), t2)w(t2) −
∫ t

t2

H(σ(t), σ(s))
C(s)ασ(s)
r(s)α2(s)

w2(s)Δs

+
∫ t

t2

H(σ(t), σ(s))A(t, s)w(s)Δs. (2.21)
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This implies, after completing the square, that
∫ t

t2

H̄(t, s)ασ(s)ψ(s)Δs ≤ H(σ(t), t2)w(t2) +
∫ t

t2

H̄(t, s)
r(s)α2(s)A2(t, s)

4C(s)ασ(s)
Δs. (2.22)

However, then

1
H(σ(t), t2)

∫ t

t2

H̄(t, s)ασ(s)
[

ψ(s) − 1
4

(
α(s)
ασ(s)

)2
r(s)A2(t, s)

4C(s)

]

Δs ≤ w(t2),

which contradicts (2.13). Therefore every solution of (1.1) oscillates on [t0,∞)T. The proof is
complete.
From Theorem 2.1 by choosing the function H(t, s), appropriately, we can obtain different
sufficient conditions for oscillation of (1.1). For instance, if we define a function h(t, s) by

h(t, s) = − HΔs(σ(t), s)
√
H(σ(t), σ(s))

, (2.23)

we have the following oscillation result.

Corollary 2.1 Assume that (h1), (h2), (2.1) hold and H ∈ 
. Suppose that there is a
differentiable function α(t) such that for sufficiently large t1

lim sup
t→∞

1
H(σ(t), t1)

∫ t

t1

H̄(t, s)ασ(s) [ψ(s) − φ(t, s)]Δs = ∞, (2.24)

where H̄(t, s),ψ(s), C(s)and φ(t, s)are as in Theorem 2.1, and A(t, s)simplifies to

A(t, s) =
ασ(s)C1(s)

α(s)
− h(t, s)

√
H̄(t, s)

. (2.25)

Then every solution of (1.1) is oscillatory on [t0,∞)T.

From Theorem 2.1 and Corollary 2.1, we can establish different sufficient conditions for
the oscillation of (1.1) by using different choices of α(t) and a(t). For instance, if we consider
α(t) = t, a(t) = 1

t and define H(t, s) for t0 ≤ s ≤ σ(t) by H(σ(t), t) = 0 and H(t, s) = 1
otherwise, then we get the following oscillation result.

Corollary 2.2 Assume that (h1), (h2) and (2.1) hold, and for sufficiently large t1

lim sup
t→∞

∫ t

t1

[

KQ(s)δ(s) − σ(s)
(
r(s)
s

)Δ

− 5r(s)
4s

]

Δs = ∞. (2.26)

Then every solution of (1.1) is oscillatory on [t0,∞)T.

If in Theorem 2.1, we choose a(t) and α(t) such that

a(t) = −σ(t)αΔ(t)
2tασ(t)

, (2.27)

we have C1(t) = 0 and from Corollary 2.1 we have the following oscillation result for (1.1).

Corollary 2.3 Assume that (h1), (h2), (2.1) hold and H ∈ 
 such that (2.23) holds. Suppose
there exists a positive differentiable function α(t) such that for t1 sufficiently large

lim sup
t→∞

1
H(σ(t), t1)

∫ t

t1

[

H̄(t, s)ασ(s)ψ(s) − σ(s)α2(s)r(s)h2(t, s)
4sασ(s)

]

Δs = ∞. (2.28)

Then every solution of (1.1) is oscillatory on [t0,∞)T.
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If we define H(t, s) for t0 ≤ s ≤ σ(t) by H(σ(t), t) = 0 and H(t, s) = 1 otherwise and a(t)
and α(t) such that (2.24) holds, we have C1(t) = 0, h(t, s) = 0 and from Corollary 2.3 we have
the following oscillation result for (1.1).

Corollary 2.4 Assume that (h1), (h2), (2.1) and (2.27) hold. Furthermore assume that for
sufficiently large t1

lim
t→∞ sup

∫ t

t1

ασ(s)ψ(s)Δs = ∞, (2.29)

where ψ(s)reduces to

ψ(s) =
KQ(s)δ(s)

σ(s)
− (r(s)a(s))Δ +

sr(s)a2(s)
σ(s)

. (2.30)

Then every solution of (1.1) is oscillatory on [t0,∞)T.

From Corollary 2.4, we can also establish different sufficient conditions for the oscillation of (1.1)
by using different choices of α(t). For instance, if α(t) = t then a(t) = − 1

2t and if α(t) = t2,

then a(t) = − t+σ(t)
2tσ(t) , and from Corollary 2.4 we have the following oscillation results.

Corollary 2.5 Assume that (h1), (h2) and (2.1) hold. If, for sufficiently large t1,

lim sup
t→∞

∫ t

t1

σ(s)ψ(s)Δs = ∞, (2.31)

where in this case,

ψ(s) =
KQ(s)δ(s)

σ(s)
+

1
2

(
r(s)
s

)Δ

+
r(s)

4σ(s)s
, (2.32)

then every solution of (1.1) is oscillatory on [t0,∞)T.

Corollary 2.6 Assume that (h1), (h2) and (2.1) hold. If, for sufficiently large t1,

lim sup
t→∞

∫ t

t1

σ2(s)ψ(s)Δs = ∞, (2.33)

where, in this case,

ψ(s) :=
KQ(s)δ(s)

σ(s)
+

(
(s+ σ(s))r(s)

2sσ(s)

)Δ

+
r(s)(s+ σ(s))2

4s(σ(s))3
, (2.34)

then every solution of (1.1) is oscillatory on [t0,∞)T.

The following two results provide alternative oscillation criteria when (2.13) fails. The
results are essentially new for oscillation of neutral delay dynamic equations. The notations of
Theorem 2.2 and its proof will be used.

We say H ∈ Ŕ provided H : [t0,∞)T × [t0,∞)T → R and satisfies:

(H1) H(σ(t), t) = 0, t ≥ t0, H(t, s) > 0, σ(t) > s ≥ t0,

(H2) HΔs(t, s) ≤ 0 for t ≥ s ≥ t0, and for each fixed t, H(t, s) is an rd-continuous function
with respect to s,

(H3) h(t, s) := −HΔs (σ(t),s)√
H̄(t,s)

, where h(t, s) is define on [t0,∞)T × [t0,∞)T,

(H4) 0 < infs≥t0

[
lim inft→∞

H(σ(t),s)
H(σ(t),t0)

] ≤ ∞.
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Theorem 2.2 Assume that (h1), (h2), (2.1) hold and H ∈ Ŕ. Suppose that there exists a
positive differentiable function α such that

lim
t→∞ sup

1
H(σ(t), t0)

∫ t

t0

r(s) (α(s))2

C(s)ασ(s)

(

h(t, s) − ασ(s)C1(s)
α(s)

√
H̄(t, s)

)2

Δs <∞. (2.35)

Let φ ∈ Crd([t0,∞)T,R
+) such that, for t ≥ t0,

lim sup
t→∞

∫ t

t0

C(s)ασ(s) (φσ)2

r(s)α2(s)
Δs = ∞. (2.36)

If, for any T ∈ [t0,∞)T,

lim
t→∞ sup

1
H(σ(t), T )

∫ t

T

H̄(t, s)
[

ασ(s)ψ(s) − r(s)α2(s)
4C(s)ασ(s)

B2(t, s)
]

Δs ≥ φ(T ), (2.37)

where
B2(t, s) =

h(t, s)
√
H̄(t, s)

− ασ(s)C1(s)
α(s)

,

then every solution of (1.1) is oscillatory on [t0,∞)T.

Proof Suppose to the contrary that y(t) is a nonoscillatory solution of (1.1) and let t1 ≥ t0

be such that y(t) �= 0 for all t ≥ t1. Without loss of generality, we may assume that y(t) is an
eventually positive solution of (1.1) with y(t) > 0, y(τ (t)) > 0 and y(δ(t)) > 0 for all t ≥ t1 > t0

sufficiently large. Let x(t) be as defined by (2.2). Then from Lemma 2.1, we see that x(t) is
positive and there exists T ≥ t1 such that (2.6) and the results Lemma 2.1 hold for t ≥ T .
Define again the function w(t) by the generalized Riccati substitution (2.14) and proceed as in
the proof of Theorem 2.1 to obtain (2.21) with t0 = T . Therefore,

∫ t

T

H̄(t, s)ασ(s)ψ(s)Δs

≤ H(σ(t), t2)w(t2) −
∫ t

T

H̄(t, s)
C(s)ασ(s)
r(s)α2(s)

w2(s)Δs+
∫ t

T

H̄(t, s)A(t, s)w(s)Δs. (2.38)

From (H3) we see that A(t, s) becomes

A(t, s) =
ασ(s)C1(s)

α(s)
− h(t, s)

√
H̄(t, s)

. (2.39)

Substituting (2.39) into (2.38), we get
∫ t

T

H̄(t, s)ασ(s)ψ(s)Δs ≤ H(σ(t), T )w(T ) −
∫ t

T

h(t, s)
√
H̄(t, s)w(s)Δs

+
∫ t

T

H̄(t, s)
ασ(s)C1(s)

α(s)
w(s)Δs−

∫ t

T

H̄(t, s)
C(s)ασ(s)
r(s)α2(s)

w2(s)Δs. (2.40)

Hence,
∫ t

T

H̄(t, s)ασ(s)ψ(s)Δs

≤ H(σ(t), T )w(T ) −
∫ t

T

D(t, s)w(s)Δs−
∫ t

T

H̄(t, s)
C(s)ασ(s)
r(s)α2(s)

(w(s))2Δs, (2.41)

where
D(t, s) =

[

h(t, s)
√
H̄(t, s) − H̄(t, s)ασ(s)C1(s)

α(s)

]

.
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Therefore,
∫ t

T

H̄(t, s)ασ(s)ψ(s)Δs

≤ H(σ(t), T )w(T ) −
∫ t

T

[√

H̄(t, s)
C(s)ασ(s)
r(s)α2(s)

w(s) +
D(t, s)

2
√
H̄(t, s)C(s)ασ(s)

r(s)α2(s)

]2

Δs

+
∫ t

T

H̄(t, s)
r(s)α2(s)

4C(s)ασ(s)

[

h(t, s)/
√
H̄(t, s) − ασ(s)C1(s)

α(s)

]2

Δs. (2.42)

It follows that

1
H(σ(t), T )

∫ t

T

H̄(t, s)ασ(s)ψ(s)Δs

≤ w(T ) − 1
H(σ(t), T )

∫ t

T

[√

H̄(t, s)
C(s)ασ(s)
r(s)α2(s)

w(s) +
D(t, s)

2
√
H̄(t, s)C(s)ασ(s)

r(s)α2(s)

]2

Δs

+
1

H(σ(t), T )

∫ t

T

H̄(t, s)
r(s)α2(s)

4C(s)ασ(s)

[
h(t, s)

√
H̄(t, s)

− ασ(s)C1(s)
α(s)

]2

Δs. (2.43)

Therefore,

lim
t→∞ sup

1
H(σ(t), T )

∫ t

T

H̄(t, s)
[

ασ(s)ψ(s) − r(s)α2(s)
4C(s)ασ(s)

B2(t, s)
]

Δs

≤ w(T ) − lim
t→∞ inf

1
H(σ(t), T )

∫ t

T

[√
H̄(t, s)C(s)ασ(s)

r(s)α2(s)
w(s) +

D(t, s)

2
√

H̄(t,s)C(s)ασ(s)
r(s)α2(s)

]2

Δs.

By (2.37), we have

w(T ) ≥ φ(T ) + lim
t→∞ inf

1
H(σ(t), T )

×
∫ t

T

[√
H̄(t, s)C(s)ασ(s)

r(s)α2(s)
w(s) +

D(t, s)

2
√

H̄(t,s)C(s)ασ(s)
r(s)α2(s)

]2

Δs.

Thus

w(T ) ≥ φ(T ) for all T ≥ t0, (2.44)

and

0 ≤ lim
t→∞ inf

1
H(σ(t), t0)

∫ t

t0

[√

H̄(t, s)
C(s)ασ(s)
r(s)α2(s)

w(s) +
D(t, s)

2
√
H̄(t, s)C(s)ασ(s)

r(s)α2(s)

]2

Δs

≤ w(t0) − φ(t0) <∞.

Therefore, for all t ≥ t0, we obtain

lim
t→∞ inf

1
H(σ(t), t0)

∫ t

t0

[

H̄(t, s)
C(s)ασ(s)
r(s)α2(s)

w2(s)

+
√
H̄(t, s)

(

h(t, s) − ασ(s)C1(s)
α(s)

√
H̄(t, s)

)

w(s)
]

Δs <∞. (2.45)
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Define F and G by

F (t) :=
1

H(σ(t), t0)

∫ t

t0

H̄(t, s)
U(s)
α2(s)

w2(s)Δs,

G(t) :=
1

H(σ(t), t0)

∫ t

t0

√
H̄(t, s)

(

h(t, s) − ασ(s)C1(s)
α(s)

√
H̄(t, s)

)

wΔs,

where U(s) := C(s)ασ(s)
r(s) . It follows from (2.45) that

lim inf
t→∞ [F (t) +G(t)] <∞. (2.46)

Now, we claim that ∫ ∞

t0

U(s)
α2(s)

w2(s)Δs <∞. (2.47)

Suppose to the contrary that ∫ ∞

t0

U(s)
α2(s)

w2(s)Δs = ∞. (2.48)

By (H4), we see that there exists a positive constant ζ such that

inf
s≥t0

[

lim inf
t→∞

H(σ(t), s)
H(σ(t), t0)

]

> ζ. (2.49)

Let λ be any arbitrary positive number. Then by (2.48) there exists t2 ≥ t1 such that
∫ t

t0

U(s)
α2(s)

w2(s)Δs ≥ λ

ζ
, t ≥ t2.

Now since U(s)
α2(s)w

2(s) is the derivative of

[ ∫ s

t0

U(u)w2(u)
α2(u)

Δu
]Δ

,

we have after integration by parts, for t ≥ t2, that

F (t) =
1

H(σ(t), t0)

∫ t

t0

H̄(t, s)
[∫ s

t0

U(u)w2(u)
α2(u)

Δu
]Δ

Δs

=
1

H(σ(t), t0)

∫ t

t0

H(σ(t), σ(s))
[∫ s

t0

U(u)w2(u)
α2(u)

Δu
]Δ

Δs

=
1

H(σ(t), t0)

∫ t

t0

[−HΔs(σ(t), s)]
[ ∫ s

t0

U(u)w2(u)
α2(u)

Δu
]

Δs

≥ 1
H(σ(t), t0)

∫ t

t2

[−HΔs(σ(t), s)]
[ ∫ s

t0

U(u)w2(u)
α2(u)

Δu
]

Δs

≥ λ

ζ

1
H(σ(t), t0)

∫ t

t2

[−HΔs(σ(t), s)]Δs

=
λ

ζ

H(σ(t), t2)
H(σ(t), t0)

. (2.50)

By (2.49), there exists t3 ≥ t2, such that

H(σ(t), t2)
H(σ(t), t0)

≥ ζ, t ≥ t3.
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This implies that F (t) ≥ λ for all t ≥ t3. As λ is arbitrary, we have

lim
t→∞F (t) = ∞. (2.51)

Next, consider the sequence {tn} in the interval [t2,∞) with limn→∞ tn = ∞ such that

lim
n→∞[F (tn) +G(tn)] = lim inf

t→∞ [F (t) +G(t)]. (2.52)

In view of (2.46), there exists a constant ν such that

F (tn) +G(tn) ≤ ν, n = 1, 2, . . . .

In view of (2.51), we conclude that

lim
n→∞F (tn) = ∞, (2.53)

and hence (2.52) gives that
lim

n→∞G(tn) = −∞. (2.54)

By (2.52), (2.53), given ε ∈ (0, 1) for n large enough, we have

1 +
G(tn)
F (tn)

≤ ν

F (tn)
< ε.

Then
G(tn)
F (tn)

< ε− 1 < 0. (2.55)

In view of (2.54), we see that

lim
n→∞

G(tn)
F (tn)

G(tn) = ∞. (2.56)

On the other hand, by employing Schwarz’s inequality (cf. [4]),
[ ∫ b

a

|f(t)g(t)|Δt
]2

≤
[ ∫ b

a

|f(t)|2 Δt
][ ∫ b

a

|g(t)|2 Δt
]

,

we have

G2(tn) =
[

1
H(σ(tn), t0)

∫ tn

t0

w(s)
√
H̄(tn, s) ×

(

h(tn, s) − ασ(s)C1(s)
α(s)

√
H̄(tn, s)

)

Δs
]2

=
[

1
H(σ(tn), t0)

∫ tn

t0

√
H̄(tn, s)U(s)

α(s)
w(s)

× α(s)
√
U(s)

(

h(tn, s) − ασ(s)C1(s)
α(s)

√
H̄(tn, s)

)

Δs
]2

.

≤ 1
H(σ(tn), t0)

[∫ tn

t0

H̄(tn, s)U(s)
α2(s)

w2(s)Δs
]

×

1
H(σ(tn), t0)

[∫ tn

t0

α2(s)
U(s)

(

h(tn, s) − ασ(s)C1(s)
α(s)

√
H̄(tn, s)

)2

Δs
]

=
F (tn)

H(σ(tn), t0)

[∫ tn

t0

α2(s)
U(s)

(

h(tn, s) − ασ(s)C1(s)
α(s)

√
H̄(tn, s)

)2

Δs
]

.

Hence

G2(tn)
F (tn)

≤ 1
H(σ(tn), t0)

∫ tn

t0

α2(s)
U(s)

(

h(tn, s) − ασ(s)C1(s)
α(s)

√
H(tn, s)

)2

Δs.
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It follows from (2.56) that

lim
n→∞

1
H(σ(tn), t0)

∫ tn

t0

α2(s)
U(s)

(

h(tn, s) − ασ(s)C1(s)
α(s)

√
H̄(tn, s)

)2

Δs = ∞.

Hence

lim
t→∞ sup

1
H(σ(tn), t0)

∫ t

t0

α2(s)
U(s)

(

h(t, s) − ασ(s)C1(s)
α(s)

√
H̄(t, s)

)2

Δs = ∞, (2.57)

which contradicts (2.35). Therefore we have proved that (2.48) fails, so the inequality (2.47)
holds. Furthermore from (2.44), we have

∫ ∞

t0

U(s) (φσ)2

α2(s)
Δs ≤

∫ ∞

t0

U(s)w2(s)
α2(s)

Δs <∞,

which contradicts (2.36). The proof is complete.

In the following, we give an estimation on the upper bounds of the nonoscillatory solutions
of (1.1). The results will be established by using the extension of Gronwall’s inequality that
has been given in [18]. We note here that by using different extensions of this inequality we
can obtain different results. We denote the set of all f : T → R which are rd-continuous and
regressive by R. If p ∈ R, then we can define the exponential function (see [2, 4]) by

ep(t, s) = exp
(∫ t

s

ξμ(τ)(p(τ ))Δτ
)

for t ∈ T, s ∈ T
k, where ξh(z) is the cylinder transformation, which is given by

ξh(z) =

⎧
⎨

⎩

log(1 + hz)
h

, h �= 0,

z, h = 0.

Alternately, for p ∈ R one can define the exponential function ep(·, t0), to be the unique solution
of the IVP

xΔ = p(t)x, x(t0) = 1.

Theorem 2.3 Assume that (h1), (h2), (2.1) hold. Let y(t) be a positive solution of (1.1) and
let x(t) be as defined by (2.2). Then x(t) satisfies

xσ <
a(t)
rσ

+
b(t)
rσ

∫ t

t0

a(s)Q1(s)ebQ1(t, σ(s))Δs, (2.58)

where a(t) = Cσ(t)b(t), b(t) = rσ(rσ − μ(t)rΔ(t))−1,

Q1(s) =
1
rσ

[
rΔ(s) +Q(s)σ(t)

]
, Q(s) = Kq(s)(1 − p(δ(s))),

and C = (rx)σ(t2) + (r(t2)xΔ(t2)) is a positive constant.

Proof Without loss of generality, we may assume that y(t) is an eventually positive solution
of (1.1) with y(t) > 0, y(τ (t)) > 0 and y(δ(t)) > 0 for all t ≥ t1 > t0 sufficiently large. From
Lemma 2.1, we see that x(t) is positive and there exists t2 ≥ t1 such that (2.6) and (2.9) hold
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for t ≥ t2. Integrating (2.9) from t2 to s, we obtain

(r(s)xΔ(s)) ≤ (r(t2)xΔ(t2)) −K

∫ s

t2

q(u)(1 − p(δ(u)))x(δ(u))Δu

< M +
∫ s

t2

Q(u)x(δ(u))Δu ≤M +
∫ s

t2

Q(u)x(u)Δu,

where M = (r(t2)xΔ(t2)). Thus, we have

(r(s)x(s))Δ < M +
rΔ(s)
rσ

(rx)σ +
∫ s

t2

Q(u)
rσ

(rx)σΔu. (2.59)

Integrating (2.59) again from t2 to σ(t), and using Lemma 3 in [19], we have

(rx)σ < (rx)σ(t2) +M(σ(t) − t2) +
∫ σ(t)

t2

rΔ(s)
rσ

(rx)σΔs

+
∫ σ(t)

t2

∫ s

t2

Q(u)
rσ

(rx)σΔuΔs

≤ Cσ(t) +
∫ σ(t)

t2

rΔ(s)
rσ

(rx)σΔs+
∫ t

t2

(σ(t) − σ(s))
Q(s)
rσ

(rx)σΔs

= Cσ(t) +
∫ t

t2

rΔ(s)
rσ

(rx)σΔs+
∫ σ(t)

t

rΔ(s)
rσ

(rx)σΔs

+
∫ t

t2

(σ(t) − σ(s))
Q(s)
rσ

(rx)σΔs.

Using the formula (cf. [5])
∫ σ(t)

t

f(s)Δs = μ(t)f(t),

we have

(rx)σ < Cσ(t) + μ(t)
rΔ(t)
rσ

(rx)σ +
∫ t

t2

Q1(s)(rx)σΔs.

Thus

(rx)σ < a(t) + b(t)
∫ t

t2

Q1(s)(rx)σΔs.

Putting z(t) = (rx)σ, we get

z(t) < a(t) + b(t)
∫ t

t2

Q1(s)z(s)Δs.

Now, by applying the extension of the Gronwall’s inequality ([18] Theorem 3.1]), we have

z(t) < a(t) + b(t)
∫ t

t2

a(s)Q1(s)ebQ1(t, σ(s)Δs.

This implies that

xσ <
a(t)
rσ

+
b(t)
rσ

∫ t

t2

a(s)Q1(s)ebQ1(t, σ(s))Δs.

The proof is complete.
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3 Applications

In this Section, we apply the oscillation results to different types of time scales. In the case
when T = R, we have σ(t) = t, μ(t) = 0, yΔ(t) = y′(t) and (1.1) becomes the second-order
neutral delay differential equation

[r(t)(y(t) + p(t)y(τ (t)))′]′ + q(t)f(y(δ(t))) = 0. (3.1)

When T = N, we have σ(t) = t+1, μ(t) = 1, yΔ(t) = Δy(t) = y(t+1)−y(t) and (1.1) becomes
the second-order neutral delay difference equation

Δ [r(t)Δ(y(t) + p(t)y(τ (t)))] + q(t)f(y(δ(t)) = 0. (3.2)

When T =hN, h > 0, we have σ(t) = t+ h, μ(t) = h,

yΔ(t) = Δhy(t) =
y(t+ h) − y(t)

h
,

and (1.1) becomes the generalized second-order neutral delay difference equation

Δh [r(t)Δh(y(t) + p(t)y(τ (t)))] + q(t)f(y(δ(t))) = 0. (3.3)

When T={t : t = qn, n ∈ N, q > 1}, we have σ(t) = qt, μ(t) = (q − 1)t,

yΔ(t) = Δqy(t) =
y(qt) − y(t)

(q − 1) t
,

and (1.1) becomes the second-order q-neutral delay difference equation

Δq [r(t)Δq(y(t) + p(t)y(τ (t)))] + q(t)f(y(δ(t))) = 0. (3.4)

When T = N
2 = {t2 : t ∈ N}, we have σ(t) = (

√
t+ 1)2 and μ(t) = 1 + 2

√
t,

yΔ(t) = ΔNy(t) =
y((

√
t+ 1)2) − y(t)
1 + 2

√
t

,

and (1.1) becomes the second-order neutral delay difference equation

ΔN [r(t)ΔN (y(t) + p(t)y(τ (t)))] + q(t)f(y(δ(t))) = 0. (3.5)

When T = Tn = {tn : n ∈ N} where tn are the so-called harmonic numbers defined by

t0 = 0, tn =
n∑

k=1

1
k
, n ∈ N0,

we have σ(tn) = tn+1, μ(tn) = 1
n+1 , y

Δ(t) = Δtn
y(tn) = (n+ 1)Δy(tn) and (1.1) becomes the

second-order neutral delay difference equation

Δtn
[r(tn)Δtn

(y(tn) + p(tn)y(τ (tn)))] + q(tn)f(y(δ(tn))) = 0. (3.6)

When T = T2={√n : n ∈ N0}, we have σ(t) =
√
t2 + 1 and μ(t) =

√
t2 + 1 − t,xΔ(t) =

Δ2x(t) = (x(
√
t2 + 1)−x(t))/√t2 + 1−t, and (1.1) becomes the second-order difference equation

Δ2 [r(t)Δ2 (y(t) + p(t)y(τ (t)))] + q(t)f(y(δ(t))) = 0. (3.7)

When T = T3={ 3
√
n : n ∈ N0}, we have σ(t) = 3

√
t3 + 1 and μ(t) = 3

√
t3 + 1 − t,xΔ(t) =

Δ3x(t) = (x( 3
√
t3 + 1)−x(t))/ 3

√
t3 + 1− t, and (1.1) becomes the second-order perturbed delay

difference equation

Δ3(r(t)(Δ3 [y(t) + p(t)y(τ (t))]) + q(t)f(y(δ(t))) = 0. (3.8)
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We start with the case when T = R, then we have from Theorem 2.1 the following oscilla-
tion results for the neutral delay differential equation (3.1). Note that when T = R, we have
H(σ(t), σ(s)) = H(t, s).

Theorem 3.1 Assume that (h1) holds, and

r′(t) ≥ 0,
∫ ∞

t0

dt

r(t)
= ∞,

∫ ∞

t0

δ(s)Q(s)ds = ∞. (3.9)

Furthermore, assume that there exists a differentiable function a(t)and a positive differentiable
function α(t)such that for sufficiently large t1

lim sup
t→∞

1
H(t, t1)

∫ t

t1

H(t, s)α(s)
[

ψ(s) − 1
4
r(s)A2(t, s)

]

ds = ∞, (3.10)

where

A(t, s) = C1(s) +
∂H(t,s)

∂s

H(t, s)
, C1(s) =

α′(s)
α(s)

+ 2a(s),

and

ψ(s) =
KQ(s)δ(s)

s
− (a(s)r(s))′ + r(s)a2(s).

Then every solution of (3.1) is oscillatory.
From Theorem 3.1 by choosing h(t, s) so that ∂

∂sH(t, s) = −h(t, s)
√
H(t, s), and taking

a(t) = − α′(t)
2α(t) , we get the following result.

Corollary 3.1 Assume that (h1) and (3.9) hold and let H ∈ 
 and define h(t, s) by ∂
∂sH(t, s)=

−h(t, s)
√
H(t, s). Assume there is a differentiable function α(t) such that for sufficiently large

t1

lim sup
t→∞

1
H(t, t1)

∫ t

t1

[

H(t, s)α(s)ψ(s)− 1
4
α(s)r(s)h2(t, s)

]

ds = ∞, (3.11)

where

ψ(s) =
KQ(s)δ(s)

s
+

1
2

(
r(s)α′(s)
α(s)

)′
+ r(s)

(
α′(s)
2α(s)

)2

.

Then every solution of (3.1) oscillates.
If we let δ(t) = τ (t) = t and p(t) = 0 in Corollary 3.1 we get a result of Li [15].
Letting H(t, s) = 1 for t0 ≤ s < t and H(t, t) = 0 in Corollary 3.1 we get the following

result.

Corollary 3.2 Assume that (h1) and (3.9) hold and there exists a differentiable function α(t)
such that for sufficiently large t1

lim sup
t→∞

∫ t

t1

α(s)
[
KQ(s)δ(s)

s
+

1
2

(
r(s)α′(s)
α(s)

)′
+ r(s)

(
α′(s)
2α(s)

)2]

ds = ∞.

Then every solution of the delay differential equation (3.1) is oscillatory.

Letting α(t) = t in Corollary 3.2 we get the following result.

Corollary 3.3 Assume that (h1) and (3.9) hold. If for sufficiently large t1

lim sup
t→∞

∫ t

t1

[

KQ(s)δ(s) +
s

2

(
r(s)
s

)′
+
r(s)
4s

]

ds = ∞, (3.12)
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then every solution of (3.1) is oscillatory.

Letting α(t) = t2 in Corollary 3.2 we get the following result.

Corollary 3.4 Assume that (h1) and (3.9)hold. If for sufficiently large t1

lim sup
t→∞

∫ t

t1

[

KsQ(s)δ(s) + s2
(
r(s)
s

)′
+ r(s)

]

ds = ∞, (3.13)

then every solution of (3.1) is oscillatory.

Now, we apply our results in the time scale T = N and establish some oscillation criteria for
the delay difference equation (3.2). From Theorem 2.1 we get the following result. Note that
when T = N, we have H(σ(t), σ(s)) = H(t+ 1, s+ 1).

Theorem 3.2 Assume that (h1) holds and

Δr(t) ≥ 0,
∞∑

t=t0

1
r(t)

= ∞,
∞∑

t=t0

δ(t)Q(t) = ∞. (3.14)

Furthermore, assume that there exist a sequence a(t)and a positive sequence α(t) such that for
sufficiently large integers t1

lim sup
t→∞

1
H(t+ 1, t1)

t−1∑

s=t1

H(t+ 1, s+ 1)α(s+ 1) [ψ(s) − φ(t, s)] = ∞, (3.15)

where

ψ(s) =
KQ(s)δ(s)
s+ 1

− Δ (a(s)r(s)) +
sr(s)a2(s)
s+ 1

, φ(t, s) =
(s+ 1)r(s)α2(s)A2(t, s)

4sα2(s+ 1)
,

and

A(t, s) =
α(s+ 1)C1(s)

α(s)
+
H(t+ 1, s+ 1) −H(t+ 1, s)

H(t+ 1, s+ 1)
, C1(s) =

Δα(s)
α(s+ 1)

+ 2
sa(s)
s+ 1

.

Then every solution of (3.2) is oscillatory.

From Theorem 3.2 by choosing h(t, s) so that

ΔsH(t+ 1, s) = −h(t, s)
√
H(t+ 1, s+ 1), (3.16)

we have the following result.

Corollary 3.5 Assume that (h1) and (3.14) hold and let H ∈ 
 such that (3.16) holds. If
there exist a sequence a(t) and a positive sequence δ(t) such that for sufficiently large integers
t1, (3.15) holds where ψ, φ, and C1are as in Theorem 3.2, where

A(t, s) :=
δ(s+ 1)C1(s)

δ(s)
− h(t, s)

√
H(t+ 1, s+ 1)

,

then every solution of (3.2) is oscillatory.

From Theorem 3.2 and Corollary 3.5, we can establish different sufficient conditions for the
oscillation of (1.1) by using different choices of H(t, s), α(t) and a(t). For instance, if we let
α(t) = t, a(t) = 1

t and H(t, s) = 1 for t > s ≥ t0, and H(t + 1, t) = 0 in Theorem 3.2, we get
the following oscillation result.
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Corollary 3.6 Assume that (h1) and (3.14) hold. Furthermore, assume that, for sufficiently
large integer t1,

lim sup
t→∞

t−1∑

s=t1

[

KQ(s)δ(s) − (s+ 1)Δ
(
r(s)
s

)

− 5
4
r(s)
s

]

= ∞. (3.17)

Then every solution is oscillatory.

If we choose a(t) and α(t) such that

a(t) = − (t+ 1)Δα(t)
2tα(t+ 1)

, (3.18)

we have C1(t) = 0 and we obtain the following result from Corollary 3.5.

Corollary 3.7 Assume that (h1), (3.14) and (3.18) hold and let H ∈ 
 such that (3.16) holds.
If, for t1 sufficiently large,

lim sup
t→∞

1
H(t+ 1, t1)

t−1∑

s=t1

H(t+ 1, s+ 1)δ(s+ 1) [ψ(s) − φ(t, s)] = ∞,

where

φ(t, s) =
1
4

(
δ(s)

δ(s+ 1)

)2 (s+ 1)r(s)h2(t, s)
sH(t+ 1, s+ 1)

,

then every solution of (3.2) is oscillatory.

From Corollary 3.7 we have, taking H(t, s) = 1 for t0 ≤ s ≤ t and H(t + 1, t) = 0, the
following oscillation result for the delay difference equation (3.2).

Corollary 3.8 Assume that (h1) and (3.14) hold and there are a sequence a(t) and a positive
sequence α(t) such that (3.18) holds. If, for sufficiently large integers t1,

lim
t→∞ sup

t−1∑

s=t1

α(s+ 1)
[
KQ(s)δ(s)
s+ 1

− Δ (r(s)a(s)) +
sr(s)a2(s)
s+ 1

]

= ∞,

then every solution of (3.2) is oscillatory.

Letting α(t) = t and a(t) = − 1
2t in Corollary 3.8, we get the following result.

Corollary 3.9 Assume that (h1) and (3.14) hold. Furthermore assume that, for sufficiently
large integers t1,

lim sup
t→∞

t−1∑

s=t1

[

KQ(s)δ(s) +
s+ 1

2
Δ

(
r(s)
s

)

+
r(s)
4s

]

= ∞. (3.19)

Then every solution of (3.2) is oscillatory.

Letting α(t) = t2 and a(t) = − 2t+1
2t(t+1) in Corollary 3.8, we get the following result.

Corollary 3.10 Assume that (h1) and (3.14) hold. Furthermore assume that, for sufficiently
large integers t1,

lim sup
t→∞

t−1∑

s=t1

(s+ 1)2
[
Kp(s)δ(s)
s+ 1

+ Δ
(

(2s+ 1)r(s)
2s(s+ 1)

)

+
r(s)(2s+ 1)2

4s(s+ 1)3

]

= ∞. (3.20)

Then every solution (1.3) is oscillatory.
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Next we give an oscillation result for the neutral delay q-difference equation (3.3). This
result follows easily by applying Theorem 2.1 for the time scale T = [qn0 ,∞)qN0 , q > 1.

Theorem 3.3 Assume that (h1) holds and

Δqr(t) ≥ 0,
∞∑

k=n0

μ(qk)
1

r(qk)
= ∞,

∞∑

k=k0

μ(qk)δ(qk)Q(qk) = ∞. (3.21)

Furthermore, assume that there exists a positive sequence α(t) such that, for sufficiently large
integers n1,

lim sup
n→∞

1
H(qn+1, qn1)

n−1∑

k=n1

qnH(qn+1, qk+1)α(qk+1)
[
ψ(qk) − φ(qn, qk)

]
= ∞, (3.22)

where

φ(t, s) =
qr(s)α2(s)A2(t, s)

4α2(qs)
,

A(t, s) =
α(qs)C1(s)

α(s)
+
HΔs(qt, s)
H(t, qs)

, C1(s) :=
αΔs(s)
α(qs)

+ 2
a(s)
q
,

and

ψ(s) :=
KQ(s)δ(s)

qs
− Δq (r(s)a(s)) +

r(s)
q
a2(s).

Then every solution of (3.3) is oscillatory.

4 Examples

In this Section, we give some examples to illustrate the main results.

Example 4.1 Consider the following second-order neutral delay dynamic equation
[

y(t) +
1

δ−1(t)
y(τ (t))

]ΔΔ

+
β

tσ(t)
y(δ(t)) = 0, t ∈ [t0,∞)T, t0 > 0, (4.1)

such that

β ≥ k lim sup
t→∞

σ(t)
δ(t)

, where k >
1
4
.

Here r(t) = 1, q(t) = β
tσ(t) , and τ (t) and δ(t) are delay functions satisfying τ (t) = T → T,

δ(t) : T → T for all t ∈ T, and limt→∞ τ (t) = limt→∞ δ(t) = ∞, τ (t) ≤ t, δ(t) ≤ t and f(u) = u,

so that K = 1. It is clear that (h1), (h2) and (2.1) hold. To apply Corollary 2.5, it remains to
prove that the condition (2.31) holds. In this case (2.31) reads

lim sup
t→∞

∫ t

t0

σ(s)
[

β

sσ(s)
δ(s)
σ(s)

(

1 − 1
s

)

+
1
2

(
1
s

)Δ

+
1

4σ(s)s

]

Δs

= lim sup
t→∞

∫ t

t0

σ(s)
[

β

sσ(s)
δ(s)
σ(s)

− 1
4

1
σ(s)s

− β

sσ(s)
δ(s)
σ(s)

1
s

]

Δs

= lim sup
t→∞

∫ t

t0

[β δ(s)
σ(s) − 1

4

s
− β

s

δ(s)
σ(s)

1
s

]

Δs
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≥ lim sup
t→∞

∫ t

t1

[
β δ(s)

σ(s) − 1
4

s
− β

s

1
σ(s)

]

Δs

= lim sup
t→∞

∫ t

t0

[
β δ(s)

σ(s) − 1
4

s
+ β

(
1
s

)Δ]

Δs = ∞,

provided that β ≥ k lim supt→∞
σ(t)
δ(t) , where k > 1

4 , and hence equation (4.1) is oscillatory on
[t0,∞)T. In particular, if T = R, t0 > 0, and the delay is the constant delay δ(t) = t − α,
where α > 0, then if β > 1

4 , equation (4.1) is oscillatory; if T = Z, t0 = 1, and the delay is the
constant delay δ(t) = t − n, n a positive integer, then if β > 1

4 , equation (4.1) is oscillatory;
and finally if T = qZ ∪ {0}, t0 = 1, and the delay function is δ(t) = ρn(t) = t

qn , where n is a
positive integer, then if β > 1

4q
n+1, equation (4.1) is oscillatory.

Example 4.2 Consider the following second-order neutral delay dynamic equation
[

y(t) +
δ−1(t) − 1
δ−1(t)

y(τ (t))
]ΔΔ

+
β

δ(t)
y(δ(t))(1 + y2(δ(t))) = 0, t ∈ [t0,∞)T, t0 > 0, (4.2)

where β is a positive constant, and τ (t) ≤ t and δ(t) ≤ t are the delay functions defined on T.
In (4.2), r(t) = 1, p(t) = δ−1(t)−1

δ−1(t) , q(t) = β
tδ(t) and f(u) = u(1 + u2) ≥ u. It is easy to see that

the assumptions (h1) and (h2) hold with K = 1 and q(t)(1 − p(δ(t))) = β
δ(t) (

1
t ). We will apply

Corollary 2.5. Note, for t0 > 0,

lim sup
t→∞

∫ t

t0

σ(s)
[
δ(s)
σ(s)

β

δ(s)
(
1
s
) +

1
2

(
1
s

)Δ

+
1

4σ(s)s

]

Δs

= lim sup
t→∞

∫ t

t0

σ(s)
[
β

s

1
σ(s)

− 1
σ(s)

β

s

1
s
− 1

4
1

σ(s)s

]

Δs

= lim sup
t→∞

∫ t

t0

[
β − 1

4

s
− β

s

1
s

]

Δs = ∞,

provided that β > 1
4 since

∫ ∞
t0

1
sγ Δs < ∞ for γ > 1 (cf. [4]). Hence every solution of (4.2)

oscillates if β > 1
4 .

Remark 4.1 We note that the results established by Agarwal et al. [5], Wu et al. [9] Li
and Liu [16] and Li and Yeh [17], Şahiner [8] and Saker [7] cannot be applied to equations
(4.1)–(4.2) in their general form with infinite delays. Thus our results are new and improve the
results in the above mentioned papers.
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