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Abstract Given a positive function F' on S™ which satisfies a convexity condition, we introduce the
r-th anisotropic mean curvature M, for hypersurfaces in R**! which is a generalization of the usual
r-th mean curvature H,. We get integral formulas of Minkowski type for compact hypersurfaces in
R™"!. We give some new characterizations of the Wulff shape by the use of our integral formulas of
Minkowski type, in case F' = 1 which reduces to some well-known results.
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1 Introduction

Let F': S™ — RY be a smooth function which satisfies the following convexity condition:
(D°F+F1), >0, YzeSs", (1)

where D?F denotes the intrinsic Hessian of F on S™ and 1 denotes the identity on 7,S™, > 0 means
that the matrix is positive definite. We consider the map

$: 8" — R
z — F(x)x + (gradgnF)x,

its image Wr = ¢(S™) is a smooth, convex hypersurface in R™™* called the Wulff shape of F' (see [1-5]).
Now let X: M — R™! be a smooth immersion of a compact, orientable hypersurface without
boundary. Let v: M — S™ denotes its Gauss map, that is, v is a unit inner normal vector of M.
Let Ap = D2F+F1, Sr = —Apodv. Sp is called the F-Weingarten operator, and the eigenvalues
of Sr are called anisotropic principal curvatures. Let o, be the elementary symmetric functions of the
anisotropic principal curvatures A1, Ag, ..., An:

Opr = Z )‘11)‘% (1§r§n)
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We set 09 = 1. The r-anisotropic mean curvature M, is defined by M, = o,/C},, which was introduced
by Reilly in [6].
In this paper we first give the following integral formulas of Minkowski type for compact hypersur-

faces in R,

Theorem 1.1 Let X: M — R"™! be an n-dimensional compact hypersurface, F: S* — RT be a
smooth function which satisfies (1). Then we have the following integral formulas of Minkowski type
hold:

/(FMT—&-M,AH(X,y))dAX:O, r=0,1,...,n—1. (2)
JM

By the use of the above integral formulas of Minkowski type, we prove the following new charac-
terizations of the Wulff shape:

Theorem 1.2 Let X: M — R"™! be an n-dimensional compact hypersurface, F: S* — RT be a
smooth function which satisfies (1), and M1 = const and (X, v) has fized sign. Then up to translations
and homotheties, X (M) is the Wulff shape.

Theorem 1.3 Let X: M — R"™! be an n-dimensional compact hypersurface, F: 8" — RT be a
smooth function which satisfies (1). If My = const and M, = const for some r, 2 < r < n, then up to
translations and homotheties, X (M) is the Wulff shape.

Theorem 1.4 Let X: M — R™™! be an n-dimensional compact convex hypersurface, F: 8™ — RT
be a smooth function which satisfies (1). If %; = const for some k and r, with 0 < k < r <mn, then up
to translations and homotheties, X (M) is the Wulff shape.

Theorem 1.5 Let X: M — R""! be an n-dimensional compact hypersurface, F: S™ — RY be
a smooth function which satisfies (1). If AM{’“ = const for some k, with 0 < k < n — 1, then up to
translations and homotheties, X (M) is the ﬁ/ulﬁ shape.

Choosing k = 0 in Theorem 1.4, we get

Corollary 1.1  Let X: M — R™"*! be an n-dimensional compact convez hypersurface, F': S — RT
be a smooth function which satisfies (1), and for a fized r with 1 < r < n, M, = const. Then up to
translations and homotheties, X (M) is the Wulff shape.

Remark 1.1 When F = 1, Wulff shape is just the round sphere and M, = H,, formula (2) reduces to
the classical Minkowski integral formula (see [7] or [8]). Theorem 1.2 reduces to the classical Theorem
given by Siiss [4], Corollary 1.1 reduces to Theorem of Yano [9], Theorem 1.3 reduces to Theorem of
Choe [10]. We also note that in [11], the authors proved the integral formula of Minkowski type for
compact spacelike hypersurfaces in de Sitter space.

2 Preliminaries

Let {En,..., En}is alocal orthogonal frame on S™, let e; = E;ov, where¢ = 1,...,n. Then {e1,...,en}
is a local orthogonal frame of X: M — R™*!

The structure equation of S™ is:
dx = Z 0¢Ei,
dEi = Z GijEj — (92'.1‘7

J
do; = ZGW /\(9j,

J
1 _
dfi; — Zeik NOks = —y Z RijriOx N0 = —0; N0,
k Kl

where 6;; + 6;; = 0 and

Rijri = 0irdj1 — 0410 k. (4)
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The structure equation of X is (see [12], [13]):
dX = Z wiéi,
dv = — 12: hijwjes,
ij
de; = Z wije; + Z hijw;v, (5)
j J

J
dw; = E wij N\ Wy,
J

1
dwij — 3 wik Awey = - > Rijuiby A0y,
& kl

where wi; + wji = 0, Rijri + Rijir = 0, and Rijk; are the components of the Riemannian curvature
tensor of M with respect to the induced metric dX - dX.
From de; = d(E; ov) = v*dE; = Z]. v*0;e; — v 0;v, we get

Wij = V*gij, (6)
Vi = =3 hijw;,

where wij +wj; = 0, hij = hﬂ

Let F: S — R" be a smooth function. We denote the coefficients of covariant differential of F,
gradsaF, D?F with respect to {Ei}i=1,...n by F;, Fy;, Fi i respectively.

From Ricci identity and (4), we have

Fiji — Finj = Z FRuijie = 6 Fy — 6i5 F, (7)

where Fjji, denote the coefficients of the covariant differential of F;; on S™.
So, if we denote the coefficients of Ar by A;;, then we have from (7)

Aijr = Ajik = Aikj, (8)

where A;j, denote the coefficients of the covariant differential of Ar on S™.

Let s = Y, (Aix 0 V)hgj, S;r = —Ar odv. Then we have Sr(e;) = ), sijes. We call Sg the
F-Weingarten operator. From the positive definiteness of (A;;) and the symmetry of (hi;), we know
the eigenvalues of (s;;) are all real (in fact, because A = (A;;) is positive definite, there exists a non-
singular matrix C such that A = C*C, we have S = (s;;) = AB has the same eigenvalues with the real
symmetric matrix CBCT, which follows from |\ — S| = |\ — AB| = |A] — C'CB| = |\ — CBC"|,
where B = (h;j)). We call them anisotropic principal curvatures, and denote them by A1,..., Ay.

We have n invariants, and the elementary symmetric function o, of the anisotropic principal cur-
vatures:

o= > XX, (I<r<n). 9)
i1 < i

For convenience, we set oo = 1. The r-anisotropic mean curvature M, is defined by

n!

M= 00/Cn, Cn= rli(n—r)!’ (10)
Using the characteristic polynomial of Sk, o, is defined by
det(t — Sr) = i(_l)rartnﬂ_ )
r=0
So, we have
o= :! ) ST iy Siges (12)

U1yt f1se e



700 He Y. J. and Lt H. Z.

where 5]1 frr is the usual generalized Kronecker symbol, i.e., 5fllff equals +1 (resp. —1) if 41 --- i, are

distinct and (j1 -+ jr) is an even (resp. odd) permutation of (i1 - - -4,) and in other cases it equals zero.
We define (F ov);, (Fjov);, (A ov)i by

d(Fov)=> (Fov)uwi, (13)

i

d(F; ov) +Z (Fjov) Wji:Z(F'OI/)jUJj, (14)

Aijov) +Z Agjov) wm+z ik O V)W :Z(Aij o V) pWk- (15)
k

By the use of (3), (5) and (6), we have by a direct calculation

(Fov); Zh”F ov,
(Fiov); ZhﬂkF’k ov, (16)
(Aij o V)i ZhMA,Jlol/

3 Some Lemmas

We introduce an important operator P, (also see Reilly [6]) by
PT:UTI—UT,1SF+---+(—1)TS}, r=0,1,...,n. (17)
We have the following lemmas:

Lemma 3.1 (SpAr)' = SpAr, (dvoSr)' = dvoSr, sijk = Sikj, 3, hirsue = >_; hursii, d; hit (Pr)iy
= Zl hji(Pr) ik, where si;i are the components of the covariant derivarive of si;.

Proof Since Sp = —Apodv, and Ar, dv are symmetric operators, the first two identities are obvious.
From the symmetry property (8) of A;;k, hij = h;; and Codazzi equation hijr = hikj, we have, by the
use of (16),

Sijk = (Z Ailhlj) = Z(Au ov)phiy; + Z Aithijk
1 k 1

l

=- Z(A'le o v)hijhgm + Z Aithijk

Im

= Z im O V) jhmik + Z Aqhiky = (Z Azlhlk) = Sikj- (18)
Z hasie = Z hiAimhbme = Z hem Amihi; = Z hriSi;.
l l,m l,m l

By the use of the above formula and the definition of P,, we get the last identity in Lemma 3.1.

Lemma 3.2  The matriz of P, is given by:
1
(Pr)ij = > SISy i (19)

rl £— .
L1y stridlseeesdr

Proof We prove Lemma 3.2 inductively. For r» = 0, it is easy to check that (19) is true.
We can check directly

J1 Jj2 Jg—1 Jq

5 1 5 1 0 1 5 1

J1 J2 Jq—1 Jq

6i2 51.2 e 51'2 6i2

5“ Ja : : .. : : . (20)
Zq . . .
J1 J2 . Jg—1 Ja
6zq 1 ig—1 61[1 1 iq.,l
J1 J2 . Jg—1 Jq
6iq 6iq 51‘,, 6iq
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Assume that (19) is true for r = k, we only need to show that it is also true for r = k+1. For r = k+1,
using (12) and (20), we have

1

. U Tdkd1t )
RHS of (19) = (k4 1)! E 511...ik+1j81111 Sikt1ik+1
Bl 13015 Jk+1
J1 J2 Tk+1 i
52.1 52.1 e 52.1 i,
g1 2 Tk+1 i
52‘2 51'2 51'2 51’2
. 1 . . . . .
=kt 1) g : : - : : Siygr " Sigqadr4
57 g2 N L)
i1 k41 th+1 Y+l
g1 J2 .. Tk+1 @
5j 53‘ 53‘ d;

1 i ¢J1 Ik j j ket
_ +1 Jk+1 §J1° Tkt . ... g .
= k1) E (5j5i1-~-ik+1 _6]' 5i1~~~ikik+1 + 0 )Si Sig 1kt
+1)! .
_ - Jk+1 i1+ Ik o o
= Ok410i5 — (k + 1)! § 53‘ 6i1~~~ikik+1511]1 T Sigydegr T

= Op4105 — Z(Pk)iik+1sik+1j
= (Prt1)ij-

Lemma 3.3  For each r, we have

(1) >2;(Pr)ii; =0,

(ii) tI‘(P,,nSF) = (T’ + 1)0'r+17

(iii) tr(Pr) = (n—1)os,.
Proof (i) Noting (4, jr) is skew-symmetric in 5311
Lemma 3.1), we have

Z(PT)jij - (r—1)! Z 5311~-~i]¢ijsi1j1 o Singeg = 0.

J LSRR 2o LT ItV

e grd
i

and (4, jr) is symmetric in $;,;, « - S4,.5,; (from

(ii) Using (19) and (12), we have

tr(PrSF) = Z(Pr)ijsji

ij
1 o
— J1drte. el ..
= E 51'1-.-1'”'51131 SirjrSji
LA NTPRIN 25 E PR o 2
=(r+1)or1.

(iii) Using (ii) and the definition of P, we have
tr(P) = tr(o,I) — tr(Pr_1Sr) = noy —ror = (n—1)o,.
Remark 3.1 When F = 1, Lemma 3.3 is a well-known result (for example, see Barbosa—Colares
[14)).

Lemma 3.4 If A1 =X =--- =)\, =const # 0, then up to translations and homotheties, X (M) is
the Wulff shape.

Proof Choose a local orthogonal frame ey, e2, ..., e, such that Ar is diagonalized:
AF = diag(#h R} I“l'n)v (21)

where p; > 0 for ¢ = 1,...,n by the convexity condition. Then we have S;; = p;hs;. From (10) and
(12), we get

1 : 2
0= M — M= (n Z uz‘hn) T an—1) > win(hiths; — hiy)

1<j
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1 2 2
ng(n_l {n—l (ZM m) —QNZMz‘Mj(hnhjj—hij)}

1<j

Z{ prihii — NJhJJ) + znﬂzﬂgh”}

n2(n -1) oy

s0, p1hi1 = pohoe = -+ = pphny, and h;; = 0 when ¢ # 5. Then, from [1] or [3], [15], up to translations
and homotheties, X (M) is the Wulff shape.

4 Proofs of Theorem 1.1-Theorem 1.5

Proof of Theorem 1.1 By the use of (5), we have

=Y hi(Xyep),  (X,es)i =iy + hij (X, v), (22)

so, from (16), Lemma 3.1 and (i), (ii), (iii) of Lemma 3.3, we have the following calculation

div{P-((X,v)grads=F — Fgrad|X|*/2)}
—Z{ i (X, V) Fy — F(X, e;))}i

Z(Pr)ij{ - Z hie({X, er) Fj + (X, V) Fji — Fiu(X, €5)) — Féij — Fhij (X, V>}

—th T”XekF—ﬁ-th P)ij(X, e5) Fr

ijk ijk
— (X, )Y (Pn)ij (P + Féji)hes — F Y (P,
ijk i
- _Zhlm T 1] X ek F +Zhgz Zk(X €k>F
ijk ijk
— (X)) (Pr)ijAjihi — Fy_(Pr)
ijk i

= (X, V)Z(Pr)ijsji - FZ(P )

ij

—(X,v)tr(P-Sr) — Ftr(P;)
—(X,v)(r+1)ors1 — F(n —r)oy,
—(n = 1r)CR(FM; + M1 (X, V).

Integrating the above formula over M, we get (2) by the use of Stokes Theorem.
Proof of Theorem 1.2 From (2), we have

/A (P MLX,))dAx =0, (23)

/M(FM1 + M2(X,v))dAx = 0. (24)
By the assumption M; = const, we get from (23) and (24)

/1;1<X’ V) (M — Ma)dAx = 0. (25)
On the other hand,

M} — My = n2(n1— D > (=A% =0 (26)

Jj<i
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Thus, if (X,v) has fixed sign, then M — Mz = 0, so
Al =A== A,.

Thus, from Lemma 3.4, up to translations and homotheties, X (M) is the Wulff shape.
Proof of Theorem 1.3 ~ We have the fact that if M is compact and M, > 0 then

M,y >MIV" 2<r<np (27)

with equality holding if and only if Ay = A2 = --- = A\, on M (cf. [10], [16]). Indeed (27) holds if
M, = const, since M is compact, there exists a point po on M such that all principal curvatures are
positive at pg, so all anisotropic principal curvatures are positive at po. Applying (27) inductively, one
sees that if M, = const, then

M, < M7, (28)

here again equality holds if and only if Ay = Ao =--- = A, .
Integrating FMT—D/" < FM,_1 over M, using (2) and M, = const, we get

Mr(r—l)/r FdAx < FM,_1dAx = — M, (X,v)dAx. (29)
M M M

On the other hand, our assumption M; = const (thus M; > 0) and (23) implies

1
/ (X, 1)dAx = — FdAx. (30)
M My Jy
Putting (30) into (29), we get
M{ < M,. (31)
Therefore equality holds in (28) and Ay = A2 = -+ = A, on M. Thus, from Lemma 3.4, up to

translations and homotheties, X (M) is the Wulff shape.
Proof of Theorem 1.4  From (2), we have

/ (FMk +Mk+1<X, l/>)dAX =0, (32)
M
/ (FM, + Mry1(X,v))dAx = 0. (33)
M
From the assumptions %L = const, %; x (32) — (33) implies
M.
/ (X, ) (Myg1 — " Mig1)dAx = 0. (34)
M My,

From the convexity of M, all the principal curvatures of M are positive, so all the anisotropic
principal curvature are positive, we have M; > 0, 0 <1 <n on M. From (see [17])

My - Myyo < Migy, ..., Mp_1Mpg <M, (35)
where equality holds in one of (35) if and only if A1 = Ay = -+ = A,, we can check
MkM'r+1 S Mk+1MT‘a

that is,
M,
My — M1 <0.
17 g, Merr < 0 (36)
On the other hand, we can choose the position of origin O such that (X, v) has fixed sign. Thus, from

(34) and (36), MpM,11 = Mi11M,, s0 A\1 = A2 = -+ = \,. Thus, from Lemma 3.4, up to translations
and homotheties, X (M) is the Wulff shape.
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Proof of Theorem 1.5 From the proof of Theorem 1.3, we know that there exists a point po € M
such that the anisotropic principal curvature A\;(po) > 0, 1 < i < n. From %’f = constant, we have

%: = %’; (po) > 0. Thus M, # 0 on M, by the continuity of X\;, we have A\; > 0, 1 < i < n, on M.

Therefore, all principal curvatures of M are positive on M, and M is convex. Theorem 1.5 follows from
Theorem 1.4.
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